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We determine the chiral vortical conductivities, as well as the orbital and spin moment of inertia of a
charged, chiral, and rigidly rotating free Fermi gas. To this purpose, we begin by calculating the
vacuum expectation values of a vector and axial vector current using the free fermion propagator in this
medium. This propagator is derived by employing the Fock-Schwinger method based on the solutions
of the Dirac equation in the presence of rotation and finite axial chemical potential. We present a
complete derivation of these solutions. We demonstrate that in the first approximation, the chiral
vortical conductivity associated with the vector current is proportional to the product of the vector and
axial chemical potentials. In contrast, the chiral vortical conductivity related to the axial vector current
depends on the temperature, the vector, and the axial vector chemical potential squares. We use the
relation between the axial vector current and the angular momentum density associated with spin to
determine the spin and the orbital moment of inertia of a rigidly rotating Fermi gas in a charged and
chirally imbalanced medium separately. In addition, we compute the total moment of inertia by utilizing
the methods presented in the first part of the paper and show that the orbital moment of inertia of a free
fermion gas vanishes.
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I. INTRODUCTION

As is well known, the interplay between the chiral
anomaly and a uniform magnetic field and/or rotation
(vorticity) leads to various important transport phenomena,
such as chiral magnetic effect (CME) [1,2] and chiral
vortical effect (CVE) [3]. These phenomena principally
occur in media that exhibit chirality imbalance, and are
characterized by the formation of vector or axial vector
currents that are aligned with the direction of an external
magnetic field B, or angular velocity Ω. In recent years,
extensive theoretical efforts have been made to understand
various aspects of these effects. Additionally, modern
heavy ion collision experiments conducted at the
Relativistic Heavy Ion Collider (RHIC) and the Large
Hadron Collider (LHC) provide a unique opportunity to
investigate the experimental consequences of these phe-
nomena (see [4–7] for recent reviews). The reason is that an
extremely large magnetic field up to 1018–1020 Gauß [8]
and vorticity with the angular velocity up to 1022 Hz [9]

can be created in the early stages of these collisions (see
also recent papers [10] and [11,12]). All these efforts aim to
investigate the nontrivial topological sector of quantum
chromodynamics. Theoretical studies primarily focus on
determining the anomalous transport coefficients, which
act as proportionality factors between vector or axial vector
currents and B or Ω. Because of the specific properties of
these currents, as well as the behavior of B and Ω under
parity and time reversal transformation, the transport
coefficients associated with CME and CVE are odd under
parity. The corresponding currents are thus nondissipative
[4,13]. Exploring experimental consequences of CME and
CVE also builds an active research direction in condensed
matter physics [14], astrophysics, and cosmology [15].
Modern literature offers various approaches to determine

nondissipative, anomaly induced transport coefficients.
These methods include relativistic (magneto)hydrodynam-
ics [16,17], gauge/gravity correspondence [18,19], and
chiral kinetic theory [20]. In [21], different condensates,
including vector and axial vector currents, are computed
using a technique originally introduced in [22]. In this
method, the quantization relation of fermions is inserted in
the definition of the condensates. By applying the Kubo-
Martin-Schwinger formalism, the Fermi-Dirac distribution
function appears in the calculations. The final results
coincide with those obtained through other methods.
Another technique for determining fermionic condensates
involves the free fermion two-point function. This method
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performs a limit to make the propagator local and carries
out a trace over Dirac matrices to convert it into a scalar
quantity. Using, in particular, the free fermion propagator at
finite temperature, the resulting expression yields a con-
densate that is consistent with results from other methods.
In [23], the same approach is used to calculate the chiral
condensate in the presence of a constant and an exponen-
tially decaying magnetic field. In the present paper, we use,
for the first time, this method to determine the chiral
vortical conductivities and the moment of inertia of a
charged, chiral, and rigidly rotating free Fermi gas.
In the first part of this paper, we focus on the CVE and

determine chiral vortical conductivities corresponding to
vector and axial vector currents in a medium with a net
charge and chirality. To this purpose, we start with a Dirac
Lagrangian in a medium with finite vector (electric) and
axial chemical potential. In addition, we assume that the
free fermion gas described by this Lagrangian is under a
rigid rotation. The rotation is introduced by a metric
originally used in [24] to describe a rigid rotation. Many
other works studying the effect of rotation on fermionic and
bosonic systems are based on this metric [25–41]. We
present a detailed derivation of the solution of the Dirac
equation arising from this Lagrangian. Our solution agrees,
up to a normalization factor, with the result recently
presented in [41], where no details are provided. By utili-
zing the Fock-Schwinger method, introduced in [42–44]
and used, e.g., in [35–38], we then determine the free
fermion propagator of this model in coordinate space.
Then, carrying out an appropriate Fourier-Bessel trans-
formation, we present it also in momentum space. These
results appear for the first time in the literature.
We then define the vector and axial vector currents JμV

and JμA in terms of the free fermion propagator, expressed at
finite temperature, and determine them as functions of
temperature T, vector and axial chemical potential, μ and
μ5, as well as the angular velocity Ω. We show that in the
first approximation, these currents are proportional to Ω.
The proportionality factors are the chiral vortical conduc-
tivities σV and σA, corresponding to JμV and JμA. The final
results for σV and σA coincide, as expected, with those in
the literature [4,18–20]. Notably, the fact that the free
fermion propagator developed in the first part of the paper
yields the standard results for JμV and JμA confirms its
validity. This is important, since these propagators are also
used in a different context in thermal field theory, e.g., in
determining the thermodynamic potential of a charged,
chiral, and rigidly rotating free Fermi gas, which yields all
thermodynamic quantities related to this gas.
In the second part of the paper, we introduce for the first

time a method to separately compute the moment of inertia
corresponding to the spin and orbital angular momentum in
a rotating Fermi gas exhibiting a charge and chirality
imbalance. We denote these moments of inertia by IS and
IL. To determine IS, we utilize a certain relation between

the axial vector current and the spin angular momentum
density [45]. This enables us to use the result for JμA from
the first part of the paper to determine IS. We then calculate
the total moment of inertia, Itot. We show that Itot ¼ IS,
implying that the orbital part of the moment of inertia
vanishes (IL ¼ Itot − IS ¼ 0). The primary motivation for
this computation was a recent work by Chernodub et al.
[46], where the total moment of inertia of a gluonic gas at
temperatures both below and above a specific supervortical
temperature, Ts, is determined. Here, it is shown that at
temperatures below (above) Ts, the moment of inertia of the
spin-one gluon gas is negative (positive). A similar effect is
also observed in [36], where the moment of inertia of a
spin-zero bosonic gas turns out to be negative under
specific conditions. As it is supposed in [46], a competition
between the moment of inertia associated with the orbital
and spin angular momenta leads, under certain circum-
stances, to a negative net moment of inertia and eventually
to a negative Barnett effect. Despite this indication, it has
not yet been possible to calculate the moments of inertia IS
and IL separately. We notice at this stage that a decom-
position of the total angular momentum into orbital and
spin contributions is theoretically affected by ambiguities
arising from the possibility of redefining the spin part of the
total angular momentum through pseudogauge transforma-
tion (see the recent review [47] and the references therein).
It can be shown that various pseudogauge transformations
yield different spin currents, including canonical, Belifante-
Rosenfeld (BR), Hilgevoord-Wouthuysen (HW), and de
Groot–van Leeuwen–van Wert (GLW) currents. As it is
argued in [47], HWand GLW pseudogauges naturally arise
only in the massive case, where it is possible to define the
global spin in the particle rest frame. This is in contrast to
the massless case, for which a covariant definition of a
global spin is not possible. As concerns the canonical and
BR pseudogauges for massless fermions, they yield differ-
ent results when we decompose the total angular momen-
tum into its orbital and spin components. In the canonical
pseudogauge, the spin part of the total angular momentum
is nonvanishing, whereas it vanishes in the BR pseu-
dogauge. Hence, our results of IS and IL for massless
fermions, which are determined using the canonical pseu-
dogauge, are not only frame dependent, but also affected by
the pseudogauge ambiguity. Despite these theoretical
complexities, we find it valuable to present a method to
separately compute the global spin angular momentum
density and its corresponding moment of inertia for
massless fermions.
The organization of the paper is as follows: in Sec. II, we

introduce the Lagrangian density of rigidly rotating fer-
mions in a charged and chirally imbalanced medium. We
derive the corresponding equation of motion and solve it.
We use these solutions to compute the free propagator of
these fermions by utilizing the Fock-Schwinger method. In
Sec. III, we define JμV and JμA in terms of this propagator and
determine the chiral vortical conductivities σV and σA.
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In Sec. IV, we then focus on the moment of inertia IS and IL
and show that IL ¼ 0. Section V is devoted to our
concluding remarks. Appendices A and B present useful
mathematical relations. Appendix C includes the derivation
of three relations. In Appendix D, apart from a certain
derivation, we describe the relation between the canonical
form of the spin tensor with the spin angular momentum
density defined in Sec. IV.

II. ROTATING FERMIONS IN A CHARGED
AND CHIRALLY IMBALANCED MEDIUM

A. The model

Let us start with the Lagrangian density

L ¼ ψ̄ ½iγα∇α −mþ μγ0 þ μ5γ
0γ5�ψ ; ð2:1Þ

for a free fermion field ψ , with mass m in a charged and
chirally imbalanced medium characterized by the vector
and axial chemical potentials μ and μ5. Assuming a rigid
rotation, the covariant derivative in (2.1) is defined by

∇μψ ¼ ð∂μ þ ΓμÞψ ; ð2:2Þ

with the spin connection Γμ given by Γμ ¼ − i
4
ωμijσ

ij.

Here, ωμij≡ gαβeαi ð∂μeβj þΓβ
μνeνjÞ and σij ¼ i

2
½γi;γj�. In

ωμij, the tetrads eαi , defined by ηij ¼ eαi e
β
j gαβ, and the

Christoffel symbol, defined by Γλ
μν ¼ 1

2
gλσð∂μgσν þ

∂νgσμ − ∂σgμνÞ, are expressed in terms of the metric gμν,
that for a rigid rotation around the z axis with the angular
velocity Ω ¼ Ωez reads

gμν ¼

0
BBB@

1 − ðx2 þ y2ÞΩ2 Ωy −Ωx 0

Ωy −1 0 0

−Ωx 0 −1 0

0 0 0 −1

1
CCCA: ð2:3Þ

Here, x and y are Cartesian coordinates. Let us notice that
the Greek and Latin indices α; β∈ ft; x; y; zg and
i; j∈ f0; 1; 2; 3g are the corresponding spacetime indices
for the corotating observer and the laboratory (inertial)
frames, respectively. In addition, Dirac γ matrices γα in the
rotating frame are related to γi in the inertial frame by
γμ ¼ eμi γ

i, where γi’s satisfy fγi; γjg ¼ 2ηij. Using gμν from
(2.3), the nonvanishing components of Γλ

μν in the Cartesian
coordinates are

Γx
tt ¼ −xΩ2; Γy

tt ¼ −yΩ2;

Γy
tx ¼ Γy

xt ¼ Ω; Γx
ty ¼ Γx

yt ¼ −Ω: ð2:4Þ

Choosing

et0 ¼ ex1 ¼ ey2 ¼ ez3 ¼ 1; et1 ¼ yΩ; et2 ¼ −xΩ; ð2:5Þ

we arrive at

ωt12 ¼ −ωt21 ¼ Ω; ð2:6Þ

leading to Γt ¼ − i
2
Ωσ12. All the other components of

the spin connection vanish. The Dirac γ matrices are then
given by

γt ¼ γ0; γz ¼ γ3;

γx ¼ γ1 þ yΩγ0; γy ¼ γ2 − xΩγ0: ð2:7Þ

Moreover, using

γ5 ¼ −i
ffiffiffiffiffiffi−gp
4!

ϵαβμνγ
αγβγμγν; ð2:8Þ

with g≡ detðgμνÞ ¼ −1, it turns out that γ5 is invariant
under rigid rotation. In this paper, we use γ5 ¼ iγ0γ1γ2γ3.
Combining these results, we arrive at the Dirac equation of
free fermions in a rotating medium with finite μ and μ5,

½γ0ði∂t þ ΩJz þ μÞ þ iγ · ∇þ μ5γ
0γ5 −m�ψ ¼ 0: ð2:9Þ

Here, the total angular momentum in the z direction
reads Jz ≡ Lz þ Sz, with the orbital angular momentum
Lz ≡ −iðx∂y − y∂xÞ and the spin Sz ≡ σ12=2 with σ12 ¼
I2×2 ⊗ σ3. In this paper, we use the Dirac representation for
the Dirac γ matrices,

γ0 ¼
�
0 1

1 0

�
; γ ¼

�
0 σ

−σ 0

�
; ð2:10Þ

with I2×2 ¼ diagð1; 1Þ and σ ¼ ðσ1; σ2; σ3Þ the Pauli
matrices satisfying ½σi; σj� ¼ 2iϵijkσk. In what follows,
we present the solution of the Dirac equation (2.9).
To this purpose, we use cylindrical coordinate system
xμ ¼ ðt; x; y; zÞ ¼ ðt; ρ cosφ; ρ sinφ; zÞ, with ρ the radial
coordinate, φ the azimuthal angle, and z the height of
the cylinder.

B. Solution of Dirac equation (2.9)

To solve (2.9), we first consider the eigenvalue equation
for Jz,

Jzψ ¼ jψ ; ð2:11Þ

whose eigenvalue turns out to be j ¼ lþ 1=2. Having
in mind that in the cylindrical coordinate system the
orbital angular momentum is given by Lz ¼ −i∂φ, it is
advantageous to use eilφ and eiðlþ1Þφ as the eigenvalues
of Jz. Inspired by the method used in [35], we use the
ansatz

ψ ¼ ½γ0ði∂t þΩJz þ μÞ þ iγ · ∇þ μ5γ
0γ5 þm�Φ; ð2:12Þ
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that, upon inserting into (2.9), leads to a second-order
differential equation for Φ,

½ði∂t þ ΩJz þ μÞ2 þ ∇2 − μ25 − 4iμ5S · ∇ −m2�Φ ¼ 0:

ð2:13Þ

Here, the spin operator S is defined by

S≡ 1

2
γ5γ0γ ¼ diagðσ; σÞ: ð2:14Þ

In what follows, we first determine the solutions of the
Klein-Gordon-like differential equation (2.13), which
yields the solution of the Dirac equation (2.9) ψ upon
inserting into (2.12).
To solve (2.13), we use the helicity operator h ¼ S · k̂,

with k̂≡ k=jkj and k ¼ −i∇ being the spatial components
of a four-momentum k. Using the fact that h commutes with
Jz and the differential operator ½ði∂t þ ΩJz þ μÞ2 þ
∇2 − μ25 − 4iμ5S · ∇ −m2�, arising in (2.13), the compo-
nents of Φ can be chosen to be the eigenstates of the
helicity operator h with eigenvalues λ=2 with λ ¼ �1. This
justifies the following ansatz for Φ:

Φη ¼

8>>><
>>>:

Φ1;η ¼
�
ϕηðx; kÞ

0

�
;

Φ2;η ¼
�

0

ϕηðx; kÞ
�
;

ð2:15Þ

with η ¼ fl; λg, x ¼ ðt; ρ;φ; zÞ, 0 is a 2 × 1 null vector,
and

ϕηðx; kÞ ¼
�

AλeilφJlðk⊥ρÞ
Bλeiðlþ1ÞφJlþ1ðk⊥ρÞ

�
e−iEtþikzz: ð2:16Þ

Here, JlðzÞ is the Bessel function of order l and
k⊥ ¼ ðk2x þ k2yÞ1=2. To determine the normalization factors
Aλ and Bλ, we demand that ϕη is the eigenstate of the
helicity operator corresponding to the eigenvalue λ and
arrive at

M
�
Aλ

Bλ

�
¼ 0; ð2:17Þ

with

M≡
�
kz − λjkj −ik⊥

ik⊥ −kz − λjkj

�
: ð2:18Þ

This leads immediately to

ðkz − λjkjÞAλ − ik⊥Bλ ¼ 0: ð2:19Þ

Moreover, to obtain nontrivial solutions for Aλ and Bλ, we
set detðMÞ ¼ 0 and arrive at jkj ¼ ðk2z þ k⊥Þ1=2. An
appropriate choice for A and B is

Aλ ¼
1ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ

kz
jkj

s
;

Bλ ¼
iλffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ

kz
jkj

s
: ð2:20Þ

Another choice was presented recently in [41]. Plugging
at this stage (2.16) into (2.13), we obtain the energy
dispersion relation

E≡ Ẽ − μeff ; ð2:21Þ

where Ẽ2 ≡ ðjkj − λμ5Þ2 þm2, μeff ≡ jΩþ μ, and j ¼
lþ 1=2. Setting Ω ¼ 0 and μ ¼ 0, the above dispersion
relation is the same as appears in [48]. Let us notice that for
μ ¼ 0, the energy in the corotating frame E is given by
E ¼ Ẽ − J ·Ω, where Ẽ is the energy in the laboratory
frame and J is the total angular momentum [49].
It turns out that the solution Φ from (2.15) satisfies the

following orthonormality:

X∞
l¼−∞

Φ†
i;fl;λgðx; kÞΦj;fl;λ0gðx; kÞ ¼ δijδλλ0 ; ð2:22Þ

and closure relations

X
κ

Φκðx; kÞΦ†
κðx0; kÞ ¼ I4×4δ4ðx − x0Þ: ð2:23Þ

Here, we introduced the notation

X
κ

≡ X∞
l¼−∞

X
λ¼�1

X
i¼1;2

Z
dEdkzdk⊥k⊥

ð2πÞ3 ; ð2:24Þ

with fE; kzg∈ ð−∞;∞Þ and k⊥ ∈ ½0;∞Þ.
Substituting, at this stage, the solutions (2.15) and (2.16)

for Φ into (2.13), the solution ψ for the Dirac equation
reads

ψðx; kÞ ¼

0
BBB@

ðE−Aλ þ ik⊥BλÞJlðuÞ
ðEþBλ − ik⊥AλÞeiφJlþ1ðuÞ
−ðF−Aλ þ ik⊥BλÞJlðuÞ

−ðFþBλ − ik⊥AλÞeiφJlþ1ðuÞ

1
CCCA;

× e−iEtþilφþikzz; ð2:25Þ

with E� ¼ Ẽþmþ μ5 � kz, F� ¼ Ẽ −mþ μ5 � kz,
u≡ k⊥ρ, and Ẽ ¼ Eþ μeff .
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C. Fock-Schwinger proper-time method
and free fermion propagator

As it is argued in the previous section, the fermion wave
function ψ from (2.25) is directly related to the bosonic
field Φ appearing in (2.12), which satisfies (2.13). It is,
therefore, possible to use the standard relation

Sðx; x0Þ ¼ ½γ0ði∂t þ ΩJz þ μÞ þ iγ · ∇

þ μ5γ
0γ5 þm�Gðx; x0Þ; ð2:26Þ

between the free fermion propagator Sðx; x0Þ and the free
boson propagator Gðx; x0Þ to determine Sðx; x0Þ. In what
follows, we determine Gðx; x0Þ by utilizing the Fock-
Schwinger method [35–37,42–44]. Plugging the resulting
expression for Gðx; x0Þ into (2.26) leads eventually to the
fermion propagator Sðx; x0Þ.
To determineGðx; x0Þ, let us begin with Green’s equation

Dð∂x; xÞGðx; x0Þ ¼ δ4ðx − x0Þ; ð2:27Þ

with Dð∂x; xÞ a generic differential operator. The Green’s
function Gðx; x0Þ is represented as

Gðx; x0Þ ¼ −i
Z

0

−∞
Uðx; x0; τÞdτ; ð2:28Þ

where Uðx; x0; τÞ is the proper-time evolution operator and
τ is the proper time. The former satisfies a Schrödinger-like
equation

i∂τUðx; x0; τÞ ¼ Dð∂x; xÞUðx; x0; τÞ: ð2:29Þ

With appropriate boundary conditions

lim
τ→0

Uðx; x0; τÞ ¼ δ4ðx − x0Þ;
lim

τ→−∞
Uðx; x0; τÞ ¼ 0; ð2:30Þ

the solution of (2.29) reads

Uðx; x0; τÞ ¼ e−iτDð∂x;xÞþϵτδ4ðx − x0Þ: ð2:31Þ

Here, ϵ > 0 is necessary to guarantee that Uðx; x0; τÞ
vanishes at τ → −∞ [see the second condition in
(2.30)]. We will omit the factor ϵ in the rest of this paper.1

At this stage, we consider the eigenvalue equation of the
differential operator Dð∂x; xÞ in (2.27),

Dð∂x; xÞφσðxÞ ¼ σφσðxÞ; ð2:32Þ

where φσ and σ are the eigenfunction and eigenvalue of
Dð∂x; xÞ, respectively. Using the fact that the eigenfunc-
tions φσðxÞ satisfy the closure relationX

σ

φσðxÞφ†
σðx0Þ ¼ δ4ðx − x0Þ; ð2:33Þ

the proper-time evolution operator Uðx; x0; τÞ is thus
given by

Uðx; x0; τÞ ¼
X
σ

e−iτσφσðxÞφ†
σðx0Þ: ð2:34Þ

Plugging (2.34) into (2.28), the free bosonic Green function
Gðx; x0Þ reads

Gðx; x0Þ ¼ −i
Z

0

−∞
dτ
X
σ

e−iτσφσðxÞφ†
σðx0Þ: ð2:35Þ

Let us now consider the differential equation (2.13) that
yields the Green’s function equation

DGðx; x0Þ ¼ δ4ðx − x0Þ; ð2:36Þ

with the differential operator

D≡ ði∂t þΩJz þ μÞ2 þ ∇2 − μ25 − 4iμ5S · ∇ −m2:

ð2:37Þ

Following the above steps, the Green’s function Gðx; x0Þ
from (2.36) is first given by

Gðx; x0Þ ¼ −i
Z

0

−∞
dτe−iτDI4×4δ4ðx − x0Þ: ð2:38Þ

Then, using the closure relation (2.23), it is possible
to replace I4×4δ4ðx − x0Þ on the rhs of (2.38) withP

κ Φκðx; kÞΦ†
κðx0; kÞ. Plugging Φκ from (2.15) and (2.16)

into this expression, we arrive first atX
κ

Φκðx;kÞΦ†
κðx0; kÞ

¼ 1

2

X∞
l¼−∞

X
λ¼�1

Z
dEdkzdk⊥k⊥

ð2πÞ3 e−iEðt−t0Þþikzðz−z0Þþilðφ−φ0Þ

×

��
1þ λ

kz
jkjγ

5γ0γ3
�
ðOþJ l;lþO−J lþ1;lþ1eþiðφ−φ0ÞÞ

þ λ
k⊥
jkj γ

5γ0γ2ðOþJ lþ1;leiφþO−J l;lþ1e−iφ
0 Þ
�
; ð2:39Þ

where O� ≡ ð1� iγ1γ2Þ=2, and J L;L0 ≡ JLðk⊥ρÞ×
JL0 ðk⊥ρ0Þ. Eventually, using the eigenvalue equation

1If we keep ϵ and follow the steps leading from (2.36) to free
fermion propagator (2.42), an additional term iϵ will appear, as
expected, in the denominator of fermion propagators. Having this
in mind, we will omit ϵ in these steps, especially because in the
following sections, we will work with fermion propagators at
finite temperature.
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DΦκðx; kÞ ¼ ðẼ2 − ω2
λÞΦκðx; kÞ; ð2:40Þ

with ω2
λ ≡ ðjkj − λμ5Þ2 þm2, we arrive after integrating over the proper time τ at

Gðx; x0Þ ¼ 1

2

X∞
l¼−∞

X
λ¼�

Z
dEdkzdk⊥k⊥

ð2πÞ3
e−iEðt−t0Þþikzðz−z0Þþilðφ−φ0Þ

Ẽ2 − ω2
λ

��
1þ λ

kz
jkj γ

5γ0γ3
�

× ðOþJ l;l þO−J lþ1;lþ1eþiðφ−φ0ÞÞ þ λ
k⊥
jkj γ

5γ0γ2ðOþJ lþ1;leiφ þO−J l;lþ1e−iφ
0 Þ
�
; ð2:41Þ

where Ẽ ¼ Eþ μeff . Plugging, then, the above result into (2.26), the free fermion propagator in the coordinate space is
given by

Sðx; x0Þ ¼ 1

2

X∞
l¼−∞

X
λ¼�

Z
dEdkzdk⊥k⊥

ð2πÞ3
e−iEðt−t0Þþikzðz−z0Þþilðφ−φ0Þ

Ẽ2 − ω2
λ

×

�
ðẼγ0 þmþ μ5γ

0γ5 − kzγ3Þ
��

1þ λ
kz
jkj γ

5γ0γ3
�
ðOþJ l;l þO−J lþ1;lþ1eþiðφ−φ0ÞÞ

þ λ
k⊥
jkj γ

5γ0γ2ðOþJ lþ1;leiφ þO−J l;lþ1e−iφ
0 Þ
�
þ λk⊥

k⊥
jkj γ

5γ0ðOþJ l;l þO−J lþ1;lþ1eþiðφ−φ0ÞÞ

− k⊥γ2
�
1þ λ

kz
jkj γ

5γ0γ3
�
ðOþJ lþ1;leiφ þO−J l;lþ1e−iφ

0 Þ
�
: ð2:42Þ

Let us notice that the projector operators O� appearing
in the above expressions satisfyO�O� ¼ O�,O�O∓ ¼ 0,
and Oþ þO− ¼ 1. For γμk ≡ ðγ0; 0; 0; γ3Þ and γμ⊥ ≡
ð0; γ1; γ2; 0Þ, we have O�γμk ¼ γμkO� and O�γμ⊥ ¼
γμ⊥O∓. Moreover, O�γ5 ¼ γ5O�, and γ1O� ¼∓ iγ2O�.
To determine the above fermion propagator in momentum

space, we perform an appropriate inverse Fourier-Bessel
transformation of Sðx; x0Þ in the cylindrical coordinate
system,

Sll0 ðp;p0Þ ¼
Z

d4xd4x0Sðx;x0Þϕ†
lðx;pÞϕl0 ðx0;p0Þ; ð2:43Þ

with d4x ¼ dtdφdzdρ and

ϕlðx; pÞ≡ e−ip0tþipzzþilφJlðp⊥ρÞ: ð2:44Þ

Using the orthonormality relations presented inAppendixA,
we arrive at

Sll0 ðp; p0Þ ¼ ð2πÞ3δ̂3l;l0 ðp0; pz; p⊥;p0
0; p

0
z; p0⊥ÞSlðpÞ;

ð2:45Þ

with

δ̂3l;l0 ðp0; pz; p⊥;p0
0; p

0
z; p0⊥Þ≡ 1

p⊥
δðp0 − p0

0Þδðpz − p0
zÞ

× δðp⊥ − p0⊥Þδl;l0 ð2:46Þ

and

SlðpÞ ¼
X
λ¼�1

�
Eþγ0 þmþ μ5γ

0γ5 − pzγ
3 − p⊥γ2

E2þ − ω2
λ

ΓλOþ

þ E−γ
0 þmþ μ5γ

0γ5 − pzγ
3 − p⊥γ2

E2
− − ω2

λ

ΓλO−

�
:

ð2:47Þ

Here, E� ≡ p0 þ ðl� 1=2Þ þ μ and

Γλ ≡ 1

2

�
1þ λ

pz

jpj γ
5γ0γ3 þ λ

p⊥
jpj γ

5γ0γ2
�
:

Let us notice that Γλ is the cylindrical version of the
projection operator ΓλðpÞ ¼ 1

2
ð1þ λ p·γ

jpj γ
0γ5Þ, defined in

[48]. Replacingp0 inE� with fermionicMatsubara frequen-
cies iωn ≡ ið2nþ 1ÞπT and n∈Z, we obtain the fermion
propagator at finite temperature T. To arrive at (2.47), we
used the same method as described explicitly in [36].

III. CHIRAL VORTICAL CONDUCTIVITIES

In this section, we study the chiral vortical effect by
determining the third component of the vector and axial
vector currents, JμV and JμA, in the chiral limit m ¼ 0. They
are determined by
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JkV ¼ −i lim
x0→x

trðγ3Sðx; x0ÞÞ ð3:1Þ

and

JkA ¼ −i lim
x0→x

trðγ3γ5Sðx; x0ÞÞ; ð3:2Þ

where Sðx; x0Þ is given in (2.42). Here, JkV and JkA are
aligned in the direction of angular velocity Ω ¼ Ωez. To
build the summation over l, we use the formulae presented
in Appendix B.

A. Vector current

Plugging (2.42) into (3.1), and evaluating the traces of
Dirac γ matrices, we arrive first at

JkVðxÞ ¼ −i
X∞
l¼−∞

X
λ¼�1

Z
dEdkzdk⊥k⊥

ð2πÞ3
λωλ

ðẼ2 − ω2
λÞ

× ½J2lðk⊥ρÞ − J2lþ1ðk⊥ρÞ�; ð3:3Þ

with Ẽ ¼ Eþ μeff and ωλ ¼ jkj − λμ5 in the chiral limit.
Then, using

Z
dEfðEÞ ¼ 2πiT

X∞
n¼−∞

fðiωnÞ; ð3:4Þ

with ωn ¼ ð2nþ 1ÞπT and performing a change of vari-
able k⊥ → jkj using k2⊥ ¼ jkj2 − k2z , the corresponding
expression at finite temperature reads

JkV ¼ −
T

ð2πÞ2
X
λ¼�1

X∞
l¼−∞

X∞
n¼−∞

×
Z
k

λωλ

½ðωn − iμeffÞ2 þ ω2
λ �
½J2lðk⊥ρÞ − J2lþ1ðk⊥ρÞ�;

ð3:5Þ
with Z

k
≡
Z

∞

0

djkjjkj
Z jkj

−jkj
dkz: ð3:6Þ

Performing at this stage the summation over Matsubara
frequencies ωn by utilizing

X∞
n¼−∞

1

ðωn − iμeffÞ2 þ ω2
λ

¼
X
ϵ¼�

tanh ðβðωλ þ ϵμeffÞ=2Þ
4ωλT

;

ð3:7Þ
with tanhðxÞ ¼ 1–2nfð2xÞ and nfðxÞ≡ ðex þ 1Þ−1, the

Fermi-Dirac distribution function, JkV , is given by

JkV ¼ JkV;vac þ JkV;mat; ð3:8Þ

while the vacuum (T-independent) part is given by

JkV;vac ¼
−1

2ð2πÞ2
X
λ¼�1

λ
X∞
l¼−∞

Z
k
½J2lðk⊥ρÞ − J2lþ1ðk⊥ρÞ�;

ð3:9Þ
and the matter (T-dependent) part reads

JkV;mat ¼
1

2ð2πÞ2
X
λ¼�1

λ
X∞
l¼−∞

Z
k
½J2lðk⊥ρÞ − J2lþ1ðk⊥ρÞ�

× ½nfðβðωλ þ μeffÞÞ þ nfðβðωλ − μeffÞÞ�: ð3:10Þ

Performing the summation over λ, JkV;vac vanishes and we

are left with the matter part of JkV . To evaluate the
summation over l in the matter part, we follow the method
first introduced in [21,50] (see Appendix C for the details
of this computation involving a summation over l and
integrations over kz and k). After a lengthy but straightfor-
ward computation, we arrive first at

JkV;mat ¼
ΩT2

ð2πÞ2
X
λ¼�1

λ
X∞
i;r¼0

ð2iþ 2Þ!
ð2iþ 2rþ 1Þ! ðρΩÞ

2iðβΩÞ2r

× sþrþi;i½Li2−2rð−e−βðμ−λμ5ÞÞ − Li2−2rð−eβðμþλμ5ÞÞ�:
ð3:11Þ

Performing the summation over λ, we arrive at combina-
tions including Li2−2rð−exÞ þ Li2−2rð−e−xÞ. As it turns
out, this combination is nonvanishing only for r ¼ 0 and
r ¼ 1. Using (B11), the contribution of r ¼ 1 vanishes. We
are thus left with the contribution from r ¼ 0. Using

X∞
i¼0

ðiþ 1Þx2i ¼ 1

ð1 − x2Þ2 ; ð3:12Þ

we obtain JkV;mat ¼ JkV with

JkV ¼ μμ5
π2

Γ4Ω; ð3:13Þ

with Γ2 ≡ 1=ð1 − ðρΩÞ2Þ. Comparing this result with
that appearing, e.g., in [4], an additional factor Γ4 appears

in (3.13). This is because in our approach, JkV is computed
in the inertial nonrotating frame. As it is known from the
Tolman-Ehrenfest theorem [51,52], in a space described by
the metric gμν, the quantities μ; μ5, Ω, and T transform
according to

μ → μ0 ¼ μΓ; μ5 → μ05 ¼ μ5Γ;

Ω → Ω0 ¼ ΩΓ2; T → T 0 ¼ TΓ; ð3:14Þ

where Γ is the Tolman-Ehrenfest factor, defined by
Γ≡ 1=

ffiffiffiffiffiffi
g00

p
, with g00 the 00 component of the metric
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gμν [53]. In (3.14), the quantities μ; μ5, Ω, and T are
quantities in the inertial nonrotating frame, and μ0; μ05;Ω0,
and T 0 are quantities in the noninertial rotating frame.
Performing a Taylor expansion in the orders of Ω and

considering only the contribution linear in Ω, the chiral
vortical coefficient σV defined by JV ¼ σVΩþOðΩ2Þ is
given by

σV ¼ μμ5
π2

: ð3:15Þ

Although the same result also appears in [4,18,19], the
methods used in these papers are different from that in the
present paper. In what follows, we use the same method to
determine the third component of the axial vector current
JμA from (3.2).

B. Axial vector current

Plugging (2.42) into (3.1), and performing the traces
over Dirac γ matrices, we arrive after some algebra first at

JkA ¼ −i
X
λ¼�1

X∞
l¼−∞

Z
dEdkzdk⊥k⊥

ð2πÞ3
Ẽ

ðẼ2 − ω2
λÞ

× ½J2lðk⊥ρÞ − J2lþ1ðk⊥ρÞ�: ð3:16Þ

To introduce finite temperature, we use (3.4) and obtain

JkA ¼ T
ð2πÞ2

X
λ¼�1

X∞
l¼−∞

X∞
n¼−∞

Z
k

ðiωn þ μeffÞ
½ðiωn þ μeffÞ2 − ω2

λ �
× ½J2lðk⊥ρÞ − J2lþ1ðk⊥ρÞ�: ð3:17Þ

Here, the same change of variable k⊥ → jkj as in the
previous section is performed. To evaluate the summation
over n, we use the following decomposition:

X
n

iωn

ðiωn þ μeffÞ2 − ω2
λ

¼ 1

2

X
n

�
1

iωn þ μeff − ωλ
þ 1

iωn þ μeff þ ωλ

�

−
X
n

μeff
ðiωn þ μeffÞ2 − ω2

λ

: ð3:18Þ

Plugging this expression into (3.17) and using

X∞
n¼−∞

1

iωn − ζ
↦ βnfðβζÞ; ð3:19Þ

we arrive at

JkA ¼ JkA;vac þ JkA;mat; ð3:20Þ

where the vacuum (T-independent) part is given by

JkA;vac ¼
1

2ð2πÞ2
X
λ¼�1

X∞
l¼−∞

Z
k
½J2lðk⊥ρÞ − J2lþ1ðk⊥ρÞ�;

ð3:21Þ

and the matter (T-dependent) part reads

JkA;mat ¼
−1

2ð2πÞ2
X
λ¼�1

X∞
l¼−∞

Z
k
½J2lðk⊥ρÞ − J2lþ1ðk⊥ρÞ�

× ½nfðβðωλ þ μeffÞÞ − nfðβðωλ − μeffÞÞ�: ð3:22Þ

Let us notice that the summation over n on the lhs of (3.19)
diverges. Using the method described in Appendix D, it is
possible to determine its finite part, which is given by
βnfðβζÞ, where nfðzÞ is the fermion distribution function.
Using (B1), the vacuum part (3.21) vanishes and we are

left with the matter part JkA;mat from (3.22). Following the
method described in Appendix C and performing the
summation over l and the integration over kz and jkj,
we arrive after some algebra at

JkA;mat ¼
−ΩT2

ð2πÞ2
X
λ¼�1

X∞
i;r¼0

ð2iþ 2Þ!
ð2iþ 2rþ 1Þ! ðρΩÞ

2iðβΩÞ2r

× sþrþi;i½Li2−2rð−e−βðμ−λμ5ÞÞ þ Li2−2rð−eβðμþλμ5ÞÞ�:
ð3:23Þ

Similar to the previous case, the only nonvanishing con-
tributions are from r ¼ 0, 1. Using (B11), (3.12), and

X∞
i¼0

ðiþ 1Þð2iþ 1Þx2i ¼ 1þ 3x2

ð1 − x2Þ3 ; ð3:24Þ

we obtain JkA;mat ¼ JkA, with

JkA ¼
�
T2

6
þ μ2 þ μ25

2π2

�
Γ4ΩþΩ3Γ6

24π2
ð1þ 3ðρΩÞ2Þ: ð3:25Þ

The factors Γ appearing on the rhs of (3.25) are consistent
with (3.14), according to the Tolman-Ehrenfest theorem.
The chiral vortical coefficient σA associated with JA ¼
σAΩþOðΩ2Þ is thus given by

σA ¼ T2

6
þ μ2 þ μ25

2π2
: ð3:26Þ

The same result also arises in [4]. As is described in Sec. I,
the origin of the T2-dependent term in σA is ambiguous.
Here, it arises naturally by following the method described
in this section. As it is argued in [18,19], it is associated
with the gravitational anomaly. The second ðT; μ; μ5Þ
independent term in (3.25), and depending solely on Ω,
is unphysical [21]. In [21], it is described how these terms
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arise from the specific Vilenkin (Minkowski) quantization
[22], which is different from Iyer quantization [54]. In the
present paper, we follow Vilenkin’s method and introduce
the finite temperature by replacing the fermion energy in a
corotating system with the Matsubara frequency [55]. We
notice that the energy in the corotating system E is defined
by E ¼ Ẽ −Ω · J [49], where Ẽ is the energy in the inertial
(laboratory) frame and J is the total angular momentum,
including orbital and spin angular momentum, L and S. At
finite temperature, the distinction between these two
methods is evident in the alternative substitution of E
(Vilenkin quantization) or Ẽ (Iyer quantization) with the
Matsubara frequencies iωn.

IV. MOMENT OF INERTIA OF A RIGIDLY
ROTATING FERMI GAS

In classical mechanics, the moment of inertia is defined
as a response of a classical object to a finite angular
momentum. In this sense, we have

J ¼ I totðΩ; T; � � �ÞΩ: ð4:1Þ

Here, J is the total angular momentum, consisting of the
orbital and spin angular momentum, and I tot is the moment
of inertia depending in general on Ω, T, and other
thermodynamical variables. In the first approximation,
the moment of inertia Itot is independent of Ω and is
determined by a Taylor expansion of I totðΩ; T; � � �Þ,

I totðΩ; T; � � �Þ ¼ Itotð0; T; � � �Þ þOðΩÞ: ð4:2Þ

In this section, we determine the total moment of inertia of
a rigidly rotating Fermi gas, as well as its moment of inertia
corresponding to the orbital and spin angular momenta, IL
and IS, defined by

jL ¼ ILΩ; jS ¼ ISΩ: ð4:3Þ

To define jL and jS, let us consider the total angular
momentum density operator [45,56] ĵtot, which consists
of two parts,

ĵtot ¼ ĵL þ ĵS; ð4:4Þ

the orbital and spin angular momentum operator densities

ĵL ≡ ψ̄γ0Lψ and ĵS ≡ ψ̄γ0Sψ : ð4:5Þ

Here, the orbital angular momentum L is given by
L ¼ x × p and the spin operator S is defined in (2.14).
Assuming, as in previous sections, that the angular velocity
is aligned in the third direction, Ω ¼ Ωez, and having in
mind that

Lzψ ¼ ðlOþ þ ðlþ 1ÞO−Þψ ¼ ðlþO−Þψ ; ð4:6Þ

where ψ from (2.25) is the solution of Dirac equation (2.9)
and O� is defined in Sec. II, the third component of the
orbital angular momentum jL is given by

jkL ≡ h∶ψ̄γ0Lzψ∶i

¼ −i lim
x→x0

X∞
l¼−∞

trðγ0ðlþO−ÞSlðx; x0ÞÞ: ð4:7Þ

Here, Sl is given by Sðx; x0Þ ¼ P
l Slðx; x0Þ with Sðx; x0Þ

from (2.42). The subscript k denotes the third component of
the orbital angular momentum density jL aligned in the
direction of Ω, and ∶ � � � ∶ stands for normal ordering.
As concerns the spin angular momentum density jS

defined by jS ≡ h∶ψ̄γ0Sψ∶i, it is possible to use the
properties of Dirac γ matrices and the definition of γ5 to
show that jS ¼ 1

2
JA, where JA is the axial vector current

[45]. For the third component of jS, we thus have

jkS ≡ h∶ψ̄γ0Szψ∶i ¼
1

2
JkA

¼ −
i
2
lim
x→x0

X∞
l¼−∞

trðγ3γ5Slðx; x0ÞÞ; ð4:8Þ

with JkA defined in (3.2) and given in (3.25). Using, at this
stage, Jzψ ¼ ðlþ 1=2Þψ from (2.11),O− ¼ ð1 − iγ1γ2Þ=2,
and γ0γ1γ2 ¼ γ3γ5, we obtain

jkL ¼ jktot − jkS; ð4:9Þ

where

jktot ¼ −i lim
x→x0

X∞
l¼−∞

trðγ0ðlþ 1=2ÞSlðx; x0ÞÞ: ð4:10Þ

Inwhat follows, we determine jktot and j
k
S using themethod in

Sec. II. Expanding then the resulting expressions in the
orders ofΩ, and keeping only the linear term inΩ, yields the
total and the spin moment of inertia Itot and IS, defined by

jktot ¼ ItotΩ; jkS ¼ ISΩ: ð4:11Þ

This leads immediately to IL arising from [see (4.4)]

IL ¼ Itot − IS: ð4:12Þ

Using (4.8) and (3.25), the third component of spin angular
momentum density reads

jkS ¼
�
T2

12
þ μ2 þ μ25

4π2

�
Γ4Ωþ Ω3Γ6

48π2
ð1þ 3ðρΩÞ2Þ: ð4:13Þ

CHIRAL VORTICAL CONDUCTIVITIES AND THE MOMENT OF … PHYS. REV. D 111, 116011 (2025)

116011-9



As it is explained in the previous section, the second term,
which depends solely onΩ, is unphysical and has its origin in
the specific (Vilenkin) quantization that is used in this paper.
Expanding the first term in (4.13) in the orders of Ω and
keeping the OðΩ0Þ term, the spin part of the moment of
inertia IS is given by

IS ¼
T2

12
þ μ2 þ μ25

4π2
: ð4:14Þ

To determine jkL, we use (4.9), and we compute jktot from
(4.10) by following the samemethod as described in Sec. III.
Plugging Sðx; x0Þ from (2.42) into (4.10) and performing the
traces over Dirac γ matrices, we arrive first at

jktot ¼ −i
X
λ¼�1

X∞
l¼−∞

Z
dEdkzdk⊥k⊥

ð2πÞ3
Ẽ

ðẼ2 − ω2
λÞ

×

�
lþ 1

2

�
½J2lðk⊥ρÞ þ J2lþ1ðk⊥ρÞ�: ð4:15Þ

Then, introducing theMatsubara frequencies using (3.4) and
performing a change of variable k⊥ → jkj, we obtain

jktot ¼ T
X
λ¼�1

X∞
l¼−∞

X∞
n¼−∞

Z
k

ðiωn þ μeffÞ
½ðiωn þ μeffÞ2ω2

λ �

×

�
lþ 1

2

�
½J2lðk⊥ρÞ þ J2lþ1ðk⊥ρÞ�: ð4:16Þ

Following same steps leading from (3.17) to (3.20), we get

jktot ¼ jktot;vac þ jktot;mat; ð4:17Þ

with the vacuum (T-independent) part

jktot;vac ¼
1

2ð2πÞ2
X
λ¼�1

X∞
l¼−∞

Z
k

�
lþ 1

2

�

× ½J2lðk⊥ρÞ þ J2lþ1ðk⊥ρÞ�; ð4:18Þ

and the matter (T-dependent) part

jktot;mat ¼ −
1

2ð2πÞ2
X
λ¼�1

X∞
l¼−∞

Z
k

�
lþ 1

2

�

× ½J2lðk⊥ρÞ þ J2lþ1ðk⊥ρÞ�
× ½nfðβðωλ þ μeffÞÞ − nfðβðωλ − μeffÞÞ�: ð4:19Þ

Using (B3), jktot;vac vanishes. Following at this stage the
method described in Appendix C and performing the
summation over l and the integration over kz and jkj,
we obtain

jktot;mat ¼ −
2ΩT2

ð2πÞ2
X
λ¼�1

X∞
i;r¼0

1

ð2iþ 1Þ
ð2iþ 2Þ!

ð2rþ 2iþ 1Þ!
× ðρΩÞ2iðβΩÞ2rsþrþiþ1;i

× ½Li2−2rð−e−βðμ−λμ5ÞÞ þ Li2−2rð−eβðμþλμ5ÞÞ�:
ð4:20Þ

Similar to previous cases, the only nonvanishing contribu-
tions arise from r ¼ 0 and r ¼ 1. They are given by

jktot;matjr¼0 ¼
�
T2

36
þ μ2 þ μ25

12π2

�
Γ8½ðρΩÞ4 þ 8ðρΩÞ2 þ 3�Ω;

jktot;matjr¼1 ¼
Γ10

240π2
½9ðρΩÞ4 þ 66ðρΩÞ2 þ 5�Ω3: ð4:21Þ

To arrive at these results, we have used

X∞
i¼0

ðiþ 1Þ
2iþ 1

sþiþ1;ix
2i ¼ x4 þ 8x2 þ 3

12ð1 − x2Þ4 ;

X∞
i¼0

1

ð2iþ 1Þð2iþ 3Þ s
þ
iþ2;ix

2i ¼ 9x4 þ 66x2 þ 5

240ð1 − x2Þ5 ; ð4:22Þ

with sþiþ1;i and sþiþ2;i from (B7). Omitting unphysical terms
arising from the r ¼ 1 contribution in (4.21), expanding
remaining terms in the orders of Ω, and considering only
the coefficient of the term linear in Ω, the total angular
momentum density of a rigidly rotating free Fermi gas reads

jktot ¼
�
T2

12
þ μ2 þ μ25

4π2

�
ΩþOðΩ3Þ: ð4:23Þ

The total moment of inertia of this gas is thus given by

Itot ¼
T2

12
þ μ2 þ μ25

4π2
: ð4:24Þ

Plugging (4.24) and (4.14) into (4.12), the moment of
inertia corresponding to orbital angular momentum density
vanishes,

IL ¼ 0: ð4:25Þ

Thus, the total moment of inertia is solely given by IS. It
would be intriguing to find a circumstance under which IL of
a rigidly rotating Fermi gas does not vanish.
Let us notice that the covariant total angular momentum

Jλ;μνC is defined by

Jλ;μνC ¼ xμTλν
C − xνTλμ

C þ Sλ;μνC ; ð4:26Þ

where Tμν
C is the canonical energy-momentum tensor and

Sλ;μνC is the canonical spin given by

M. ABEDLOU AHADI and N. SADOOGHI PHYS. REV. D 111, 116011 (2025)

116011-10



Sλ;μνC ¼ −
1

2
ϵλμναψ̄γαγ5ψ : ð4:27Þ

In Appendix D 2, we show that SiC ≡ 1
2
ϵijkS0;jkC is equal to

h∶ĵiS∶ i, where ĵS is defined in (4.5). As we have stated in
Sec. I, the decomposition of total angular momentum into
orbital and spin parts is affected by ambiguities arising
from the possibility of redefining the spin part of the total
angular momentum through pseudogauge transformation
[47]. Here, it is argued that HW and GLW pseudogauges
are only relevant for massive fermions. The canonical and
BR pseudogauges, which are applicable for massless
fermions, yield different results. In this section, we used
the canonical pseudogauge for massless fermions and
showed that Itot ¼ IS and IL ¼ 0.

V. CONCLUDING REMARKS

In this paper, we studied the effect of rotation on vector
and axial vector currents in a rigidly rotating and chirally
imbalanced free Fermi gas. We first solved the Dirac
equation of rigidly rotating fermions at finite chemical
potential μ and axial chemical potential μ5. Because of the
symmetry properties of the Dirac equation, the solutions
consist of plane waves in three directions and a Bessel
function in the radial direction. We then used the standard
Fock-Schwinger method and determined the free fermion
propagator of this model. Using the fact that the vector and
axial vector currents can be expressed in terms of the free
fermion propagator, it was possible to determine these
currents in terms of temperature T, μ, μ5, and the angular
velocity Ω. Expanding the resulting expressions in the
orders of Ω, we determined the chiral vortical con-
ductivities σV and σA, associated with the vector and axial
vector currents. The resulting expressions coincided with
σV and σA, which were determined using various other
methods (see [4] and the references therein). We showed
that σV is proportional to μ and μ5, and σA includes terms

proportional to T2, μ2, and μ25. The final result for JkA
included, apart from physical parts, an unphysical part,
which arose, according to the arguments presented in [21],
from the difference between the quantization of rotating
fermions by Vilenkin [22] and Iyer [54], as discussed
in Sec. III B.
Finally, motivated by recent results from [46] concerning

the possibility for a realization of a negative Barnett effect
in rotating fermionic gases, we focused on the moment of
inertia of a rigidly rotating free Fermi gas and presented a
method for computing the moments of inertia associated
with the orbital angular momentum, IL, and the spin
angular momentum, IS, separately. First, we used a relation
between the spin angular momentum density and the axial
vector current to derive IS directly [see (4.8)]. Next, we
calculated the total angular momentum density, which
can similarly be expressed in terms of the free fermion

propagator [see (4.10)]. By applying the method introduced
in Sec. III, we determined the total moment of inertia, Itot.
Using the relationship IL ¼ Itot − IS, we subsequently
derived IL. We demonstrated that IS ¼ Itot, implying that
IL vanished for massless fermions. This result is, however,
affected by the choice of various pseudogauges. In this
paper, we worked with a canonical pseudogauge and
arrived at Itot ¼ IS and IL ¼ 0, as aforementioned.
The fermion propagators derived in the first part of

this paper can be used to determine the thermodynamic
potential of a rigidly rotating Fermi gas with chiral
imbalance. Using this potential, various thermodynamic
properties of this gas can be studied. Moreover, investigat-
ing the effects of uniform background magnetic fields on a
rotating Fermi gas, particularly in relation to chiral vortical
conductivities, would be interesting. One potential aim of
this research is to explore the interplay among various
parameters, such as temperature T, chemical potential μ,
axial chemical potential μ5, angular velocity Ω, and the
magnetic field strength B. Additionally, an important
question is to identify specific conditions under which
Itot ≠ IS and IL does not equal zero. Returning to the
findings in [46], it would be interesting to examine the
signs of IS and IL for a potential realization of the negative
Barnett effect in fermionic systems.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: ORTHONORMALITY RELATION
IN CYLINDER COORDINATE SYSTEM

In Sec. II, we presented the fermion propagator in
momentum space. We used a Bessel-Fourier transfor-
mation (2.43). The orthonormality relations that were used
to derive Sll0 ðp; p0Þ from (2.45) and (2.46) are given byZ

dte−iðE−E0Þt ¼ 2πδðE − E0Þ;Z
dzeiðpz−p0

zÞz ¼ 2πδðpz − p0
zÞ;Z

2π

0

dφeiðl−l0Þφ ¼ 2πδl;l0 ;Z
∞

0

drrJlðp⊥rÞJlðp0⊥rÞ ¼
1

p⊥
δðp⊥ − p0⊥Þ: ðA1Þ

APPENDIX B: USEFUL FORMULA

1. Summation over l

To evaluate the summation over l in the expressions
arising in Secs. III and IV, we use the following identities,
which were originally introduced and derived in [21,50].
The first useful relation is given by
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X∞
l¼−∞

J2lðzÞ ¼ 1: ðB1Þ

Introducing

J�l ðzÞ≡ J2lðzÞ � J2lþ1ðzÞ; ðB2Þ

it is possible to show

X∞
l¼−∞

�
lþ 1

2

�
2n
Jþl ðzÞ ¼

Xn
i¼0

2Γðiþ 1=2Þ
i!

ffiffiffi
π

p sþn;iz
2i;

X∞
l¼−∞

�
lþ 1

2

�
2nþ1

Jþl ðzÞ ¼ 0; ðB3Þ

as well as

X∞
l¼−∞

�
lþ 1

2

�
2n
J−l ðzÞ ¼ 0;

X∞
l¼−∞

�
lþ 1

2

�
2nþ1

J−l ðzÞ ¼
Xn
i¼0

2Γðiþ 1=2Þ
i!

ffiffiffi
π

p s−n;iz
2i; ðB4Þ

where s�n;i, with i < n, defined by

sþn;i ¼ 2
Xi

l¼0

ð−1Þi−l
ði − lÞ!ðiþ lþ 1Þ!

�
lþ 1

2

�
2nþ1

¼ 1

ð2iþ 1Þ! limα→0

d2nþ1

dα2nþ1

�
2 sinh

�
α

2

��
2iþ1

; ðB5Þ

and

s−n;i ¼
�
iþ 1

2

�
sþn;i: ðB6Þ

The latter arises from d
dz ðzJþl ðzÞÞ ¼ ð2lþ 1ÞJ−l ðzÞ. In (B5),

sþn;i ¼ 0 for i > n. In Secs. III and IV, we particularly use

sþi;i ¼ 1;

sþiþ1;i ¼
1

24
ð2iþ 1Þð2iþ 2Þð2iþ 3Þ;

sþiþ2;i ¼
1

5760
ð2iþ 1Þð2iþ 2Þð2iþ 3Þð2iþ 4Þð2iþ 5Þ

× ð10iþ 3Þ: ðB7Þ

2. Integrals over Fermi-Dirac distribution function

In Sec. III, we encounter integrals over Fermi-Dirac
distribution functions in the form

I�2n;r ¼
Z

∞

0

dωωr d2n

dω2n nfðβðω� μÞÞ: ðB8Þ

To evaluate them, we perform a change of variable u≡ βω
and use the symmetry properties of the distribution function
with respect to ω and μ to replace the derivation with
respect to u with the derivation with respect to μ. We thus
have,

I�2n;r ¼ β−r−1ð−1Þ2n d2n

dμ2n

Z
∞

0

du
ur

eu�βμ þ 1

¼ −r!β2n−r−1Lirþ1−2nð−e∓βμÞ; ðB9Þ

where LisðzÞ≡P∞
k¼1 z

k=ks is the polylogarithm function
of order s. Following the same steps, we also have

I�2nþ1;r ¼ r!β2n−rLir−2nð−e∓βμÞ: ðB10Þ

In Secs. III and IV, we particularly use [50]

Li0ð−eþaÞ þ Li0ð−e−aÞ ¼ −1;

Li2ð−eþaÞ þ Li2ð−e−aÞ ¼ −
π2

6
−
a2

2
: ðB11Þ

APPENDIX C: DERIVATION OF (3.11), (3.23), AND (4.20)

In Secs. III and IV, we arrive at JkV ¼ JkV;mat, J
k
A ¼ JkA;mat, and jktot;mat from (3.11), (3.23), and (4.19), with

JkV;mat ¼
1

2ð2πÞ2
X
λ

λ
X∞
l¼−∞

Z
k
½J2lðk⊥ρÞ − J2lþ1ðk⊥ρÞ�½nfðβðωλ þ μeffÞÞ þ nfðβðωλ − μeffÞÞ�; ðC1Þ

JkA;mat ¼
−1

2ð2πÞ2
X
λ

X∞
l¼−∞

Z
k
½J2lðk⊥ρÞ − J2lþ1ðk⊥ρÞ�½nfðβðωλ þ μeffÞÞ − nfðβðωλ − μeffÞÞ�; ðC2Þ

jktot;mat ¼
−1

2ð2πÞ2
X
λ

X∞
l¼−∞

Z
k
j½J2lðk⊥ρÞ þ J2lþ1ðk⊥ρÞ�½nfðβðωλ þ μeffÞÞ − nfðβðωλ − μeffÞÞ�; ðC3Þ
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from (3.10) and (3.22). To evaluate these expressions, we expand the fermionic particle distribution function in the order
of Ω,

nfðβðωλ � μeffÞÞ ¼
X∞
r¼0

ð�ΩÞr
r!

jr
dr

dωr
λ

nfðβðωλ � μÞÞ; ðC4Þ

with j ¼ lþ 1=2. Plugging then

nfðβðωλ þ μeffÞÞ � nfðβðωλ − μeffÞÞ ¼
X∞
r¼0

Ω2r

ð2rÞ! j
2r d2r

dω2r
λ

½nfðβðωλ þ μÞÞ � nfðβðωλ − μÞÞ�

þ
X∞
r¼0

Ω2rþ1

ð2rþ 1Þ! j
2rþ1

d2rþ1

dω2rþ1
λ

½nfðβðωλ þ μÞÞ ∓ nfðβðωλ − μÞÞ� ðC5Þ

into (C1) and (C2), and using (B4) as well as (B3) to perform the summation over l, we arrive at

JkV;mat ¼ þ
X
λ

λ
X∞
r¼0

Xr
i¼0

Z
k

Ω2rþ1

ð2rþ 1Þ!
Γðiþ 1=2Þ
ð2πÞ2i! ffiffiffi

π
p s−r;iðk⊥ρÞ2i

d2rþ1

dω2rþ1
λ

½nfðβðωλ þ μÞÞ − nfðβðωλ − μÞÞ�; ðC6Þ

JkA;mat ¼ −
X
λ

X∞
r¼0

Xr
i¼0

Z
k

Ω2rþ1

ð2rþ 1Þ!
Γðiþ 1=2Þ
ð2πÞ2i! ffiffiffi

π
p s−r;iðk⊥ρÞ2i

d2rþ1

dω2rþ1
λ

½nfðβðωλ þ μÞÞ þ nfðβðωλ − μÞÞ�; ðC7Þ

jktot;mat ¼ −
X
λ

X∞
r¼0

Xrþ1

i¼0

Z
k

Ω2rþ1

ð2rþ 1Þ!
Γðiþ 1=2Þ
ð2πÞ2i! ffiffiffi

π
p sþrþ1;iðk⊥ρÞ2i

d2rþ1

dω2rþ1
λ

½nfðβðωλ þ μÞÞ þ nfðβðωλ − μÞÞ�; ðC8Þ

with s−r;i defined in (B6). A change of variables r → rþ i leads to

JkV;mat ¼ þ
X
λ

λ
X∞
i;r¼0

Z
k

Ω2rþ2iþ1

ð2rþ 2iþ 1Þ!
Γðiþ 1=2Þ
ð2πÞ2i! ffiffiffi

π
p

�
iþ 1

2

�
sþrþi;iðk⊥ρÞ2i

d2rþ2iþ1

dω2rþ2iþ1
λ

½nfðβðωλ þ μÞÞ − nfðβðωλ − μÞÞ�; ðC9Þ

JkA;mat ¼ −
X
λ

X∞
i;r¼0

Z
k

Ω2rþ2iþ1

ð2rþ 2iþ 1Þ!
Γðiþ 1=2Þ
ð2πÞ2i! ffiffiffi

π
p

�
iþ 1

2

�
sþrþi;iðk⊥ρÞ2i

d2rþ2iþ1

dω2rþ2iþ1
λ

½nfðβðωλ þ μÞÞ þ nfðβðωλ − μÞÞ�; ðC10Þ

jktot;mat ¼ −
X
λ

X∞
i;r¼0

Z
k

Ω2rþ2iþ1

ð2rþ 2iþ 1Þ!
Γðiþ 1=2Þ
ð2πÞ2i! ffiffiffi

π
p 1

ðiþ 1=2Þ s
þ
rþiþ1;iðk⊥ρÞ2i

d2rþ2iþ1

dω2rþ2iþ1
λ

½nfðβðωλ þ μÞÞ þ nfðβðωλ − μÞÞ�;

ðC11Þ
with

R
k from (3.6). We perform, at this stage, the integration over kz by utilizingZ þjkj

−jkj
dkzk2i⊥ ¼

ffiffiffi
π

p
Γðiþ 1Þ

Γðiþ 3=2Þ jkj
2iþ1: ðC12Þ

Plugging this expression into (C11), we are left with the integration over jkj. To perform this integration, we use (B10) and
arrive at (3.11), (3.23), and (4.20). Let us notice that in (C12), k2⊥ ¼ jkj2 − k2z is used.

APPENDIX D: TECHNICAL COMMENTS

1. Derivation of (3.19)

In this section, we will evaluate the sum over n in

S ¼
Xþ∞

n¼−∞

1

iωn − ζ
; ðD1Þ

where ωn ¼ ð2nþ 1ÞπT. To perform (D1), we follow
the standard method from [55], where the summation
over n in (D1) is regarded as a summation over the residues
of a function, which has poles at fermionic Matsubara
frequencies ωn. To perform it, we first replace the above
summation with a complex integral over a closed contour
C1, including the Matsubara frequencies lying on the
imaginary axis
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S ¼ 1

2πi

I
C1

gðzÞhðzÞdz; ðD2Þ

with gðzÞ ¼ ðz − ζÞ−1, and hðzÞ is a weighting func-
tion having simple poles at z ¼ iωn. At this stage, it is
possible to give S by an integration over the whole complex
plane C, including poles of both gðzÞ and hðzÞ, minus an
integration over a closed contour C2, including only the
pole of gðzÞ,

S ¼ 1

2πi

I
C
gðzÞhðzÞdz − 1

2πi

I
C2

gðzÞhðzÞdz: ðD3Þ

The first integral over C diverges and the second integral is
finite. Considering only the finite term and choosing
the Fermi-Dirac distribution function hðzÞ ¼ −βnfðβzÞ,
we arrive at

S ↦ βnfðβζÞ; ðD4Þ

as stated in (3.19).

2. The relation between canonical spin tensor Sμν

and spin angular momentum density ĵS
According to [47], the canonical spin tensor is defined by

Sλ;μνC ¼ 1

4
ψ̄fγλ; σμνgψ ¼ −

1

2
ϵλμναψ̄γαγ5ψ : ðD5Þ

Let us consider S0;ijC . It is given by

S0;ijC ¼ −
1

2
ϵijkψ̄γkγ5ψ ; ðD6Þ

where ϵ0ijk ¼ ϵijk is used. Multiplying this expression with
1
2
ϵijm and using ϵijmϵijk ¼ −2δmk, we arrive at

SmC ≡ 1

2
ϵijmS0;ijC ¼ 1

2
ψ̄γmγ5ψ ¼ 1

2
JmA ; m ¼ 1; 2; 3: ðD7Þ

In Sec. IV, we denote SC by h∶ĵS∶ i with spin angular
momentum density operator ĵS ¼ ψ̄γ0Sψ from (4.5). Using
the definition of S ¼ 1

2
γ5γ0γ, it is possible to show that

h∶jS∶ i ¼ 1
2
JA, as stated in (4.8).
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