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Chiral vortical conductivities and the moment of inertia
of a rigidly rotating Fermi gas

M. Abedlou Ahadi” and N. Sadooghi®'
Department of Physics, Sharif University of Technology, P.O. Box 11155-9161, Tehran, Iran

® (Received 9 March 2025; accepted 14 May 2025; published 13 June 2025)

We determine the chiral vortical conductivities, as well as the orbital and spin moment of inertia of a
charged, chiral, and rigidly rotating free Fermi gas. To this purpose, we begin by calculating the
vacuum expectation values of a vector and axial vector current using the free fermion propagator in this
medium. This propagator is derived by employing the Fock-Schwinger method based on the solutions
of the Dirac equation in the presence of rotation and finite axial chemical potential. We present a
complete derivation of these solutions. We demonstrate that in the first approximation, the chiral
vortical conductivity associated with the vector current is proportional to the product of the vector and
axial chemical potentials. In contrast, the chiral vortical conductivity related to the axial vector current
depends on the temperature, the vector, and the axial vector chemical potential squares. We use the
relation between the axial vector current and the angular momentum density associated with spin to
determine the spin and the orbital moment of inertia of a rigidly rotating Fermi gas in a charged and
chirally imbalanced medium separately. In addition, we compute the total moment of inertia by utilizing
the methods presented in the first part of the paper and show that the orbital moment of inertia of a free

fermion gas vanishes.

DOI: 10.1103/cn47-wdvb

I. INTRODUCTION

As is well known, the interplay between the chiral
anomaly and a uniform magnetic field and/or rotation
(vorticity) leads to various important transport phenomena,
such as chiral magnetic effect (CME) [1,2] and chiral
vortical effect (CVE) [3]. These phenomena principally
occur in media that exhibit chirality imbalance, and are
characterized by the formation of vector or axial vector
currents that are aligned with the direction of an external
magnetic field B, or angular velocity Q. In recent years,
extensive theoretical efforts have been made to understand
various aspects of these effects. Additionally, modern
heavy ion collision experiments conducted at the
Relativistic Heavy Ion Collider (RHIC) and the Large
Hadron Collider (LHC) provide a unique opportunity to
investigate the experimental consequences of these phe-
nomena (see [4-7] for recent reviews). The reason is that an
extremely large magnetic field up to 10'8-10%° GauB3 [8]
and vorticity with the angular velocity up to 10?> Hz [9]
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can be created in the early stages of these collisions (see
also recent papers [10] and [11,12]). All these efforts aim to
investigate the nontrivial topological sector of quantum
chromodynamics. Theoretical studies primarily focus on
determining the anomalous transport coefficients, which
act as proportionality factors between vector or axial vector
currents and B or Q. Because of the specific properties of
these currents, as well as the behavior of B and Q under
parity and time reversal transformation, the transport
coefficients associated with CME and CVE are odd under
parity. The corresponding currents are thus nondissipative
[4,13]. Exploring experimental consequences of CME and
CVE also builds an active research direction in condensed
matter physics [14], astrophysics, and cosmology [15].
Modern literature offers various approaches to determine
nondissipative, anomaly induced transport coefficients.
These methods include relativistic (magneto)hydrodynam-
ics [16,17], gauge/gravity correspondence [18,19], and
chiral kinetic theory [20]. In [21], different condensates,
including vector and axial vector currents, are computed
using a technique originally introduced in [22]. In this
method, the quantization relation of fermions is inserted in
the definition of the condensates. By applying the Kubo-
Martin-Schwinger formalism, the Fermi-Dirac distribution
function appears in the calculations. The final results
coincide with those obtained through other methods.
Another technique for determining fermionic condensates
involves the free fermion two-point function. This method
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performs a limit to make the propagator local and carries
out a trace over Dirac matrices to convert it into a scalar
quantity. Using, in particular, the free fermion propagator at
finite temperature, the resulting expression yields a con-
densate that is consistent with results from other methods.
In [23], the same approach is used to calculate the chiral
condensate in the presence of a constant and an exponen-
tially decaying magnetic field. In the present paper, we use,
for the first time, this method to determine the chiral
vortical conductivities and the moment of inertia of a
charged, chiral, and rigidly rotating free Fermi gas.

In the first part of this paper, we focus on the CVE and
determine chiral vortical conductivities corresponding to
vector and axial vector currents in a medium with a net
charge and chirality. To this purpose, we start with a Dirac
Lagrangian in a medium with finite vector (electric) and
axial chemical potential. In addition, we assume that the
free fermion gas described by this Lagrangian is under a
rigid rotation. The rotation is introduced by a metric
originally used in [24] to describe a rigid rotation. Many
other works studying the effect of rotation on fermionic and
bosonic systems are based on this metric [25-41]. We
present a detailed derivation of the solution of the Dirac
equation arising from this Lagrangian. Our solution agrees,
up to a normalization factor, with the result recently
presented in [41], where no details are provided. By utili-
zing the Fock-Schwinger method, introduced in [42-44]
and used, e.g., in [35-38], we then determine the free
fermion propagator of this model in coordinate space.
Then, carrying out an appropriate Fourier-Bessel trans-
formation, we present it also in momentum space. These
results appear for the first time in the literature.

We then define the vector and axial vector currents J/,
and J% in terms of the free fermion propagator, expressed at
finite temperature, and determine them as functions of
temperature 7', vector and axial chemical potential, y and
Us, as well as the angular velocity Q2. We show that in the
first approximation, these currents are proportional to €.
The proportionality factors are the chiral vortical conduc-
tivities oy and oy, corresponding to J4, and J%. The final
results for o and o, coincide, as expected, with those in
the literature [4,18-20]. Notably, the fact that the free
fermion propagator developed in the first part of the paper
yields the standard results for J§, and J% confirms its
validity. This is important, since these propagators are also
used in a different context in thermal field theory, e.g., in
determining the thermodynamic potential of a charged,
chiral, and rigidly rotating free Fermi gas, which yields all
thermodynamic quantities related to this gas.

In the second part of the paper, we introduce for the first
time a method to separately compute the moment of inertia
corresponding to the spin and orbital angular momentum in
a rotating Fermi gas exhibiting a charge and chirality
imbalance. We denote these moments of inertia by /¢ and
I;. To determine /g, we utilize a certain relation between

the axial vector current and the spin angular momentum
density [45]. This enables us to use the result for J, from
the first part of the paper to determine /5. We then calculate
the total moment of inertia, /,,,. We show that I, = I,
implying that the orbital part of the moment of inertia
vanishes (I; = I,y — Is = 0). The primary motivation for
this computation was a recent work by Chernodub et al.
[46], where the total moment of inertia of a gluonic gas at
temperatures both below and above a specific supervortical
temperature, 7, is determined. Here, it is shown that at
temperatures below (above) T, the moment of inertia of the
spin-one gluon gas is negative (positive). A similar effect is
also observed in [36], where the moment of inertia of a
spin-zero bosonic gas turns out to be negative under
specific conditions. As it is supposed in [46], a competition
between the moment of inertia associated with the orbital
and spin angular momenta leads, under certain circum-
stances, to a negative net moment of inertia and eventually
to a negative Barnett effect. Despite this indication, it has
not yet been possible to calculate the moments of inertia /¢
and /; separately. We notice at this stage that a decom-
position of the total angular momentum into orbital and
spin contributions is theoretically affected by ambiguities
arising from the possibility of redefining the spin part of the
total angular momentum through pseudogauge transforma-
tion (see the recent review [47] and the references therein).
It can be shown that various pseudogauge transformations
yield different spin currents, including canonical, Belifante-
Rosenfeld (BR), Hilgevoord-Wouthuysen (HW), and de
Groot—van Leeuwen—van Wert (GLW) currents. As it is
argued in [47], HW and GLW pseudogauges naturally arise
only in the massive case, where it is possible to define the
global spin in the particle rest frame. This is in contrast to
the massless case, for which a covariant definition of a
global spin is not possible. As concerns the canonical and
BR pseudogauges for massless fermions, they yield differ-
ent results when we decompose the total angular momen-
tum into its orbital and spin components. In the canonical
pseudogauge, the spin part of the total angular momentum
is nonvanishing, whereas it vanishes in the BR pseu-
dogauge. Hence, our results of Iy and I; for massless
fermions, which are determined using the canonical pseu-
dogauge, are not only frame dependent, but also affected by
the pseudogauge ambiguity. Despite these theoretical
complexities, we find it valuable to present a method to
separately compute the global spin angular momentum
density and its corresponding moment of inertia for
massless fermions.

The organization of the paper is as follows: in Sec. II, we
introduce the Lagrangian density of rigidly rotating fer-
mions in a charged and chirally imbalanced medium. We
derive the corresponding equation of motion and solve it.
We use these solutions to compute the free propagator of
these fermions by utilizing the Fock-Schwinger method. In
Sec. I, we define J4, and J% in terms of this propagator and
determine the chiral vortical conductivities oy and o,.
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In Sec. IV, we then focus on the moment of inertia /g and I,
and show that I; =0. Section V is devoted to our
concluding remarks. Appendices A and B present useful
mathematical relations. Appendix C includes the derivation
of three relations. In Appendix D, apart from a certain
derivation, we describe the relation between the canonical
form of the spin tensor with the spin angular momentum
density defined in Sec. IV.

II. ROTATING FERMIONS IN A CHARGED
AND CHIRALLY IMBALANCED MEDIUM

A. The model
Let us start with the Lagrangian density

L=yliy*'Vy—m~+u +usyyly. (2.1
for a free fermion field y, with mass m in a charged and
chirally imbalanced medium characterized by the vector
and axial chemical potentials ¢ and p5. Assuming a rigid
rotation, the covariant derivative in (2.1) is defined by

V= (0, + Ty, (2.2)

with the spin connection I', given by I', = —fw,;0".
Here, w,;= g,,ﬂe;?(aﬂe? —i—l“,/fye;) and oV =1[y',¥/]. In
w,;;, the tetrads ef, defined by n;; = e?e?ga/;, and the
Christoffel ~symbol, defined by T%, =1¢(d,9,, +
0,96y — 059y ) are expressed in terms of the metric g,,,
that for a rigid rotation around the z axis with the angular
velocity Q = Qe reads

I—(x*+yH)Q? Qy —-Qx 0
Qy -1 0 0
. 23
o —Qx 0 -1 (23)
0 0 0 -1

Here, x and y are Cartesian coordinates. Let us notice that
the Greek and Latin indices «,f€{t,x,y,z} and
i,j€{0,1,2,3} are the corresponding spacetime indices
for the corotating observer and the laboratory (inertial)
frames, respectively. In addition, Dirac y matrices y* in the
rotating frame are related to y' in the inertial frame by
" = ely’, where y"’s satisfy {y',y/} = 2". Using g, from
(2.3), the nonvanishing components of Ffw in the Cartesian
coordinates are

T = —xQ, Iy = -y,

M=T%,=Q Ij=0,=-Q (24
Choosing
eh=ef=e=¢e=1 e\ =yQ e =-xQ (25)

we arrive at

Wy = —wp = Q, (2.6)
leading to I', = —£Qs'?. All the other components of
the spin connection vanish. The Dirac y matrices are then
given by

=y, r=r,
=yl a0 = -xy0 (27)
Moreover, using
Vi)
Vs = _lTe(l/}ﬂyyayﬁyﬂyyv (28)

with g = det(g,,) = —1, it turns out that y° is invariant
under rigid rotation. In this paper, we use y°> = iy%'y?y>.
Combining these results, we arrive at the Dirac equation of
free fermions in a rotating medium with finite y and us,
PO>i0, + QJ, +p) + iy -V + usy®7° —mly = 0. (2.9)
Here, the total angular momentum in the z direction
reads J, =L, + S, with the orbital angular momentum
L, = —i(xd, — yo,) and the spin S, =0'?/2 with ¢'? =
I,,» ® &°. In this paper, we use the Dirac representation for
the Dirac y matrices,

0 <O 1> B < 0

= 1 0) r= —c
with T,,, = diag(1,1) and 6 = (¢',6% 6°) the Pauli
matrices satisfying [¢!,6/] = 2ie’/6*. In what follows,
we present the solution of the Dirac equation (2.9).
To this purpose, we use cylindrical coordinate system
X = (t,x,y,z) = (t,pcos ¢, psing, z), with p the radial
coordinate, ¢ the azimuthal angle, and z the height of
the cylinder.

g), (2.10)

B. Solution of Dirac equation (2.9)

To solve (2.9), we first consider the eigenvalue equation
for J,,

Jy = j, (2.11)

whose eigenvalue turns out to be j = ¢+ 1/2. Having

in mind that in the cylindrical coordinate system the

orbital angular momentum is given by L, = —id,, it is
7+1)

P>
advantageous to use ¢/? and ¢/“t1)¢ as the eigenvalues
of J,. Inspired by the method used in [35], we use the
ansatz

w = [/°>i0, + QJ. + ) + iy - V4 pusy’y’ + m]®, (2.12)
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that, upon inserting into (2.9), leads to a second-order
differential equation for @,

[(i0, + QJ, + p)? + V> — u2 — 4ipusS -V — m?|® = 0.

(2.13)

Here, the spin operator S is defined by

S = -y = diag(s, ). (2.14)
In what follows, we first determine the solutions of the
Klein-Gordon-like differential equation (2.13), which
yields the solution of the Dirac equation (2.9) w upon
inserting into (2.12).

To solve (2.13), we use the helicity operator fj = § -k,
with k = k/|k| and k = —iV being the spatial components
of a four-momentum k. Using the fact that fj commutes with
J. and the differential operator [(id, + QJ, + u)* +
V2 — 2 — 4iusS -V — m?], arising in (2.13), the compo-
nents of @ can be chosen to be the eigenstates of the
helicity operator ¥ with eigenvalues 1/2 with A = £1. This
justifies the following ansatz for ®:

®,, <¢n(:)c,k))’

" |ou- <¢,,(2,k))’

with n = {¢,2}, x = (t,p,p,z), 0 is a 2 x 1 null vector,
and

(2.15)

A ], (kop)

x, k) = ‘ e ik (2,16
b <Bz€’<f+1)(”ff+1(k¢,0)> (216

Here, J,(z) is the Bessel function of order # and
ky = (k* 4+ k2)!/2. To determine the normalization factors
A, and B;, we demand that ¢, is the eigenstate of the
helicity operator corresponding to the eigenvalue A and

arrive at
A;
M =0, (2.17)
B;
with
k., — Ak —ik
ME<Z. ] . ) (2.18)
ik, —k, — Alk|
This leads immediately to
(kz - /1|k|)A/1 - l.kJ_B;L = 0 (219)

Moreover, to obtain nontrivial solutions for A; and B,, we
set det(M) =0 and arrive at |k| = (k2 +k,)"%. An
appropriate choice for A and B is

1 k
A 1+4A-—=,
VAT

il k
B 1 - (2.20)
V) k|

Another choice was presented recently in [41]. Plugging
at this stage (2.16) into (2.13), we obtain the energy
dispersion relation
E = E — Heffs (221)

where E? = (|k| — Aus)? + m?, per = jQ +p, and j =
£+ 1/2. Setting Q =0 and u = 0, the above dispersion
relation is the same as appears in [48]. Let us notice that for
u = 0, the energy in the corotating frame E is given by
E=E—J Q, where E is the energy in the laboratory
frame and J is the total angular momentum [49].

It turns out that the solution @ from (2.15) satisfies the
following orthonormality:

Z q)j,{fj} (x, k)d>j,{f,/1/}(x, k) = 5ij5M/’ (222)
=—c0
and closure relations
D O (x, )DL k) = Lad*(x = x'). (2.23)

K

Here, we introduced the notation

Z Z ZZ/dEdkdklkl, (224)

=—c0 A=*%1i=1.2

with {E, k_ } € (—00, ) and k; €0, o).

Substituting, at this stage, the solutions (2.15) and (2.16)
for @ into (2.13), the solution y for the Dirac equation
reads

(EA) + ik B;)J s(u)
(EYB, — ik A})e T oy (u)

x, k) = ,
W( ) _(‘/,:_Al + lkLBﬂ)Jg(u)
—(F™B; - ikLA/l)ei(pJf+l (u)
x e~ iEt+itptikz (2'25)
with &+ = E+m+,u5ikz, fi:E—m+/45:tkz,

u=k,p,and E = E + .
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C. Fock-Schwinger proper-time method
and free fermion propagator

As it is argued in the previous section, the fermion wave
function y from (2.25) is directly related to the bosonic
field ® appearing in (2.12), which satisfies (2.13). It is,
therefore, possible to use the standard relation

S(x,x") = [/°(i0, + QJ +p) +iy -V

+ usyy’ + m]G(x, x'), (2.26)
between the free fermion propagator S(x, x’) and the free
boson propagator G(x,x’) to determine S(x,x’). In what
follows, we determine G(x,x’) by utilizing the Fock-
Schwinger method [35-37,42-44]. Plugging the resulting
expression for G(x,x’) into (2.26) leads eventually to the
fermion propagator S(x, x').
To determine G(x, x"), let us begin with Green’s equation
D(0y, x)G(x,x') = &*(x — x'), (2.27)
with D(0d,,x) a generic differential operator. The Green’s
function G(x,x’) is represented as

G(x, ¥') = —i /_ DUl xin)de, (2.28)

(5o

where U(x,x’; 7) is the proper-time evolution operator and
7 is the proper time. The former satisfies a Schrodinger-like
equation

i0.U(x,x';7) =D(0,,x)U(x,x';7). (2.29)
With appropriate boundary conditions
11_r)n U(x,x';7) = 8*(x — X'),
Tli)r_n@U(x, x';7) =0, (2.30)
the solution of (2.29) reads
U(x,x';7) = e PO ergt(x — /). (2.31)

Here, ¢ > 0 is necessary to guarantee that U(x,x';7)
vanishes at 7 — —oco [see the second condition in
(2.30)]. We will omit the factor € in the rest of this paper.1

At this stage, we consider the eigenvalue equation of the
differential operator D(d,, x) in (2.27),

'If we keep € and follow the steps leading from (2.36) to free
fermion propagator (2.42), an additional term ie will appear, as
expected, in the denominator of fermion propagators. Having this
in mind, we will omit € in these steps, especially because in the
following sections, we will work with fermion propagators at
finite temperature.

D(0x, X)p,(x) = 6¢4(x),

where ¢, and ¢ are the eigenfunction and eigenvalue of
D(0,, x), respectively. Using the fact that the eigenfunc-
tions ¢,(x) satisfy the closure relation

S0, () (x)

the proper-time evolution operator U(x,x’;7) is thus
given by

(2.32)

=&(x—-x), (2.33)

U(x,x';7)

= Y e, ()i ().

(o2

(2.34)

Plugging (2.34) into (2.28), the free bosonic Green function
G(x, x") reads

G(x,x") =—i /_: ere‘””rpg(x)(p;(x'). (2.35)

o

Let us now consider the differential equation (2.13) that
yields the Green’s function equation

DG(x,x') = &*(x — x'), (2.36)
with the differential operator
D= (id, + QJ, + pu)> + V> — 42 — 4ipsS -V —m?.
(2.37)

Following the above steps, the Green’s function G(x, x’)
from (2.36) is first given by

0 )
G(x,x') = —i/ dre P, 46 (x — X'). (2.38)

Then, using the closure relation (2.23), it is possible
to replace I4,46*(x —x') on the rhs of (2.38) with
S @ (x, k)DL (x', k). Plugging @, from (2.15) and (2.16)
into this expression, we arrive first at

Z (X, k)DL (X k)
= Z 3 / dEdk dkﬂﬂ i E(=t )ik, (=2 )+t (p=0)

{=—00 A==%1

k . ,
X K] +4 |kz| 757/07/3) (O, Trr+O_T iy pretio=?))

k . y
+4 |kL| Y70 T 106" +O_Trpire™)|. (2.39)

where Oy = (14iy'y?)/2, and T, =J.(kip)x
J1(kyp'). Eventually, using the eigenvalue equation
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DO, (x,k) = (E? — @)D (x, k), (2.40)
with @? = (k| — Aus)? + m?, we arrive after integrating over the proper time 7 at
dEdk dk k —iE(1=1")+ik (z=2)+it(p—¢') k
Gx, x') = / Ll = Kl S y5y°r3>
f*—ooﬂ + E? - o} k|
I k . iy
X (01T pe +O_T pi1p01€079)) 42 |kl| (0 T e +O_Jrpire™ )} ; (2.41)

where E = E + p. Plugging, then, the above result into (2.26), the free fermion propagator in the coordinate space is

given by

1 00
S(x,x") =

= 2
t’f—oo/li E* — w;

x {(Ero +m+pusy’y’ —ky?) Kl 4k 7%’

K|

/dEdk dk k) e —iE(t=t')+ik (z=2) +il (p=0)

) (04»\7)?.{ + O—\7f+1!f+1€+i((/)_(p,))

k . . k . ,
e |kL| (0 T p1ee” +O_Tpppie™™ )} +ak, ﬁ7570(0+«7ff +O_Trprener )

k . -
—kyr? <1 + A== 75}’0}’3> (OLTps10€? +O_Tppre™™ )}-

[k

Let us notice that the projector operators O, appearing
in the above expressions satisfy O, O, = O, 0,0 =0,
and O, +O_=1. For yI=(y*,0,0,9°) and y* =
(0,7',7%,0), we have O,y =y O, and O ptt =
7"+ O. Moreover, O,y° = y°O,, and y'O, =F iy?O..

To determine the above fermion propagator in momentum
space, we perform an appropriate inverse Fourier-Bessel
transformation of S(x,x’) in the cylindrical coordinate
system,

Sff/(P,P')—/d4Xd4x/5(x,x’)¢;(xsP)W/(x/,l’/), (2.43)
with d*x = dtdpdzdp and
ho(x, p) = €™ PITPEHR ] (p ). (2.44)

Using the orthonormality relations presented in Appendix A,
we arrive at

= (27)38} 4 (Po. P2 P13 PY. PL P')Se(P),
(2.45)

See(p.p')

with

) 1
8 4 (Pos P PL3 Pl Pl D) = Zﬁ(po — pp)8(p. — pl)

X 8(py—p)oes (2.46)

(2.42)
[
and
E°+m+usy® —py’ —pir?
S/(p)= { : e 0,
J—t1 T T w;
E Y’ +m+usy’y’ — pyd — piy? _ }
+ o L0_|.
- - a),{
(2.47)

Here, E. = pg+ (£ £1/2) + p and
1 4 PL
r,=- (1 paPe50,8 1 ) PL 7,5},07,2>
2 p| p|

Let us notice that I'; is the cylindrical version of the
projection operator I';(p) =4 (1 + Lﬂl 9%), defined in

[48]. Replacing p in E, with fermionic Matsubara frequen-
cies iw, = i(2n + 1)zT and n € Z, we obtain the fermion
propagator at finite temperature 7. To arrive at (2.47), we
used the same method as described explicitly in [36].

III. CHIRAL VORTICAL CONDUCTIVITIES

In this section, we study the chiral vortical effect by
determining the third component of the vector and axial
vector currents, Jy, and J', in the chiral limit m = 0. They
are determined by
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JU, = —illimtr(y3S(x,x')) (3.1)
and
ﬂfl\ = —iljmtr(y3ySS(X, x')), (3.2)

where S(x,x’) is given in (2.42). Here, JU, and J/H1 are
aligned in the direction of angular velocity Q = Qe,. To
build the summation over #, we use the formulae presented
in Appendix B.

A. Vector current

Plugging (2.42) into (3.1), and evaluating the traces of
Dirac y matrices, we arrive first at

I . dEdk dkLkL /160,1
=i 30 3 [EEE

o i—=x1 —w;
X [J,%(kJ_P) - Jf+1 (klp)}’

(3.3)

Wlth E = E+//leff and w,; = |k|
Then, using

— Aus in the chiral limit.

(3.4)

/ dEf(E) = 2T f: Flioy).

n=-—oo

with w, = (2n + 1)zT and performing a change of vari-
able k, — |k| using k3 = |k|*> — k2, the corresponding
expression at finite temperature reads

=G >y

A=+1=—00 n=—c0

: /< (@, = lj::)z + @l V7 (kip) =701 (kip)].
(3.5)
with
_ [ K
[=[Famw [fa o

Performing at this stage the summation over Matsubara
frequencies w,, by utilizing

zoo: 1 _ Z tanh (f(@, + eperr) /2)
(@, —ipe)? 0] 4T ’
(3.7)
with tanh(x) = 1-2n;(2x) and n¢(x) = (e* +1)7!, the
Fermi-Dirac distribution function, J U, is given by
J” Jl“/ vac + JU/ mat? (38)

while the vacuum (7-independent) part is given by

Foaw = 30 0 O [Vithi) = Posthr)

=+1 F=-o00

(3.9)

and the matter (7-dependent) part reads

Jl‘l/mat QZ Z /‘]f kip) Jf+1(k¢.0)]

=+l /=-o0

(3.10)

X ["f(ﬂ(wz + tetr)) + ne(B(0) — pegr))]-

V.vac Vanishes and we

Performing the summation over 4, J

are left with the matter part of J U, To evaluate the
summation over # in the matter part, we follow the method
first introduced in [21,50] (see Appendix C for the details
of this computation involving a summation over ¢ and
integrations over k, and k). After a lengthy but straightfor-
ward computation, we arrive first at

QT = (2i +2)!
th 2 (
a Zﬂ l;) 2i4+2r+1

9)21' (ﬂg)h

X Sr-H z[LIZ 2r( e_ﬁ(#_MS)) - L12_2r(_eﬁ(/4+ﬂ/45))}'

(3.11)

Performing the summation over A, we arrive at combina-
tions including Li,_,.(—e*) + Li,_,,(—e™). As it turns
out, this combination is nonvanishing only for » = 0 and
r = 1. Using (B11), the contribution of » = 1 vanishes. We
are thus left with the contribution from r = 0. Using

g P 1) = %ﬁy (3.12)

we obtain J U, mat = l‘l, with
Jl :%ﬁg, (3.13)
with T? =1/(1 - (pQ)?). Comparing this result with

that appearing, e.g., in [4], an additional factor I'* appears

in (3.13). This is because in our approach, J U, is computed
in the inertial nonrotating frame. As it is known from the
Tolman-Ehrenfest theorem [51,52], in a space described by
the metric g,,, the quantities u,pus, €2, and T transform
according to

Hs = ps = psl,
T T =TT,

p— p =yl

Q- Q =Qr, (3.14)

where I' is the Tolman-Ehrenfest factor, defined by
I'=1//9p0, With goy the 00 component of the metric
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G [53]. In (3.14), the quantities u,us, €2, and T are
quantities in the inertial nonrotating frame, and 4/, u%, ',
and T’ are quantities in the noninertial rotating frame.

Performing a Taylor expansion in the orders of Q and
considering only the contribution linear in €, the chiral
vortical coefficient o, defined by J, = 6,Q + O(Q?) is
given by

oy =15 (3.15)
7

Although the same result also appears in [4,18,19], the

methods used in these papers are different from that in the

present paper. In what follows, we use the same method to

determine the third component of the axial vector current

JY, from (3.2).
B. Axial vector current

Plugging (2.42) into (3.1), and performing the traces
over Dirac y matrices, we arrive after some algebra first at

Jh=—i

/dEdk dk k. E

) 2
j:lf— o (E° — w3)

X [pr(kLp) — 1% (kip)). (3.16)

To introduce finite temperature, we use (3.4) and obtain

I Frre

—+1 f—o0 n=—00 n T Hetr)
x [J f(kLp) - Jf+1(klp)}'

Here, the same change of variable k; — |k| as in the
previous section is performed. To evaluate the summation
over n, we use the following decomposition:

> o
H 2 2
n (

lw, + /’leff) — Wy

1 1 1
:-z(. - )
2 10, + fetp — W) 10, + fep + @)

(3.17)

Hett
- . (3.18)
Z (i@, + per)* — @
Plugging this expression into (3.17) and using
, 3.19
2 Gy g ) (3.19)
we arrive at
T3 = Thvae + (3.20)

where the vacuum (7-independent) part is given by

‘]Avac: 27[22 Z /Jf kip) Jf+1(klp)]

A=%1 f=—c0
(3.21)
and the matter (7-dependent) part reads
J.ﬂ mat 2 Z Z / J2 kLp Jf+l(kLp)]
=+1¢=—0
X [”f(ﬂ(wﬂ + Her)) = ni (B0 — peir))]- (3.22)

Let us notice that the summation over n on the lhs of (3.19)
diverges. Using the method described in Appendix D, it is
possible to determine its finite part, which is given by
Pns(BE), where ne(z) is the fermion distribution function.

Using (B1), the vacuum part (3.21) vanishes and we are

left with the matter part lel,mat from (3.22). Following the
method described in Appendix C and performing the
summation over Z and the integration over k. and |k,

we arrive after some algebra at

= (2i42)!
271)2ZZ 2i+2r+1 (

+1i,r= 0

g

Amat —

Q)2i (ﬂQ)Zr

X sty [, (—emPltns)) +L12_2,(—e/’(”“”5>)].
(3.23)

Similar to the previous case, the only nonvanishing con-
tributions are from r = 0, 1. Using (B11), (3.12), and

o 1+ 3x2
)(2 =" 3.24
D i+ @i =G0 (62
we obtain J‘J‘ mat Jﬁ, with
I o +M5 ag o T 2
=gt FQ+ 25 (143(0Q)%). (3.25)

The factors I" appearing on the rhs of (3.25) are consistent
with (3.14), according to the Tolman-Ehrenfest theorem.
The chiral vortical coefficient o, associated with J, =
c4Q + O(Q?) is thus given by

GA:—+ﬂ MS.

=+ (3.26)

The same result also arises in [4]. As is described in Sec. I,
the origin of the 72-dependent term in ¢, is ambiguous.
Here, it arises naturally by following the method described
in this section. As it is argued in [18,19], it is associated
with the gravitational anomaly. The second (T, u,us)
independent term in (3.25), and depending solely on Q,
is unphysical [21]. In [21], it is described how these terms
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arise from the specific Vilenkin (Minkowski) quantization
[22], which is different from Iyer quantization [54]. In the
present paper, we follow Vilenkin’s method and introduce
the finite temperature by replacing the fermion energy in a
corotating system with the Matsubara frequency [55]. We
notice that the energy in the corotating system E is defined
by E = E — Q- J [49], where E is the energy in the inertial
(laboratory) frame and J is the total angular momentum,
including orbital and spin angular momentum, L and S. At
finite temperature, the distinction between these two
methods is evident in the alternative substitution of E
(Vilenkin quantization) or E (Iyer quantization) with the
Matsubara frequencies iw,,.

IV. MOMENT OF INERTIA OF A RIGIDLY
ROTATING FERMI GAS

In classical mechanics, the moment of inertia is defined
as a response of a classical object to a finite angular
momentum. In this sense, we have

T =TT, - )Q. (4.1)
Here, J is the total angular momentum, consisting of the
orbital and spin angular momentum, and 7, is the moment
of inertia depending in general on €, 7, and other
thermodynamical variables. In the first approximation,
the moment of inertia I, is independent of Q and is
determined by a Taylor expansion of Z(Q,T,- "),
Za(QT. ) =1q(0.T.---) + O(Q).  (4.2)
In this section, we determine the total moment of inertia of
arigidly rotating Fermi gas, as well as its moment of inertia
corresponding to the orbital and spin angular momenta, /;
and Ig, defined by
j L — 1 Lgv

To define j; and jg, let us consider the total angular
momentum density operator [45,56] ]A'tot, which consists
of two parts,

Jou =Jr +Js. (4.4)

the orbital and spin angular momentum operator densities

Jo=wy’Ly  and js =y Sy. (4.5)
Here, the orbital angular momentum L is given by
L =x xp and the spin operator S is defined in (2.14).
Assuming, as in previous sections, that the angular velocity
is aligned in the third direction, & = Qe_, and having in
mind that

Ly =0, +(+1)0 )y =(+0_)y, (46)
where y from (2.25) is the solution of Dirac equation (2.9)
and Oy is defined in Sec. II, the third component of the
orbital angular momentum j; is given by

j1= (L)

— —ilim i (06 + O)S,(x,x)). (4.7

=—

Here, S, is given by S(x,x") = >, S,(x,x") with S(x,x’)
from (2.42). The subscript || denotes the third component of
the orbital angular momentum density j; aligned in the
direction of Q, and : --- : stands for normal ordering.

As concerns the spin angular momentum density jg
defined by js= (:y°Sy:), it is possible to use the
properties of Dirac y matrices and the definition of y5 to
show that jg = %J 4, Where J, is the axial vector current
[45]. For the third component of jg, we thus have

1

]! = <:1Z/70Szl//:> — 2‘]1”4
i
=~ lim ;00 tr(r’y’Se(x.x')), (4.8)

with J‘/L defined in (3.2) and given in (3.25). Using, at this
stage, J.y = (£ + 1/2)y from (2.11),O_ = (1 —iy'y?)/2,
and yy'y? = y*y, we obtain

JL = Jwot — Js» (4'9)

where

Jloe = —itim 3" (£ +1/2)S,(x.x)).  (4.10)

xX—X oo
In what follows, we determine thOt and j! using the method in
Sec. II. Expanding then the resulting expressions in the
orders of €, and keeping only the linear term in €2, yields the
total and the spin moment of inertia /,,; and /g, defined by

ih=leQ =150 (4.11)

This leads immediately to /; arising from [see (4.4)]
IL:IIOt_IS‘ (412)

Using (4.8) and (3.25), the third component of spin angular
momentum density reads

2 2 2 316
1o (L g 21 3 00)
Js (12+ 4 ) +ag 13027,

(4.13)
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As it is explained in the previous section, the second term,
which depends solely on Q, is unphysical and has its origin in
the specific (Vilenkin) quantization that is used in this paper.
Expanding the first term in (4.13) in the orders of Q and
keeping the O(QP) term, the spin part of the moment of
inertia /¢ is given by

%y +pus

Ig=—
ST 12 42

(4.14)

To determine ]H we use (4.9), and we compute ]l‘ot from

(4.10) by following the same method as described in Sec. I1I.
Plugging S(x, x’) from (2.42) into (4.10) and performing the
traces over Dirac y matrices, we arrive first at

. dEdk,dk k, E
L2 3 [ T

w;

< (£43)V2thur) + 72, () (415)

Then, introducing the Matsubara frequencies using (3.4) and
performing a change of variable k;, — |k|, we obtain

(i, + pegr)
=T /
tOt Zil K_Z_oo nZOO la)n + /’teff 2 %}

< (e43) i)+ Zatunl. @19

Following same steps leading from (3.17) to (3.20), we get

_ Al
] tot — ] tot,vac =+ J tot,mat»

(4.17)

with the vacuum (7-independent) part
Jllot vac — 2 Z Z

1
[(+3)
=+l¢= 2

X [Jf(kJ_p) + Jf+1(k¢,0)],

(4.18)

and the matter (7-dependent) part

1
]l‘ot mat — 2(2n) 5 zi:l fz (f +2>
x [J5(kip) +J5, . (kip)]
x [n(B(@; + petr)) — ne(Bl@; — per))]-

(4.19)

Using (B3), ]tot vac vanishes. Following at this stage the
method described in Appendix C and performing the
summation over # and the integration over k., and |k,
we obtain

207? & (2i +2)!
]l‘otmat z

( 7)? ; 5 20+ 1) (2r +2i 4 1)!

( ) ( )2r :r+1+11

X [Lip_o, (—e™PH=5)) 4 Liy o, (—ePHt))].

(4.20)

Similar to previous cases, the only nonvanishing contribu-
tions arise from r = 0 and r = 1. They are given by

omaboo = (5 + s ) Slip0)* + 8600 + 302
Al r 4 2 3
Sl =1 = 5253 00" +66(pQ)% +512%. (4.21)
To arrive at these results, we have used

i i 2 X+ 8x2+3

£ 2+ S 12(1 —x?)*”
- 1 . 9x* +66x2 45

stoxii=" " 4.22

; 2i +1)(2i + 3) Siv2i* 240(1 — x?)3 (4.22)

with s "1, and sh \,; from (B7). Omitting unphysical terms
arising from the r = 1 contribution in (4.21), expanding
remaining terms in the orders of Q, and considering only
the coefficient of the term linear in €, the total angular

momentum density of a rigidly rotating free Fermi gas reads

T2 2+ 2
Jion = <—+” ”5>Q+O(Q3).

B e (4.23)

The total moment of inertia of this gas is thus given by

; _T2 ﬂ2+ﬂ§
2 472

(4.24)

Plugging (4.24) and (4.14) into (4.12), the moment of
inertia corresponding to orbital angular momentum density
vanishes,
I; =0. (4.25)
Thus, the total moment of inertia is solely given by Ig. It
would be intriguing to find a circumstance under which /; of
a rigidly rotating Fermi gas does not vanish.
Let us notice that the covariant total angular momentum
i ;u/
is defined by

TEH = XTW — W TH 4+ S, (4.26)

where T’ is the canonical energy-momentum tensor and
Y . L
S¢* is the canonical spin given by
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Sﬁ’/“’ — _l AT,

¢ 5 WY Y- (4.27)

In Appendix D 2, we show that S&. = %Giij%] *is equal to
(:J&: ), where j is defined in (4.5). As we have stated in
Sec. I, the decomposition of total angular momentum into
orbital and spin parts is affected by ambiguities arising
from the possibility of redefining the spin part of the total
angular momentum through pseudogauge transformation
[47]. Here, it is argued that HW and GLW pseudogauges
are only relevant for massive fermions. The canonical and
BR pseudogauges, which are applicable for massless
fermions, yield different results. In this section, we used
the canonical pseudogauge for massless fermions and
showed that [\, = Ig and I; = 0.

V. CONCLUDING REMARKS

In this paper, we studied the effect of rotation on vector
and axial vector currents in a rigidly rotating and chirally
imbalanced free Fermi gas. We first solved the Dirac
equation of rigidly rotating fermions at finite chemical
potential p and axial chemical potential us. Because of the
symmetry properties of the Dirac equation, the solutions
consist of plane waves in three directions and a Bessel
function in the radial direction. We then used the standard
Fock-Schwinger method and determined the free fermion
propagator of this model. Using the fact that the vector and
axial vector currents can be expressed in terms of the free
fermion propagator, it was possible to determine these
currents in terms of temperature 7', p, ps, and the angular
velocity Q. Expanding the resulting expressions in the
orders of Q, we determined the chiral vortical con-
ductivities oy and o4, associated with the vector and axial
vector currents. The resulting expressions coincided with
oy and o4, which were determined using various other
methods (see [4] and the references therein). We showed
that oy, is proportional to u and ps, and o, includes terms

proportional to 7%, u?, and p2. The final result for J‘J‘
included, apart from physical parts, an unphysical part,
which arose, according to the arguments presented in [21],
from the difference between the quantization of rotating
fermions by Vilenkin [22] and Iyer [54], as discussed
in Sec. III B.

Finally, motivated by recent results from [46] concerning
the possibility for a realization of a negative Barnett effect
in rotating fermionic gases, we focused on the moment of
inertia of a rigidly rotating free Fermi gas and presented a
method for computing the moments of inertia associated
with the orbital angular momentum, /;, and the spin
angular momentum, /g, separately. First, we used a relation
between the spin angular momentum density and the axial
vector current to derive Ig directly [see (4.8)]. Next, we
calculated the total angular momentum density, which
can similarly be expressed in terms of the free fermion

propagator [see (4.10)]. By applying the method introduced
in Sec. III, we determined the total moment of inertia, /.
Using the relationship I; = I, — I, we subsequently
derived ;. We demonstrated that I = I, implying that
I; vanished for massless fermions. This result is, however,
affected by the choice of various pseudogauges. In this
paper, we worked with a canonical pseudogauge and
arrived at I,,, = I and I; = 0, as aforementioned.

The fermion propagators derived in the first part of
this paper can be used to determine the thermodynamic
potential of a rigidly rotating Fermi gas with chiral
imbalance. Using this potential, various thermodynamic
properties of this gas can be studied. Moreover, investigat-
ing the effects of uniform background magnetic fields on a
rotating Fermi gas, particularly in relation to chiral vortical
conductivities, would be interesting. One potential aim of
this research is to explore the interplay among various
parameters, such as temperature 7, chemical potential y,
axial chemical potential us, angular velocity €, and the
magnetic field strength B. Additionally, an important
question is to identify specific conditions under which
I« #1g and I; does not equal zero. Returning to the
findings in [46], it would be interesting to examine the
signs of I and I; for a potential realization of the negative
Barnett effect in fermionic systems.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: ORTHONORMALITY RELATION
IN CYLINDER COORDINATE SYSTEM

In Sec. II, we presented the fermion propagator in
momentum space. We used a Bessel-Fourier transfor-
mation (2.43). The orthonormality relations that were used
to derive Sz (p, p’) from (2.45) and (2.46) are given by

/ dte=E~E) = 275(E — E'),
/dzei(pz—l?’:)z = 278(p, — pl),

2r . ,
/ dpe' "= =275, 41,
0

™ 1
A drrd,(pyr)J.(p' ) =Z5(h -p) (A1)

APPENDIX B: USEFUL FORMULA

1. Summation over ¢

To evaluate the summation over ¢ in the expressions
arising in Secs. III and IV, we use the following identities,
which were originally introduced and derived in [21,50].
The first useful relation is given by
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= 2 s;Li = 1’
Y B =1 (B1) o
f=—o0 i1 :ﬂ(ZH— 1)(2i +2)(2i + 3),
Introducing " 1 . . . .
St = 5760(21+1)(21+2)(21+3)(21+4)(21—|—5)
I3 (2) =J3(2) £ 77, (2), (B2) x (10i + 3). (B7)
it is possible to show
© 2n (i41/2) , 2. Integrals over Fermi-Dirac distribution function
) (z n ) S XA | -
P iz ' In Sec. III, we encounter integrals over Fermi-Dirac
o P\ 201 distribution functions in the form
> (f + 5) JF(z) =0, (B3) N
=—00 o p
B, = [ dowr B ). (B8)
0 w
as well as
- To evaluate them, we perform a change of variable u = fw
Z £+ 1 an J:(z) =0 and use the symmetry properties of the distribution function
Pt 2 ‘ ' with respect to @w and u to replace the derivation with
o 1\ 2041 " o0+ 1/2) respect to u with the derivation with respect to p. We thus
n i .
7+ —) J7(z) = .75;#2!, (B4) have,
f:Z—oo ( 2 ‘ ; l'\/E .
dZn 00 u’
— g-r-1 2n
where s°;, with i < n, defined by I, =B (=1)> dﬂz"A du " 1 ]
i (_l)l_f 1)\ 2n+1 = _r!ﬂzn_r_lLirJrl—Zn(_e:F/}ﬂ)7 (B9)
spi=2 : T ' <f + —)
i =i+ 2+ 1)! 2 where Li,(z) = Y2, z¥/k* is the polylogarithm function
1 Q2+l a) \ 2itl of order s. Following the same steps, we also have
= lim ————( 2sinh| - , (B3)
(21 + 1)'a—>0da s 2 i e - Y
I2n+l,r = r!ﬁ " rLlr—2n<_e:F M)' (Blo)
and
In Secs. I and IV, we particularly use [50]
- o1
= (43)s (56) Lig(—e") + Lip(—e™) = 1.
. . n a
The latter arises from £ (2 (z)) = (2¢ + 1)J;(z). In (B), Liy(—e™) + Liy(—e™) = % (B11)
sy =0fori>n. In Secs III and IV, we particularly use
|
APPENDIX C: DERIVATION OF (3.11), (3.23), AND (4.20)
In Secs. 111 and IV, we arrive at Jy = J oo Ty = J) s and jib e from (3.11), (3.23), and (4.19), with
Vmat 2 Z Z / Jf(kLP Jf+1 (kp)][ne(B(@; + perr)) + ne(B(@; — perr))] (C1)
f=—o
A mat — )2 Z Z / Jf kip) ]f+1(kL0)”nf(ﬁ(w/1 + Heit)) — ne(Bl@ = petr))], (C2)
-1 © .
Jioma = 35750 D l GV kup) + T2y (k) (Bleo; + pe) = (Bl — b)), (C3)
A f=—
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from (3.10) and (3.22). To evaluate these expressions, we expand the fermionic particle distribution function in the order
of Q,

ne(B(@, & pegr)) ”f(ﬁ(a’/l +u)), (C4)
r=0 ' /1
with j = ¢ + 1/2. Plugging then
0 Q2r d2r
ni(B(w; + petr)) + np(Blw; — pesr)) = Z 2! j2 o 2, [ne(B(wy + ) £ ne(Bla; — p))]
r=0
) Q2r+l d2r+1

+ ; 5 jrt da7 T ne(B(w; + 1) F ne(f(w;, — )] (C5)

into (C1) and (C2), and using (B4) as well as (B3) to perform the summation over ¢, we arrive at

I Q2r+1 l+1/2) ~ ; yian
Ty i = +DZ;ZO) / 311 ity i kP e Bl ) = ma(Blo =) (C6)

2r+1 i 2r+1
T =333 jfﬂ) oL e s+ ) £ Pl =) ()

r=0 i=0

oo r+1 92r+1 (l—|—1/2 . . d2r+1
Jtotmat Z:ZZ/ 25 + 1 271_) l|\/2 r+11( Lp) W{nr‘(ﬂ(wl +ﬂ))+nf(ﬂ(w/1_/’£))]’ (CS)

r=0 i=0

with s, defined in (B6). A change of variables r — r + i leads to

2r+2i+1 2r+2i+1
I Q ri+1/2) 1 . d
J A k ———5 M — ng - , (€9
V.mat — +Z ,;)/ 2r+2i+1 (277,') l|\/" + r+l z( Lp) dow /%r+21+1 [nf (ﬁ(wl +/’l)) ny (ﬂ(w/l /’L))] ( )
2r42i+1 : r+2i+1
‘]A mat ‘= 0/ 2 4 2i i 1>y (271_)21'\/71, I+ 2 Sr+i,i(kJ_/)) do 2r+2£+1 [nf<ﬁ(w/1 +/’t)) + nf(ﬁ(wl ﬂ))]’ (Clo)
Q2r+2i+1 (l + 1/2) 1 o d2r+21+1
. — . . k —_— - ’
]tot,mat &= 0/ 2 + 2 + (271_) l'\/‘ (l + 1/2) r+t+1.z( J_p) dw %r+21+1 [nf(ﬂ(a)/l +/’£)) + nf(ﬁ(w/l /"))]
(C11)
with f  from (3.6). We perform, at this stage, the integration over k, by utilizing
+[k| VAL(i+1)
dk, k% = k|¥ 1, Cl12
L = )

Plugging this expression into (C11), we are left with the integration over |k|. To perform this integration, we use (B10) and
arrive at (3.11), (3.23), and (4.20). Let us notice that in (C12), k3 = |k|> — k? is used.

APPENDIX D: TECHNICAL COMMENTS where @, = (2n + 1)zT. To perform (D1), we follow
1. Derivati £ (3.19) the standard method from [55], where the summation
- Derlvation ot (5. over n in (D1) is regarded as a summation over the residues

In this section, we will evaluate the sum over n in of a function, which has poles at fermionic Matsubara
frequencies w,. To perform it, we first replace the above
+o0 1 summation with a complex integral over a closed contour

s= 3

o~ (D1)  Cy, including the Matsubara frequencies lying on the

imaginary axis
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1
=— h(z)d
S =3, 9

(D2)
with g(z) = (z—=¢)7!, and h(z) is a weighting func-
tion having simple poles at z = iw,. At this stage, it is
possible to give S by an integration over the whole complex
plane C, including poles of both g(z) and /(z), minus an
integration over a closed contour C,, including only the
pole of g(z),

S= L?ﬁg(z)h(z)dz - 2L 9(2)h(z)dz.  (D3)

2ri 7i Jc,

The first integral over C diverges and the second integral is
finite. Considering only the finite term and choosing
the Fermi-Dirac distribution function h(z) = —fn(fz),
we arrive at

S > pne(pE), (D4)

as stated in (3.19).

2. The relation between canonical spin tensor S$*
and spin angular momentum density fs

According to [47], the canonical spin tensor is defined by
AV 1 — (A U 1 Aoy,
S = quirt oy = —5 e Pyarsp. (DS)
Let us consider S%ij . It is given by

N 1.
S = =M masw. (D6)

where €%k = '/ is used. Multiplying this expression with
1e'm and using e'mel/k = —28"k, we arrive at

m 1 ijm 0.ij 1 o} 1 m
S¢ =3¢ S¢ =5y ySWZEJA, m=1,2,3. (D7)

In Sec. IV, we denote Sc by (:js: ) with spin angular
momentum density operatorf's = y°Sy from (4.5). Using
the definition of S =1y, it is possible to show that
(st ) =14, as stated in (4.8).
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