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Weak-interaction-mediated chiral imbalance generation in idealized massless electrons during core-
collapse supernovae was once proposed to be the source of strong magnetic fields found in neutron stars.
The effect goes by the name of chiral plasma instability. However, it was found that a finite electron mass
damps out this process, inactivating the instability and preventing magnetic field growth. In this work, we
show that the instability can survive in the presence of abrupt density and temperature perturbation that
drives the system sufficiently far out of weak equilibrium. As an example, we work with such perturbations
generated by shock waves which are common during both core collapse as well as neutron star mergers. We
find that the chiral imbalance resulting from shock waves, under the right conditions of density and
temperature, can sustain the chiral plasma instability despite the damping from the electron mass.
Additionally, in an already magnetized medium, the chiral magnetic effect resulting from shock-wave
density and temperature perturbation can generate substantial Ohmic heating. Our results imply that shock
waves generated in core-collapse supernovae and merging neutron stars can act as a source of strong
heating in a magnetized medium as well as chiral plasma instability.
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I. INTRODUCTION

Weak interactions impact the evolution of dense matter
in merging neutron stars [1–7], protoneutron stars [8–12],
magnetars [13–16], and cold neutron stars [15,17,18]. They
impact neutron star oscillations through bulk viscosity [19–
22] and produce cooling through neutrino emission. The
simplest model for dense matter is a gas of neutrons,
protons and electrons, which is charge neutral and in weak
(“beta”) equilibrium

μn ¼ μp þ μe; ð1Þ

where μn=p=e represents the neutron, proton and electron
vector chemical potential, respectively. Note that, in weak
interaction processes like beta decay or inverse beta decay
in dense nuclear matter, the lightest participating particle,
barring neutrinos, is the electron. Since the electron mass is
much smaller than the electron Fermi energy, electrons are
usually treated as massless without problem. As is the case
for massless Dirac fermions, in this case, the electrons,
chirality can be treated as a good quantum number. This
combined with the fact that only left chirality electrons
participate in weak interactions may give the impression
that electron chirality and associated parity-breaking

transport effects play an important role in evolution of
dense matter. Yet, for most problems of interest, this is not
the case. It turns out that electron mass, despite being small,
provides fast enough equilibration between electron chir-
alities such that any effect of parity breaking on transport
arising from weak interaction is washed out in most
phenomena [23].
There can be some exceptions to this general expectation

where chiral transport effects, sourced by weak interactions
can survive [24–28]. In this paper, we are specifically
interested in capturing these effects: the chiral magnetic
effect, to be precise [23,29–32]. We will specifically focus
on environments and parameter regimes where instanta-
neous equilibration of right and left chirality electrons does
not apply [23,32–34]. To quantify the transport effects, we
will begin with massless electrons and then introduce the
effect of electron mass through chirality-flipping process.
Clearly, in the limit of massless electrons, any weak

interaction neutron decay or electron capture process will
generate a chiral imbalance, which we can quantify using a
chiral chemical potential, denoted as μ5. We will provide
the precise definition of μ5 later. It is well known that a
medium with a net chiral imbalance exhibits novel trans-
port behavior [30,35–47], e.g., the chiral magnetic effect
(CME) [23,29–32]: in a medium with a net chiral imbal-
ance, there is a chiral transport coefficient which affects the
electromagnetic response of the medium. In a magnetic
field such a medium exhibits current along the magnetic
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field that is proportional to magnetic field as well as the
chiral imbalance. There are two types of physical phenom-
ena associated with this current that are relevant for dense
matter, (a) the chiral plasma instability (CPI) [23,32,48,49]
and (b) Joule or Ohmic heating in a background magnetic
field. CPI arises out of solving Maxwell’s equations in the
presence of a nonzero μ5 which leads to dynamical growth
of magnetic fields. The Ohmic heating response on the
other hand concerns itself with background magnetic fields
in the presence of a chiral imbalance. The presence of a
CME current in a conducting magnetized medium found in
neutron stars produces an electric field in response to the
CME current. This electric field and the finite conductivity
will dissipate energy through usual Ohmic heating.
While the effect of Ohmic heating in dense matter due to

chiral imbalance has not been considered widely and was
proposed first in [50], the impact of CPI on the evolution of
dense matter has been analyzed before [46]. It was
conjectured in [48] that core-collapse supernovae could
give rise to nonzero chiral imbalance by preferentially
absorbing left chirality electrons in collapse. This chiral
imbalance could then source chiral plasma instability
effectively tying together the physics of weak interaction
in core collapse with the origin of strong magnetic fields in
neutron stars. However, it was shown in [23] that, assuming
a constant rate for the weak interaction, electron mass can
destroy chiral imbalance through helicity changing proc-
esses faster than CPI can operate. As a result, CPI in core
collapse was thought to be ineffective in explaining the
origin of strong magnetic fields.
In this paper we reassess the fate of CME in dense

medium noting that, while the results of [23] hold, it may
not rule out CPI generating strong magnetic fields in
environments where there are rapid density and temper-
ature fluctuation. The possibility of rapid density fluctua-
tions sustaining CPI was previously surmised in [32]. This
type of fluctuation can drive the system far out of beta
equilibrium, sustaining a chiral imbalance for long enough
for the instability to generate orders of magnitude enhance-
ment in magnetic fields. The role of nuclear matter density
fluctuation in generating chiral imbalance has been pre-
viously analyzed by Sigl and Leite [34], who considered
(turbulent) density fluctuations on length scales smaller
than the neutrino mean free path. We demonstrate that the
sharp density and temperature jumps produced by shock
waves can provide sufficient chiral imbalance over an
extended period of time such that the instability has enough
time to grow strong magnetic fields.1 Similarly, we also
find that these types of jumps in a magnetized medium can
lead to significant Joule heating, sometimes generating

thermal energy comparable to the thermal energy produced
in the shock wave itself. As shock waves can be found in
neutron star mergers [51–56] as well as core-collapse
supernovae [11,57–59], it is possible that weak interaction
processes in core-collapse supernovae are tied to strong
magnetic fields through shock waves. Additionally, the
Joule heating in magnetized media and CPI may also
impact evolution of neutron star merger remnants due to the
presence of shock waves in those environments. To answer
whether this is indeed the case, one will require detailed
analysis and simulations of these environments. The goal of
this paper is to facilitate such future calculations by
demonstrating that there are realistic conditions of temper-
ature and density fluctuations where these effects can be
substantial.
Thus, we adopt the following approach. We first consider

uniform, noninteracting npe matter that is in beta equilib-
rium and is at zero temperature. We calculate the shock-
wave jump conditions and calculate the possible densities
and temperatures of the matter as the shock passes (depend-
ing on the velocity of the fluid on either side of the shock).
We do the same thing for a couple of interacting equations
of state (EOSs) in order to note the differences. As the
shock front passes through a medium, it raises the density
of the downstream region by a factor of a few and also
raises the temperature, potentially dramatically. This abrupt
jump in density drives the shocked fluid out of weak
equilibrium. We estimate the chiral imbalance generated in
this region from the weak equilibration and consider the
chirality flipping of electrons through scattering off of
protons. Electron chirality flipping through scattering off of
neutrons and photons is relatively smaller in the temper-
ature regimes considered in this paper [23]. Considering an
unmagnetized medium, CPI can act in this region of space
right next to the shock front. As the shock front travels, this
out-of-equilibrium region of space travels with it. Similarly,
in a magnetized medium, this region of space which
remains out of equilibrium will dissipate energy through
Joule heating and as the shock front travels, this out-of-
equilibrium region will travel with it, heating up extended
region of space in the medium.
The organization of the paper is as follows. In Sec. II we

will briefly review the physics of the chiral magnetic effect,
the chiral plasma instability and Joule and Ohmic heating.
In Sec. III, we will consider shock waves and compute
density and temperature jumps. We will treat this section as
a place to illustrate the main ideas and make quantitative
estimates that underline the importance of chiral effects.
For this purpose we will restrict ourselves to two specific
set of parameters upstream, denoting them as case I and
case II. In this section, we use a noninteracting EOS for
npe matter as a simple illustration. The upstream param-
eters for the two cases are picked to match neutron star
electron chemical potentials in the core. The two cases will
be almost identical in terms of upstream conditions, except

1Although chiral effects of neutrinos are being investigated
heavily in the astrophysical context [24,26], this work stands
apart in its motivation which is to revive electron-chirality-driven
CME that was earlier thought to be ineffective for nuclear
astrophysics.
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the upstream velocity which differentiates them. This will
result in a difference in downstream thermal energy density
from the shock itself. We will compute the chiral imbalance
downstream taking into account weak interactions and
chirality flipping due to the finite electron mass in
Sec. III C 2. Additionally, we will demonstrate how the
shock-wave equations get modified in a constant back-
ground magnetic field in Sec. III D. We find that the shock-
wave equations under consideration and their solutions do
not change substantially in the presence of even the
strongest magnetic fields we consider (1018 G). This is
relevant for the CME-induced Joule heating estimate when
a shock front passes through a magnetized medium. The
final two Secs. III E and III F will show which of the two
cases considered sustain CPI and which generate strong
Joule heating. The importance of the Joule heating is
quantified by comparing it to the thermal energy generated
by the shock wave itself. In a subsequent Sec. IV, we
provide general results for CPI growth and Joule heating
going beyond the two specific cases discussed in Sec. III
for noninteracting EOS. In this section, we also provide
results for interacting EOS which allows us to compare the
CPI growth rates and Joule heating for noninteracting and
interacting EOS. As the shock waves themselves generate
significant density and temperature increases downstream,
if the matter before the shock has a density around nuclear
saturation density, where the EOS is well constrained [60–
62], after the shock passes the matter will be at a much
higher density and temperature where the EOS is less well
known. Nonetheless, it is still interesting to explore what
they imply for the CPI growth and the extent of Joule
heating as we do in Sec. IV.
We work in natural units, where ℏ ¼ c ¼ kB ¼ 1.

II. CHIRAL MAGNETIC EFFECT

In this section we briefly review the phenomenon of
chiral magnetic effect and some of its phenomenological
implications for neutron star physics. We will begin with
massless electrons with a net chiral imbalance between the
population of right and left chirality electrons. We will
denote the density of right and left chirality electrons as
ne;R and ne;L, respectively, and the corresponding chemical
potentials as μe;R and μe;L. In the limit of degenerate
electrons, we can write

ne;R=L ¼ μ3e;R=L
6π2

: ð2Þ

Of course, the above relation gets modified at finite
temperature and although including finite temperature in
the above relation is straightforward, for the purpose of
illustration, we will work with strictly degenerate electron
gas. The chiral chemical potential is defined as

μ5 ¼ μe;R − μe;L; ð3Þ

whereas the vector chemical potential is

μe ¼
μe;R þ μe;L

2
: ð4Þ

The total electron density ne and the chiral or axial charge
density n5 are given by

ne ¼ ne;R þ ne;L;

n5 ¼ ne;R − ne;L: ð5Þ

When μ5 ≠ 0, there is a chiral transport coefficient that
modifies Maxwell’s equations. This is known as the CME
and often derived using Landau level quantization for the
electron. The CME current was derived in [23,32,38] to be

JCME ¼ ξB ð6Þ

with

ξ≡ αEM
π

μ5: ð7Þ

Here αEM is the fine structure constant. With CME current
added, Maxwell’s equations take the form

∇ ×B −
dE
dt

¼ σEþ ξB: ð8Þ

Here, σ stands for the electrical conductivity of the
medium.

A. Chiral plasma instability

Equation (8) supports exponentially growing electromag-
netic fields when μ5 ≠ 0. This is what is known as the chiral
plasma instability. This instability can be easily observed by
choosing the following ansatz for the gauge fields:

A0 ¼ 0; A ¼ ðx̂ cosðkzÞ − ŷ sinðkzÞÞet=τAkð0Þ: ð9Þ

From the ansatz it is clear that the gauge field has nonzero
helicity. Here Akð0Þ corresponds to the amplitude of the
helical mode with momentum k at initial time t ¼ 0. The
variable τ can be solved for by substituting Eq. (9) in Eq. (8)
and settingE ¼ − dA

dt andB ¼ ∇ ×A. Thegrowth timescale
for the mode with wavelength k is given by

τ ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kðξ − kÞ þ σ2

p
− σ

: ð10Þ

Of these modes, the maximally growing one is for
k ¼ ξ=2. We define the corresponding growth rate as
CPI growth rate
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ΓCPI ≡
�
1

τ

�����
k¼ξ=2

¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 þ σ2

p
− σ

: ð11Þ

In dense matter relevant for neutron star physics, we see
that ξ ≪ σ, and the growth rate becomes

ΓCPI ≈
α2EM
4π2

μ25
σ
: ð12Þ

Shocks in neutron stars mergers can heat the matter up to
temperatures of several tens of MeV [56], and in these
conditions the protons will either be nondegenerate or
semidegenerate [63,64]. The degeneracy temperature for
protons can be estimated as

Tp ≈
ð3π2npÞ2=3

2M
; ð13Þ

where np here stands for the proton density. Thus, for
T > Tp, protons can be considered nondegenerate and for
T < Tp mostly degenerate. For most of the parameter
regions of interest here, we will have either T > Tp or
T ∼ Tp. In this regime, the conductivity of dense npe
matter is given by [23]

σ ≈
μe

4αEM

1

ðlogð4μ2em2
D
Þ − 1Þ

; ð14Þ

where mD is the Debye mass for the photon. The above
expression can be approximated as

σ ≈
μe

4αEM

1

logðα−1EMÞ
: ð15Þ

Thus, we can write the CPI rate as

ΓCPI ¼
α3EMμ

2
5 logðα−1EMÞ
π2μe

: ð16Þ

1. Sustained background chiral chemical potential

Strictly speaking, the above formula for the CPI rate ΓCPI
was derived when μ5 is constant. The case of time-
dependent μ5 is unexplored (in this context, at least) and
deserves further study. As a first step, in this work we will
think of μ5 as a uniform background chiral chemical
potential μb5 . It is natural to ask, under what condition
can a background chiral chemical potential arise? It turns
out that a chiral chemical potential can arise in the presence
of density fluctuation in dense npematter. This is because a
rapid change in density drives matter out of weak

equilibrium which preferentially absorbs or produces left
chirality electrons, thus generating a chiral imbalance.
However, this process by itself will lead to a growing
chiral imbalance with time. We would require an accom-
panying mechanism that destroys chiral imbalance in order
to achieve a constant background chiral chemical potential.
Chirality flipping originating from the electron mass
provides this mechanism. For dense npe matter, most of
such chirality flipping happens through electrons scattering
off of protons [23,32,33] (see also [65], where processes
that contribute to chirality flipping in electron-positron
plasma are calculated). We can denote the chirality flip rate
due to electron mass term as Γm. Thus, if Sw is the number
of left chirality electrons being produced via weak inter-
action per unit time, then the rate of change of chiral or
axial charge can be written as

dn5
dt

¼ Sw − Γmn5: ð17Þ

Thus a background n5 can be obtained when dn5=dt ¼ 0
which gives a background chiral charge density

nb5 ¼
Sw
Γm

: ð18Þ

Using Eq. (5) one can now obtain the corresponding
background chiral chemical potential, μb5. Of course, the net
production of chirality from the beta equilibration will not
continue indefinitely and instead will cease on some
timescale tweak when beta equilibrium is reached. Sw and
tweak are related and we will give quantitative analysis in the
latter sections of this paper. Our main point here is that the
background chiral chemical potential is sustained for a time
tweak. Thus, to determine whether the CPI can give rise to
strong magnetic fields, one has to determine whether
ΓCPItweak > 1, where ΓCPI is evaluated with μ5 ¼ μb5 . If
ΓCPItweak > 1, the instability has sufficient time to give rise
to strong fields whereas, if on the other hand ΓCPItweak < 1,
it does not.

B. Joule and Ohmic heating

We will now consider Eq. (8) in the background of a
strong uniform magnetic field B0 and a nonzero constant
background chiral imbalance generated just as described in
the previous subsection. In such a scenario, the CME
current leads to charge separation and Eq. (8) supports a
solution of the form

E0 ¼ −
ξB0

σ
: ð19Þ

Thus, the CME current acts as a current source in a medium
with conductivity σ leading to energy dissipation through
Ohmic heating. The corresponding energy density dissi-
pated in time δt is
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ϵJ ¼
1

2
σE2

0ðδtÞ ¼
ξ2B2

0

2σ
ðδtÞ; ð20Þ

where δt is the time over which the background chiral
chemical potential or the field B0 survives. Substituting the
expression for conductivity from Eq. (15) we get

ϵJ ¼
2

π2
α3EM logðα−1EMÞ

μ25B
2
0

μe
ðδtÞ: ð21Þ

Note that, if the background chiral chemical potential is
being sourced by weak interactions, assuming a macro-
scopic magnetic field that lives longer than the weak
interaction timescale, δt is set by tweak. In the rest of the
analysis where we consider Joule or Ohmic heating we will
work in this regime and it is supported by [66,67].

III. SUSTAINED CHIRAL IMBALANCE IN SHOCK
WAVES

A. Shock-wave picture

Since we are interested in chiral imbalance generated
through weak interaction processes, we will be considering
phenomena in which density in a region of space inside a
neutron star can rise faster than weak interaction can
equilibrate. While this can happen through several different
mechanisms, e.g., in neutron star mergers where the density
rises by several factors over length scales of a few kilo-
meters [7,68], we focus on one of the clean mechanism
where the physics in question can be addressed concretely.
This setting is that of shock waves traveling through dense
medium as shown in Fig. 1. It shows a shock front,
traveling in the negative x direction through a dense
medium as seen from the frame of the medium. In the
frame of the shock, the shock surface will be at rest whereas
the fluid will be moving through the shock front in the
positive x direction. The upstream region is denoted is
region 1 and downstream as region 2. Assuming compres-
sion shock wave, as the fluid passes from region 1 to region
2, its density will see an abrupt increase. The width of this
region is set by the fluid viscosity [69], which is a function
of the mean free path of the particles involved [70]. In
nuclear matter, this scale is the femtometer scale of the
strong interaction [71]. The mean free path of some
particles, like neutrinos [72–74], can be much longer,
but we neglect neutrinos in this analysis, deferring com-
ment on them to the end of the conclusions section. Thus
from the point of view of the analysis here, the density jump
is abrupt.
In Fig. 1, the colored region behind the shock front

shows the shock thickness. Behind this colored region we
show a region with diagonal stripes. This region corre-
sponds to a sliver behind the shock front over which density
jump has occurred and has pushed the region out of weak
equilibrium. As the shock travels, this region travels with

the shock. Behind the sliver, further out in the positive x
direction we have the region of space where weak equi-
librium has been reached after the passage of the shock
wave. Thus, the shock front passed through this region at an
earlier time and this region has had long enough time since
the shock has passed to reach weak equilibrium. The
physics that we are interested in will take place in the
region with the diagonal stripes. This is where we anticipate
finding a background chiral chemical potential as it travels
through space. If the shock front velocity is vs, and it takes
a time tweak for weak interaction to equilibrate, then the
width of this region is given by

Lne ≡ vstweak; ð22Þ

where the subscript ne stands for nonequilibrium. If the
shock thickness scale is denoted as Lh (which we take to be
set by femtometer), then we work in a regime where
Lne ≫ Lh. Note that, while the chiral effect we are
interested in get realized in this thin sliver right behind
the shock front, this region travels with the shock front as
the front travels macroscopical distances. Thus, the chiral
effects we are about to discuss should impact macroscopic
distances inside neutron stars.

B. Shock-wave equations with npe matter

For the purpose of illustrating the physics of shock wave
in a dense medium, we will begin with a dense gas of
neutrons, protons and electrons. At this stage we exclude

FIG. 1. We illustrate the shock front in this figure which is
moving to the left in the negative x direction. The fluid in the
upstream region (also denoted as region 1) is yet to experience the
shock whereas the two regions behind the shock front (denoted as
region 2 and region 3) have already been shocked. The pale
orange region just behind the shock surface shows the thickness
of the shock. The width of this region is femtometers, set by the
fluid viscosity. Most of our analysis in this paper is in region 2
where hydrodynamics and shock-wave equations apply. How-
ever, this region is not in weak equilibrium and sustains chiral
magnetic effect. Region 3 on the other hand has achieved weak
equilibrium.
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any electromagnetic field, deferring that to Sec. III D. The
electrons are highly degenerate, the neutrons are mostly
degenerate and the protons are taken either to be degenerate
or nondegenerate, depending on the situation. Temperature
corrections to the strongly degenerate limit can be added
systematically. We will begin with a description of the
shock front using the Rankine-Hugoniot (RH) relations
[69]. For this part of the analysis we will not consider any
electron chirality imbalance since our goal is to analyze
how chirally equilibrated matter can produce chiral imbal-
ance after undergoing shock compression. We will consider
a shock front moving along the x axis, in the negative x
direction as shown in Fig. 1. The two sides of the shock
wave are denoted by 1 and 2, where 1 is the upstream
region and 2 is the downstream region shown in diagonal
stripes in Fig. 1. In the shock frame, let the velocity of the
fluid on side 1 be given by v1 and on side 2 by v2, both will
be directed along positive x direction. The corresponding
four velocities are given by ur ¼ γrð1; vr; 0; 0Þ, where r
takes values 1,2 for the two sides.
Since, we are interested in the physics of region 2, we

can treat proton, neutron and electron current densities as
conserved quantities across the shock front. This is to say
that no composition change or only minimal composition
change due to weak interaction takes place across the shock
front between regions 1 and 2. Furthermore, we will take
electrons, protons and neutrons moving with a common
velocity. Let us denote the particle number density for
neutrons, protons and electrons as nn;r; np;r and ne;r and the
current density for the same as jμn;r, j

μ
p;r, and jμe;r, such that

jμn;r ¼ nn;ru
μ
r , jμp;r ¼ np;ru

μ
r , and jμe;r ¼ ne;ru

μ
r . Here the

subscript r is denoting upstream and downstream regions
1 and 2.
If the stress energy tensor for the fluid on the two sides is

denoted as Tμν
r , then the Rankine-Hugoniot relations are

given by

jxp;1 ¼ jxp;2; jxn;1 ¼ jxn;2; jxe;1 ¼ jxe;2 ð23Þ

and

T0x
1 ¼ T0x

2 ; Txx
1 ¼ Txx

2 : ð24Þ

In general, we can write

Tμν
r ¼ hru

μ
ruνr − prgμν; ð25Þ

where hr and pr are the enthalpy density and pressure,
respectively, on side r. From here, we will used capitalized
alphabet subscripts to denote the species proton, neutron or
electrons. For example, nA;r is the density of species A on
side r. Note that the stress energy tensor here corresponds
to only matter fields since electromagnetic effects are
assumed to be small here. The continuity equations for
T0x and Txx lead to a relation between the velocities on the

two sides vr. We can express the two equations in
Eq. (24) as

h1v21γ
2
1 þ p1 ¼ h2v22γ

2
2 þ p2; ð26Þ

h1v1γ21 ¼ h2v2γ22: ð27Þ

Solving these two leads to

v1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp2 − p1Þ
ðϵ2 − ϵ1Þ

ðϵ2 þ p1Þ
ðϵ1 þ p2Þ

s
; ð28Þ

v2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp2 − p1Þ
ðϵ2 − ϵ1Þ

ðϵ1 þ p2Þ
ðϵ2 þ p1Þ

s
: ð29Þ

Furthermore, Eq. (23) leads to

v1γ1
v2γ2

¼ ne;2
ne;1

¼ nn;2
nn;1

¼ np;2
np;1

: ð30Þ

Here we substitute Eqs. (28) and (29) on the lhs, which
leads to �

ϵ2 þ p2

ϵ1 þ p1

��
ϵ2 þ p1

ϵ1 þ p2

�
¼

�
ne;2
ne;1

�
2

; ð31Þ

where one must remember that the density jump ratio is the
same for all particles as in Eq. (30). We also define baryon
density on the two sides with nB;r ¼ np;r þ nn;r such
that ne;2=ne;1 ¼ nB;2=nB;1.
To make further progress, we need to relate energy

density and pressure to density and temperature (or
chemical potential and temperature). Here for the sake
of simplicity we will use noninteracting npe matter (see
Chap. 12 of [75]). In Sec. IV, we will include interactions in
the equation of state to see their effect. For noninteracting
npe matter we can write hr ¼

P
A hA;r, ϵr ¼

P
A ϵA;r, and

pr ¼
P

A pA;r. We write down the constitutive relations for
ϵA;r, nA;r and pA;r in terms of the chemical potential for
each species and temperature. First, making no assump-
tions about the degree of relativity of the gas or the
degeneracy of the matter, each species in a free npe gas
is described by

nA;r ¼
g

ð2πÞ3
Z

d3pfA;rðpÞ;

ϵA;r ¼
g

ð2πÞ3
Z

d3pfA;rðpÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

A

q
;

pA;r ¼
g

3ð2πÞ3
Z

d3pfA;rðpÞ
p2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
A

p ; ð32Þ

where fA;rðpÞ is the Fermi-Dirac distribution function on
side r for species A and mA is the mass for species A. We
will take me ¼ 0 and mp ≈mn ≈ 940 MeV≡M.
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At this point, we will take specific limits to get to useful
expressions. One of the regimes of interest to us is where
electrons are highly degenerate, neutrons are degenerate
and protons are semidegenerate or nondegenerate. Thus we
will often use the formula corresponding to the degenerate
limit and includes finite-temperature corrections up to first
order in temperature measured with respect to chemical
potential. For protons, we will also provide the nondegen-
erate formula. In the formulas presented below wewill have
different forms for neutron, proton gas and electron gas
simply because the latter is taken to be massless (me ¼ 0)
whereas the former are not. Thus we will write down
separate formulas to apply to the neutrons, protons and
electrons. The expressions below will apply to both sides of
the shock wave. So, we will also omit any reference to

whether we are working in region 1 or 2. The formula for
the electron gas is

ndge ¼ μ3e þ π2T2μe
3π2

;

ϵdge ¼ μ4e þ 2π2T2μ2e
4π2

;

pdg
e ¼ μ4e þ 2π2T2μ2e

12π2
; ð33Þ

where μe stands for the electron chemical potential and the
superscript (dg) stands for degenerate.
For protons (semidegenerate or degenerate) and neutrons

(mostly degenerate) we can write

ndgp=n ¼
ðμ2p=n −M2Þ3=2

3π2
þ T2

6

2μ2p=n −M2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2p=n −M2

q ;

ϵdgp=n ¼
μp=nð2μ2p=n −M2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2p=n −M2

q
8π2

þ
M4 log

�
M

μp=nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2p=n−M

2
p �

8π2
þ T2ð3μ3p=n − 2M2μp=nÞ

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2p=n −M2

q ;

pdg
p=n ¼

μp=nð2μ2p=n − 5M2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2p=n −M2

q
24π2

þ
M4 log

�
μp=nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2p=n−M

2
p
M

�
8π2

þ
T2μp=n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2p=n −M2

q
6

; ð34Þ

where μp and μn stand for the proton and neutron chemical
potential, respectively.
For the treatment of protons, we also provide formula for

a nondegenerate gas below:

nndgp ¼ 2

�
MT
2π

�
3=2

e
μp−M

T ;

ϵndgp ¼ Mnp þ
3

2
npT;

pndg
p ¼ npT: ð35Þ

Here, the superscript stands for nondegenerate.
In neutron star mergers, the matter undergoing shocks

starts out cold. Thus, we set the temperature of the upstream
region to be zero, for simplicity, understanding that our
results will still apply if the temperature is not strictly zero
but is small compared to the particle Fermi energies.
Entropy is produced in a shock and therefore the down-
stream temperature will be greater than the upstream
temperature. We use the downstream temperature as a
parameter to display the set of possible downstream
conditions available. The greater the upstream fluid veloc-
ity (relative to the shock), the more kinetic energy is
available to be converted into downstream temperature.

We will also assume beta equilibrium upstream (region
1). Thus, region 1 and region 3 in Fig. 1 are in beta
equilibrium whereas region 2 is not (because the beta-
equilibrium particle content depends on density; cf. Fig. 2
and [20,76,77]). We will now reintroduce the subscripts
denoting upstream or downstream regions 1 and 2 and
choose two specific representative values for upstream
electron chemical potential, denoting them as cases I and
II. Since, we set upstream temperature to zero, we will not
attach a subscript of 2 for the downstream temperature in
region 2 and instead will denote it as T. The parameters for
case I and case II are shown in Table I. Roughly, case I
corresponds to a relatively weak shock, while case II
represents a much stronger shock.

1. Solving RH equations

As mentioned, we consider cold matter getting shocked
and thus set temperature to zero upstream. Beyond this, we
will also provide upstream electron chemical potential as an
input. This fixes the electron density upstream. In addition,
charge neutrality combined with weak equilibrium fixes the
neutron and proton density upstream. Downstream, in
region 2, neutron and electron chemical potential can be
eliminated in favor of proton chemical potential and
temperature by using the fact that the jump in each species

SHOCK-INDUCED CHIRAL MAGNETIC EFFECT PHYS. REV. D 114, 043042 (2026)

043042-7



equals the jump in each of the other two. We could also
have eliminated the proton and electron chemical potential
in favor of the neutron chemical potential or eliminated
proton and neutron chemical potential in favor of the
electron chemical potential. Thus, we only have to solve
for two variables downstream, the temperature and the
downstream proton chemical potential. Using Eq. (31), we
can solve for downstream proton chemical potential μp;2 as
a function of the downstream temperature T. This gives a
series of solutions to the RH equations. We in principle
need one more equation to get a unique μp;2 and T. One
could use Eq. (28) and provide an upstream velocity v1 to
achieve this. In this paper, we first solve Eq. (31) to obtain
μp;2 as a function of T and pick one of the suitable values
for illustrative purposes. This solution will of course have a
unique v1 and v2 which we compute. Once we solve for the
downstream proton chemical potential μp;2 as a function of
temperature we are able to evaluate the departure from
weak equilibrium which we quantify with the beta imbal-
ance

δμ≡ μn;2 − μp;2 − μe;2: ð36Þ

2. Case I

For this case we take for upstream μe;1 ¼ 180 MeV. As
mentioned, the upstream temperature has been set to zero.
We will assume charge neutrality which leads to a proton
chemical potential of μp;1 ≈ 957 MeV. Furthermore, beta-
equilibrium condition for side 1 gives

μp;1 þ μe;1 ¼ μn;1; ð37Þ

which gives μn;1 ≈ 1137 MeV.
The downstream plot of beta imbalance δμ as a function

of temperature is given by the solid lines in Fig. 4. This plot
was made using exact constitutive relations for the non-
interacting gas Eq. (32). We choose to study two points on
this plot to illustrate the main concepts. First, we choose
T ≈ 13 MeV for which μ̂p;2 ¼ μp;2 −M ≈ 13.5. Thus, the
downstream protons are semidegenerate and we use the
formula of Eq. (34) for the protons to make estimates.
Formulas for electrons and neutrons both upstream and
downstream are well approximated by Eqs. (33) and (34),
respectively, and we use them to make future estimates.
Corresponding downstream electron and neutron chemi-

cal potential are μe;2 ≈ 205 MeV and μn;2 ≈ 1194 MeV.
These numbers lead to an estimate of v1 ¼ 0.41 and
v2 ¼ 0.28. This implies that in the frame of the fluid,
the shock is moving with a speed of v1 ≈ 0.41. The density
jump is found to be about a factor of 1.53. Thus, for a shock
front of surface L2 propagating for time δt, the density is
raised by factor of 1.53 within a volume of L2ðv1ÞðδtÞ.
Taking L ≈ 1 km, for a shock front that has traveled for
δt ≈ 10−3 s, the shock is able to raise the density of a region
of 10 km3 by a factor of 1.53. This is also supported by
Ref. [78], which shows density of the merger medium
rising by order one in a region of Oð1 kmÞ3 volume in a
millisecond indicating the boundary of the denser region
propagates with a speed that is of the order of the speed of
light (albeit smaller).

3. Case II

In this case, on side 1, we pick μe;1 ¼ 200 MeV. Charge
neutrality leads to μp;1 ≈ 961 MeV. And beta-equilibrium
condition gives μn;1 ≈ 1161. As before, we solve for μp;2 and
T for which there is shock-wave solution. Here we again
focus on a specific point on this plot: taking representative
values of T ¼ 70 MeV and μ̂p;2 ¼ μp;2 −M ¼ −80 MeV.
This corresponds to nondegenerate protons and thus we can

TABLE I. Thermodynamic and hydrodynamic parameters chosen in cases I and II and their resultant chiral
imbalance results.

Case T1 [MeV] μe;1 [MeV] v1 T2 [MeV] v2 n2=n1 μb5 [keV] ΓCPItweak EJ=Eth

I 0 180 0.41 13 0.28 1.5 0.08 8 × 10−5 0.002
II 0 200 0.58 70 0.27 2.5 500 5.6 4

FIG. 2. Particle content in beta equilibrium as a function of
baryon density for free npe matter and for two relativistic mean-
field theory EOSs which include nuclear interactions. Particle
content is shown at zero temperature and at T ¼ 50 MeV, to
show how the “target” proton fraction changes once the shock
heating occurs.
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use Eq. (35) for the protons to make estimates. Electrons and
neutrons both in region 1 and 2 are well described by
Eqs. (33) and (34). The corresponding density jump is by a
factor of 2.5, μe;2 ≈ 214 MeV. The velocities are found to be
v1 ≈ 0.58 and v2 ≈ 0.27.
These shock parameters are reasonable given what is

currently seen in numerical simulations of neutron star
mergers. Density jumps of a factor of 2 or more and
temperature increases of several tens of MeV are observed
in merger simulations [56,79,80].
We will now introduce the weak interaction in the

problem.

C. Weak interaction and chiral imbalance

In shocks of the type discussed above, there will be an
abrupt increase of density which in general will take side 2
away from weak equilibrium. As a result, one can consider
the abrupt change in density to be instantaneous which is
then followed by a longer time period during which the
Urca process takes effect either producing left-handed
electrons or absorbing them. This will give rise to a
growing chiral chemical potential lasting about as long
as it takes the region behind the shock (region 2) to reach
weak equilibrium.
In the absence of a mass term for the electrons the weak

interaction will generate a growing chiral chemical poten-
tial till weak equilibrium is reached. Beyond this time, the
chiral chemical potential should remain constant. When
chirality flipping due to a mass term is turned on, however,
a background constant chiral chemical potential is main-
tained for the duration of the weak timescale. Beyond this
time, the chirality flipping due to mass term will cause the
chiral chemical potential to decay.2

1. Chirality flipping due to electron mass set to zero

When electron mass is strictly taken to zero, chirality
flipping due to the mass term vanishes. As a result the left
and right chemical potentials do not equilibrate. This limit
also helps us get an estimate for how long weak interactions
will proceed. We will omit the subscript for side 1 or 2 of
the shock wave at this point since we are now only
considering the dynamics of region 2 after the shock wave
has passed. Instead, we will use the subscript i to denote
quantities just after the shock wave has passed, but before
weak equilibration, and f to denote the same quantities
after weak equilibration. Let us assume that the proton
chemical potential, immediately after the shock wave has

passed (before weak equilibration) is denoted as μp;i and
after weak equilibrium is reached is given by μp;f.
Similarly, right electron Fermi energy after weak equilib-
rium is reached is denoted as μe;R;f which is the same as
what it was immediately after the shock wave passed
(before weak equilibration happened) μe;R;i. This is of
course expected since the right electrons do not participate
in weak interactions. The left electron Fermi energy right
after the shock wave passed (before weak equilibration) is
denoted as μe;L;i and after weak equilibrium is reached is
denoted as μe;L;f. The neutron chemical potential follows a
similar convention being denoted as μn;i and μn;f before and
after weak equilibration, respectively. Furthermore, we
denote neutron (proton) density as np;i and np;f (nn;i
and nn;f) and right (left) electron density as ne;R;i and
ne;R;f (ne;L;i and ne;L;f) before (after) weak equilibration.
Again, note that ne;R;i ¼ ne;R;f here.
Our goal is to solve for the densities of each species after

weak equilibrium has been reached. We will assume that
the temperature remains constant during which weak
equilibration takes place. As a result, solving for densities
is equivalent to solving for the chemical potential for each
of the species.
To obtain the downstream quantities after weak equili-

bration, let us first focus on charge neutrality from which
we get

np;f ¼ ne;f ¼ ne;L;f þ ne;R;f

¼ ne;L;f þ ne;R;i; ð38Þ

where in the last line we have used ne;R;f ¼ ne;R;i. ne;R;i and
the temperature downstream are known from the shock-wave
analysis which allows us to relate μe;L;f and μp;f using
Eq. (38). Conservation of total baryon density leads to

np;f þ nn;f ¼ np;i þ nn;i ¼ nB;2; ð39Þ

where in the last equality we note that total baryon density is
conserved in the weak interaction of interest. Knowing nB;2
from the RH equations of shock-wave analysis allows us to
relate μn;f to μp;f. Finally, the beta-equilibrium condition
gives

μn;f ¼ μp;f þ μe;L;f;

yielding a third relation between μp;f, μn;f and μe;L;f. Thus,
we have three equations Eqs. (38)–(40) to solve for μp;f, μn;f
and μe;L;f.
We illustrate the above procedure with a few simple

expressions below. For the following illustration, we are
working in the limit where the temperature on the down-
stream region, i.e., side 2, although nonzero, is still small
enough to keep electrons and neutrons sufficiently

2In principle a growing electromagnetic field helicity can feed
back into the value of the chiral chemical potential when CPI is
active through the chiral anomaly. For now, we will ignore this
feedback since it comes into play only when the instability has
been able to grow sufficiently strong EM fields. Thus, we will
only try to estimate the chiral chemical potential taking into the
effect of chirality flipping due to mass term.
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degenerate so that we can ignore temperature in their
constitutive relations.
Thus we can rewrite Eq. (38) as

np;f ¼ ne;f

≈
ðμe;L;fÞ3 þ ðμe;R;fÞ3

6π2
¼ ðμe;L;fÞ3 þ ðμe;R;iÞ3

6π2
; ð40Þ

where in the last line we used μe;R;i ¼ μe;R;f and approxi-
mate sign is present since we are ignoring temperature
contributions coming T ≪ μe;L;f; μe;R;f, etc.
Substituting Eq. (40) in Eq. (39) allows us to write

nn;f ¼ nB −
ðμe;L;fÞ3 þ ðμe;R;iÞ3

6π2
: ð41Þ

Since neutrons mostly remain degenerate, we can approxi-
mate

nn;f ≈

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2n;f −M2

q �
3

3π2
; ð42Þ

which allows us to write

μn;f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
3π2

�
nB −

ðμe;L;fÞ3 þ ðμe;R;iÞ3
6π2

��
2=3

þM2

s
:

ð43Þ

Combining the beta-equilibrium condition of Eq. (40) with
Eq. (43) we can expresses μp;f completely in terms of
μe;L;f. This means we can write the proton density of
Eq. (34) or (35), whichever appropriate depending on T >
Tp or T < Tp and substituting μp;f written as a function of
μe;L;f. Now, we can solve for μe;L;f using charge neutral-
ity Eq. (40).
Once we have solved for μp;f; μn;f; μe;L;f and μe;R;f we

can estimate how many excess left electrons are created in
weak interactions

nL ≈
1

6π2
ððμe;L;fÞ3 − ðμe;L;iÞ3Þ: ð44Þ

The weak interaction process that produces or absorbs
left-handed electrons in this setting is the Urca process
[15,81]. The net rate of the direct Urca process (the neutron
decay n → pþ e− þ ν̄e rate minus the electron capture
e− þ p → nþ νe rate) is, for free npe matter in the
degenerate limit [82],

SUrca ¼
1

240π5
G2ð1þ 3g2AÞμnμpμeδμ

× ð17π4T4 þ 10π2δμ2T2 þ δμ4Þ: ð45Þ

As shorthand, we will define G≡GF cos θC, where GF is
the Fermi constant given by GF ¼ 1.166 × 10−5 GeV−2

and cos θC ≈ 0.97, where θC is the Cabibbo angle.
At the point at which we will evaluate this rate is
μe ¼ μe;L;i ¼ μe;R;i ¼ μe;R;f; μn ¼ μn;i; μp ¼ μp;i. The rate
of the Urca process is traditionally split into the direct Urca
and modified Urca rates, where the modified Urca process
includes the contributions of spectator nucleons that inter-
act strongly with, for example, the decaying neutron [15]
(though see a recent proposal for a unified treatment of
direct and modified Urca [83]). However, we neglect the
modified Urca process here because for T ≳ 1 MeV, the
direct Urca process dominates over modified Urca [84]. In
fact, although in degenerate matter the direct Urca process
is kinematically blocked if the proton fraction is too low, we
neglect this kinematic “triangle” condition here because the
downstream temperatures are T ≳ 1 MeV, for which the
thermal blurring of the Fermi seas allows the particles to
overcome any Boltzmann suppression and the direct Urca
process proceeds uninhibited [84,85]. The net rate clearly
vanishes when δμ ¼ 0.
We note here that the rate equation (45) is to be treated as

an approximation. First of all, we assumed that the matter is
neutrino transparent, and thus neutrinos do not participate in
the initial state of any process, as their mean free path is
assumed to be too long for this to be possible [84,85]. This
assumption of neutrino transparency will be further dis-
cussed below. Secondly, this expression is calculated assum-
ing degenerate neutrons, protons, and electrons, where the
phase space available to each particle grows in proportion to
T, the thermal blurring of the Fermi surface. As the temper-
ature increases to several tens of MeV, the protons and then
the neutrons, as previously mentioned, become nondegen-
erate, and so the rate does not grow as swiftly with temper-
ature as predicted in Eq. (45). On the other hand, perhaps at
these high temperatures, the flattening out of the rate with
temperature causes the δμ dependence of Eq. (45) to
dominate, leading to different equilibration dynamics than
those considered in this work. In addition, the beta-equilib-
rium condition μn ¼ μp þ μe becomes modified as temper-
ature increases [84,85] due to neutrino trapping. While
neutrino transparency is a great assumption upstream, which
we assume to be at low temperature, we may expect some
neutrino trapping downstream due to its higher temperature.
If the neutrino mean free path downstream is much larger
than the width of region 2, Lne, it is likely that neutrino
trapping will have minimal impact on our results. On the
other hand, if the two scales become comparable, we expect
our results will get modified. We discuss the possible effects
of neutrino trapping at the end of Sec. IV.
The reestablishment of beta equilibrium via the Urca

process creates a net imbalance of left-handed electrons
compared to right-handed electrons, and the timescale over
which this happens will be estimated in two ways. The first
is to assume the Urca rate is constant (i.e., the decrease in
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δμ as the equilibration proceeds is not accounted for except
with an abrupt drop to zero when the constant rate
completely eliminates the imbalance) and the second is
to account for the dependence of the rate on δμ but to
assume δμ ≪ T. We use the first method in this section for
illustrative purposes and the second in Sec. IV where we
give more detailed results. But the resultant timescales only
differ by a factor of a few when applied to the same EOS.
The time it takes to create nL electrons through Urca

process can be obtained in a straightforward way with

tweak ¼
nL
SUrca

: ð46Þ

We can now estimate the width of region 2, i.e., the
downstream out of equilibrium region where weak inter-
action is in play, is given by

Lne ¼ tweakv1; ð47Þ

where we have used v1 ¼ −vs [note Eq. (22)].
The corresponding left electron chemical potential for

t < tweak can also be estimated as follows. Note that we
know left electron chemical potential right after the shock
wave has passed, given by μe;L;i and right after weak
equilibration has been reached, μe;L;f. In between these two
instants in time, the rate at which they are being produced is
taken to be approximately constant set by SUrca. Thus, we
can write down an approximate expression for a time-
dependent left electron chemical potential given by

μe;L;f ≈
�
ðμe;L;iÞ3 þ 6π2ðnLÞ

t
tweak

fðtÞ
�

1=3
; ð48Þ

where if ts is the time at which the shock wave passed
region 2, fðtÞ ¼ Θðt − tsÞΘðts þ tweak − tÞ. This also gives
an approximate expression for a time-dependent chiral
chemical potential given by

μe;L;f − μe;R;f

≈
�
ðμe;L;iÞ3 þ 6π2ðnLÞ

t
tweak

fðtÞ
�

1=3
− μe;L;i: ð49Þ

Case I. For case I the above procedure leads to

μe;L;f ≈ 235 MeV;

μe;R;f ≈ 205 MeV;

μp;f ≈ 959 MeV;

μn;f ≈ 1194 MeV: ð50Þ

Substituting the above numbers we get nL of about

nð1ÞL ≡ 1
6π2

ð2353 − 2053Þ MeV3 ≈ 1
6π2

ð163.4Þ3 MeV3 ≈

73673 MeV3 where the superscript (1) on nð1ÞL stands for
case I.
Wewill substitute μe → μe;L;i for the estimate SUrca and it

estimates to

Sð1ÞUrca ≈ 9 × 1012 MeV3 s−1 ð51Þ

and tweak (time for weak interaction to create an additional
density of nL left electrons) is

tð1Þweak ¼
nð1ÞL

Sð1ÞUrca

≈ 8.35 × 10−9 s: ð52Þ

We can now estimate the extent or the width of the

nonequilibrium region 2, which is given by Lð1Þ
ne ¼

ðv1tð1ÞweakÞ ≈ 1 m. Thus, we find that Lð1Þ
ne ≫ Lh if Lh is

set by femtometer length scale and we are well within the
regime of validity of an abrupt shock front approximation.
Of course, as is evident from the context, the superscript
(1) stands for case I.
Case II. In case II, the numbers are

μe;L;f ≈ 386 MeV;

μe;R;f ≈ 214 MeV;

μp;f ≈ 908 MeV;

μn;f ≈ 1294 MeV: ð53Þ

Thus, nL is of about nð2ÞL ≡ 1
6π2

ð3863 − 2143Þ MeV3≈
805708 MeV3. We next evaluate the Urca rate

Sð2ÞUrca ≈ 5.6 × 1016 MeV3 s−1: ð54Þ

The corresponding weak interaction time is

tð2Þweak ¼ 1.7 × 10−11 s: ð55Þ

Within this time the shock front moves by Lð2Þ
ne ¼

v1 × 1.7 × 10−11 m ≈ 3 × 10−3 m. Again, Lð2Þ
ne ≫ Lh. Of

course, as is evident from the context, the superscript
(2) stands for case II.

2. Introducing electron mass

In this section we will take into account the effect of
chirality flipping due to electron mass. Assuming a con-
stant rate of chirality flipping, we will no longer obtain a
growing chiral chemical potential as in Eq. (49). We instead
expect to find a sustained background chiral chemical
potential over the time ts < t ≤ ts þ tweak if ts is the initial
time at which the shock surface passes region 2.
To obtain this background chiral chemical potential we

simply note that
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dn5
dt

≡ SUrca − Γm n5 ð56Þ

following Eq. (17), where Γm is the rate of chirality flip
[23,50], n5 is the chiral or axial charge density, and Sw has
been replaced by the Urca rate SUrca. Setting the lhs of
Eq. (56) to zero, we find the background chiral charge
density

nb5 ¼
SUrca
Γm

: ð57Þ

From this we can estimate the background chiral chemical
potential. In the limit when the background electron chiral
chemical potential is relatively small compared to the
vector chemical potential, we can write

nb5 ≈
ðμe þ μb

5

2
Þ3

6π2
−
ðμe − μb

5

2
Þ3

6π2

≈
μ2eμ

b
5

2π2
;

μb5 ≈
SUrca
Γm

μ2e
2π2

; ð58Þ

where we used the zero-temperature relationship between
n5 and μ5, namely

n5 ¼
μ2eμ5
2π2

: ð59Þ

We discuss finite-temperature and finite-μ5 corrections to
this condition in the Appendix. For a fixed μ5, the finite-
temperature expression can be up to a factor of a few times
larger than the zero-temperature expression but is typically
within a factor of 2.
The chirality flip rate due to the mass term from electron-

proton scattering for nondegenerate protons has the form
[23,50]

Γm ≈
α2EMm

2
e

3πμe
ðlog α−1EMÞ; ð60Þ

where me is the electron mass. For degenerate protons,
T ≤ TP, this expression gets modified to [33,50]

Γm ≈
α2EMm

2

3πμe
logα−1EM

�
2MT
μ2e

�
: ð61Þ

In this analysis, we will mostly be in the nondegenerate or
semidegenerate region of the parameter space for protons.
Thus we will be using the formula of Eq. (60). We see that
the background chiral chemical potential is inversely
proportional the chirality flip rate. If there are mechanisms
enhancing or depressing the rate, the background chemical

potential will reduce or increase. In the former case, the
instability and the Joule heating will get weaker and in the
latter case both will get enhanced.
Case I. Now we can compute the background μb5 for this

case using Eqs. (58) and (61). SubstitutingM ¼ 940 MeV,
T ¼ 13 MeV, μe ¼ μe;L;i ¼ μe;R;i ≈ 205 MeV, αEM ¼ 1

137
,

μb5 for case I, denoted as μð1Þ5 comes out to be

μð1Þ5 ¼ Sð1ÞUrca

Γð1Þ
m

μ2e
2π2

≈ 0.08 keV; ð62Þ

where Γð1Þ
m equals Γm computed for case I, i.e.,

with μe ¼ 205 MeV.
Case II. We evaluate the background chiral chemical

potential for our final case, case II here. We use the formula
of (60) with μe ¼ μe;R;i ¼ μe;L;i ≈ 214 MeV. We use Sð2ÞUrca
to evaluate the background chiral chemical potential for this

case μð2Þ5 :

μð2Þ5 ¼ Sð2ÞUrca

Γð2Þ
m

μ2e
2π2

≈ 0.5 MeV: ð63Þ

D. Shock-wave analysis with
a background magnetic field

At this point we have made an estimate for the back-
ground chiral chemical potential sustained in the down-
stream nonequilibrium region, denoted as region 2 in
Fig. 1. Since one of our eventual goals is to estimate the
Joule heating caused by this chiral chemical potential in a
background magnetic field, it is natural to ask if our
solutions for the RH equation need to be modified to
include a magnetic field. The magnetic fields in realistic
dense matter environments are very complicated. However,
for the purpose of extracting the essential physics, it is
sufficient to consider two idealized scenarios. First is when
the magnetic field points in the direction of propagation of
the shock wave, in this case x direction. The second is when
it is perpendicular to the shock-wave propagation. In both
cases, there will be a direct contribution to the stress energy
tensor coming from electromagnetic fields as well as an
indirect contribution coming from the npe fluid’s inter-
action with the magnetic field. The latter can be accounted
for by considering Landau quantization of the fermions,
especially electrons which will modify the pressure and
energy density of the npe fluid. However, we expect this
modification to be small compared to the EM-field-inde-
pendent contribution even for the strongest magnetic fields
we consider here, ∼1018 G. This is because Landau
quantization affects electrons most significantly and the
protons less so due to its much larger mass. In addition, the
neutrons are neutral and are not Landau quantized in
the conventional sense. Thus, in quantities like the pressure
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of the npe fluid, which is dominated by neutron degen-
eracy, the effect of magnetic field will be subleading. We of
course expect neutron magnetic moment to couple to the
magnetic field. However, the resulting effect on the shock
solution will be even smaller. Similarly, the energy density
of the npe fluid is dominated by the mass energy density of
the baryons, which again renders the magnetic field
modification to energy density subleading. Since the RH
equations depend on the net pressure and the energy density
(weighted by velocity and gamma factors) of the npe fluid,
and we expect the effect of magnetic field on them to be
subleading compared to the magnetic-field-independent
contribution, we expect the RH solutions originating from
the latter to not get overwhelmed by the magnetic-field-
induced modification. Since we wish to make simple
estimates, the above chain of logic naturally leads us to
ignore the magnetic field modification to the npe fluids
energy density and pressure. However, a more complete
calculation including these effects is warranted to include
subleading effects and improve the accuracy of the results. In
the remainder of this section, we analyze the effect of EM
field’s stress energy tensor on the RH equations.
When it comes to the contribution of the EM field itself,

in the former case with magnetic field directed along shock
propagation, the RH equations remain unchanged and so do
the estimates. For the latter case of perpendicular orienta-
tion, the RH equations do change. However, as we will see
the estimates will not change by much for even the
strongest fields we consider. For the latter case, we will
assume a magnetic field of magnitude B1 and B2 pointing
along the y direction in regions 1 and 2 in the shock frame.
Thus, in the shock frame, there will be an electric field

pointing in the z direction which does not encounter a
discontinuity across the shock surface and is given by [86]

Ez ¼ −v1B1 ¼ −v2B2: ð64Þ

All other components of EM fields will be zero. The EM
stress energy tensor is given by

TEM
μν ¼ FμαFν

α −
1

4
ημνFαβFαβ; ð65Þ

which in this case takes the form

TEM
i ¼

0
BBBBBBBB@

ð1þv2i Þ
2

B2
i viB2

i 0 0

viB2
i

ð1þv2i Þ
2

B2
i 0 0

0 0 −γ2i
B2
i
2

0

0 0 0 γ2i
B2
i
2

1
CCCCCCCCA
ð66Þ

in region i ¼ 1, 2.

The RH equations retain their form in terms of con-
servation of the different components of the stress energy
tensor. However, the stress energy tensor previously used
included only matter contribution. If we relabel it as Tm, we
now have to use the total stress energy tensor including the
EM field contribution which is given by

T̃ ¼ Tm þ TEM: ð67Þ

The corresponding Rankine-Hugoniot equations are
given by

ðϵ1 þ p1Þv21γ21 þ p1 þ
B2
1ð1þ v21Þ

2

¼ ðϵ2 þ p2Þv22γ22 þ p2 þ
B2
2ð1þ v22Þ

2
;

ðϵ1 þ p1Þv1γ21 þ v1B2
1 ¼ ðϵ2 þ p2Þv2γ22 þ v2B2

2: ð68Þ

We can solve these equations for v1 and v2 which can then
be substituted in Eq. (30) to find the analog of Eq. (31) in a
magnetized medium. This equation can be solved to obtain
downstream conditions as before. Note that the magnetic
field in the fluid frame on the two sides are given by

BFluid
i ¼ Bi

γi
: ð69Þ

We find that for the parameters of interest the magnetic
field modifications to the RH equations are negligible even
for the highest magnetic fields considered in this paper,
i.e., BFluid

2 ¼ ð140 MeVÞ2 ≈ 1018 G.

E. CPI estimate from background μ5
Here we will analyze whether the background chiral

chemical potential generated in the two cases of interest can
sustain CPI for long enough to generate significant mag-
netic field. Note that in this case we are working with an
unmagnetized background as an initial condition which
will differ from the next subsection. As mentioned before,
with a background chiral chemical potential the EM field
rises with exponential dependence of the form eΓCPIt. This

growth is sustained over the time tðaÞweak, where a can take
values 1,2 for the two cases we are discussing. This is the
time over which weak interaction produces or absorbs left
chirality electrons. Thus for sufficient growth of magnetic

field, we need3 ΓðaÞ
CPIt

ðaÞ
weak > 1. Thus we estimate ΓðaÞ

CPIt
ðaÞ
weak

for the two cases at hand using the formula in Eq. (16).

3This condition is derived in infinite matter with a uniform
background, time-independent, μ5. In our case, the wavelength of
the growing mode is several orders of magnitude smaller than the
sliver width, and thus the approximation of infinite, uniform μ5 is
appropriate.
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Case I. In this case,

Γð1Þ
CPI ¼ 9.62 × 103 s−1: ð70Þ

Taking into account the corresponding weak interaction

time tð1Þweak ≈ 8.35 × 10−9 s, we find

Γð1Þ
CPIt

ð1Þ
weak ≈ 8 × 10−5: ð71Þ

Thus, in case I, we find that the instability does not have
enough time to facilitate the growth of strong magnetic
fields.
Case II. In this case, we find

Γð2Þ
CPI ¼ 3.3 × 1011 s−1: ð72Þ

We already know that tð2Þweak ¼ 1.7 × 10−11 s from earlier
analysis. Thus, for case II,

Γð2Þ
CPIt

ð2Þ
weak ≈ 5.6: ð73Þ

This number is sufficient for a growing EM field. The exact
number in Eq. (73) is not important—the important piece is
its order of magnitude which is in the range Oð1Þ–Oð10Þ,
suggesting that there exist a set of parameters that can lead
to significant EM field growth. If we use the exact number
in Eq. (73), it leads to magnetic field growth of about a
factor of e5.6 ≈ 275. Magnetic field growth by larger factors
should be achievable by varying parameters like temper-
ature and chemical potential of different species. Similarly,
a change in equation of state through inclusion of inter-
action or transition to quark matter might also change some
of these parameters in favor of even stronger EM field
growth.

F. Heating estimate

We will now make estimates for the Joule and Ohmic
heating corresponding to the two cases of shock-wave
jump. We will then compare this thermal energy density
with the thermal energy density generated by the shock
wave. For the latter, for free npe matter we will define

ϵðaÞth ≡X
ϵðaÞth;A; ð74Þ

where ϵðaÞth;A stands for the thermal energy density of species
A on downstream side, or side 2 for a ¼ 1, 2 standing for

case I and case II. We define ϵðaÞth;A as

ϵðaÞth;A ¼ ϵðaÞA − ϵðaÞA ðT ¼ 0Þ: ð75Þ

Here ϵðaÞA is the expression for ϵA;2 from Eq. (32) for the
two cases.

Case I. For the Joule or Ohmic heating estimate for this
case, we begin with Eq. (21) and substitute the background
chiral chemical potential μð1Þ5 and a background magnetic
field of magnitude B0 ≈ ð140 MeVÞ2 ≈ 1018 G. We shall
discuss the effects of lesser magnetic fields in Sec. IV. The
Ohmic heating then comes out to be

ϵð1ÞJ ≈
2α3EM log α−1

π2

�ðμð1Þ5 Þ2B0
2

μe

�
tð1Þweak

≈ ð16 MeVÞ4; ð76Þ

where we have used 1 s ≈ 1.5 × 1021 MeV−1.
We can now compare this energy density with the

thermal energy density generated by the shock wave.
This can be computed using Eq. (74) and by substituting
the parameters corresponding to side 2 there. The thermal
energy comes out to be

ϵð1Þth ≈ ð74 MeVÞ4: ð77Þ

Thus we find that ϵð1ÞJ ¼ 0.002ϵð1Þth for case I, thus making
the Joule heating from CME much smaller than the thermal
energy generated in the shock wave.
Case II. The Joule heating for this case is given by

ϵð2ÞJ ≈
2α3EM log α−1

π2

�ðμð2Þ5 Þ2B2
0

μe

�
tð2Þweak

≈ ð256 MeVÞ4; ð78Þ

and the thermal energy density generated from the shock is
given by

ϵð2Þth ≈ ð181 MeVÞ4: ð79Þ

Thus, for case II, ϵð2ÞJ ≈ 4ϵð2Þth . Thus, we find that the energy
dissipation from CME Ohmic or Joule heating is compa-
rable to and in fact can exceed the heating from the shock
wave alone.
Out of these two cases, case II represents a “stronger”

shock than case I, as both the heating and the density jump
across the shock are greater. We see that in the stronger
shock the background chiral chemical potential is higher,
the CPI becomes possible, and the Joule heating is larger. In
the next section, we will explore a whole range of “cases,”
first for the noninteracting npe matter EOS and then for
several interacting EOSs.

IV. COMPARISON WITH INTERACTING EOS

The density of neutron stars is sufficiently high that
including aspects of the strong interaction is vital [60]. For
example, interactions stiffen the EOS so that the EOS can
support neutron stars with masses greater than 2M⊙
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[60,87], matching our observations of such heavy neutron
stars (see, e.g., [88]). Additionally, interactions modeled by
the mean-field approximation can change the particle
dispersion relationships and masses, altering the kinematics
of chemical reactions that proceed in medium [89–93]. This
motivates the discussion in this section which aims to
assess the importance of chiral effects in shock waves
including interacting EOS. There are important caveats to
the results we obtain. As illustrated in the previous section,
the chiral effects take place when matter is strongly out of
equilibrium and is at high temperature, precisely where the
EOSs are weakly constrained. Thus, it is possible that our
results either overestimate or underestimate the phenom-
enological importance of chiral effects in a real neutron star.
An additional point worth emphasizing is that, in the

following discussion, we compare the free EOS with
interacting npe matter while fixing the upstream baryon
density to a few times the nuclear saturation density. This
choice implies that the upstream electron chemical poten-
tial in the noninteracting npe model in the subsequent
analysis is significantly smaller than in the two cases
considered earlier. Specifically, in the previous free
Fermi gas analysis, the upstream electron chemical poten-
tial of the free npe gas was fixed to values expected in
realistic environments. In contrast, in the discussion below,
we instead fix the upstream baryon density of the free npe
gas to realistic values. There is no unique prescription for
comparing results obtained from interacting and noninter-
acting EOSs, and each choice will provide complementary
insights. In the following paragraphs we adopt the latter
choice (of matching upstream free npe baryon density to
realistic values). All noninteracting npe results presented
below use exact formulas for density, pressure, and energy
density for npe matter without resorting to approximations
for degenerate or nondegenerate limits.
In this section, we will model the nucleon-nucleon strong

force by one-boson exchange interactions. The correspond-
ing equation of state will be a relativistic mean-field (RMF)
theory, where nucleons interact by exchanging sigma
(Lorentz scalar and isoscalar), omega (Lorentz vector and
isoscalar), and rho (Lorentz vector and isovector) mesons.
These mesons are approximated as frozen, assuming their
mean-field values—functions of density and temperature—
which contribute to the energy density and pressure of dense
matter. In this approximation, nucleons behave as free
particles butwith (Dirac) effectivemasses (m� for the neutron
and proton, taken to be equal) and effective chemical
potentials μ�i . The electrons are treated as a free Fermi
gas, as their electromagnetic interaction energy is negligible
except at the very lowest densities, corresponding to the
neutron star crust. Relativistic mean-field theories are
reviewed in the textbook [94] and in a comprehensive catalog
]95 ], to which we refer the interested reader.
In this work we examine a wide variety of RMFs taken

from the large collection presented in [95] (see also [96]).

To show the differences between the free Fermi gas EOS
and realistic interacting EOSs, we plot in Fig. 2 the beta-
equilibrium value of the proton fraction (xp ≡ np=nB)
predicted by two of the RMFs, both at zero temperature
and at a high temperature (50 MeV) that might be reached
after the matter is shocked. The density is measured in units
of nuclear saturation density, n0 ≡ 0.16 fm−3. Clearly,
interactions favor increased proton content at a given
density compared to npe matter without interactions. As
is well known, the proton fraction is controlled by the
density dependence of the nuclear symmetry energy, which
is the difference between pure neutron matter and the
symmetric nuclear matter (xp ¼ 1=2) that nearly appears in
atomic nuclei—see Chap. 12 of [75] or, e.g., [97]. The two
RMFs that we show here, NL3 [98] and IUFSU [99],
bookend reasonable behavior of the symmetry energy.
Finally, we see from Fig. 2 that the chemical composition
of beta-equilibrated matter is different in hot and cold
nuclear matter—the proton fraction is higher at higher
temperature, and increased temperature affects the low-
density part of the EOS first.
With the RMF EOS, we again specify an upstream

density and temperature (zero), impose beta equilibrium,
and then solve the RH equations for different choices of
downstream temperature. In Fig. 3, we show the density
jump across the shock as a function of the downstream
temperature. The results for a free npe matter are shown in
thin lines and the bands correspond to the results given by

FIG. 3. Downstream baryon density as a function of the
temperature jump. The thin lines correspond to the predictions
of a free npe matter EOS, while the bands span the answers
predicted by various interacting RMF EOSs. The densities
referred to in the plot legend are the baryon densities of the
upstream matter.
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the interacting RMF EOSs. For a given density jump, the
interacting EOSs predict larger shock heating, and the
shock heating increases with the size of the density jump.
In Fig. 4, we show how far the fluid is pushed out of beta

equilibrium due to the shock. If the beta-equilibrium value of
the proton fraction was flat with respect to density as well as
temperature (cf. Fig. 2), then δμ ¼ 0. We see that, for a given
temperature jump across the shock, the free EOS is pushed
further out of beta equilibrium. This is counterintuitive,
because the beta-equilibrium proton fraction for the interact-
ing EOSs is much more density dependent than for the free
EOS, but it is also true that, for a given temperature jump, the
free EOS has a higher density jump. In any case, a shock that
heats matter by several tens of MeV will push it out of beta
equilibrium by 100 or more MeV. Of course, we have
assumed that weak interactions do not take place within
the shock surface, as they are too slow.
As a complement to the two cases presented in Sec. III,

we will provide general formulas for the background μ5, the
CPI exponent, and the amount of Joule heating. To make
the formulas simpler, we will make some approximations,
discussed below. First, we derive the second method of
estimating the beta-equilibration timescale [the first method
was shown in Eq. (46)].
The evolution of the left-handed electron density in a

fluid element follows the equation

dne;L
dt

¼ SnetUrca ≈ λδμ ¼ λ
∂δμ

∂ne;L

����
nB

δne;L; ð80Þ

λ ¼ 17

240π
G2ð1þ 3g2AÞμ�nμ�pμeT4: ð81Þ

In the interacting case, the chemical potentials of the
nucleons in the Urca rate become the effective chemical
potentials μ�n and μ�p, and we have approximated the net
Urca rate as λδμ, known as the subthermal limit δμ ≪ 2πT
[100]. We take the subthermal limit purely to generate
relatively simple expressions in the following, but we note
that the subthermal limit is valid4 because the temperature
in the shocked matter is so large. The derivative in Eq. (80)
is a susceptibility of the EOS [20] and is negative, and thus
this equation indicates that the left-handed electron pop-
ulation relaxes to its beta-equilibrium value at a timescale

tweak ¼
����λ ∂δμ

∂ne;L

����
nB

����−1: ð82Þ

For a degenerate free Fermi gas of npe matter where kFn,
kFp, and kFe stand for the Fermi momentum of neutron,
proton and electrons, respectively,

∂δμ

∂ne;L

����
nB

¼ −π2
�

1

μnkFn
þ 1

μpkFp
þ 1

μekFe

�

≈ −
π2

μ2e
: ð83Þ

This quantity is clearly related to the inverse of the density
of states at the Fermi surface of a degenerate Fermi gas
[101,102]. One could calculate this susceptibility consis-
tently with an EOS [20] or near saturation density with
knowledge of the nuclear symmetry energy [103], but in
line with our goal of simple estimates, we stick with
Eq. (83). The timescale for left-handed electron beta
equilibration is

tweak ≈
240

17π

μe
G2ð1þ 3g2AÞμ�nμ�pT4

: ð84Þ

This timescale is independent of δμ, as the subthermal limit
was taken.
Now, from Eq. (58), with Eqs. (60) and (80), we can

derive a formula for the background μ5:

μb5 ≈
17π2

40

G2ð1þ 3g2AÞμ�nμ�pδμT4

m2
eα

2
EM log α−1EM

: ð85Þ

Evidently, the background chiral chemical potential is
largest for the most dramatic of shocks—shocks that push
the matter maximally out of beta equilibrium and that
generate the most heating of the matter. Also, if the electron

FIG. 4. Deviation from beta equilibrium caused by the shock,
as a function of the temperature increase due to the shock. The
same conventions apply as in Fig. 3.

4However, as we noted in Sec. III C, at high temperatures the
temperature dependence of the beta-equilibration rate Eq. (45) is
likely reduced due to nondegeneracy, and therefore the equili-
bration dynamics may in fact be suprathermal [100]. We defer
such an exploration to future work.
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mass were larger, the chirality flipping would be faster and
μb5 would be smaller.
In Fig. 5, we plot the background chiral chemical

potential that results from the competition between Urca
and electron chirality-flipping scattering. We see that the
interacting EOS predicts lower μb5 values than does free
npe EOS. However, stronger shocks produce a higher
background μb5 and particularly strong shocks are able to
produce chiral chemical potentials of over 100 keV.
We calculate ΓCPItweak using Eqs. (16), (84), and (85):

ΓCPItweak ≈
51π

20

G2ð1þ 3g2AÞμ�nμ�pδμ2T4

αEM log α−1EMm
4
e

: ð86Þ

In Fig. 6, we plot the quantity in the exponent of the chiral
plasma instability calculation: the CPI rate times the
duration that it is active, namely, the beta-equilibration
timescale. If this quantity is greater than one, an instability
develops. We see that sufficiently strong shocks are able to
generate the conditions for the CPI. In particular, the
interacting EOSs indicate that low-density matter that is
shocked up to temperatures of over 50 MeV can lead to a
high enough μb5 sustained over a long enough time for the
CPI to develop.
Finally, we calculate the Joule heating using Eqs. (21),

(84), and (85):

ϵJ ¼
51π

10

G2ð1þ 3g2AÞμ�nμ�pB2
0δμ

2T4

αEM log α−1EMm
4
e

: ð87Þ

We compare the Joule heating to the thermal energy gained
from the shock, which we define as the energy density of
the matter at the downstream conditions minus the energy
density at the same conditions but with the temperature set
to zero [as in Eq. (75)]. In the left panel of Fig. 7, we plot
the ratio of the Joule heating from chiral effects [Eq. (87)]
to the heating that arises from the shock itself. We are
looking for situations where the Joule heating is noticeable
compared to the shock without any chirality effects, and
this is the case when the shock is strong enough to heat
matter, especially low-density matter, to temperatures of at
least 30–40 MeV. However, this assumes a the strongest
possible magnetic field set by the QCD (quantum chromo-
dynamics) scale ∼1018 G. In the right panel of Fig. 7, we
show the ratio of Joule heating to thermal heating as a
function of the magnetic field strength, for matter with an
upstream density of 1n0. Three different strength shocks are
shown: one that heats matter from zero temperature to
20 MeV, one that is heated to 50 MeV, and one that is
heated to 80 MeV. The Joule heating goes as the square of
the magnetic field strength, so the curves are all linear in
this log-log plot. We see that the chiral imbalance generated
by strong shocks can lead to substantial Joule heating if the
magnetic field is as low as 1017 G, while weaker shocks
require much higher magnetic field strengths. As numerical
simulations frequently see shocks heating localized regions
of matter to T ¼ 50 MeV [56,63,104–112], then if the
magnetic field is just a couple times 1017 G, chiral effects
would contribute to enhancing the shock heating by at least
10% and if the magnetic field is larger than several times
1017 G, the Joule heating could match the shock heating.

FIG. 5. The background chiral chemical potential μ5 sustained
due to a balance between the Urca production of a chiral
imbalance and the chirality-flipping decay of the imbalance
due to the finite mass of the electron. The same conventions
apply as in Fig. 3.

FIG. 6. The rate of the chiral plasma instability times the
timescale over which it is sustained (the beta-equilibration
timescale). Values larger than 1 indicate the possibility of a
chiral plasma instability. The same conventions apply as in Fig. 3.
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Neutron star merger simulations currently predict spa-
tially averaged magnetic field strengths of up to a few times
1016 G, with pockets of matter experiencing magnetic
fields of up to perhaps a few times 1017 G [67,113–117]
(see the review [118]). Magnetic fields, which are quickly
amplified in mergers due to the Kelvin-Helmholtz insta-
bility [66] and then perhaps from dynamos [116,117], are
not fully resolved in merger simulations, which currently
have spatial resolutions of, at best, several tens of meters.
The behavior of magnetic fields on the small distance scales
like the beta-equilibrating sliver we are considering here is
not known.
In summary, we note that all three effects we discuss—a

background chiral chemical potential μ5, the CPI, and Joule
heating [Eqs. (85)–(87)] are linearly proportional to the
beta-equilibration rate t−1weak, which makes clear the sig-
nificance of weak equilibration in driving these phenom-
ena. Furthermore, all effects are proportional to some
power of δμ, so the further out of weak equilibrium the
system is driven, the more powerful the effects.
It is interesting to consider which properties of the

interacting EOSs have the most impact on the strength
of the various chiral effects considered here. This turns out
to be a complicated question, and a full exploration
deserves a separate treatment. Clearly one important factor
is the beta-equilibrium value of the proton fraction and how
much that changes as a function of density. At zero
temperature, this can be reduced to the symmetry energy.
If the particle content was independent of density and
temperature, then the density and temperature increase
induced by the shock would not push the system out of beta

equilibrium at all and thus there would be no imbalance of
left- and right-handed electrons generated. In constructing
the bands displayed in Figs. 3–7, we used about 15 different
EOSs from the list compiled by Dutra et al. [95], which in
terms of the symmetry energy, range from J ≈ 30 MeV for
NLρ [119] to J ≈ 37 MeV for NL3 [98] and in terms of the
symmetry energy slope L, from QMCRMF4 with L ≈
31 MeV [120] to NL3 with L ≈ 119 MeV.
When looking at the EOS bands in our main results

(Figs. 5–7), which were constructed by taking the largest
value and smallest value predicted by the 15 chosen EOSs
from [95], formuch of the parameter space explored here, the
lower bound came from the IUFII EOS [91,121] (similar to
IUFSU) or one of the QMCRMF EOSs [120], while the
upper bound came mostly from NLρ [119]. While the
symmetry energy may well contribute to this, it is evidently
not the whole story. First of all, quantities like μb5 are
proportional to how far the shocked matter is out of beta
equilibrium (that is, δμ; cf. Fig. 4); however, one must
remember that both the density and temperature of thematter
increased across the shock and thus both the density
dependence (symmetry energy) and temperature dependence
of the EOS are key factors. We are not aware of much
exploration of the beta-equilibrated particle content as a
function of temperature in densematter. Secondly, the impact
of the EOS on the relationship between upstream and
downstream thermodynamic parameters, connected via the
RH conditions, is little studied as far as we know. We also
notice that the strong interactions that modify the EOS from
its naive free Fermi gas form tend to decrease all of the effects
studied in this paper. This likely has something to dowith the

FIG. 7. Left: the ratio of the Joule heating caused by the chiral effects compared to the increase in thermal energy due to the shock.
Right: the ratio of Joule heating to the increase in thermal energy as a function of the magnetic field strength, assuming the upstream
matter is at nuclear saturation density. Three different shock strengths, corresponding to three different downstream temperatures, are
shown. The same conventions apply as in Fig. 3.
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very slowly varying proton fraction ofnpematter, but further
investigation is needed.
Matter that is subjected to particularly strong shocks is

heated to several tens of MeV, at which point the neutrino
mean free path grows quite short. Beta equilibration can
begin to take placewith neutrinos in the initial state and both
Urca processes (n ↔ pþ e− þ ν̄e and e− þ p ↔ nþ νe)
can proceed forward and backward. In the high-temperature
limit where the neutrinos are fully thermalized and form
Fermi-Dirac distributions, the beta-equilibration rates
change from Eq. (45) to an expression given in [122].
Generally, the beta equilibration in neutrino-trapped matter
is much faster than in neutrino transparent, as the kinematics
are less frustrated due to the existence of the neutrino (or
antineutrino) Fermi sea. In neutrino-trapped matter, the
definition of beta equilibrium is modified to include the
neutrino chemical potential, so the shock takes matter that
was in neutrino-transparent beta equilibrium and compresses
and heats it and the neutrino-trapped Urca processes must
adjust the particle content to the neutrino-trapped beta
equilibrium condition. This “target” depends on the density
of neutrinos that happened to be accumulated in that part of
the matter since the time that their mean free path shortened
enough to prevent their escape. We have begun calculations
of the key quantities in this paper—background μ5, CPI
growth timescale, and Joule heating—and our preliminary
findings are that the results are quite similar to the neutrino-
transparent results shown in this paper, although the neu-
trino-trapped results depend strongly on the neutrino density
assumed. Finally, at intermediate temperatures (perhaps for
temperatures less than about 30 MeV), neutrinos play a role
in beta equilibration but are not in thermal equilibrium.
Neutrino flux from other regions of the merger also must be
taken into account. Rates in this intermediate regime are
much more difficult to calculate and a full neutrino-transport
scheme in the context of a neutron star merger simulation is
required [123].
At zero temperature, muons appear in the ground state of

dense matter just about nuclear saturation density. When
they appear, they reduce the electron density, as some
electrons convert into muons, but increase the proton
fraction [64]. Muons are charged fermions, and thus like
electrons they could develop a chiral imbalance, but this is
unlikely to be significant because the muon mass is much
larger than the electron mass and the chiral flip rate goes as
the square of the mass [Eq. (60) or (61)]. Likely, the
influence of muons would be in their impact on the EOS
and on the electron density and therefore the corresponding
beta-equilibration rates. The results obtained in this paper
are sensitive to the beta-equilibration rates and thus the
inclusion of muons should be investigated in the future.

V. CONCLUSION

In this paper our goal was to explore strong and abrupt
density fluctuation in dense medium and its impact on

chiral transport phenomena fueled by the chiral magnetic
effect. The setting of shock waves in dense matter allows us
to address these effects concretely. We construct for the first
time a theoretical framework which combines the physics
of weak interaction, the chiral magnetic effect, and the
physics of shock waves. In the physical picture that we
provide, a shock wave compresses a downstream region,
pushing it out of weak equilibrium. As the Urca processes
restore weak equilibrium, a chiral imbalance is generated,
leading possibly to CME effects. Our estimates show that
for strong enough shocks, i.e., if the shock heating and
compression are large enough, the resulting weak inter-
actions can give rise to a significant chiral imbalance,
overwhelming chirality flipping due to the finite electron
mass. Furthermore, the process can sustain a chiral imbal-
ance for sufficient time to either fuel a chiral plasma
instability or heat up the medium through significant
Ohmic dissipation in the presence of a strong background
magnetic field. These are small-scale effects in neutron star
merger conditions. The thickness of the sliver where the
effects happen is submeter, which is well below the tens-of-
meters resolution of current simulations [116,124,125]. At
lower temperatures, the beta-equilibration rate slows and
therefore the sliver grows to tens, hundreds, or thousands of
meters, but no substantial chiral imbalance exists there
because the beta equilibration is so slow.
We illustrated the associated concepts and estimates

using noninteracting EOS and restricting to two specific
conditions of upstream parameters. One of the important
lessons of the exercise was that shock jumps that drive the
system further out of weak equilibrium while generating
higher temperatures are able to sustain the CPI instability as
well as produce strong Joule heating when the medium is
already highly magnetized. These results were comple-
mented using interacting EOSs to capture more realistic NS
environment. We find that the effect of including inter-
actions is to produce less dramatic departure from weak
equilibrium, which reduces the parameter range over which
CPI survives or Joule heating is substantial. However, both
effects still survive in realistic range of parameters found in
NS mergers. It is also important to note that the nuclear
EOS is well constrained around n0 at low temperature, but
at higher densities and temperatures, as well as far out of
weak equilibrium, the uncertainty grows dramatically. The
chiral effects on the other hand get realized in downstream
regions at relatively high temperature, and dramatically out
of equilibrium, precisely where the EOSs are less reliable.
Thus, the lesson from our analysis is that chiral effects can
be indeed be substantial. However, to pinpoint the exact
range of parameters where this is the case one requires
better constraints on the EOS at high density, high temper-
ature and out of weak equilibrium. Within the limitations
imposed by these uncertainties, our results offer an evalu-
ation of the role of chiral effects in the context of existing
equations of state.
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Finally, it is important to emphasize that the chiral effects
we have identified are sourced by departures from weak
equilibrium. Although we generated such conditions
through shock waves, this mechanism is not essential.
Any violent event involving density or thermal fluctuations
that drives the system out of weak equilibrium can, in
principle, produce the same chiral effects. It would be
interesting to explore in future work whether alternative
mechanisms can similarly generate such departures and
thereby induce comparable chiral phenomena.
Another interesting direction of future work will be to

explore the shock-wave dynamics and associated CME
effects described by Fig. 1 in numerical simulations. In fact,
it is worthwhile exploring this dynamics while varying the
electron mass considering it as a parameter as opposed to
fixed at its physical value. In other words, it is interesting to
assess whether numerical simulations can capture the
physics describe in Fig. 1 for physical values of parameters
and beyond.
Several improvements are needed tomakemore definitive

conclusions about realistic environments. Firstly, improved
temperature constraints on the EOSs including interactions
would help pinning down the parameter space where chiral
effects are important. In particular, new particle degrees of
freedom are likely to appear at high temperatures and
densities (for example, muons [64,126,127], pions
[126,128–130] and hyperons [131,132]), and it is also
possible that a substantial density jump may drive matter
into a regime that is described by deconfined quark matter
[133–135]. Thus, it is also worth exploring how a possible
phase transition across a shock frontmay affect our estimates.
Neutrinos and sophistication related to the Urca rates

represent probably the biggest “known” physics that can be
improved or added to our analysis. The Urca rates should,
ultimately, be calculated by doing a full integration over the
phase space [84,85] instead of the degenerate limit expres-
sion used here [Eq. (45)]. This is likely to reduce temper-
ature dependence of the Urca rate as matter becomes
nondegenerate at temperatures of several tens of MeV.
However the beta-equilibration rate also depends on δμ
[cf. the degenerate expression Eq. (45)] and it is unclear
without a detailed calculation how the ultimate equilibra-
tion rate would change if the δμ term were to dominate. In
addition, the effects of strong magnetic fields should be
included in the Urca rate calculations, though this only
affects the rate at low temperatures [136–138]. Next, the
shock heating quickly pushes the matter into a density and
temperature regime where the neutrino mean free path is
quite short [84,89]. On some timescale [72], neutrinos
therefore become thermally and chemically equilibrated in
the shocked matter and thus change the matter composition
and the beta-equilibration rate, and this should be incorpo-
rated into the analysis presented here.
Finally, our analysis applies to shock fronts for which

shock thickness is much smaller than the out of equilibrium
region over which weak interaction takes place. This allows

us to keep particle content frozen across the shock. Our
analysis should be extended to cases where the two scales
become comparable and beta equilibration may need to be
incorporated in the calculation of the Rankine-Hugoniot
conditions [69].Many shocks in supernovae and neutron star
mergers occur at very low densities [59], well below neutron
drip, where the Urca rate that we use in clearly inapplicable,
and therefore the production of chiral imbalances in this low-
density matter deserves a separate study.

ACKNOWLEDGMENTS

We thank David Kaplan, David Radice, Sanjay Reddy,
Varun Vaidya, Naoki Yamamoto, and Laurence Yaffe for
insightful discussions. S. P. H. acknowledges the support of
the National Science Foundation Grants No. PHY-2116686
and No. PHY-2621752. S. S. acknowledges support from
the U.S. Department of Energy, Nuclear Physics Quantum
Horizons program through the Early Career Award
No. DE-SC0021892.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX: FINITE-TEMPERATURE
CORRECTIONS TO CHIRAL CHARGE DENSITY

RELATIONSHIP

At zero temperature, we can see from Eq. (2) that

n5 ¼
μ5
2π2

�
μ2e þ

μ25
12

�
ðzero temperatureÞ: ðA1Þ

FIG. 8. Zero- and finite-temperature expressions for n5 as a
function of μ5.
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At finite temperature,

n5 ¼
1

2π2

Z
∞

0

dk k2
�

1

1þ eβðk−μe;RÞ
−

1

1þ eβðk−μe;LÞ

�

¼ T3

π2
fϕ3½−eβðμe−μ5=2Þ� − ϕ3½−eβðμeþμ5=2Þ�g: ðA2Þ

For a typical choice of μe (200 MeV), in Fig. 8 we compare
the zero-temperature and finite-temperature expressions for

n5 as a function of μ5. We only consider μ5 below 1 MeV,
because in the mechanism described in this paper, the
shocked matter will evolve from μ5 ¼ 0 to the equilibrium
(background) value of μb5, which according to Fig. 5 is
usually less than 1 MeV. The finite-temperature expression,
for temperatures up to 100 MeV, is larger than the zero-
temperature expression but by less than a factor of 2. For μ5
small compared to μe, the finite-temperature expression for
n5 is larger than the zero-temperature expression by a factor
of −2ðT=μeÞ2ϕ2ð−eμe=TÞ.
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