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A deeper understanding of QCD matter at strong coupling remains challenging due to its non-
perturbative nature. To this end, we study a two-flavor holographic hard-wall model to investigate the
properties of QCD at finite-density and zero temperature with a nonvanishing quark mass. A dense matter
phase is described by a classical solution of the equations of motion in a homogeneous ansatz. We apply
holographic renormalization to formulate the holographic dictionary that relates UV boundary data in the
bulk with the physical quantities in QCD.We emphasize a role played by an IR boundary action on the hard
wall when analyzing the QCD phase structures in this holographic setup. It is found that a baryonic matter
phase is manifested in this model with a high baryon number density and a nearly vanishing chiral
condensate. We derive the equation of state for the resulting phase and use it to work out the mass-radius
relation for neutron stars. We find that the maximum mass of neutron stars can exceed two solar masses for
a wide range of free parameters in this model. We also comment on an alternative scenario about the phase
structure such that the baryonic matter phase arises at a baryon number chemical potential greater than a
critical value.
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I. INTRODUCTION

A significant goal of physics of modern quantum
chromodynamics (QCD) is to establish the phase diagram
of QCD. The finite-temperature region with zero or low
density in the QCD phase diagram is well determined from
the lattice simulations [1,2]. In addition, the perturbative
QCD approach determines the extremely high-temperature
or high-density aspects of QCD. The properties in the other
region are still unclear due to the strong coupling and
nonlinear properties of low-energy QCD.
An interesting part of the QCD phase diagram is the low-

temperature and high-density region around 2–10 times the
normal nuclear density. Understanding the physics in the
region is an open problem. Various theoretical studies
propose exotic phases, typical examples being a pion or

kaon condensed phase and a quarkyonic phase [3–5]. In
addition, recent astronomical observations inform us about
the matter governed by strong coupling QCD inside the
neutron stars. The realization of a high-density QCDmatter
is expected inside cores of neutron stars. In particular, the
discovery of a neutron star with a mass about twice the
mass of the sun imposes a strong constraint on equations of
state of the high-density QCD matter [6].
Meanwhile, the investigation for the high-density matter

is quite challenging: the lattice Monte Carlo simulation has
a technical problem known as the sign problem in the
region. Alternative methods for numerical calculations
have been proposed but these are still at the stage of
attempt today. Furthermore, the perturbative QCD has no
sign problem, but it does not help because the coupling
constant in the matter is considered to be strong [7].
An available tool to investigate the low-temperature

QCD matter is an effective model calculation of QCD.
Among various models, in this work we consider an
approach of holographic QCD. It is an effective method
of QCD at strong coupling based on holographic corre-
spondence. The holographic correspondence claims the
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quantum field theory (QFT) at strong coupling in d-
dimensional spacetime is dual to a (dþ 1)-dimensional
gravity theory at weak coupling. One of the most successful
realizations of the holographic correspondence is the AdS/
CFT correspondence, which relates the d-dimensional
conformal field theory (CFT) to the (dþ 1)-dimensional
anti–de Sitter (AdS) spacetime. The typical and original
example of the AdS/CFT correspondence is a relation
between four-dimensional N ¼ 4 super Yang-Mills theory
in the large Nc limit and a five-dimensional supergravity
theory in AdS spacetime [8]. The correspondence is
extended to Yang-Mills theory and QCD in the confined
phase [9–11]. The holographic frameworks based on string
theory are called a top-down model. The consistency of
string theory sometimes makes it intractable to compute
physical quantities of interest.
The other class of holographic models is a bottom-up

holographic model. While it is an effective model
inspired by the top-down holographic model, it is
constructed in terms of symmetries and conserved cur-
rents, conformal dimensions of QFT operators, and
parameters in dual-QFT theories. It is unclear whether
the bottom-up models allow a string theory realization,
but the model is useful for investigating a wide range of
phenomena. A simple bottom-up holographic model is a
hard-wall model proposed in Refs. [12,13]. We regard it
as a holographic dual of a confined QCD-like theory at
strong coupling.
There are several studies of neutron stars using holog-

raphy [14–19]. Recently, Ref. [20] studied a phase structure
of QCD for finite temperature and density by using the
hard-wall model with massless quarks with the high-
density matter. It is described by the bulk gauge fields
in a homogeneous ansatz, which is first proposed in [21].
Reference [20] also studies the equations of state of the
high-density matter, which are used to discuss mass-radius
relations of neutron stars.
In this paper, we employ the hard-wall model with two-

flavor massive quarks. Baryonic matter is described as a
homogeneous matter following Ref. [20]. Several thermo-
dynamic quantities and expectation values are computed
using the Gubser-Klebanov-Polyakov-Witten (GKP-W)
dictionary [22,23], which is obtained by performing holo-
graphic renormalization. We propose that each QCD phase
is characterized by a choice of IR boundary conditions. We
derive the equation of state for the high-density matter, and
study the mass-radius relation of neutron stars by solving
the Tolman-Oppenheimer-Volkov (TOV) [24] equation
together with the equation of state.
This present paper is organized as follows. In Sec. II, our

theoretical framework is introduced. Section III demon-
strates some numerical results obtained by using the results
in Sec. II. In Sec. IV, we discuss physical interpretations,
validities of our results, and outlooks of our study. In the
Appendix, we give a brief review of the Hamilton-Jacobi

equation, which is necessary to examine the QCD phase
structure in the holographic model.

II. HOMOGENEOUS ANSATZ

Let us start with the following action:

S ¼ Sg þ SCS þ SΦ; ð1Þ

Sg ¼ −
M5

2

Z
d4xdz aðzÞ

�
Tr½LMNLMN �

þ 1

2
L̂MNL̂

MN þ fR ↔ Lg
�
; ð2Þ

SCS ¼
Nc

16π2

Z
d4xdz

1

4
ϵMNOPQ

�
L̂M

�
Tr½LNOLPQ�

þ 1

6
L̂NOL̂PQ

�
− fR ↔ Lg

�
; ð3Þ

SΦ ¼ M5

Z
d4xdz a3ðzÞ

�
Tr½ðDMΦÞ†DMΦ�

− a2ðzÞM2
ΦTr½Φ†Φ� þ g

2
Tr½ðΦ†ΦÞ2�

�
: ð4Þ

This theory is defined in a cut-off AdS5 in the Poincaré
patch with the metric given by

ds2 ¼ a2ðzÞηMNdxMdxN ¼ a2ðzÞðημνdxμxν − dz2Þ;

aðzÞ ¼ 1

z
;

with 0 ≤ z ≤ zIR. ημν is the 4D flat Minkowski metric. The
5D spacetime indices M, N, O, P, and Q are contracted
with the 5D Minkowski metric ηMN . The parameters M5

and M2
Φ are taken as [12]

M5 ¼
Nc

12π2
; M2

Φ ¼ −3: ð5Þ

In this paper, we work in units of the AdS radius L ¼ 1.
The L dependence of all the physical quantities can be
recovered by dimensional analysis. The gauge symmetry is
Uð2Þ ×Uð2Þ with the gauge field given by LM and RM.
These are decomposed into the SUð2Þ ×Uð1Þ gauge
fields as

LM ¼ La
M
τa

2
þ L̂M

I2
2
; RM ¼ Ra

M
τa

2
þ R̂M

I2
2
; ð6Þ

where τa (a ¼ 1, 2, 3) are the Pauli matrices and I2 the 2 × 2
unit matrix. The field strength is given by

LMN ¼ ∂MLN − ∂NLM − i½LM;LN �;
RMN ¼ ∂MRN − ∂NRM − i½RM;RN �: ð7Þ
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DMΦ is the covariant derivative defined by

DMΦ ¼ ∂MΦ − iLMΦþ iΦRM: ð8Þ

The homogeneous ansatz [21] is given by

Li ¼ −Ri ¼ −HðzÞ τ
i

2
;

L̂0 ¼ R̂0 ¼ â0ðzÞ;

Φ ¼ I2
2
ω0ðzÞ; ð9Þ

with gauge fixing conditions

L̂z ¼ R̂z ¼ Lz ¼ Rz ¼ 0: ð10Þ

In the homogeneous ansatz, the action reads

S ¼ V4

Z
dzL ¼ V4

Z
dz ðLg þ LCS þ LΦÞ; ð11Þ

where

Lg ¼ −M5aðzÞð3H4ðzÞ þ 3H02ðzÞ − â020 ðzÞÞ; ð12Þ

LCS ¼
3Nc

8π2
â0ðzÞH2ðzÞH0ðzÞ; ð13Þ

LΦ ¼ −M5a3ðzÞ
�
3

2
H2ðzÞω2

0ðzÞ þ
1

2
ω02
0 ðzÞ

þM2
Φ
2

a2ðzÞω2
0ðzÞ þ

g
16

a2ðzÞω4
0ðzÞ

�
; ð14Þ

and V4 ¼
R
d4x ¼ V

R
dt. A prime denotes a derivative

with respect to z.
The equations of motion (EoMs) are

−2M5∂zðaðzÞâ00ðzÞÞ þ
3Nc

8π2
H2ðzÞH0ðzÞ ¼ 0; ð15Þ

6M5∂zðaðzÞH0ðzÞÞ − 12aðzÞM5H3ðzÞ

−
3Nc

8π2
â00ðzÞH2ðzÞ − 3M5a3ðzÞHðzÞω2

0ðzÞ ¼ 0; ð16Þ

M5∂zða3ðzÞω0
0ðzÞÞ − 3M5a3ðzÞH2ðzÞω0ðzÞ

−M5M2
Φa

5ðzÞω0ðzÞ −
M5

4
ga5ðzÞω3

0ðzÞ ¼ 0: ð17Þ

It is found that the solution to the EoM behaves around
z ¼ 0 as

â0ðzÞ ¼ μþ a2z2 þOðz4Þ;

HðzÞ ¼ ϕþ h2z2 þ ϕ

�
m2

4
þ ϕ2

�
z2 log zþOðz4Þ;

ω0ðzÞ ¼ mzþ w2z3 þ
m
8
ðgm2 þ 12ϕ2Þz3 log zþOðz5Þ:

ð18Þ

The GKP-W dictionary of the AdS/CFT correspondence
[22,23] implies that the UV boundary values μ;ϕ, and m
are identified with the baryon number chemical potential,
an axial-isovector potential, and the quark mass, respec-
tively. The EoM leaves the parameters a2; h2, and w2

undetermined, which can be fixed as a function of the
boundary value by imposing an appropriate IR boundary
condition at z ¼ zIR.
It is useful to note that (15) can be integrated as

2M5aðzÞ∂zâ0ðzÞ −
Nc

8π2
H3ðzÞ ¼ 4M5a2 −

Nc

8π2
ϕ3: ð19Þ

Here, the integration constant is determined by the asymp-
totic solution (18).
On the basis of the GKP-W dictionary, we evaluate the

on-shell action of the model by inserting the solutions to the
EoM. As is well known, the on-shell action is not regular
because the z integral is divergent at z ¼ 0. In order to
regularize it, we set a cut-off surface at z ¼ ϵ > 0. The
finite on-shell action is defined by adding a UV boundary
action at the cut-off surface, which plays a role of the local
counterterm that subtracts the divergence from the regu-
larized on-shell action. This is the procedure for holo-
graphic renormalization and is demonstrated in detail in the
next subsection. For a review, see [25].
In addition to the UV action, we add an IR boundary

action at z ¼ zIR. We take

SIR ¼ V4LIRjzIR ;

−LIR ¼ a4ðzÞ
�
3

2
k1a−2ðzÞH2ω2

0 þ
k2
2
a−4ðzÞH4

þ 1

2
m2

bω
2
0 þ

λ

16
ω4
0

�
: ð20Þ

Here, k1; k2; mb, and λ are constants. This Lagrangian is
written in terms of only the 5D field Lμ, Rμ, and Φ in a
manner consistent with Uð2Þ ×Uð2Þ gauge symmetry and
4D diffeomorphism acting on the IR boundary. SIR spec-
ifies the IR boundary conditions obeyed by H and ω0.
We comment on the physical chemical potential and the

physical axial-isovector potential. The UV boundary value
μ ¼ â0ð0Þ is not a physical chemical potential because it is
not gauge invariant and does not satisfy thermodynamic
relations and the Legendre transformation [26]. See
also [26–28] for a related study. It is natural to define
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the physical chemical potential μ̂ in the gauge invariant
manner as

μ̂ ¼
Z

zIR

0

dz F̂0z ¼ μ − â0ðzIRÞ; ð21Þ

where F̂MN is the field strength of the Uð1Þ vector gauge
field. Gauge invariant results depend only on the difference
μ̂ ¼ μ − â0ðzIRÞ, and the value of â0ðzIRÞ can be chosen
arbitrarily due to this property. The same reasoning holds
for the definition of the physical axial-isovector potential ϕ̂,
which should be defined asZ

zIR

0

dzRiz ¼ ðϕ −HðzIRÞÞ
τi
2
¼ ϕ̂

τi
2

ð22Þ

in the gauge fixing condition Rz ¼ 0ðLz ¼ 0Þ. The hedge-
hog structure of the homogeneous ansatz leaves ϕ̂
unchanged under the combined transformation of vector-
like SUð2Þ and spatial rotation. Note that the definition of ϕ̂
is a conventional one, since it is gauge covariant rather than
gauge invariant. Throughout this paper, we focus on only
the case ϕ̂ ¼ 0 because this is expected to occur in cases
such as the interior of a neutron star.

A. Holographic renormalization
and GKP-W relation

The regularized on-shell action is obtained by inserting
the solution into the Lagrangian density and integrating it
over ϵ ≤ z ≤ zIR. The divergent terms can be extracted only
from the asymptotic solution (18) as

L̄g ≡
Z

zIR

ϵ
dzLgjEoM ¼ 3M5ϕ

4 log ϵþ � � � ; ð23Þ

L̄CS ≡
Z

zIR

ϵ
dzLCSjEoM ¼ finite; ð24Þ

L̄Φ ≡
Z

zIR

ϵ
dzLΦjEoM

¼M5

�
m2

2ϵ2
þ 3g
16

m4 logϵþ 3m2ϕ2 log ϵ

�
þ � � � : ð25Þ

The total regularized Lagrangian is

Lreg ≡ L̄g þ L̄CS þ L̄Φ þ L̄IR; ð26Þ

with L̄IR ≡ LIRjEoM finite. The UV divergence can be
canceled by adding the counterterm

Lc ¼−M5

�
m2

2ϵ2
þ 3g
16

m4 logϵþ 3m2ϕ2 logϵþ 3ϕ4 logϵ

�
:

ð27Þ

Here, we adopt the minimal subtraction scheme, where Lc

contains no Oðϵ0Þ term. The subtracted Lagrangian is
defined by

Lsub ¼ Lreg þ Lc; ð28Þ

from which the renormalized on-shell action is obtained
by V4 · limϵ→0 Lsub.
In a recipe for holographic renormalization, we write

the UV boundary values ϕ; μ, and m as a function of
â0ðϵÞ; HðϵÞ, and ω0ðϵÞ. It is shown that

μ ¼ â0ðϵÞ þOðϵ2Þ; ð29Þ

ϕ ¼ HðϵÞ þOðϵ2Þ; ð30Þ

m ¼ 1

ϵ
ω0ðϵÞ − ϵ2w2 −

log ϵ
8ϵ

gω3
0ðϵÞ

−
3

2
ϵ log ϵω0ðϵÞH2ðϵÞ þOðϵ4Þ: ð31Þ

Then, the counterterm becomes

Lc ¼ −M5

�
1

2ϵ4
ω0

2ðϵÞ þ 3 log ϵ
2ϵ2

ω2
0ðϵÞH2ðϵÞ

þ log ϵ
16ϵ4

gω4
0ðϵÞ þ 3 log ϵH4ðϵÞ

�
þOðϵ0Þ: ð32Þ

Note that this is consistent with Uð2Þ ×Uð2Þ gauge
symmetry and 4D diffeomorphism on the cut-off surface.
It follows from the Hamilton-Jacobi equation that the

variation of the subtracted on-shell Lagrangian with respect
to that of the boundary values reads

δLsub ¼ −
�
pâ0ðϵÞ −

∂Lc

∂â0ðϵÞ
�
δâ0ðϵÞ

−
�
pHðϵÞ −

∂Lc

∂HðϵÞ
�
δHðϵÞ

−
�
pω0

ðϵÞ − ∂Lc

∂ω0ðϵÞ
�
δω0ðϵÞ: ð33Þ

Here,

pâ0 ¼
∂L
∂â00

¼ 2M5 a â00;

pH ¼ ∂L
∂H0 ¼ −6M5aH0 þ 3Nc

8π2
â0H2;

pω0
¼ ∂L

∂ω0
0

¼ −M5a3 ω0
0:

Note that the variation comes only from the UV boundary
irrespective of the IR boundary conditions imposed. See
Appendix for details. It is found that
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pâ0ðϵÞ ¼ 4M5a2 þOðϵ2Þ;

pHðϵÞ ¼ −12M5h2 − 6M5ϕ

�
m2

4
þ ϕ2

�
ð2 log ϵþ 1Þ þ 3Nc

8π2
μϕ2 þOðϵÞ;

pω0
ðϵÞ ¼ −

mM5

ϵ3
−
3M5w2

ϵ
−
mM5

8ϵ
ð3 log ϵþ 1Þðgm2 þ 12ϕ2Þ þOðϵÞ;

and

∂Lc

∂â0ðϵÞ
¼ 0;

∂Lc

∂HðϵÞ ¼ −3M5ϕðm2 þ 4ϕ2Þ log ϵ;

ϵ
∂Lc

∂ω0ðϵÞ
¼ −

mM5

ϵ2
−
3mM5

8
log ϵðgm2 þ 12ϕ2Þ:

We obtain

d≡ lim
ϵ→0

∂Lsub

∂â0ðϵÞ
¼ −lim

ϵ→0

�
pâ0ðϵÞ −

∂Lc

∂â0ðϵÞ
�

¼ −4M5a2; ð34Þ

J ≡ lim
ϵ→0

∂Lsub

∂HðϵÞ ¼ −lim
ϵ→0

�
pHðϵÞ −

∂Lc

∂HðϵÞ
�

¼ 12M5h2 þ 6M5ϕ

�
m2

4
þ ϕ2

�
−
3Nc

8π2
μϕ2; ð35Þ

ξ≡ lim
ϵ→0

ϵ
∂Lsub

∂ω0ðϵÞ
¼ −lim

ϵ→0
ϵ

�
pω0

ðϵÞ − ∂Lc

∂ω0ðϵÞ
�

¼ 3M5w2 þ
mM5

8
ðgm2 þ 12ϕ2Þ: ð36Þ

These are the GKP-W relations for a holographic model of
QCD in the homogeneous ansatz.
Normalizing the baryon number density so that a single

baryon carries a unit baryon number, we find

dB ¼ 2

Nc
d ¼ −

8M5

Nc
a2

¼ 1

4π2
ðH3ðzIRÞ − ϕ3Þ − 4M5

Nc
aðzIRÞâ00ðzIRÞ: ð37Þ

Here, (19) is used to eliminate a2. The corresponding
baryon number chemical potential μB is given by noting
μ̂d ¼ μBdB. We obtain

μB ¼ Nc

2
μ̂: ð38Þ

Some comments about dB are in order. As shown below,
the baryonic matter phase is realized by imposing the
Dirichlet boundary condition for â0 on the IR boundary.
This implies that â00ðzIRÞ ≠ 0. Furthermore, we turn off the
physical axial-isovector potential ϕ̂ ¼ 0. Then, it follows
from (37) that only â00ðzIRÞ contributes to the baryon
number density. A more direct way for computing dB is
to evaluate a2 without relying on (37).

B. IR boundary condition

The IR boundary condition is determined by requiring that
the variation of the action Sþ SIR vanish at z ¼ zIR. We first
discuss the IR Neumann boundary condition. Using

∂LIR

∂â0
¼ 0;

∂LIR

∂H
¼ −3k1a2Hω2

0 − 2k2H3;

∂LIR

∂ω0

¼ −a4
�
3k1a−2H2ω0 þm2

bω0 þ
λ

4
ω3
0

�
;

the IR Neumann boundary condition for â0; H, andω0 reads

0 ¼ 2M5a â00; ð39Þ

0 ¼ −6M5aH0 þ 3Nc

8π2
â0H2−3k1a2Hω2

0 − 2k2H3; ð40Þ

0 ¼ −M5a3ω0
0 − a4

�
3k1a−2H2ω0 þm2

bω0 þ
λ

4
ω3
0

�
; ð41Þ

respectively. In terms ofω0ðzÞ ¼ ω̄0ðzÞ=aðzÞ, (41) is rewrit-
ten as

DENSE MATTER IN A HOLOGRAPHIC HARD-WALL MODEL OF … PHYS. REV. D 113, 034003 (2026)

034003-5



0¼M5aðω̄0
0þaω̄0Þþ 3k1H2ω̄0þa2

�
m2

bω̄0þ
λ

4
a−2ω̄3

0

�
:

ð42Þ

It turns out to be more useful to work with ω̄0 rather than ω0

when solving the EoM numerically.
The Dirichlet boundary condition for â0; H, and ω̄0 is

given by

â0ðzIRÞ ¼ A; HðzIRÞ ¼ B; ω̄0ðzIRÞ ¼ C: ð43Þ

Here, A, B, and C are the IR boundary values that are
chosen by hand so that the solution is consistent with the
experimental results.
The solution to the EoM is obtained by suitably choosing

the IR boundary conditions. We argue that each solution
defines a distinct QCD phase, and the phase structure as a
function of the baryon number chemical potential is deter-
mined energetically by comparing the grand potential of the
phases. The grand potential of a phase is identified with the
on-shell action that is evaluated by inserting the correspond-
ing solution of EoM into the action. This rule is in parallel
with the holographic description of the confinement/decon-
finement phase transition in terms of the Hawking-Page
transition [9]. Naively, there exist eight QCD phases because
eight IR boundary conditions are allowed to impose. We
propose, however, that â0 and H must have a common IR
boundary condition, that is, either the Neumann or the
Dirichlet boundary condition. This is understood naturally
from the 4DLorentz symmetry by noting that â0 andH come
from the temporal and the spatial components of the 5D
gauge field, respectively, see (9).
First, we solve the EoM of H by imposing the Neumann

boundary condition (41) at z ¼ zIR. The solution is given
simply by

HðzÞ ¼ 0: ð44Þ

Then, the general solution of â0 and ω0 is given by

â0ðzÞ ¼ μþ a2z2; ω0ðzÞ ¼ mzþ w2z3: ð45Þ

Note that this is consistent with the UVasymptotic behavior
(18). In this case, we have two boundary conditions to
impose for â0 and ω0:

(i) NNN-type, which states that â0, H, and ω0 all obey
the IR Neumann boundary condition. It follows from
(39) that

a2 ¼ 0; ð46Þ

showing that the baryon number density vanishes
because of (34). Using the IR boundary condition
(41) gives

λ

4
ðw̃2 þ m̃Þ3 þ ðm2

b þ 3M5Þðw̃2 þ m̃Þ− 2M5m̃¼ 0:

ð47Þ

Here,

m̃ ¼ mzIR; w̃2 ¼ w2z3IR:

This allows a nonvanishing w2, leading to a non-
vanishing condensate ξ because of (36). The NNN-
type solution is a candidate for the QCD vacuum for
μB ¼ 0. If this is the case,m2

b is fixed by solving (47)
as a function of the experimental input for the quark
mass m and the chiral condensate ξ0,

ðmNNN
b Þ2 ¼ −3M5 þ

2M5m̃

m̃þ w̃ð0Þ
2

−
λ

4
ðm̃þ w̃ð0Þ

2 Þ2;

ð48Þ

where wð0Þ
2 is written in terms of ξ0 using the GKP-

W relation (36).
Since (47) is a cubic polynomial in w2, there

might be two more solutions that are in conflict with
the experimental data. In order to examine them, we
note that (47) is rewritten as

−
λ

4
ðm̃þ w̃2Þ2 þ

2M5m̃
m̃þ w̃2

¼ −
λ

4

�
m̃þ w̃ð0Þ

2

	
2

þ 2M5m̃

m̃þ w̃ð0Þ
2

:

The solution to this equation other than w̃2 ¼ w̃ð0Þ
2 is

given by

m̃þ w̃2 ¼
m̃þ w̃ð0Þ

2

2

"
−1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

32M5m̃

λðm̃þ w̃ð0Þ
2 Þ3

s #
:

We require

1 −
32M5m̃

λðm̃þ w̃ð0Þ
2 Þ3

< 0: ð49Þ

This guarantees that the IR Neumann boundary
condition (41) singles out only the physical value
of the chiral condensate.

(ii) NND-type, which states that â0 and H obey the
Neumann boundary condition at z ¼ zIR and ω0

Dirichlet boundary condition given in (43). It
follows that

a2 ¼ 0; m̃þ w̃2 ¼ C̃;
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with C̃ ¼ CzIR. This is another candidate for the
QCD vacuum for μB ¼ 0. As in the NNN-type
solution, we give the input for the quark mass
and the chiral condensate. Then, the IR boundary
value C is fixed as

C̃NND ¼ m̃þ w̃ð0Þ
2 :

In this case, the parameter m2
b appearing in the IR

boundary action remains unfixed.
The GKP-W dictionary shows that the grand potential Ω

of a classical solution is given by the on-shell action

Ω
V
¼ −lim

ϵ→0
ðL̄g þ L̄CS þ L̄Φ þ L̄IR þ LcÞ: ð50Þ

For both cases, the on-shell Lagrangians L̄g and L̄CS

vanish, and

lim
ϵ→0

ðL̄Φ þ LcÞ ¼ −
M5

2z4IR
ðm̃2 þ 3ðw̃ð0Þ

2 Þ2Þ:

For the NNN case, the on-shell IR boundary action reads

L̄NNN
IR ¼ −

1

2z4IR

�
ðmNNN

b Þ2ðm̃þ w̃ð0Þ
2 Þ2 þ λ

8
ðm̃þ w̃ð0Þ

2 Þ4
�
:

ð51Þ

For the NND case, we have

L̄NND
IR ¼ −

1

2z4IR

�
ðmNND

b Þ2ðm̃þ w̃ð0Þ
2 Þ2 þ λ

8
ðm̃þ w̃ð0Þ

2 Þ4
�
;

ð52Þ

with mNND
b left unknown. It then follows that the grand

potential is given by the same expression for both NNN and
NND cases,

ΩNNN or NND

V
¼ M5

2z4IR
ðm̃2 þ 3ðw̃ð0Þ

2 Þ2Þ

þ 1

2z4IR

�
ðmNNN or NND

b Þ2ðm̃þ w̃ð0Þ
2 Þ2

þ λ

8
ðm̃þ w̃ð0Þ

2 Þ4
�
; ð53Þ

where only the mass parameter mb differs for NNN and
NND. Note that this is independent of the chemical
potential μB.
Next, we solveHðzÞ by imposing the Dirichlet boundary

condition at z ¼ zIR,

HðzIRÞ ¼ B:

Then, there remain two more IR boundary conditions to
impose:
(iii) DDN-type, which states that â0 and H obey the

Dirichlet boundary condition and ω0 the Neumann
boundary condition,

â0ðzIRÞ ¼ A; HðzIRÞ ¼ B;

M5a3ω0
0 þ a4

�
3k1a−2H2ω0 þm2

bω0 þ
λ

4
ω3
0

�
¼ 0:

ð54Þ

(iv) DDD-type, which states that â0; H, and ω0 all obey
the Dirichlet boundary condition (43).

For all the above cases, we solve the EoMs (15)–(17)
numerically by using the shooting method. For a given
μ;ϕ, and m, we give a test value to a2; h2, and w2. This
enables us to solve the EoMs numerically by imposing
the initial condition near z ¼ 0, which is derived from the
UV asymptotic behavior (18). Then, we examine if the
resultant numerical solution obeys the IR boundary
condition at z ¼ zIR. If not, we give a new test value
to a2; h2, and w2 and repeat the procedures outlined
above until we reach the correct result of a2; h2, and w2.

III. NUMERICAL CALCULATIONS
AND RESULTS

We first discuss how the parameters in the holographic
model are fixed. The quartic potential term of the
complex scalar Φ is turned off by setting g ¼ 0 for
simplicity. We fix m to be the up and down quark masses
m ¼ 3 MeV. In addition, the number of colors is Nc ¼ 3.
The IR boundary action contains four parameters,
k1; k2; mb, and λ. We set k1 ¼ 0 for simplicity. Note
that we examined the effects of varying k1 in several
cases of interest and found that they are not significant.
In order to fix mb and λ, we propose that the QCD
vacuum for μB ¼ 0 is described by the NNN-type
solution. This is equivalent to imposing

mNND
b > mNNN

b ; ð55Þ

which guarantees that theNNN-type solution is energetically
favored over the NND-type solution. As an experimental
input, we set the chiral condensate ξ0 ¼ ð251 MeVÞ3, which
is obtained from a lattice calculation [29]. Using this and (48)
fixes the boundarymassmb. It is seen that, for the parameters
chosen above, a natural solution to the inequality (49) is
given by λ ¼ 0. The IR boundary is located at z ¼ zIR, on
which the IR boundary action is defined. We set zIR ¼ L, as
in [20].
As the chemical potential increases, the NNN-type

solution is expected to persist as the energetically most
favored phase up to a critical value of μB. We call this
phase the nonbaryonic phase. At the critical point, the
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phase transition to a baryonic matter phase with a
nonvanishing baryon number density occurs. We now
examine the DDN-type and DDD-type solutions to see if
these capture the expected nature of the baryonic mat-
ter phase.
We start analyzing the DDN-type boundary condition.

This is specified with the IR boundary values â0ðzIRÞ ¼
A and HðzIRÞ ¼ B. In this paper, we set A ¼ 4 in units of
L−1. This is because the choice of the value of A does
not affect the results, owing to the gauge invariance in the
bulk. It is also confirmed that the numerical results are
not sensitive to the specific choice of A. We focus on the
case ϕ̂ ¼ 0 for simplicity so that ϕ ¼ B. Then, there
remains the four free parameters μB; B; L, and k2.
Because there is no experimental input to determine B,
L, and k2, we make a sample computation for some
values of them chosen by hand. In this paper, we
take (i) L−1 ¼ 323 MeV, B ¼ 0.4=L; 0.6=L; 0.8=L, and
(ii) L−1 ¼ 170 MeV, B ¼ 0.4=L; 0.6=L; 0.8=L. Setting
L−1 ¼ 323 MeV is argued to achieve the best fit of
the predictions for the meson sector with experiments
[12]. It is seen below that the case (ii) reproduces the
critical value of dB ¼ n0 at μB ¼ 1 GeV consistently with
experiments, where n0 ¼ 0.17 fm−3 is the nuclear satu-
ration density.
Now let us compute the grand potential as a function

of μB. We solve the EoM numerically by using the
shooting method with the DDN boundary condition
imposed at z ¼ zIR to obtain the grand potential from
the on-shell action, see (50). It is useful to define the
grand potential by subtracting ΩNNN from it. The results

are shown in Fig. 1. These show that the DDN-type
solution is more favored energetically than the non-
baryonic phase for μB larger than the critical value. We
call the phase described by this solution the baryonic
phase. The reason for “baryonic” is that this phase
has a nonvanishing baryon number density, see
Fig. 2. Figure 3 shows more detailed figures around
μB ¼ 1 GeV.
As found in Fig. 1, the orange triangles and the green

diamonds suddenly disappear as the chemical potential
increases. This is a manifestation of the fact that no
classical solution satisfying the DDN boundary condition
exists in the corresponding region. In particular, for the case
of L−1 ¼ 170 MeV, k2 ¼ 35, and B ¼ 0.8=L, the DDN-
type solution ceases to exist before μB reaches the critical
value. These facts imply that the effective description of the
high-density QCD phases in terms of the homogeneous
ansatz is invalid.
For L−1 ¼ 323 MeV, the estimated critical values of

μB and dB tend to be larger than values expected from the
nucleon mass in the vacuum, dB=n0 ∼ 1 at μB ∼ 1 GeV.
Naively, we observe that the models with L−1 ¼
323 MeV are unnatural from the viewpoint of the hadron
physics if we assume that the nonbaryonic phase under-
goes a phase transition to the baryonic phase directly. In
the next section, we propose an alternative scenario of
the phase transition where the DDN-type solution with
L−1 ¼ 323 MeV plays a role in describing a higher-
density phase.
For L−1 ¼ 170 MeV, the baryon number density

increases as a function of μB much more slowly than what

FIG. 1. The grand potential density as a function of μB at L−1 ¼ 323 MeV (upper) and L−1 ¼ 170 MeV (lower) for k2 ¼ 5 (left),
k2 ¼ 20 (middle), and k2 ¼ 35 (right). Blue circles, orange triangles, and green diamonds are for B ¼ 0.4=L, 0.6=L, and 0.8=L,
respectively.
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is expected from the empirical knowledge of nuclear
physics. See [30], for example.
Figure 4 shows the chiral condensate in the baryonic

phase ξ normalized by ξ0 as a function of μB. It is found that
the chiral condensate is much smaller than ξ0 and decreases
as μB grows in the baryonic phase. The solutions of the
equation of motion satisfying the DDN boundary condition

are not allowed to exist after the chiral condensate
crosses zero.
We make some comments about the DDD-type IR

boundary condition. In addition to A and B, this boundary
condition is characterized by another boundary value C. It
is found numerically that the DDD-type solution describes
a phase very similar to the DDN-type solution—it carries a

FIG. 3. The baryon number density as a function of μB at L−1 ¼ 323 MeV (upper) and L−1 ¼ 170 MeV (lower) for k2 ¼ 5 (left),
k2 ¼ 20 (middle), and k2 ¼ 35 (right). Blue circles, orange triangles, and green diamonds are for B ¼ 0.4=L, 0.6=L, and 0.8=L,
respectively. The dashed lines represent the points closest to the critical point among the numerically calculated points.

FIG. 2. The baryon number density around μB ¼ 1 GeV as a function of μB at L−1 ¼ 323 MeV (upper) and L−1 ¼ 170 MeV (lower)
for k2 ¼ 5 (left), k2 ¼ 20 (middle), and k2 ¼ 35 (right). Blue circles, orange triangles, and green diamonds are for B ¼ 0.4=L, 0.6=L,
and 0.8=L, respectively. The dashed lines represent the points closest to the critical point among the numerically calculated points.
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nonvanishing baryon number density and exhibits partial
restoration of chiral symmetry. Hence, the DDD-type
solution provides us with another candidate for the bar-
yonic matter phase in the holographic setup. In this paper,
we assume that the DDN-type solution is energetically
more favored than the DDD-type solution. This is achieved
by choosing an appropriate value of C so that the grand
potential density for the DDN-type solution is lower than
that of the DDD-type solution.

A. Equation of state, speed of sound,
and axial-isovector condensate

We plot the equations of state (EoSs) in the baryonic
phase in Fig. 5. The pressure p is given by −Ω=V.
The energy density ε is equal to the free energy density
because we work in the zero temperature limit,

ε ¼ F
V
¼ Ω

V
þ μBdB:

FIG. 4. The chiral condensate normalized by the value in the nonbaryonic phase ξ0 as a function of μB at L−1 ¼ 323 MeV (upper) and
L−1 ¼ 170 MeV (lower) for k2 ¼ 5 (left), k2 ¼ 20 (middle), and k2 ¼ 35 (right). Blue circles, orange triangles, and green diamonds are
for B ¼ 0.4=L, 0.6=L, and 0.8=L, respectively.

FIG. 5. The equation of state at L−1 ¼ 323 MeV (upper) and L−1 ¼ 170 MeV (lower) for k2 ¼ 5 (left), k2 ¼ 20 (middle), and
k2 ¼ 35 (right). Blue circles, orange triangles, and green diamonds are for B ¼ 0.4=L, 0.6=L, and 0.8=L, respectively.
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The EoS p ¼ pðεÞ is approximated by a linear function
with the gradient nearly equal to 1. A closer inspection
shows that the EoS is best fitted by a quadratic function of ε
with a tiny coefficient of ε2. For L−1 ¼ 323 MeV,

k2 ¼ 5

pðεÞ ¼

8>><
>>:

−0.19þ 1.0ε− 0.000069ε2 ðB¼ 0.4=LÞ;
−0.93þ 1.0ε− 0.0012ε2 ðB¼ 0.6=LÞ;
−3.1þ 1.065ε− 0.0073ε2 ðB¼ 0.8=LÞ;

k2 ¼ 20

pðεÞ ¼

8>><
>>:

−0.73þ 1.0ε− 0.000073ε2 ðB¼ 0.4=LÞ;
−3.7þ 1.0ε− 0.0014ε2 ðB¼ 0.6=LÞ;
−13þ 1.3ε− 0.013ε2 ðB¼ 0.8=LÞ;

k2 ¼ 35

pðεÞ ¼
�
−1.3þ 1.0ε − 0.000072ε2 ðB ¼ 0.4=LÞ;
−6.5þ 1.0ε − 0.0017ε2 ðB ¼ 0.6=LÞ;

and for L−1 ¼ 170 MeV,

k2 ¼ 5

pðεÞ ¼

8>><
>>:

−0.022þ 1.0ε − 0.0035ε2 ðB ¼ 0.4=LÞ;
−0.081þ 1.0ε − 0.029ε2 ðB ¼ 0.6=LÞ;
−0.24þ 1.1ε − 0.081ε2 ðB ¼ 0.8=LÞ;

k2 ¼ 20

pðεÞ ¼

8>><
>>:

−0.065þ 1.0ε− 0.0038ε2 ðB¼ 0.4=LÞ;
−0.30þ 1.03101εþ 0.034ε2 ðB¼ 0.6=LÞ;
−0.36þ 0.071εþ 0.38ε2 ðB¼ 0.8=LÞ;

FIG. 6. The speed of sound normalized by the speed of light as a function of the energy density at L−1 ¼ 323 MeV (upper) and
L−1 ¼ 170 MeV (lower) for k2 ¼ 5 (left), k2 ¼ 20 (middle), and k2 ¼ 35 (right). Blue circles, orange triangles, and green diamonds are
for B ¼ 0.4=L, 0.6=L, and 0.8=L, respectively.

FIG. 7. A gradual peak is shown in the speed of sound for
L−1 ¼ 323 MeV; k2 ¼ 5; B ¼ 0.4=L.
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k2 ¼ 35

pðεÞ ¼
�
−0.11þ 1.0ε − 0.0038ε2 ðB ¼ 0.4=LÞ;
−0.52þ 1.1ε − 0.042ε2 ðB ¼ 0.6=LÞ:

Once the EoS is obtained, we find the speed of sound cs
in the baryonic phase by using the formula c2s ¼ ∂p

∂ε.
We show the results in Fig. 6, with c being the speed of
light. For all the cases, the speed of sound is nearly equal to
that of light. It does not approach the conformal limit
c2s ¼ 1=3. This is because the present holographic model of
QCD is not applicable in the conformal regime, which is
realized in the high-density and the weak coupling region
of QCD. We note that a peak structure in the speed of
sound emerges for several choices of the parameters.
As an example, we show the case of L−1 ¼ 323 MeV;
k2 ¼ 5; B ¼ 0.4=L in Fig. 7. However, the magnitude of
the peak is gradual.
Finally, the axial-isovector condensate J in the baryonic

phase is plotted in Fig. 8. The GKP-W relation (35)
suggests that J is interpreted as the condensate of axial-
isovector mesons, which arise from Kaluza-Klein reduction
of 5D axial-isovector gauge fields along the z direction.1

For recent works on axial-isovector meson condensates in
high-density QCD, see [32–36].

B. M-R plot

The TOV equation [24] reads

dpðrÞ
dr

¼ −
GεðrÞMðrÞ

r2

�
1þ pðrÞ

εðrÞ
��

1þ 4πr3pðrÞ
MðrÞ

�

×

�
1 −

2GMðrÞ
r

�
−1
: ð56Þ

Here,G is the Newton constant, r is the radial coordinate of
a neutron star, and MðrÞ is the energy of the neutron star
that is stored inside the region up to r, which obeys

dMðrÞ
dr

¼ 4πr2εðrÞ: ð57Þ

We solve these equations together with the EoS p ¼ pðεÞ
with the boundary conditions pðr ¼ 0Þ ¼ p0 and
Mðr ¼ 0Þ ¼ 0. The mass of a neutron star is given by
Mðr ¼ RÞ, withR being the radius of the neutron star, which
is defined by the smallest value of R satisfying pðRÞ ¼ 0.
The M-R plot is obtained by depicting a curve that inter-
polates the set of the massMðRÞ and the radius R, which is
computed for different initial values of p0. The results are
shown in Fig. 9.

IV. DISCUSSION

In this paper, we have analyzed numerically the high-
densityQCDphase bymaking a sample choice ofk2 andB. It
is found that the critical values of baryon number chemical
potential μB and baryon number densitydB depend on how to
choose them. Naively, it is expected that equating the critical
valueswith input data fixes k2 andB uniquely. This is not the

FIG. 8. The spatial component of axial-isovector meson condensate as a function of μB at L−1 ¼ 170 MeV (upper) and L−1 ¼
170 MeV (lower) for k2 ¼ 5 (left), k2 ¼ 20 (middle), and k2 ¼ 35 (right). Blue circles, orange triangles, and green diamonds are for
B ¼ 0.4=L, 0.6=L, and 0.8=L, respectively.

1In the holographic model of QCD on the basis of D4/D8-
branes, it is shown [31] that the axial flavor current is written in
terms of the sum of the gradient of the massless pion field and an
infinite number of axial-vector meson fields.
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case, however. To see this, we assume that the phase
transition from the nonbaryonic phase to the baryonic phase
occurs at μB ¼ 1 GeV with the critical baryon number
density given by dB ¼ n0 ¼ 0.17 fm−3, as an example.
Figure 10 shows that three different choices of k2 and B
lead to the same critical values of μB and dB. It is also seen

that, as shown inFig. 11, theM-Rplot does not depend on the
choice of the parameters either. In order to fix k2 and B
uniquely, an input about the critical values of the chiral
condensate, the speed of sound, or the spatial component of
the axial-isovector meson condensate is necessary. We leave
a detailed study in this line for future work.

FIG. 10. The properties for L−1 ¼ 170 MeV with ðk2; BÞ ¼ ð57.9; 0.4=LÞ (blue circles), ðk2; BÞ ¼ ð11.4; 0.6=LÞ (orange triangles),
and ðk2; BÞ ¼ ð3.6; 0.8=LÞ (green diamonds). The grand potential density (upper left), the baryon number density (upper middle), the
chiral condensate in the baryonic phase (upper right), the EoS in the baryonic phase (lower left), the speed of sound in the baryonic phase
(lower middle), and the condensate of the spatial component of the axial-isovector meson in the baryonic phase (lower right). Note that
lots of three colors of marks overlap with each other in the plots of ground potential, baryon number density, and pressure.

FIG. 9. M-R plots resulting from the EoSs for L−1 ¼ 323 MeV (upper) and L−1 ¼ 170 MeV (lower) for k2 ¼ 5 (left), k2 ¼ 20
(middle), and k2 ¼ 35 (right). The blue solid line, orange dashed line, and green dotted line are for B ¼ 0.4=L, 0.6=L, and 0.8=L,
respectively. The neutron star mass is measured in units of the solar mass M⊙.
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We have assumed that, as μB grows, the nonbaryonic
phase makes a phase transition to the baryonic phase,
which is described by the homogeneous ansatz. It is found
that the theoretical prediction from the baryonic phase
reproduces the properties of the baryonic matter phase very
well when making an appropriate choice of the parameters
in the model. For L−1 ¼ 323 MeV, however, the critical
values of μB and dB are larger than what is naturally
expected from the viewpoint of hadron physics. This
implies the existence of an intermediate phase between
the nonbaryonic phase and the baryonic phase. See Fig. 12
for a typical phase diagram that implements this idea.
Such a phase must incorporate the many-body effects of
nucleons that cannot be captured by the homogeneous
ansatz, because this ansatz should be regarded as an
effective description of the nuclear matter in terms of a
mean field. So far, there have been many attempts toward a
deeper understanding of the baryonic matter as the many-
body system of nucleons. One of them is the Skyrmion or
the instanton crystal, see, for instance, [37–39].
Here, we show that the magnitude of the axial vector

meson condensate J found in the previous section is
consistent with an estimate in the Skyrme model. The pion

field in the Skyrme model is described by the hedgehog
ansatz [40–42]

Uðr⃗Þ ¼ eiτ⃗·π⃗=fπ ¼ eiτ⃗·r̂FðrÞ;

where r̂ is the unit vector of the three-dimensional polar
coordinate and fπ ¼ 64.5 MeV is the pion decay constant.
From the hedgehog ansatz, the pion field reads

πa ¼ fπ r̂aFðrÞ:

By noting that the axial current Aμ is described by
Aμ ∼ −fπ∂μπ, we obtain

Aa
i ∼−f2π∂iðr̂aFðrÞÞ ¼−f2π

�
FðrÞδ

a
i − r̂ar̂i

r
þ r̂ar̂i∂rFðrÞ

�
:

Averaging the axial current over the angular directions
gives

Āa
i ∼ −f2π

�
2

3r
FðrÞ þ 1

3
∂rFðrÞ

�
δai :

We further take an average of the axial current along the
radial direction. To this end, we compute

Z
r�

0

dr r2Āa
i ∼ −f2πδai

Z
r�

0

dr r2
�
2

3r
FðrÞ þ 1

3
∂rFðrÞ

�

¼ −
f2π
3
δai ½r2FðrÞ�r�0

¼ −
f2π
3
δai r

2�Fðr̃�Þ;

where r̃� ¼ efπr�, and e ¼ 5.45 is the coupling constant in
the Skyrme term. Note that we have used Fð0Þ ¼ finite.
The average of the axial current over a ball of size r� is
given by

hĀa
i ir� ≡

1

r3�=3

Z
r�

0

dr r2Āa
i

¼ −ef3πδai
1

r̃�
Fðr̃�Þ:

Assuming r̃� ¼ Oð1Þ, the value of hĀa
i ir� is evaluated as

hĀa
i ir� ∼ −ef3π ¼ −5.45 × ð64.5 MeVÞ3

≃ −1.5 × 10−3 GeV3:

This result is consistent with the order of J in our results.
The holographic model of QCD in this paper allows us to

turn on the axial-isovector chemical potential ϕ̂. Although
the physical meaning of it is unclear to us, it would be
interesting to study what the QCD phase diagram looks like
when extending it to the ϕ̂ direction.

FIG. 11. M-R plots in L−1 ¼ 170 MeV for ðk2; BÞ ¼
ð57.9; 0.4=LÞ (blue solid line), ðk2; BÞ ¼ ð11.4; 0.6=LÞ (orange
dashed line), and ðk2; BÞ ¼ ð3.6; 0.8=LÞ (green dotted line).

FIG. 12. A schematic picture of the intermediate phase.
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An extension to the three-flavor case is an attractive
future work. One of the motivations for this is to discuss if
and how the hyperon puzzle is resolved in the three-flavor
holographic model [6]. The hyperon puzzle states that an
incorporation of the strange quarks into the baryonic matter
softens the EoS so much that no neutron stars are allowed to
exist whose mass is larger than 2M⊙. As seen above, the
EoSs obtained in this paper tend to be stiff. This might
imply that even in the presence of the strange quark, the
EoS remains stiff enough to lead to neutron stars whose
mass is consistent with the astronomical observations.
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APPENDIX: HAMILTON-JACOBI EQUATION
AND BOUNDARY CONDITIONS

Start with the action S ¼ Sbulk þ Sbdry with

Sbulk ¼
Z

z1

z0

dzLðq; q0Þ ¼
Z

z1

z0

dzðpq0 −Hðq; pÞÞ; ðA1Þ

Sbdry ¼ L1ðqðz1ÞÞ − L0ðqðz0ÞÞ: ðA2Þ

Here, p ¼ ∂L=∂q0. The variation of the action is

δS ¼
�
pðz1Þ þ

∂L1

∂qðz1Þ
�
δqðz1Þ −

�
pðz0Þ þ

∂L0

∂qðz0Þ
�
δqðz0Þ þ

Z
dzðbulk termsÞ: ðA3Þ

The boundary condition is given by requiring that the boundary term vanish,�
pðz1Þ þ

∂L1

∂qðz1Þ
�
δqðz1Þ ¼ 0; and

�
pðz0Þ þ

∂L0

∂qðz0Þ
�
δqðz0Þ ¼ 0: ðA4Þ

These lead to either the Dirichlet or the Neumann boundary conditions.
We first solve the equation of motion for q under the condition

qðz1Þ ¼ q1; qðz0Þ ¼ q0: ðA5Þ

Inserting the solution into S gives the on-shell action as a function of ðq1; z1Þ and ðq1; z1Þ,

S̄ðq0; z0; q1; z1Þ≡ Sbulkðq; q0ÞjEoM þ L1ðq1Þ − L0ðq0Þ: ðA6Þ

The on-shell bulk action obeys the Hamilton-Jacobi equation

δSbulkðq; q0ÞjEoM ¼ pðz1Þδq1 −Hðq1; pðz1ÞÞδz1 − pðz0Þδq0 þHðq0; pðz0ÞÞδz0: ðA7Þ

It follows that

δS̄ðq0; z0; q1; z1Þ ¼
�
pðz1Þ þ

∂L1

∂q1

�
δq1 −

�
pðz0Þ þ

∂L0

∂q0

�
δq0 −Hðq1; pðz1ÞÞδz1 þHðq0; pðz0ÞÞδz0: ðA8Þ

In an application of this result to holographic renormalization, we set

δq0 ¼ δðUV boundary valuesÞ; δq1 ¼ 0; z0; z1 ¼ fixed: ðA9Þ

We impose the second condition because the IR boundary value q1 is independent of q0. We find that the variation of the on-
shell action receives the contributions only from the UV boundary.
Instead of (A5), we may impose the Neumann boundary condition at the IR boundary z ¼ z1. Then, q1 is fixed to be

q1 ¼ q�1ðq0; z0; z1Þ by solving the Hamilton-Jacobi equation
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∂S̄
∂q1

¼ pðz1Þ þ
∂L1

∂q1
¼ 0: ðA10Þ

Inserting this solution into S̄ leads to another on-shell action,

S̄0ðq0; z0; z1Þ≡ S̄ðq0; z0; q1 ¼ q�1ðq0; z0; z1Þ; z1Þ: ðA11Þ

It is seen that the resultant on-shell action obeys the Hamilton-Jacobi equation. For instance,

∂S̄0

∂q0
¼

�
∂S̄
∂q0

�
q1;z0;z1

ðq1 ¼ q�1Þ þ
�
∂S̄
∂q1

�
q0;z0;z1

ðq1 ¼ q�1Þ ·
∂q�1
∂q0

¼ −
�
pðz0Þ þ

∂L0

∂q0

�����
q1¼q�

1

: ðA12Þ

Here, (A10) and the Hamilton-Jacobi equation for S̄ are used. A similar computation gives

∂S̄0

∂z0
¼ Hðq0; pðz0ÞÞjq1¼q�

1
;

∂S̄0

∂z1
¼ −Hðq1; pðz1ÞÞjq1¼q�

1
: ðA13Þ

In an application of this result to holographic renormalization, we set

δq0 ¼ δðUV boundary valuesÞ; z0; z1 ¼ fixed: ðA14Þ

Again, the variation of the on-shell action receives the contributions only from the UV boundary.
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