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Some compact stars may contain deconfined quark matter, forming hybrid stars or quark stars. If the
quark matter forms an inhomogeneous condensate in the crystalline color superconducting phase, its
rigidity may be high enough to noticeably alter the stellar properties. In this paper, we investigate whether
these elastic stars follow the universal relations, i.e., relations insensitive to equations of state, that have
been well established for fluid stars. We improve upon previous studies by allowing quark matter in the
background, static, and spherically symmetric configuration to be sheared. Such background shear can be
treated in the form of an effective pressure anisotropy. We then calculate the moment of inertia I, tidal
deformability λ2, and spin-induced quadrupole moment Q of these models with pressure anisotropy. The
I-λ2-Q universal relations for the elastic hybrid (quark) star models are valid up to a variation of ≈3%ð4%Þ,
larger than that for typical fluid star models, when the maximal magnitude of quark matter shear modulus is
considered in the crystalline color superconducting phase from realistic calculations. The uncertainty in
universal relations related to the stellar compactness for these elastic star models, on the other hand, remain
comparable to those for typical fluid star models. Our results demonstrate the validity of universal relations
for hybrid stars and quark stars with a realistic degree of pressure anisotropy due to the crystalline color
superconducting quark matter.
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I. INTRODUCTION

The equation of state (EOS) for ultradense matter
that constitutes compact stars is highly uncertain.
Conventionally, compact stars are modeled using nuclear
matter (NM) EOS and are referred to as neutron stars (NSs).
Alternatively, some compact stars may be hybrid stars
(HSs) that contain a deconfined quark matter (QM) core
inside the NM envelope [1,2], or even quark stars (QSs)
consisting of pure QM [3]. Although NSs are typically
described as isotropic perfect NM fluids, the QM core of
HSs and QSs may have an extremely high rigidity. For
example, QM may form an inhomogeneous condensate in
the crystalline color superconducting (CCS) phase [4–8].
After a core-collapse supernova explosion, the internal
temperature of the newly formed protoneutron star rapidly
drops from ∼10 to ∼0.1 MeVwithin a few minutes through

neutrino cooling. The formation of different quark phases
inside the protoneutron star, including the CCS phase, was
discussed in literature [9–11]. The shear modulus
of the CCS QM in compact stars was predicted to be up
to 1000 times higher than that of conventional NS crust
models [12].
Stellar elasticity gives rise to pressure anisotropy

[13,14], i.e., the radial pressure being different from the
tangential one. Several phenomenological anisotropy mod-
els (see, e.g., Refs. [15,16]) were proposed to describe
pressure anisotropy, where the degree of anisotropy can be
parametrized. As the source of pressure anisotropy is not
explicitly specified in these phenomenological models,
they can be applied to describe pressure anisotropy from
different physical origins, including the QM shear modulus
aforementioned, strong magnetic field [17–20], pion con-
densation [21–23], dark matter [24–26], and dark energy
[27,28]. A new theory of self-gravitating anisotropic fluids
was recently formulated [29], first in Newtonian gravity
based on liquid crystal [30] and then extended to general
relativity [31]. On the other hand, the theory of elasticity in
general relativity was formulated in Refs. [13,14,32] and
was applied to model elastic stars [13,32,33]. Macroscopic
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properties of HSs and QSs, such as the mass-radius
(M-R) relations, stellar compactness C≡M=R, and
Tolman-Oppenheimer-Volkoff (TOV) limits (maximum-
mass configurations), can be significantly altered due to
elasticity [32–34].
The universal relations between C and quantities related

to multipole moments, such as the moment of inertia I, tidal
deformability λ2, and spin-induced quadrupole moment Q
[35,36], were identified for slowly rotating or tidally
deformed NSs [37–43], in the sense that these relations
are insensitive to particular EOS within the uncertainty of
∼10% [44]. In 2013, the I-λ2-Q universality for NSs was
discovered with a validity of ∼1% [45,46]. Later on, the
investigation on universal relations was further extended to
rapidly rotating stars [47–54]. We refer the readers to
Ref. [44] for a review of the universal relations. While the
above studies focus on fluid stars, the tidal deformation
[55–58] of elastic stars have also been studied. For
example, Ref. [58] showed that the C − λ2 relations for
elastic HSs deviates from that for fluid NSs, where the
background configuration of the elastic HS models is
assumed to be unsheared. Likewise, the universal relations
for anisotropic NSs were also found to be slightly less
robust compared to those for isotropic NSs [59–62].
These studies, nevertheless, employ phenomenological
anisotropy models [15,16] that parametrize the degree of
pressure anisotropy, so the dependence of the deviation in
the universal relations on the physical origin of pressure
anisotropy is uncertain. It is also unclear whether the
deviation remains noticeable when realistic elastic stellar
background configurations and anisotropy models are
considered when going beyond spherical symmetry. A
comprehensive study of universal relations for elastic stars
based on realistic sheared background configurations is
still missing.
In this paper, we study the I-λ2-Q-C relations for elastic

HS and QS models in the slow rotation or small tidal
deformation approximation by self-consistently construct-
ing the static, spherically symmetric background configu-
ration of these elastic star models in general relativity [13]
under the influence of QM in the CCS phase [12]. As
already mentioned, Karlovini and Samuelsson [13] showed
that background shear can be treated within the framework
of effective pressure anisotropy. Thus, we follow the work
of Ref. [59] on universal relations for anisotropic NSs to
construct slowly rotating or tidally deformed elastic star
models. While the I-λ2-Q-C relations have been demon-
strated to be insensitive to EOS for fluid NSs, we aim to
investigate their validity for the elastic stars with a realistic
degree of pressure anisotropy associated with the shear
modulus of QM in the CCS phase.
Let us briefly summarize our main findings. The M-R

relations and stellar compactness C for elastic HSs and
QSs can be significantly altered when the rigidity of QM

in the CCS phase is taken into account. The TOV limits of
the elastic HSs and QSs are enhanced by a few percent
with respect to their fluid limits in the extreme cases. For
all elastic star models we examined, C increases, but Ī, λ̄2,
and Q̄ decrease relative to their fluid limits when
comparing two configurations with the same central
pressure. Systematic shifts in the I-λ2-Q-C relations
associated with the QM shear modulus are found for these
elastic star models. The I-λ2-Q relations for the elastic HS
(QS) models can show an EOS variation of ≈3%ð4%Þ,
more pronounced than typical fluid star models.
Meanwhile, the deviation in the universal relations involv-
ing C for these elastic stars is still compatible with those
for other fluid star models.
The remainder of the paper is organized as follows. In

Sec. II, we introduce the elastic HS and QS models used in
this paper. In Sec. III, we present our numerical results of
the I-λ2-Q-C relations for these models and discuss the
impacts of the QM shear modulus on the universal
relations. Finally, we summarize our findings and compare
the results with other relevant literature in Sec. IV. We use
the geometrized unit system with G ¼ c ¼ 1 throughout
the paper unless otherwise specified.

II. METHODS

In this paper, we use the quasi-Hookean EOS to describe
the total energy density ρ of elastic materials,

ρ ¼ ρ̃þ μ̃S2; ð1Þ

where μ̃ is the shear modulus and S2 is the shear scalar.
Equation (1) expresses ρ as a sum of the unsheared energy
density ρ̃ and a sheared component depending on the
magnitude of shear deformation. The unsheared pressure p̃
is related to ρ̃ by further providing a fluid EOS. We refer the
readers to Refs. [13,33] for more details on the quasi-
Hookean EOS.
To construct HS models, we need hybrid EOS to

relate p̃ and ρ̃ for the QM core and the NM envelope.
We employ the constant speed of sound (CSS) paramet-
rization [2] to construct the hybrid EOS via the Maxwell
construction,

ρ̃ðp̃Þ¼
(
ρNMðp̃Þ; ðp̃≤ptransÞ;
ρNMðptransÞþΔρþc−2QMðp̃−ptransÞ; ðp̃>ptransÞ:

ð2Þ

Here, the transition pressure ptrans, energy gap Δρ, and QM
sound speed squared c2QM are the CSS parameters that
determine the properties of the QM part of the hybrid EOS.
A NM EOS that expresses the NM energy density ρNM as a
function of p̃ up to ptrans is also required. We use the
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Akmal-Pandharipande-Ravenhall (APR) EOS1 [63–66] to
construct the NM part of the hybrid EOS. Alternatively, we
use the Bombaci-Logoteta (BL) EOS2 [67,68] and the
Shen-Toki-Oyamatsu-Sumiyoshi (STOS) EOS3 [69–71], at
β-equilibrium and the lowest temperature available
(0.1 MeV), for constructing other hybrid EOS in order
to investigate the effects of varying the NM EOS on our
main results. These EOS tables are available in CompOSE
[72–74]. Meanwhile, QS models can also be constructed
using Eq. (2) by neglecting the NM part.
By computing the low-energy effective Lagrangian for

the phonon modes that originate from the spontaneous
breaking of translation invariance by the crystalline con-
densates, Ref. [12] derived the shear modulus of QM in the
CCS phase,

μ̃ ¼ 2.47 MeV fm−3
�

Δ
10 MeV

�
2
�

μq
400 MeV

�
2

; ð3Þ

where Δ is the gap parameter between about 5 and 25 MeV
and μq is the quark chemical potential. At high-density
limit, ρ ∝ μ4q for ultrarelativistic free Fermi gas, and hence
the above equation reduces to a form of [33,75]

μ̃ ¼ κ
ffiffiffi
ρ

p
; ð4Þ

where κ is a fitting coefficient to Eq. (3). In the following
calculations, we adopt Eq. (4) to approximate the CCS QM
shear modulus inside the HSs and QSs. The maximum
value of κ is 7 × 1026 cm1=2 g1=2 s−2 when taking Δ ¼
25 MeV in Eq. (3).
The static, spherically symmetric background configu-

ration of the elastic HS and QS models is modeled with
anisotropic pressure. The stress-energy tensor for elastic
stars with scalar pressure anisotropy is given by [59]

Tαβ ¼ ρuαuβ þ prkαkβ þ ptΠαβ; ð5Þ

where pr (pt) is the radial (tangential) pressure, uα is the
four-velocity, kα is the unit normal vector in the radial
direction orthogonal to uα, and Παβ is the projection
operator onto a two-surface orthogonal to both uα and kα,

Παβ ¼ gαβ þ uαuβ − kαkβ; ð6Þ

where gαβ is the spacetime metric. We calculate the stellar
compactness C of the stars from this background configu-
ration. We refer the readers to the Appendix for the
derivation of the corresponding background equations.
The moment of inertia I, tidal deformability λ2, and spin-

induced quadrupole moment Q of the elastic HS and QS
models are obtained by imposing perturbations to the

metric up to the second order in slow rotation or the first
order in small tidal deformation. Once again, we refer the
readers to the Appendix for the details of the corresponding
perturbation equations. We next define the following
dimensionless quantities:

Ī ≡ I
M3

; λ̄2 ≡ λ2
M5

; Q̄≡ Q
M3χ2

; ð7Þ

where χ ≡ J=M2 with J being the magnitude of the spin
angular momentum, and we study their universal relations.
Based on astrophysical observations and terrestrial

experiments, all the HS and QS models presented in this
paper, unless otherwise specified, are compatible with the
following constraints:
(1) The maximum wave speeds do not violate the

causality limit (see Refs. [13,33] for the calculation
of different wave speeds in elastic materials).

(2) The M-R relations are compatible with the gravita-
tional-wave event GW170817 from a binary NS
merger [76], as well as the measurement of typical-
mass (≈1.4M⊙) and high-mass (≈2M⊙) pulsars by
NICER [77,78].

(3) For the HS models, the transition densities on the
NM side are above the nuclear saturation den-
sity ρ0 ≡ 2.6 × 1014 g cm−3.

(4) For the QS models, theM-R relations are compatible
with the observation of the central compact object
within the supernova remnant HESS J1731-347
[79], which is hypothesized to be a QS [80,81].

Note that other constraints on the EOS properties
were proposed. For example, the pressure at twice
the nuclear saturation density is constrained to be
3.5þ2.7

−1.7 × 1034 erg cm−3, at the 90% credible interval, based
on the analysis of the gravitational-wave event GW170817
[76]. Reference [2] applied the Seidov stability condition
[82] to define the critical energy gap Δρcrit,

Δρcrit
ρtrans

¼ 1

2
þ 3

2

ptrans

ρtrans
; ð8Þ

where ρtrans is the energy density at ptrans for the NM EOS.
When Δρ > Δρcrit, a cusp or even a disconnected branch
emerges at the phase transition point in the M-R relations
for HSs (see Ref. [2] for the detailed discussions on the
possible topologies of theM-R relations for HSs). To explore
the variation in universal relations for elastic HSs and QSs
within regions in the parameter space close to the boundaries
of the allowed region, we do not impose these EOS property
constraints explicitly on our HS and QS models.
We first construct a canonical HS model with a specific

set of CSS parameters fptrans;Δρ; c2QMg as an example to
illustrate the general impacts of the QM shear modulus on
the elastic stars. After that, we scan through the CSS
parameter space to examine the validity of universal
relations that have been established for fluid NSs with

1https://compose.obspm.fr/eos/328
2https://compose.obspm.fr/eos/121
3https://compose.obspm.fr/eos/71
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respect to these HS models. We also discuss the impact of
using different NM EOS to construct the HS models on the
results. Finally, we perform the same on the elastic QS
models.

III. RESULTS

We now present, in turn, our results for the HS and QS
models.

A. Hybrid stars

1. Canonical model

The canonical HS model adopts the APR EOS as the
NM part and fptrans;Δρ; c2QMg ¼ f6.00 × 1033 erg cm−3;
2.00 × 1013 g cm−3; 0.33c2g for the CSS parameters. The
corresponding transition density of this hybrid EOS on the
NM side is 1.34ρ0, and the TOV limit is ≈2.2M⊙, similar to
that of a NS with the same NM EOS. In the following, we
discuss only the behavior of configurations above 1M⊙ that
are astrophysically relevant. The M-R relations for the
canonical HS models with κ up to 7 × 1026 cm1=2 g1=2 s−2

are shown in Fig. 1. The presence of the QM shear modulus

effectively stiffens the EOS, and thus a more massive HS
can be supported. The TOV limit is enhanced by ≈5%
when the maximum value of κ is considered compared to
the fluid limit, qualitatively and quantitatively in agreement
with the results reported in Ref. [33].
Next, we analyze the effects of the QM shear modulus on

the universal relations for the HS models. Figure 2 shows
that the presence of the QM shear modulus always
increases C, as well as decreases Ī, λ̄2, and Q̄ for an elastic
star at any given central pressure pc. Such effects are more
pronounced for high-mass configurations with larger pc,
where the elastic QM cores are more massive.
The I-λ2-Q-C relations for the above models are further

displayed in Fig. 3. At the fluid limits, the I-λ2-Q relations
for the APR EOS model and the canonical HS model are
universal, i.e., deviate from most of the other EOS,
represented by the fitting formulas [44], by less than
1%. When the nonvanishing QM shear modulus is intro-
duced to the canonical HS model, the I-λ2-Q relation

FIG. 1. M-R relations for the APR EOS model (black dashed
curve) and the canonical HS model (see the main text for the
definition) with different values of κ. The red dash-dotted curve
represents the fluid limit, and the blue (green) solid curves
represent the elastic models with κ ¼ 7 × 1025ð26Þ cm1=2 g1=2 s−2.
These curves transit from translucent to opaque at 1M⊙ and
terminate at their TOV limits. The HS models satisfy the M-R
relations for the gravitational-wave event GW170817 (brown
error bar) at the 90% credible interval [76], as well as the pulsars
PSR J0030þ 0451 (an updated constraint from this pulsar is also
available [83]) and PSR J0740þ 6620 (purple error bars)
measured by NICER at the 68% credible intervals [77,78]. We
also present the M-R relation for the central compact object
within the supernova remnant HESS J1731-347 (orange error
bar) at the 68% credible interval [79] as a reference. The subplot
in the upper-right corner focuses on theM-R relations for the HS
models near the TOV limits.

FIG. 2. C, Ī, λ̄2, and Q̄ versus pc for the models displayed in
Fig. 1. The configuration at 1M⊙ is indicated by a marker in each
curve. All the HS models above 1M⊙ in the plots have a
sufficiently high value of pc to contain a QM core. The elastic
models always have larger C but smaller Ī, λ̄2, and Q̄ relative to
the fluid limit at the same pc.
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FIG. 3. Upper: universal relations for themodelsdisplayed inFig.1.Lower: percentage relativedifference in the universal relationsbetween
themodels and the fitting formulas [44].Thebrownsolid curves represent the fitting formulas.Themaximumvariability of the fitting formulas
for fluidNSs is further shaded in the lower panels: (a) I-λ2 relations, 0.7%; (b) I-Q relations, 2%; (c)Q-λ2 relations, 2%; (d) I-C relations,10%;
(e)C-λ2 relations, 7%; (f)Q-C relations, 10%.Unlikemost of the other literature, we do not take the absolute value of the percentage relative
difference in the lower panels, so that the systematic shifts due to the QM shear modulus can be read off more easily.
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curves shift systematically. Qualitatively, the I-λ2 and I-Q
relation curves shift upward, while the Q-λ2 relation curve
shifts downward, when κ increases. In particular, the
magnitude of the percentage relative difference of the
I-Q and Q-λ2 relations from the fitting formulas reaches
≈2% when the maximum value of κ is considered. Similar
systemic shifts are observed for the universal relations
related to C as well for the elastic HS models, where the
I-C, C-λ2, and Q-C relation curves all shift upward
when κ increases. However, the deviation in these universal
relations for elastic HS models (≈5% at κ ¼
7 × 1026 cm1=2 g1=2 s−2) is not significant, since the APR
EOS and other realistic EOS models can already deviate
from the fitting formulas by a similar magnitude [44].

2. Parameter scan

Subsequently, we vary the CSS parameters from those
adopted in the canonical HS model. The I-Q and Q-λ2
relations show similar magnitude of deviation, in general,
which is larger than that of the I-λ2 relations. Hence, we
focus on the discussions on the I-Q relations to quantify the
effects of the QM shear modulus in the following. We also
skip the detailed discussions on the universal relations
related to C because the deviation owing to the QM shear
modulus cannot noticeably overwhelm the uncertainty
among different NM EOS. Keeping c2QM ¼ 0.33c2 and
varying ptrans (Δρ) linearly between 2 × 1033−34 erg cm−3

(2 × 1013−14 g cm−3), we construct a collection of 361
hybrid EOS in total. We also construct another collection
of hybrid EOS with c2QM ¼ 0.66c2, where the varying range
of ptrans and Δρ are slightly adjusted to produce more
models that satisfy the constraints listed in Sec. II. TheM-R
relations and the deviation in the I-Q relations for the
corresponding HS models are shown in Figs. 4 and 5,
where κ ¼ 7 × 1026 cm1=2 g1=2 s−2 is assumed. As a gen-
eral trend, the deviation in the I-Q relations is more
pronounced for smaller values of ptrans, Δρ, and c2QM.
For a fixed value of c2QM, smaller values of ptrans and Δρ
usually correspond to effectively stiffer EOS. Hence, the
elastic HS model with the largest magnitude of deviation in
the I-Q relations usually appears near the upper-right edge
in the M-R relations among all models. To access the
largest possible magnitude of deviation, we additionally
construct several hybrid EOS with even smaller values of
these CSS parameters. At c2QM ¼ 0.24c2, we find a few HS
models with deviation ≈2.7% in the I-Q relations. The
hybrid EOS are too soft to produce massive enough models
that are compatible with the M-R relation measurement of
the pulsar PSR J0740þ 6620with further smaller values of
c2QM. Thus, we conclude that the I-λ2-Q relations for the
elastic HS models are valid up to 3%.
We remark that a few HS models presented in Figs. 4 and

5 are also compatible with the M-R relation for the central
compact object within the supernova remnant HESS J1731-

347. Also, some HS models in these figures lie in the region
where the Seidov stability condition is violated, i.e., with
Δρ > Δρcrit [see Eq. (8) for the definition of Δρcrit]. In
these exceptional cases, we do not observe significantly
larger deviation in the universal relations.
To estimate the sensitivity of the universal relations for

elastic HSs to the NM part of hybrid EOS, we repeat the
above calculations using the BL and STOS EOS for con-
structing the hybrid EOS. The APR, BL, and STOS EOS have
low, intermediate, and high stiffness in terms of sound speed
squared c2s ≡ dp

dρ below ≈3ρ0, respectively.
4 The calculation

results are shown in Figs. 6–9 for these new HS models.
As a whole, the effects of the QM shear modulus on the

new HS models using the BL EOS, such as the enhance-
ment of the TOV limits and the magnitude of deviation in
the universal relations, are similar to those on the original
HS models using the APR EOS. In Figs. 8 and 9,
meanwhile, we find that several HS models using the
STOS EOS feature a strong phase transition, and hence a
disconnected branch emerges in the M-R relations. The
deviation in the I-Q relations change sign when the phase
transition is sufficiently strong. Figure 10 shows the
I-Q relations for the HS model with fptrans;Δρ; c2QMg ¼
f2.20 × 1034 erg cm−3; 3.55 × 1013 g cm−3; 0.66c2g, i.e.,
the particular model with the largest magnitude of
deviation in the I-Q relations, as an example to elucidate
such a phenomenon. At the onset of phase transition, a
kink appears in the I-Q relation curve at Q̄ ≈ 15, and the
curve bends downward drastically until Q̄ ≈ 10. Even at
the fluid limit, the magnitude of deviation reaches ≈2.5%
where the bending curve reaches the minimum. In fact, it
has been shown that fluid HSs with a strong phase
transition have an uncertainty up to ∼3% in the I-λ2-Q
relations [51], which supports our finding in Fig. 10. On
the other hand, the general effects of the QM shear
modulus, as illustrated in Fig. 3(b), are to shift the I-Q
relation curves upward. For this particular model, the
deviation in the I-Q relations reach the extremum near the
phase transition point, in contrast to many other HS
models aforementioned that reach the extrema near the
TOV limits, even if κ ¼ 7 × 1026 cm1=2 g1=2 s−2 is con-
sidered. The extremum near the phase transition point is
not related to the QM shear modulus, which mainly affects
the I-Q relations for the high-mass configurations. For the
majority of elastic HS models without featuring a strong
phase transition, the universal relation curves are qualita-
tively similar to those of the canonical HS model
presented in Fig. 3. In summary, we believe our con-
clusions on the general impacts of the QM shear modulus
on the elastic stars do not depend sensitively on the NM
part of the hybrid EOS.

4Note that, however, the stiffness of the APR EOS surpasses
the others above ≈3ρ0 and becomes superluminal before the TOV
limit is reached.
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B. Quark stars

We next study QS models. We set ptrans ¼ 0 and vary the
other two CSS parameters.5 The M-R and I-Q relations for
such a collection of elastic QS models with κ ¼

7 × 1026 cm1=2 g1=2 s−2 are shown in Fig. 11. In compari-
son to the previous section regarding the universal relations
for the elastic HSs, we observe slightly larger deviation in
these relations for the elastic QSs. Although these QS
models can satisfy the I-λ2-Q universality at the fluid
limits, the deviation can reach ≈4% when κ ¼
7 × 1026 cm1=2 g1=2 s−2 is considered. Similar to the
canonical HS model, the I-λ2 and I-Q relation curves

FIG. 5. Same as Fig. 4, but for HS models with c2QM ¼ 0.66c2.

FIG. 4. (a) Same as Fig. 1, but for a collection of HS models with varying values of ptrans and Δρ. These models adopt c2QM ¼ 0.33c2

and κ ¼ 7 × 1026 cm1=2 g1=2 s−2. The HS models violating the Seidov stability condition, i.e., with Δρ > Δρcrit, are shown in cyan, and
the remaining are shown in gray. (b) Deviation in the I-Q relations, which represent the extrema of percentage relative difference
between these HS models and the fitting formulas [44], in ptrans=ρtrans − Δρ=ρtrans plane. To demonstrate the parameter space explored,
we also use black dots to indicate the models that are not fully compatible with all the constraints listed in Sec. II. The region where the
Seidov stability condition is violated is shaded in cyan. The two purple dash-dotted vertical lines indicate the position where ρtrans ¼ 1.0
and 1.5ρ0, respectively. In both panels, the particular model with the largest magnitude of deviation in the I-Q relations is highlighted
in red.

5Such a choice results in QS models with a surface density
equals Δρ.
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FIG. 6. Same as Fig. 4, but for HS models with the BL EOS being the NM part.

FIG. 7. Same as Fig. 5, but for HS models with the BL EOS being the NM part.

FIG. 8. Same as Fig. 4, but for HS models with the STOS EOS being the NM part.
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for the QS models shift upward, and theQ-λ2 relation curve
shifts downward when κ increases. The above comparison
indicates that the systematic shifts in the I-λ2-Q relation
curves do not qualitatively depend on the presence of the
fluid NM envelope.

The universal relations related to C are less robust for
low-mass QSs, which have significantly smaller radii,
and hence larger C, relative to the radius of NSs at the
same mass. Within the CSS parametrization framework,
QS models with different surface densities can be
constructed by tuning the value of Δρ while keeping
c2QM constant. Figure 12 shows the I-C relations for a
few QS models as an example. They adopt different
values of Δρ but the same value of c2QM ¼ 0.27c2. From
our numerical results, the I-C relations for these
QS models are almost identical at the fluid limits
(see Refs. [84,85] for relevant discussions from the
post-Minkowskian expansion approach and the connec-
tion to incompressible stars). For the same set of QS
models with κ ¼ 7 × 1026 cm1=2 g1=2 s−2, on the other
hand, the curves vary by ∼1% near the TOV limits, i.e.,
the presence of the QM shear modulus breaks the
degeneracy of these QS models with different values
of Δρ but same c2QM, introducing systematic shifts to the
curves with respect to the fluid limits. Likewise,
variations in the C-λ2 and Q-C relation curves with a
similar magnitude are observed for these elastic QS
models.
Finally, we remark that the magnitude of deviation in the

universal relations for elastic stars reported above is
obtained based on the calculation results of the QM shear
modulus by Ref. [12]. If an even larger value of QM shear
modulus is realized in future studies, one would expect
even larger deviation in these universal relations for elastic
stars in our formulation.

FIG. 9. Same as Fig. 5, but for HS models with the STOS EOS being the NM part.

FIG. 10. Same as in Fig. 3(b), but for the HS model highlighted
in red displayed in Fig. 9 with different values of κ. This model
features a strong phase transition with Δρ considerably larger
than Δρcrit. A kink appears in the I-Q relation curves at Q̄ ≈ 15
where the phase transition occurs. The deviation in the I-Q
relations reach the extrema at Q̄ ≈ 10 near the phase transition
point instead of the TOV limits.
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IV. CONCLUSIONS AND DISCUSSIONS

In this paper, we investigated the I-λ2-Q-C relations for
elastic HS and QSs in the slow rotation and small tidal
deformation approximation. The corresponding back-
ground and perturbation equations were obtained using
the stress-energy tensor with scalar pressure anisotropy. In
comparison to the earlier study of Ref. [59] employing the
same formulation, where phenomenological anisotropy
models were assumed, we adopted a fully relativistic

theory of elasticity to describe the nonlinear stress-strain
relation [13]. Hence, we were able to construct the sheared
background of elastic stars in a self-consistent manner, with
a physical origin of pressure anisotropy associated with the
QM in the CCS phase. As a whole, we found that the
deviation in the I-λ2-Q-C relations for our elastic star
models from the fluid limits is smaller than the results
reported in Ref. [59] within the anisotropy range of
λH, λBL ¼ ½−2; 2�.
The studies in Refs. [55,56,58] investigated the I − λ2

and C − λ2 relations for elastic HS and QSs containing the
CCS QM with unsheared background configuration mod-
els. Although λ2 of these elastic stars were significantly
reduced relative to the fluid limits, I and C remained
unchanged. Thus, a large deviation was found in their
I − λ2 and C − λ2 relations from the fluid limits up to tens
of percentages, purely due to the reduction in λ2. For our
elastic star models with a sheared background, on the other
hand, all these quantities undergo systematic shifts relative
to the fluid limits at any pc (see Fig. 2). Take the C − λ2
relation as an example. In Ref. [58], Fig. 1 shows the
deviation in the C − λ2 relations for their elastic HS models
from the fitting formula for fluid NSs (the same fitting
formula as we used in this paper). The curves representing
the elastic HS models lie below the fitting formula because
λ2 is remarkably reduced by the QM shear modulus,
whereas C remains compatible with typical fluid NS
models. In Fig. 3, in contrast, the C − λ2 relation curves
for our elastic HS models are above the fitting formula as
well as the fluid limit curve, in which λ2ðCÞ decreases
(increases) when the effects of the QM shear modulus are
taken into account. The resulting deviation in the C − λ2
relations from the fitting formula for our models, there-
fore, is qualitatively different from that reported in
Ref. [58]. Also, the magnitude of deviation in our cases

FIG. 12. Same as in Fig. 3(d), but for a few QS models with
c2QM ¼ 0.27c2 and different values of Δρ. The dash-dotted curve
(overlapping with each other in the figure) represents the fluid
limits, and the solid curves represent the elastic models with
κ ¼ 7 × 1026 cm1=2 g1=2 s−2. This figure focuses on the curves
near the TOV limits, where the variation among the solid curves
becomes noticeable.

FIG. 11. (a) Same as in Fig. 4(a), but for QS models with varying values of c2QM and Δρ. (b) Same as in Fig. 4(b), but in c2QM-Δρ plane.
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is somehow canceled out by the mutual shift in C and λ2 of
the elastic stars.
The results in this paper appear to be different from

the conclusion of previous work on solid QSs, where the
I − λ2 relations are found to significantly deviate from
the fluid case by up to ∼30%. This deviation can either
arise from the assumption in the previous work, where the
background star is taken to be unsheared, or from the
assumption in the formalism we employ here. Strictly
speaking, the formulation we employ here for the non-
radial perturbations (i.e., on determining λ2 and Q) does
not fully capture the elastic deformation. In particular,
some off-diagonal terms in the spatial part of the
perturbed stress-energy tensor are missing due to a
restrictive assumption on the solid EOS in the perturbed
configuration.6 However, these missing components
are proportional to the transverse sound speeds (see
Ref. [86]), which are much smaller than the perturbations
in the diagonal components that scale as the longitudinal
sound speeds [33], even at the same perturbative level.
Therefore, we expect the results reported here to serve as a
reasonable first approximation of the true elastic defor-
mations based on the existing formalism for anisotropic
stars. Our next goal is to develop the full perturbation
equations for polar deformations based on relativistic
elastic theory [86,87].
Another important direction for future work is to inves-

tigate the origin of universality. Reference [88] pointed out
that isodensity contours inside stars become increasingly
self-similar as C grows. This observation suggests that an
approximate, emergent symmetry may underlie the origin
of universality. The authors further showed that the EOS
variation in the I-λ2-Q relations increases as the isodensity
contours deviate from self-similarity. Since self-similarity
becomes exact in the limit of incompressible stars, this
evidence supports the idea that universality arises because
realistic NSs are effectively “close to” incompressible
configurations. This conjecture was further strengthened
in Ref. [89], where the authors explicitly demonstrated that
the EOS dependence in the universal relations between λ2
and the fundamental-mode oscillation frequency is sup-
pressed by adopting a modified Tolman VII model in the
Newtonian limit and perturbing about the incompressible
limit (see also Refs. [43,90–92] for additional studies
exploring possible origins of universality in various rela-
tions). It would be interesting to determine whether the
origin of universality can be understood at a more funda-
mental level.
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APPENDIX: BACKGROUND AND
PERTURBATION EQUATIONS

In this appendix, we review how to obtain the perturba-
tion equations of a slowly rotating, tidally deformed elastic
star with a static, spherically symmetric, and sheared
background. We introduce metric perturbations δω, δh,
δk, and δm, up to the second order in slow rotation, to the
metric ansatz of a static, spherically symmetric star in the
Schwarzschild coordinates ðt; r̄; θ;ϕÞ [46,59],

ds2 ¼ −eνð1þ 2ϵ2δhÞdt2 þ eλ
�
1þ 2ϵ2δm

r̄ − 2m

�
dr̄2

þ r̄2ð1þ 2ϵ2δkÞfdθ2 þ sin2θ½dϕ − ϵðΩ − δωÞ�2g
þOðϵ3Þ; ðA1Þ

where ϵ is a bookkeeping parameter to count the order of
slow rotation and Ω is the angular frequency of the star.
νðr̄Þ and λðr̄Þ are the metric functions, where eλ can be
written as

eλðr̄Þ ¼
�
1 −

2mðr̄Þ
r̄

�
−1
; ðA2Þ

with m being the gravitational mass enclosed within a
sphere of radius r̄.
We decompose the metric perturbations in terms of

Legendre polynomials,

δωðr̄; θÞ ¼ ω1ðr̄ÞP0
1ðcos θÞ; ðA3Þ

δhðr̄; θÞ ¼ h0ðr̄Þ þ h2ðr̄ÞP2ðcos θÞ; ðA4Þ
δmðr̄; θÞ ¼ m0ðr̄Þ þm2ðr̄ÞP2ðcos θÞ; ðA5Þ

6The stress-strain relation should depend on the eigenvalues of
the strain tensor in the perturbed star under the eigenbasis
formulation by Ref. [86], resulting in ðr; θÞ, ðr;ϕÞ, ðθ;ϕÞ
components in the stress-energy tensor, which are not present
if we assume that the perturbed radial vector kα remains
orthogonal to the surface of the two-sphere as in Ref. [59].
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δkðr̄; θÞ ¼ k2ðr̄ÞP2ðcos θÞ; ðA6Þ

where Plðcos θÞ is the lth order Legendre polynomial and
P0
lðcos θÞ ¼ dPlðcos θÞ=d cos θ. Further, we introduce a

new radial coordinate r via a new function ξ,

r̄ðr; θÞ ¼ rþ ϵ2ξðr; θÞ þOðϵ3Þ; ðA7Þ

and the Legendre decomposition of ξ is given by

ξðr; θÞ ¼ ξ0ðrÞ þ ξ2ðrÞP2ðcos θÞ: ðA8Þ

We introduce the above radial coordinate transformation
such that the perturbed energy density ρ½r̄ðr; θÞ� is the same
as the unperturbed energy density at r. By substituting
Eq. (A1) and the stress-energy tensor given by Eq. (5) into
the Einstein equations, we obtain the background and
perturbation equations for the elastic star from the equation
of motion.

1. Background equations

At Oðϵ0Þ, we obtain the TOV equations from the
equation of motion,

dm
dr

¼ 4πr2ρ; ðA9Þ

dν
dr

¼ 2
4πr3pr þm
rðr − 2mÞ ; ðA10Þ

dpr

dr
¼ −ðρþ prÞ

4πprr3 þm
rðr − 2mÞ −

2σ0
r

: ðA11Þ

Here, we introduce the background anisotropy σ0 ≡ pr − pt
to denote the difference between pr and pt. Following
Refs. [13,33], the TOVequations are further reformulated
into a new set of differential equations, with fm; p̃; zg
being independent variables,

dm
dr

¼ 4πr2ρ; ðA12Þ

dp̃
dr

¼ β̃

rβr

(
−ðρþ prÞ

4πprr3 þm
r − 2m

− 2σ0

þ 4ðeλ=2z − 1Þ
�
μ̃þ 3μ̃S2 þ σ0

2
ðΩ̃ − 1Þ

�)
; ðA13Þ

dz
dr

¼ z
r

�
r

β̃

dp̃
dr

− 3ðeλ=2z − 1Þ
�
; ðA14Þ

where

σ0 ¼ −
μ̃

2
ðz−2 − z2Þ; ðA15Þ

S2 ¼ 1

6
ðz−1 − zÞ2; ðA16Þ

pr ¼ p̃þ ðΩ̃ − 1Þμ̃S2 þ 2

3
σ0; ðA17Þ

β̃ ¼ ðρ̃þ p̃Þ dp̃
dρ̃

; ðA18Þ

βr ¼ β̃ þ 4

3
μ̃þ

�
Ω̃ðΩ̃ − 1Þ þ β̃

dΩ̃
dp̃

�
μ̃S2

þ 4

�
μ̃S2 þ σ0

3

�
Ω̃ −

1

2

��
; ðA19Þ

Ω̃ ¼ β̃

μ̃

dμ̃
dp̃

: ðA20Þ

Here, z ¼ nr=nt, where nrðntÞ is the linear particle number
density in radial (tangential) direction. The variables with
an overhead tilde represent the unsheared components.
We integrate Eqs. (A12)–(A14) under the following

boundary conditions to obtain the background and σ0
profiles of the elastic star. The boundary conditions near
r ¼ 0 are given by

m ¼ 4

3
πρcr3 þOðr4Þ; ðA21Þ

p̃ ¼ pc − 2πβ̃c
ðρc þ pcÞðρc þ 3pcÞ − 4μ̃cρc

3
�
β̃c þ 4

3
μ̃c
� r2 þOðr3Þ;

ðA22Þ

z̃ ¼ 1 − 4π
ðρc þ pcÞðρc þ 3pcÞ þ 3β̃cρc

15
�
β̃c þ 4

3
μ̃c
� r2 þ Oðr3Þ;

ðA23Þ

where the variables with a subscript c represent the values
at the center, which are unsheared by construction. From
the solid quark core to the fluid envelope in the HS models
(or the vacuum in the QS models), σ0 is discontinuous. By
requiring pr to be continuous across the core-envelope
interface, we substitute Eqs. (A15) and (A16) into
Eq. (A17) to obtain the junction condition on p̃,

p̃þ ¼ p̃− −
μ̃−
6

h
ð1 − Ω̃−Þðz−1− − z−Þ2 þ 2ðz−2− − z2−Þ

i
;

ðA24Þ

where the variables with a subscript −ðþÞ represent the
values evaluated at the core (envelope) side of the interface.
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For the HS models with a fluid envelope, p̃þ ¼ ptrans at the
outer side of the interface; for the QSmodels, p̃þ ¼ 0 as the
vacuum is reached directly outside the solid quark core. We
refer the readers to Refs. [13,33] for more discussions on
this junction condition. The boundary condition on p̃ at the
stellar surface is given by

pr ¼ 0; ðA25Þ

i.e., a vanishing radial pressure. The total gravitational mass
M and radius R of the star are determined when the above
boundary condition is met. Finally, the boundary condition
on eν at R is given by

eν ¼ 1 −
2M
R

: ðA26Þ

2. Perturbation equations

Let us next review the perturbation equations. At Oðϵ1Þ,
the equation of motion reads

d2ω1

dr2
¼ 4

πr2ðρþ prÞeλ − 1

r
dω1

dr
þ16πðρþ pr − σ0Þeλω1; ðA27Þ

and at Oðϵ2Þ, the equation of motion reads

σð2Þ2 ¼ ðρþ pr − σ0Þh2 −
σ0

r − 2m
m2 þ

�ðρþ prÞð4πprr3 þmÞ
rðr − 2mÞ þ dσ0

dr
þ 2

σ0
r

�
ξ2 þ

r2

3
ðρþ pr − σ0Þe−νω2

1; ðA28Þ

m2 ¼ −re−λh2 þ
r4

6
e−ðνþλÞ

�
re−λ

�
dω1

dr

�
2

þ 16πrω2
1ðρþ pr − σ0Þ

�
; ðA29Þ

dh2
dr

¼ −
4πprr3 −mþ r

r
eλ

dk2
dr

þ 3

r
eλh2 þ

2

r
eλk2 þ

1þ 8πprr2

r2
e2λm2 þ

r3

12
e−ν

�
dω1

dr

�
2

þ 4πðρþ prÞ
4πprr3 þm

r
e2λξ2 þ 8πeλσ0ξ2; ðA30Þ

dk2
dr

¼ −
dh2
dr

−
4πprr3 þ 3m − r

r2
eλh2 þ

4πprr3 −mþ r
r3

e2λm2; ðA31Þ

dξ2
dr

¼ r − 2m
6r½ðρþ prÞð4πprr3 þmÞ þ 2ðr − 2mÞσ0�

(
−6r2ðρþ prÞ

dh2
dr

− 12σ0r2
dk2
dr

− 3

�
r2ðρþ prÞ

d2ν
dr2

− 4σ0

�
ξ2 − 12rσð2Þ2 þ 2r3ðρþ pr − σ0Þe−νω1

��
r
dν
dr

− 2

�
ω1 − 2r

dω1

dr

�)
: ðA32Þ

The boundary conditions near r ¼ 0 are given by

ω1 ¼ ω1c þ
8

5
πðpc þ ρcÞω1cr2 þOðr3Þ; ðA33Þ

h2 ¼ C1r2 þOðr3Þ; ðA34Þ

k2 ¼ −C1r2 þOðr3Þ; ðA35Þ

m2 ¼ −C1r3 þOðr4Þ; ðA36Þ

ξ2 ¼ −
ð3C1eνc þ ω2

1cÞðpc þ ρcÞ
2½2πð3pc þ ρcÞðpc þ ρcÞ þ 3σ02�eνc

r

þOðr2Þ; ðA37Þ

σð2Þ2 ¼ −
ð3C1eνc þ ω2

1cÞðpc þ ρcÞσ02
½2πð3pc þ ρcÞðpc þ ρcÞ þ 3σ02�eνc

r2

þOðr3Þ; ðA38Þ

where σ02 is a Taylor coefficient given by

σ0 ¼ σ02r2 þOðr3Þ: ðA39Þ

Together with the background configuration of the elastic
star, we integrate Eq. (A27) and Eqs. (A30)–(A32) to obtain
the interior solution of ω1, h2, k2, and ξ2, respectively. The
constants ω1c and C1 are determined by matching the
interior and exterior solutions on the stellar surface at
R. Subsequently, the moment of inertia I and spin-induced
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quadrupole moment Q of a slowly rotating, isolated star can
be extracted from the exterior solutions ωext

1 and hext2 ,
respectively,

ωext
1 ¼ Ω

�
1 −

2I
r3

�
; ðA40Þ

hext2 ¼ −
Q
r3

þO
�
1

r4

�
: ðA41Þ

Meanwhile, the tidal deformability λ2 of a nonrotating,
tidally deformed star can be calculated by solving
Eqs. (A28)–(A32) with ω1 ¼ 0. λ2 is related to the tidal
Love number ktid2 as

λ2 ¼
2

3
ktid2 R5: ðA42Þ

ktid2 can be calculated from

ktid2 ¼ 8

5
C5ð1 − 2CÞ2½2þ 2Cðy − 1Þ − y�

× f2C½6 − 3yþ 3Cð5y − 8Þ�
þ 4C3½13 − 11yþ Cð3y − 2Þ þ 2C2ð1þ yÞ�
þ 3ð1 − 2CÞ2½2 − yþ 2Cðy − 1Þ� lnð1 − 2CÞg−1;

ðA43Þ

where

y ¼ r
hext2

dhext2

dr

				
r¼R

: ðA44Þ

We refer the readers to Refs. [35,36,46,59] for more detail on
matching the interior and exterior solutions ofω1, h2, k2, and
ξ2. The above set of equations reduces to the background and
perturbation equations for fluid stars with isotropic pressure
[46], i.e., pr ¼ pt ¼ p, when σ0 vanishes.
In this paper, the numerical integration of

Eqs. (A12)–(A14), (A27), and (A30)–(A32) is performed
using the explicit fourth-order Runge-Kutta method. We

verify that the fluid limit results are recovered when μ̃ is
taken to be an infinitesimally small value. Also, we
compare our numerical results with Refs. [33,46,59] to
validate our code implementation. We obtain consistent
results when the same physical models are used.

3. Junction condition on ξ2
Similar to p̃, the quantity ξ is also discontinuous at the

core-envelope interface due to the jump in σ0 [see
Eqs. (A28) and (A32)]. Although its value inside the fluid

envelope can be found directly by setting σ0 ¼ σð2Þ2 ¼ 0 in
Eq. (A28), we here derive the junction condition that
determines its jump for completeness.
First, we can write discontinuous σ0 as

σ0 ¼ Θðrt − rÞσ−0 þ Θðr − rtÞσþ0 ; ðA45Þ

where ΘðxÞ is the Heaviside step function with the half-
maximum convention [i.e., Θð0Þ ¼ 1=2], the subscript t
represents that the quantity is evaluated at the transition
point, and the superscript −ðþÞ represents the core
(envelope) side value of a quantity that is discontinuous
at rt. In our model, σþ0 ¼ 0. However, we keep it unspeci-
fied here to make the final expression generic. The
derivative in Eq. (A28) is thus given by

dσ0
dr

¼ Θðrt − rÞ dσ
−
0

dr
þ Θðr − rtÞ

dσþ0
dr

þ ðσþ0;t − σ−0;tÞδðr − rtÞ: ðA46Þ

Applying Eq. (A46) to Eq. (A32) and integrating, we obtain

ξþ2;t − ξ−2;t
ξþ2;t þ ξ−2;t

¼ 2

rt
ðσþ0;t − σ−0;tÞ

�
dpþ

r

dr
þ dp−

r

dr

�
−1
: ðA47Þ

In practical calculations, we compute ξþ2;t by setting σ0 ¼
σð2Þ2 ¼ 0 in Eq. (A28), and the numerical results are
consistent with that obtained using Eq. (A47).
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