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Some compact stars may contain deconfined quark matter, forming hybrid stars or quark stars. If the
quark matter forms an inhomogeneous condensate in the crystalline color superconducting phase, its
rigidity may be high enough to noticeably alter the stellar properties. In this paper, we investigate whether
these elastic stars follow the universal relations, i.e., relations insensitive to equations of state, that have
been well established for fluid stars. We improve upon previous studies by allowing quark matter in the
background, static, and spherically symmetric configuration to be sheared. Such background shear can be
treated in the form of an effective pressure anisotropy. We then calculate the moment of inertia /, tidal
deformability 1,, and spin-induced quadrupole moment Q of these models with pressure anisotropy. The
I-2,-Q universal relations for the elastic hybrid (quark) star models are valid up to a variation of ~3%(4%),
larger than that for typical fluid star models, when the maximal magnitude of quark matter shear modulus is
considered in the crystalline color superconducting phase from realistic calculations. The uncertainty in
universal relations related to the stellar compactness for these elastic star models, on the other hand, remain
comparable to those for typical fluid star models. Our results demonstrate the validity of universal relations
for hybrid stars and quark stars with a realistic degree of pressure anisotropy due to the crystalline color

superconducting quark matter.
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I. INTRODUCTION

The equation of state (EOS) for ultradense matter
that constitutes compact stars is highly uncertain.
Conventionally, compact stars are modeled using nuclear
matter (NM) EOS and are referred to as neutron stars (NSs).
Alternatively, some compact stars may be hybrid stars
(HSs) that contain a deconfined quark matter (QM) core
inside the NM envelope [1,2], or even quark stars (QSs)
consisting of pure QM [3]. Although NSs are typically
described as isotropic perfect NM fluids, the QM core of
HSs and QSs may have an extremely high rigidity. For
example, QM may form an inhomogeneous condensate in
the crystalline color superconducting (CCS) phase [4-8].
After a core-collapse supernova explosion, the internal
temperature of the newly formed protoneutron star rapidly
drops from ~10 to ~0.1 MeV within a few minutes through
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neutrino cooling. The formation of different quark phases
inside the protoneutron star, including the CCS phase, was
discussed in literature [9-11]. The shear modulus
of the CCS QM in compact stars was predicted to be up
to 1000 times higher than that of conventional NS crust
models [12].

Stellar elasticity gives rise to pressure anisotropy
[13,14], i.e., the radial pressure being different from the
tangential one. Several phenomenological anisotropy mod-
els (see, e.g., Refs. [15,16]) were proposed to describe
pressure anisotropy, where the degree of anisotropy can be
parametrized. As the source of pressure anisotropy is not
explicitly specified in these phenomenological models,
they can be applied to describe pressure anisotropy from
different physical origins, including the QM shear modulus
aforementioned, strong magnetic field [17-20], pion con-
densation [21-23], dark matter [24-26], and dark energy
[27,28]. A new theory of self-gravitating anisotropic fluids
was recently formulated [29], first in Newtonian gravity
based on liquid crystal [30] and then extended to general
relativity [31]. On the other hand, the theory of elasticity in
general relativity was formulated in Refs. [13,14,32] and
was applied to model elastic stars [13,32,33]. Macroscopic
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properties of HSs and QSs, such as the mass-radius
(M-R) relations, stellar compactness C = M/R, and

Tolman-Oppenheimer-Volkoff (TOV) limits (maximum-
mass configurations), can be significantly altered due to
elasticity [32-34].

The universal relations between C and quantities related
to multipole moments, such as the moment of inertia /, tidal
deformability 4,, and spin-induced quadrupole moment Q
[35,36], were identified for slowly rotating or tidally
deformed NSs [37-43], in the sense that these relations
are insensitive to particular EOS within the uncertainty of
~10% [44]. In 2013, the I-1,-Q universality for NSs was
discovered with a validity of ~1% [45,46]. Later on, the
investigation on universal relations was further extended to
rapidly rotating stars [47-54]. We refer the readers to
Ref. [44] for a review of the universal relations. While the
above studies focus on fluid stars, the tidal deformation
[55-58] of elastic stars have also been studied. For
example, Ref. [58] showed that the C — 1, relations for
elastic HSs deviates from that for fluid NSs, where the
background configuration of the elastic HS models is
assumed to be unsheared. Likewise, the universal relations
for anisotropic NSs were also found to be slightly less
robust compared to those for isotropic NSs [59-62].
These studies, nevertheless, employ phenomenological
anisotropy models [15,16] that parametrize the degree of
pressure anisotropy, so the dependence of the deviation in
the universal relations on the physical origin of pressure
anisotropy is uncertain. It is also unclear whether the
deviation remains noticeable when realistic elastic stellar
background configurations and anisotropy models are
considered when going beyond spherical symmetry. A
comprehensive study of universal relations for elastic stars
based on realistic sheared background configurations is
still missing.

In this paper, we study the /-1,-Q-C relations for elastic
HS and QS models in the slow rotation or small tidal
deformation approximation by self-consistently construct-
ing the static, spherically symmetric background configu-
ration of these elastic star models in general relativity [13]
under the influence of QM in the CCS phase [12]. As
already mentioned, Karlovini and Samuelsson [13] showed
that background shear can be treated within the framework
of effective pressure anisotropy. Thus, we follow the work
of Ref. [59] on universal relations for anisotropic NSs to
construct slowly rotating or tidally deformed elastic star
models. While the 7-1,-Q-C relations have been demon-
strated to be insensitive to EOS for fluid NSs, we aim to
investigate their validity for the elastic stars with a realistic
degree of pressure anisotropy associated with the shear
modulus of QM in the CCS phase.

Let us briefly summarize our main findings. The M-R
relations and stellar compactness C for elastic HSs and
QSs can be significantly altered when the rigidity of QM

in the CCS phase is taken into account. The TOV limits of
the elastic HSs and QSs are enhanced by a few percent
with respect to their fluid limits in the extreme cases. For
all elastic star models we examined, C increases, but I, 12,
and O decrease relative to their fluid limits when
comparing two configurations with the same central
pressure. Systematic shifts in the [-1,-Q-C relations
associated with the QM shear modulus are found for these
elastic star models. The 7-4,-Q relations for the elastic HS
(QS) models can show an EOS variation of ~3%(4%),
more pronounced than typical fluid star models.
Meanwhile, the deviation in the universal relations involv-
ing C for these elastic stars is still compatible with those
for other fluid star models.

The remainder of the paper is organized as follows. In
Sec. II, we introduce the elastic HS and QS models used in
this paper. In Sec. III, we present our numerical results of
the I-1,-Q-C relations for these models and discuss the
impacts of the QM shear modulus on the universal
relations. Finally, we summarize our findings and compare
the results with other relevant literature in Sec. IV. We use
the geometrized unit system with G = ¢ = 1 throughout
the paper unless otherwise specified.

II. METHODS

In this paper, we use the quasi-Hookean EOS to describe
the total energy density p of elastic materials,

p=p+ps, (1)

where ji is the shear modulus and S is the shear scalar.
Equation (1) expresses p as a sum of the unsheared energy
density p and a sheared component depending on the
magnitude of shear deformation. The unsheared pressure p
is related to p by further providing a fluid EOS. We refer the
readers to Refs. [13,33] for more details on the quasi-
Hookean EOS.

To construct HS models, we need hybrid EOS to
relate p and p for the QM core and the NM envelope.
We employ the constant speed of sound (CSS) paramet-
rization [2] to construct the hybrid EOS via the Maxwell
construction,

()= PNM(IN?), (pSptrans)’
pNM(plrans) + Ap+ c(_gi/[(p _ptrans)7 (13 > ptrans)'
(2)

Here, the transition pressure p.,s, €energy gap Ap, and QM
sound speed squared céM are the CSS parameters that
determine the properties of the QM part of the hybrid EOS.
A NM EOS that expresses the NM energy density pyy as a
function of p up to puas 1S also required. We use the
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Akmal-Pandharipande-Ravenhall (APR) EOS' [63-66] to
construct the NM part of the hybrid EOS. Alternatively, we
use the Bombaci-Logoteta (BL) EOS? [67,68] and the
Shen-Toki-Oyamatsu-Sumiyoshi (STOS) EOS’ [69-71], at
p-equilibrium and the lowest temperature available
(0.1 MeV), for constructing other hybrid EOS in order
to investigate the effects of varying the NM EOS on our
main results. These EOS tables are available in CompOSE
[72-74]. Meanwhile, QS models can also be constructed
using Eq. (2) by neglecting the NM part.

By computing the low-energy effective Lagrangian for
the phonon modes that originate from the spontaneous
breaking of translation invariance by the crystalline con-
densates, Ref. [12] derived the shear modulus of QM in the
CCS phase,

i =2.47 MeV fm™3 Z
a erm (10 Mev> (400 MeV) - )

where A is the gap parameter between about 5 and 25 MeV
and u, is the quark chemical potential. At high-density
limit, p y2 for ultrarelativistic free Fermi gas, and hence
the above equation reduces to a form of [33,75]

fi = Kk/p. (4)

where « is a fitting coefficient to Eq. (3). In the following
calculations, we adopt Eq. (4) to approximate the CCS QM
shear modulus inside the HSs and QSs. The maximum
value of x is 7 x 10?6 cm!/?g!/2572 when taking A =
25 MeV in Eq. (3).

The static, spherically symmetric background configu-
ration of the elastic HS and QS models is modeled with
anisotropic pressure. The stress-energy tensor for elastic
stars with scalar pressure anisotropy is given by [59]

Ta/;’ = PUalUp + prkak/)' =+ ptHa/;’v (5)

where p, (p,) is the radial (tangential) pressure, u” is the
four-velocity, k* is the unit normal vector in the radial
direction orthogonal to u*, and Il,; is the projection
operator onto a two-surface orthogonal to both u* and k%,

Haﬂ = Yop + Uglp — kakﬂv (6)

where g, is the spacetime metric. We calculate the stellar
compactness C of the stars from this background configu-
ration. We refer the readers to the Appendix for the
derivation of the corresponding background equations.
The moment of inertia /, tidal deformability 4,, and spin-
induced quadrupole moment Q of the elastic HS and QS
models are obtained by imposing perturbations to the

'https://compose.obspm.ft/e0s/328
2https://compose.obspm.fr/eos/ 121
3https://compose.obspm.fr/eos/7 1

metric up to the second order in slow rotation or the first
order in small tidal deformation. Once again, we refer the
readers to the Appendix for the details of the corresponding
perturbation equations. We next define the following
dimensionless quantities:

I -k

W w0

I= M3)(2’

(7)

where y = J/M? with J being the magnitude of the spin
angular momentum, and we study their universal relations.

Based on astrophysical observations and terrestrial

experiments, all the HS and QS models presented in this
paper, unless otherwise specified, are compatible with the
following constraints:

(1) The maximum wave speeds do not violate the
causality limit (see Refs. [13,33] for the calculation
of different wave speeds in elastic materials).

(2) The M-R relations are compatible with the gravita-
tional-wave event GW170817 from a binary NS
merger [76], as well as the measurement of typical-
mass (~1.4M ) and high-mass (~%2M) pulsars by
NICER [77,78].

(3) For the HS models, the transition densities on the
NM side are above the nuclear saturation den-
sity pg = 2.6 x 10* gem™,

(4) For the QS models, the M-R relations are compatible
with the observation of the central compact object
within the supernova remnant HESS J1731-347
[79], which is hypothesized to be a QS [80,81].

Note that other constraints on the EOS properties

were proposed. For example, the pressure at twice
the nuclear saturation density is constrained to be
3.5177 x 103 ergcm™3, at the 90% credible interval, based
on the analysis of the gravitational-wave event GW 170817
[76]. Reference [2] applied the Seidov stability condition
[82] to define the critical energy gap Apgi

Ap crit 1

ptrans B 2 2 ptrans ,

E Ptrans (8)

where pans 15 the energy density at py,,, for the NM EOS.
When Ap > Apgi, a cusp or even a disconnected branch
emerges at the phase transition point in the M-R relations
for HSs (see Ref. [2] for the detailed discussions on the
possible topologies of the M-R relations for HSs). To explore
the variation in universal relations for elastic HSs and QSs
within regions in the parameter space close to the boundaries
of the allowed region, we do not impose these EOS property
constraints explicitly on our HS and QS models.

We first construct a canonical HS model with a specific
set of CSS parameters {pans, Ap, céM} as an example to
illustrate the general impacts of the QM shear modulus on
the elastic stars. After that, we scan through the CSS
parameter space to examine the validity of universal
relations that have been established for fluid NSs with
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respect to these HS models. We also discuss the impact of
using different NM EOS to construct the HS models on the
results. Finally, we perform the same on the elastic QS
models.

III. RESULTS

We now present, in turn, our results for the HS and QS
models.

A. Hybrid stars

1. Canonical model

The canonical HS model adopts the APR EOS as the
NM part and {pyans. Ap, e} = {6.00 x 10% ergem™,
2.00 x 10" gecm™3,0.33¢?} for the CSS parameters. The
corresponding transition density of this hybrid EOS on the
NM side is 1.34p,, and the TOV limit is ~#2.2M , similar to
that of a NS with the same NM EOS. In the following, we
discuss only the behavior of configurations above 1M, that
are astrophysically relevant. The M-R relations for the
canonical HS models with x up to 7 x 10% cm!/2 g!/2 52
are shown in Fig. 1. The presence of the QM shear modulus
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FIG. 1. M-R relations for the APR EOS model (black dashed

curve) and the canonical HS model (see the main text for the
definition) with different values of x. The red dash-dotted curve
represents the fluid limit, and the blue (green) solid curves
represent the elastic models with k = 7 x 102(20) cm!/2 g1/2 572,
These curves transit from translucent to opaque at 1My and
terminate at their TOV limits. The HS models satisfy the M-R
relations for the gravitational-wave event GW170817 (brown
error bar) at the 90% credible interval [76], as well as the pulsars
PSR JO030 + 0451 (an updated constraint from this pulsar is also
available [83]) and PSR J0740 + 6620 (purple error bars)
measured by NICER at the 68% credible intervals [77,78]. We
also present the M-R relation for the central compact object
within the supernova remnant HESS J1731-347 (orange error
bar) at the 68% credible interval [79] as a reference. The subplot
in the upper-right corner focuses on the M-R relations for the HS
models near the TOV limits.
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FIG. 2. C,1,2,, and Q versus p, for the models displayed in

Fig. 1. The configuration at 1M, is indicated by a marker in each
curve. All the HS models above 1M in the plots have a
sufficiently high value of p, to contain a QM core. The elastic
models always have larger C but smaller I, 1,, and Q relative to
the fluid limit at the same p..

effectively stiffens the EOS, and thus a more massive HS
can be supported. The TOV limit is enhanced by x5%
when the maximum value of « is considered compared to
the fluid limit, qualitatively and quantitatively in agreement
with the results reported in Ref. [33].

Next, we analyze the effects of the QM shear modulus on
the universal relations for the HS models. Figure 2 shows
that the presence of the QM shear modulus always
increases C, as well as decreases I, /_12, and O for an elastic
star at any given central pressure p.. Such effects are more
pronounced for high-mass configurations with larger p,,
where the elastic QM cores are more massive.

The 1-4,-Q-C relations for the above models are further
displayed in Fig. 3. At the fluid limits, the I-4,-Q relations
for the APR EOS model and the canonical HS model are
universal, i.e., deviate from most of the other EOS,
represented by the fitting formulas [44], by less than
1%. When the nonvanishing QM shear modulus is intro-
duced to the canonical HS model, the I-1,-Q relation
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FIG. 3. Upper: universal relations for the models displayed in Fig. 1. Lower: percentage relative difference in the universal relations between
the models and the fitting formulas [44]. The brown solid curves represent the fitting formulas. The maximum variability of the fitting formulas
for fluid NSs is further shaded in the lower panels: (a) /-4, relations, 0.7%; (b) I-Q relations, 2%; (c) Q-4, relations, 2%; (d) I-C relations, 10%;
(e) C-4, relations, 7%; (f) Q-C relations, 10%. Unlike most of the other literature, we do not take the absolute value of the percentage relative
difference in the lower panels, so that the systematic shifts due to the QM shear modulus can be read off more easily.
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curves shift systematically. Qualitatively, the /-4, and I-Q
relation curves shift upward, while the Q-4, relation curve
shifts downward, when x increases. In particular, the
magnitude of the percentage relative difference of the
I-Q and Q-4, relations from the fitting formulas reaches
~2% when the maximum value of « is considered. Similar
systemic shifts are observed for the universal relations
related to C as well for the elastic HS models, where the
I-C, C-A,, and Q-C relation curves all shift upward
when k increases. However, the deviation in these universal
relations for elastic HS models (5% at k=
7 x 10?° ¢cm'/? g!/2572) is not significant, since the APR
EOS and other realistic EOS models can already deviate
from the fitting formulas by a similar magnitude [44].

2. Parameter scan

Subsequently, we vary the CSS parameters from those
adopted in the canonical HS model. The /I-Q and Q-4,
relations show similar magnitude of deviation, in general,
which is larger than that of the /-4, relations. Hence, we
focus on the discussions on the /-Q relations to quantify the
effects of the QM shear modulus in the following. We also
skip the detailed discussions on the universal relations
related to C because the deviation owing to the QM shear
modulus cannot noticeably overwhelm the uncertainty

among different NM EOS. Keeping ¢y = 0.33¢* and

Varying puans (Ap) linearly between 2 x 103734 ergcm™

(2 x 10371% gem™), we construct a collection of 361
hybrid EOS in total. We also construct another collection
of hybrid EOS with céM = 0.66¢2, where the varying range
of puyans and Ap are slightly adjusted to produce more
models that satisfy the constraints listed in Sec. II. The M-R
relations and the deviation in the /-Q relations for the
corresponding HS models are shown in Figs. 4 and 5,
where k = 7 x 100 cm!/2 g'/2572 is assumed. As a gen-
eral trend, the deviation in the /-Q relations is more
pronounced for smaller values of pya., Ap, and céM.
For a fixed value of céM, smaller values of p,,, and Ap
usually correspond to effectively stiffer EOS. Hence, the
elastic HS model with the largest magnitude of deviation in
the 7-Q relations usually appears near the upper-right edge
in the M-R relations among all models. To access the
largest possible magnitude of deviation, we additionally
construct several hybrid EOS with even smaller values of
these CSS parameters. At ¢y = 0.24¢?, we find a few HS
models with deviation ~2.7% in the I-Q relations. The
hybrid EOS are too soft to produce massive enough models
that are compatible with the M-R relation measurement of
the pulsar PSR J0740 + 6620 with further smaller values of
Cém- Thus, we conclude that the /-4,-Q relations for the
elastic HS models are valid up to 3%.

We remark that a few HS models presented in Figs. 4 and
5 are also compatible with the M-R relation for the central
compact object within the supernova remnant HESS J1731-

347. Also, some HS models in these figures lie in the region
where the Seidov stability condition is violated, i.e., with
Ap > Apgi [see Eq. (8) for the definition of Ap.;]. In
these exceptional cases, we do not observe significantly
larger deviation in the universal relations.

To estimate the sensitivity of the universal relations for
elastic HSs to the NM part of hybrid EOS, we repeat the
above calculations using the BL and STOS EOS for con-
structing the hybrid EOS. The APR, BL, and STOS EOS have
low, intermediate, and high stiffness in terms of sound speed
squared ¢? = ?T,I; below =~3p,, respectively.4 The calculation
results are shown in Figs. 6-9 for these new HS models.

As a whole, the effects of the QM shear modulus on the
new HS models using the BL. EOS, such as the enhance-
ment of the TOV limits and the magnitude of deviation in
the universal relations, are similar to those on the original
HS models using the APR EOS. In Figs. 8 and 9,
meanwhile, we find that several HS models using the
STOS EOS feature a strong phase transition, and hence a
disconnected branch emerges in the M-R relations. The
deviation in the /-Q relations change sign when the phase
transition is sufficiently strong. Figure 10 shows the
I-Q relations for the HS model with {pans, Ap, céM} =

{2.20 x 10* ergem™,3.55 x 1013 gem™,0.66¢%}, i.e.,
the particular model with the largest magnitude of
deviation in the /-Q relations, as an example to elucidate
such a phenomenon. At the onset of phase transition, a
kink appears in the /-Q relation curve at Q ~ 15, and the
curve bends downward drastically until Q ~ 10. Even at
the fluid limit, the magnitude of deviation reaches ~2.5%
where the bending curve reaches the minimum. In fact, it
has been shown that fluid HSs with a strong phase
transition have an uncertainty up to ~3% in the I-1,-Q
relations [51], which supports our finding in Fig. 10. On
the other hand, the general effects of the QM shear
modulus, as illustrated in Fig. 3(b), are to shift the /-Q
relation curves upward. For this particular model, the
deviation in the /-Q relations reach the extremum near the
phase transition point, in contrast to many other HS
models aforementioned that reach the extrema near the
TOV limits, even if k = 7 x 10%® cm'/?2 g'/?2s72 is con-
sidered. The extremum near the phase transition point is
not related to the QM shear modulus, which mainly affects
the /-Q relations for the high-mass configurations. For the
majority of elastic HS models without featuring a strong
phase transition, the universal relation curves are qualita-
tively similar to those of the canonical HS model
presented in Fig. 3. In summary, we believe our con-
clusions on the general impacts of the QM shear modulus
on the elastic stars do not depend sensitively on the NM
part of the hybrid EOS.

*Note that, however, the stiffness of the APR EOS surpasses
the others above ~3p, and becomes superluminal before the TOV
limit is reached.
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B. Quark stars

7 x 10?° ¢cm'/? g'/2 572 are shown in Fig. 11. In compari-

We next study QS models. We set pyns = 0 and vary the ~ S0n to the previous section regarding the universal relations
other two CSS parameters.’ The M-R and I-Q relations for ~ for the elastic HSs, we observe slightly larger deviation in

such a collection of elastic QS models with k=

>Such a choice results in QS models with a surface density

equals Ap.

these relations for the elastic QSs. Although these QS
models can satisfy the I-1,-Q universality at the fluid
limits, the deviation can reach ~4% when «x =
7 x 10 cm!/2g!/252 is considered. Similar to the
canonical HS model, the /-4, and /-Q relation curves
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for the QS models shift upward, and the Q-4, relation curve
shifts downward when « increases. The above comparison
indicates that the systematic shifts in the /-1,-Q relation
curves do not qualitatively depend on the presence of the
fluid NM envelope.

30 ‘ o 30
[ —— HS,x=0e+00 [cm'? g"2572] ]
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20— Hs,k="7e+26 [em"2g"2 2] J20
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’r 12
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O !
O _
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PR |
10° ol

0
FIG. 10. Same as in Fig. 3(b), but for the HS model highlighted
in red displayed in Fig. 9 with different values of x. This model
features a strong phase transition with Ap considerably larger
than Ap.;.. A kink appears in the I-Q relation curves at Q ~ 15
where the phase transition occurs. The deviation in the /I-Q

relations reach the extrema at Q ~ 10 near the phase transition
point instead of the TOV limits.

The universal relations related to C are less robust for
low-mass QSs, which have significantly smaller radii,
and hence larger C, relative to the radius of NSs at the
same mass. Within the CSS parametrization framework,
QS models with different surface densities can be
constructed by tuning the value of Ap while keeping
céM constant. Figure 12 shows the I-C relations for a
few QS models as an example. They adopt different
values of Ap but the same value of ¢y = 0.27¢*. From

our numerical results, the I-C relations for these
QS models are almost identical at the fluid limits
(see Refs. [84,85] for relevant discussions from the
post-Minkowskian expansion approach and the connec-
tion to incompressible stars). For the same set of QS
models with x =7 x 10?6 cm'/?g!/252, on the other
hand, the curves vary by ~1% near the TOV limits, i.e.,
the presence of the QM shear modulus breaks the
degeneracy of these QS models with different values
of Ap but same céM, introducing systematic shifts to the

curves with respect to the fluid limits. Likewise,
variations in the C-4, and Q-C relation curves with a
similar magnitude are observed for these elastic QS
models.

Finally, we remark that the magnitude of deviation in the
universal relations for elastic stars reported above is
obtained based on the calculation results of the QM shear
modulus by Ref. [12]. If an even larger value of QM shear
modulus is realized in future studies, one would expect
even larger deviation in these universal relations for elastic
stars in our formulation.
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FIG. 12. Same as in Fig. 3(d), but for a few QS models with

céM = 0.27¢? and different values of Ap. The dash-dotted curve
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limits, and the solid curves represent the elastic models with
k=7 x10% cm!/2 g'/2 52, This figure focuses on the curves
near the TOV limits, where the variation among the solid curves
becomes noticeable.

IV. CONCLUSIONS AND DISCUSSIONS

In this paper, we investigated the /-1,-Q-C relations for
elastic HS and QSs in the slow rotation and small tidal
deformation approximation. The corresponding back-
ground and perturbation equations were obtained using
the stress-energy tensor with scalar pressure anisotropy. In
comparison to the earlier study of Ref. [59] employing the
same formulation, where phenomenological anisotropy
models were assumed, we adopted a fully relativistic

(b) I-Q relations

(a) Same as in Fig. 4(a), but for QS models with varying values of céM and Ap. (b) Same as in Fig. 4(b), but in céM—Ap plane.

theory of elasticity to describe the nonlinear stress-strain
relation [13]. Hence, we were able to construct the sheared
background of elastic stars in a self-consistent manner, with
a physical origin of pressure anisotropy associated with the
QM in the CCS phase. As a whole, we found that the
deviation in the 7-1,-Q-C relations for our elastic star
models from the fluid limits is smaller than the results
reported in Ref. [59] within the anisotropy range of
/1H7 /1BL - [—2, 2]

The studies in Refs. [55,56,58] investigated the I — 4,
and C — 1, relations for elastic HS and QSs containing the
CCS QM with unsheared background configuration mod-
els. Although 4, of these elastic stars were significantly
reduced relative to the fluid limits, / and C remained
unchanged. Thus, a large deviation was found in their
I — 4, and C — 1, relations from the fluid limits up to tens
of percentages, purely due to the reduction in 4,. For our
elastic star models with a sheared background, on the other
hand, all these quantities undergo systematic shifts relative
to the fluid limits at any p, (see Fig. 2). Take the C — 4,
relation as an example. In Ref. [58], Fig. 1 shows the
deviation in the C — A, relations for their elastic HS models
from the fitting formula for fluid NSs (the same fitting
formula as we used in this paper). The curves representing
the elastic HS models lie below the fitting formula because
A, is remarkably reduced by the QM shear modulus,
whereas C remains compatible with typical fluid NS
models. In Fig. 3, in contrast, the C — A, relation curves
for our elastic HS models are above the fitting formula as
well as the fluid limit curve, in which 4,(C) decreases
(increases) when the effects of the QM shear modulus are
taken into account. The resulting deviation in the C — 4,
relations from the fitting formula for our models, there-
fore, is qualitatively different from that reported in
Ref. [58]. Also, the magnitude of deviation in our cases
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is somehow canceled out by the mutual shiftin C and 4, of
the elastic stars.

The results in this paper appear to be different from
the conclusion of previous work on solid QSs, where the
I — A, relations are found to significantly deviate from
the fluid case by up to ~30%. This deviation can either
arise from the assumption in the previous work, where the
background star is taken to be unsheared, or from the
assumption in the formalism we employ here. Strictly
speaking, the formulation we employ here for the non-
radial perturbations (i.e., on determining 1, and Q) does
not fully capture the elastic deformation. In particular,
some off-diagonal terms in the spatial part of the
perturbed stress-energy tensor are missing due to a
restrictive assumption on the solid EOS in the perturbed
conﬁguration.6 However, these missing components
are proportional to the transverse sound speeds (see
Ref. [86]), which are much smaller than the perturbations
in the diagonal components that scale as the longitudinal
sound speeds [33], even at the same perturbative level.
Therefore, we expect the results reported here to serve as a
reasonable first approximation of the true elastic defor-
mations based on the existing formalism for anisotropic
stars. Our next goal is to develop the full perturbation
equations for polar deformations based on relativistic
elastic theory [86,87].

Another important direction for future work is to inves-
tigate the origin of universality. Reference [88] pointed out
that isodensity contours inside stars become increasingly
self-similar as C grows. This observation suggests that an
approximate, emergent symmetry may underlie the origin
of universality. The authors further showed that the EOS
variation in the I-1,-Q relations increases as the isodensity
contours deviate from self-similarity. Since self-similarity
becomes exact in the limit of incompressible stars, this
evidence supports the idea that universality arises because
realistic NSs are effectively “close to” incompressible
configurations. This conjecture was further strengthened
in Ref. [89], where the authors explicitly demonstrated that
the EOS dependence in the universal relations between 1,
and the fundamental-mode oscillation frequency is sup-
pressed by adopting a modified Tolman VII model in the
Newtonian limit and perturbing about the incompressible
limit (see also Refs. [43,90-92] for additional studies
exploring possible origins of universality in various rela-
tions). It would be interesting to determine whether the
origin of universality can be understood at a more funda-
mental level.

®The stress-strain relation should depend on the eigenvalues of
the strain tensor in the perturbed star under the eigenbasis
formulation by Ref. [86], resulting in (r,6), (r,¢), (0,¢)
components in the stress-energy tensor, which are not present
if we assume that the perturbed radial vector k* remains
orthogonal to the surface of the two-sphere as in Ref. [59].
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APPENDIX: BACKGROUND AND
PERTURBATION EQUATIONS

In this appendix, we review how to obtain the perturba-
tion equations of a slowly rotating, tidally deformed elastic
star with a static, spherically symmetric, and sheared
background. We introduce metric perturbations dw, oh,
ok, and om, up to the second order in slow rotation, to the
metric ansatz of a static, spherically symmetric star in the
Schwarzschild coordinates (z, 7,6, ¢) [46,59],

r—m

26%6
ds? = —e*(1 + 2e*5h)dr* + e’1<1 = 2m>d?2

+ 72(1 4 2€25k){d#? + sin0[d¢p — €(Q — 6w)]*}
+O(e?), (A1)

where ¢ is a bookkeeping parameter to count the order of
slow rotation and Q is the angular frequency of the star.
v(7) and A(7) are the metric functions, where e* can be
written as

(A2)

) {1 _2’"_(”]_1,
7
with m being the gravitational mass enclosed within a
sphere of radius 7.
We decompose the metric perturbations in terms of
Legendre polynomials,

Sw(7,0) = w,(F)P(cosb), (A3)
Sh(7,0) = ho(F) + hy(F)Py(cosb), (A4)
om(F, 0) = my(F) + my(F)Py(cos ), (AS)
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Ok(7,0) = ko (F)Py(cos 0), (A6)

where P;(cos 0) is the Ith order Legendre polynomial and
P)(cos @) = dP,(cos@)/d cos 6. Further, we introduce a
new radial coordinate r via a new function &,

#(r,0) = r+e*&(r,0) + O(e?), (A7)
and the Legendre decomposition of £ is given by
£(r.0) = &o(r) + &(r)Py(cos ). (A8)

We introduce the above radial coordinate transformation
such that the perturbed energy density p[7(r, 0)] is the same
as the unperturbed energy density at r. By substituting
Eq. (A1) and the stress-energy tensor given by Eq. (5) into
the Einstein equations, we obtain the background and
perturbation equations for the elastic star from the equation
of motion.

1. Background equations

At O(e"), we obtain the TOV equations from the
equation of motion,

d
d—';’ — 4nrp, (A9)
dv Azrip, +m
—=2— Al10
dr r(r—2m) ( )
dp, dzp,r* +m 20,
- AP T 200 (A
dr (p+pr) r(r—2m) r (AL1)

Here, we introduce the background anisotropy 6y = p, — p;
to denote the difference between p, and p,. Following
Refs. [13,33], the TOV equations are further reformulated
into a new set of differential equations, with {m, p,z}
being independent variables,

d—';’ — dnr?p, (A12)

b _p —(p+ )w
dr 1B, " —2m

+4(e*?z-1) {/1 + 3S? +%(§2 - 1)] } (A13)

(A14)

dz z|rdp 2
— =2 - -1
dr r[ﬂdr 3Pz,

where

6y = —%(2_2 -7%), (A15)
5% = é(z‘l -2)2, (Al6)
2
pr=p+(Q-1)as? +§00, (A17)
F—G+p)L (A1)
PP
PN P P
ﬂr—ﬂ+3ﬂ+[ﬂ(9 1)+ﬂdl~)}uS
ps2 1% (g1
+4{ S+ (Q 2)} (A19)
~  Pdi
G=""" A20
pdp (420)

Here, z = n,/n,, where n,(n,) is the linear particle number
density in radial (tangential) direction. The variables with
an overhead tilde represent the unsheared components.

We integrate Eqgs. (A12)-(Al14) under the following
boundary conditions to obtain the background and o
profiles of the elastic star. The boundary conditions near
r = 0 are given by

4
m = —ap.r* +O(r),

. (A21)

. 3p.) — 4
5= po—27p, Pt pc)(/jc +3pc) = Hicpe o o).
3(B. +40.)

(A22)

(P + pe)pe +3pc) + 3Pepe 5 o),

N 15(p. + 45)

ISl

(A23)

where the variables with a subscript ¢ represent the values
at the center, which are unsheared by construction. From
the solid quark core to the fluid envelope in the HS models
(or the vacuum in the QS models), o, is discontinuous. By
requiring p, to be continuous across the core-envelope
interface, we substitute Eqs. (A15) and (Al16) into
Eq. (A17) to obtain the junction condition on p,

p.=h_ —% [(1 —Q ) (2 =z )2 +2(z2 - Z%)}
(A24)

where the variables with a subscript —(+) represent the
values evaluated at the core (envelope) side of the interface.
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For the HS models with a fluid envelope, p, = p.,s at the
outer side of the interface; for the QS models, p, = 0 as the
vacuum is reached directly outside the solid quark core. We
refer the readers to Refs. [13,33] for more discussions on
this junction condition. The boundary condition on p at the
stellar surface is given by

pr=0. (A25)

i.e., a vanishing radial pressure. The total gravitational mass

oM
e =1-"".

A26
R (426)
2. Perturbation equations

Let us next review the perturbation equations. At O(e!),
the equation of motion reads

d*w; 4nr2(p +p,)et — 1dw,
drr r dr

M and radius R of the star are determined when the above +162(p + p, = op) ey, (A27)
boundary condition is met. Finally, the boundary condition
on ¢’ at R is given by and at O(e?), the equation of motion reads
|
2 oy (p+ pr)(dap,r’ +m) dog
Jg):(ﬂ‘*‘Pr—Uo)hz—r_zmmz*‘{ r(r = 2m) +d—+2 §2+3(P+Pr— op)etwi,  (A28)
I"4 dCU] 2
my, = —re*h, + 3 e~ {re‘ﬂ <d—> + 167rwt(p + p, — UO)] . (A29)
r
dh, dap, P —m+r dk2 3 A 1+ 87rp P (dw)?
d _ r h oy 2y @1
dr r ¢ dr P * e 2 r? Myt 12 ¢ dr
4 3
+4z(p + p,) Mézaé + 8ze’ 0y, (A30)
dk, dh, 4zp,rP +3m—r drp,r* —m+r
TR L R E (A31)
d§2 r—2m dh2 dk2
—== —67? 2= — 1264r* —=
dr  6r[(p+ p.)(4ap,r* +m) +2(r —2m)o) { rlotry) dr 70" gy
2 d d
=3 (p+ p,)—> v — 40y | & — 12}’0;2) +2r3(p+ p, —0y)e " w, rr 2 ) — 222 L (A32)
dr? dr dr
|
The boundary conditions near » = 0 are given by o (3C,e% + w.)(Pe + pe)ooa B
B ) 5 o 3) A33 g [2”(3176‘ +pc)(pc +pc) + 3602]6%
W) = W1, + 5 ”(pc +pc DT + (I" ’ ( ) + O(F3), (A38)
hy = Cyr* 4+ O(r), (A34) where o, is a Taylor coefficient given by
ky = —Cir* + O(r?), (A35) oo = opar* + O(r3). (A39)
my, = —=Cir* + O(r), (A36) Together with the background configuration of the elastic
star, we integrate Eq. (A27) and Egs. (A30)—(A32) to obtain
(3C;e* + aﬁc)( Pe+pe) the interior solution of @, h,, k,, and &,, respectively. The
H=- 202203p. + po)(pe + po) + 3o0a)e* constants ;. and C; are determined by matching the
5 interior and exterior solutions on the stellar surface at
+0(r), (A37) R. Subsequently, the moment of inertia / and spin-induced
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quadrupole moment Q of a slowly rotating, isolated star can
be extracted from the exterior solutions w{* and hS¥,

respectively,
21
o = Q(l - _r3) ,

ex 0 1
hzt——F‘FO(F)

Meanwhile, the tidal deformability 4, of a nonrotating,
tidally deformed star can be calculated by solving
Egs. (A28)-(A32) with w; = 0. 1, is related to the tidal

Love number ki as

(A40)

(A41)

2 .
/12 - —ktzldRS.

: (A42)

kid can be calculated from

Kid = §C5(1 —20)22+2C(y—1) —y]
x {2C[6 — 3y +3C(5y — 8)]
+4C3 13 =11y + C(3y —2) + 2C%(1 +y)]
+3(1=2C)*2 -y +2C(y - 1)]In(1 = 2C)} 7,
(A43)

where

ext

o dh§
T pext .
h2 dr r=R

y (A44)

‘We refer the readers to Refs. [35,36,46,59] for more detail on
matching the interior and exterior solutions of wy, h,, k,, and
&,. The above set of equations reduces to the background and
perturbation equations for fluid stars with isotropic pressure
[46], i.e., p, = p, = p, when o vanishes.

In this paper, the numerical integration of
Egs. (A12)—(A14), (A27), and (A30)—(A32) is performed
using the explicit fourth-order Runge-Kutta method. We

verify that the fluid limit results are recovered when /i is
taken to be an infinitesimally small value. Also, we
compare our numerical results with Refs. [33,46,59] to
validate our code implementation. We obtain consistent
results when the same physical models are used.

3. Junction condition on &,

Similar to p, the quantity & is also discontinuous at the
core-envelope interface due to the jump in o, [see
Egs. (A28) and (A32)]. Although its value inside the fluid
envelope can be found directly by setting 6y = 6&2) =0in
Eq. (A28), we here derive the junction condition that
determines its jump for completeness.

First, we can write discontinuous o as

60 =0(r,—r)og +0O(r—r,)og, (A45)
where ©(x) is the Heaviside step function with the half-
maximum convention [i.e., ®(0) = 1/2], the subscript #
represents that the quantity is evaluated at the transition
point, and the superscript —(+4) represents the core
(envelope) side value of a quantity that is discontinuous
at r;. In our model, 6 = 0. However, we keep it unspeci-
fied here to make the final expression generic. The
derivative in Eq. (A28) is thus given by

dﬁo o
dr

doy
@(r,—r)d—;)-i—@(r—r[)

+ (60+,t —05,)0(r—r,).

dr
(A46)

Applying Eq. (A46) to Eq. (A32) and integrating, we obtain

5{1‘ - 55,[ _ % (O'+ _
5;[ + 55,! rt 01

_\[(dpt | dpr\7!
0,,)<dr + dr) . (A47)

In practical calculations, we compute &5, by setting 6y =

(2

0'2> =0 in Eq. (A28), and the numerical results are
consistent with that obtained using Eq. (A47).

[1] M. Alford, M. Braby, M. W. Paris, and S. Reddy, Hybrid
stars that masquerade as neutron stars, Astrophys. J. 629,
969 (2005).

[2] M. G. Alford, S. Han, and M. Prakash, Generic con-
ditions for stable hybrid stars, Phys. Rev. D 88, 083013
(2013).

[3] E. Witten, Cosmic separation of phases, Phys. Rev. D 30,
272 (1984).

[4] M. G. Alford, K. Rajagopal, and F. Wilczek, QCD at finite
baryon density: Nucleon droplets and color superconduc-
tivity, Phys. Lett. B 422, 247 (1998).

[5] M. G. Alford, K. Rajagopal, and F. Wilczek, Color flavor
locking and chiral symmetry breaking in high density QCD,
Nucl. Phys. B537, 443 (1999).

[6] M. G. Alford, J. A. Bowers, and K. Rajagopal, Crystalline
color superconductivity, Phys. Rev. D 63, 074016 (2001).

043024-14


https://doi.org/10.1086/430902
https://doi.org/10.1086/430902
https://doi.org/10.1103/PhysRevD.88.083013
https://doi.org/10.1103/PhysRevD.88.083013
https://doi.org/10.1103/PhysRevD.30.272
https://doi.org/10.1103/PhysRevD.30.272
https://doi.org/10.1016/S0370-2693(98)00051-3
https://doi.org/10.1016/S0550-3213(98)00668-3
https://doi.org/10.1103/PhysRevD.63.074016

UNIVERSAL RELATIONS FOR ELASTIC HYBRID STARS AND ...

PHYS. REV. D 114, 043024 (2026)

[7] K. Rajagopal and R. Sharma, The crystallography of three-
flavor quark matter, Phys. Rev. D 74, 094019 (2006).

[8] R. Anglani, R. Casalbuoni, M. Ciminale, N. Ippolito, R.
Gatto, M. Mannarelli, and M. Ruggieri, Crystalline color
superconductors, Rev. Mod. Phys. 86, 509 (2014).

[9] M. G. Alford, Color superconducting quark matter, Annu.
Rev. Nucl. Part. Sci. 51, 131 (2001).

[10] M. G. Alford, A. Schmitt, K. Rajagopal, and T. Schifer,
Color superconductivity in dense quark matter, Rev. Mod.
Phys. 80, 1455 (2008).

[11] G. Pagliara, Formation of quark phases in protoneutron
stars: The transition from the 2SC to the normal quark
phase, Phys. Rev. D 83, 125013 (2011).

[12] M. Mannarelli, K. Rajagopal, and R. Sharma, The Rigidity
of crystalline color superconducting quark matter, Phys.
Rev. D 76, 074026 (2007).

[13] M. Karlovini and L. Samuelsson, Elastic stars in general
relativity. 1. Foundations and equilibrium models, Classical
Quantum Gravity 20, 3613 (2003).

[14] M. Karlovini, L. Samuelsson, and M. Zarroug, Elastic stars
in general relativity. 2. Radial perturbations, Classical
Quantum Gravity 21, 1559 (2004).

[15] R.L. Bowers and E.P.T. Liang, Anisotropic spheres in
general relativity, Astrophys. J. 188, 657 (1974).

[16] D. Horvat, S. Ilijic, and A. Marunovic, Radial pulsations and
stability of anisotropic stars with quasi-local equation of
state, Classical Quantum Gravity 28, 025009 (2011).

[17] X.-G. Huang, M. Huang, D. H. Rischke, and A. Sedrakian,
Anisotropic hydrodynamics, bulk viscosities and R-modes
of strange quark stars with strong magnetic Fields, Phys.
Rev. D 81, 045015 (2010).

[18] E.J. Ferrer, V. de la Incera, J. P. Keith, I. Portillo, and P. L.
Springsteen, Equation of state of a dense and magnetized
Fermion system, Phys. Rev. C 82, 065802 (2010).

[19] S. Yazadjiev, Relativistic models of magnetars: Nonpertur-
bative analytical approach, Phys. Rev. D 85, 044030 (2012).

[20] L. M. Becerra, E.A. Becerra-Vergara, and F.D. Lora-
Clavijo, Realistic anisotropic neutron stars: Pressure effects,
Phys. Rev. D 109, 043025 (2024).

[21] R.F. Sawyer and D.J. Scalapino, Pion condensation in
superdense nuclear matter, Phys. Rev. D 7, 953 (1973).

[22] W. H. Dickhoff, A. Faessler, J. Meyer-Ter-Vehn, and H.
Muther, Pion condensation and realistic interactions, Phys.
Rev. C 23, 1154 (1981).

[23] A.B. Migdal, E. E. Saperstein, M. A. Troitsky, and D. N.
Voskresensky, Pion degrees of freedom in nuclear matter,
Phys. Rep. 192, 179 (1990).

[24] P.H.R. S. Moraes, G. Panotopoulos, and I. Lopes, Aniso-
tropic dark matter stars, Phys. Rev. D 103, 084023
(2021).

[25] J. Bramante and N. Raj, Dark matter in compact stars, Phys.
Rep. 1052, 1 (2024).

[26] S. K. Maurya, K. N. Singh, A. Aziz, S. Ray, and G. Mustafa,
Compact stars with dark matter induced anisotropy in
complexity-free background and effect of dark matter on
GW echoes, Mon. Not. R. Astron. Soc. 527, 5192 (2023).

[27] C.R. Ghezzi, Anisotropic dark energy stars, Astrophys.
Space Sci. 333, 437 (2011).

[28] K. Das and N. Ali, Anisotropic charged dark energy star,
Astrophys. Space Sci. 356, 57 (2015).

[29] T. Cadogan and E. Poisson, Self-gravitating anisotropic
fluids. I: Context and overview, Gen. Relativ. Gravit. 56,
118 (2024).

[30] T. Cadogan and E. Poisson, Self-gravitating anisotropic
fluid. II: Newtonian theory, Gen. Relativ. Gravit. 56, 119
(2024).

[31] T. Cadogan and E. Poisson, Self-gravitating anisotropic
fluid. III: Relativistic theory, Gen. Relativ. Gravit. 56, 120
(2024).

[32] A. Alho, J. Natdrio, P. Pani, and G. Raposo, Compact elastic
objects in general relativity, Phys. Rev. D 105, 044025
(2022); 105, 129903(E) (2022).

[33] Z.Z. Dong, S.Y. Lau, and K. Yagi, New modeling for
hybrid stars with an elastic quark core, Phys. Rev. D 111,
123043 (2025).

[34] A. Alho, J. Natdrio, P. Pani, and G. Raposo, Compactness
bounds in general relativity, Phys. Rev. D 106, L041502
(2022).

[35] J. B. Hartle, Slowly rotating relativistic stars. 1. Equations of
structure, Astrophys. J. 150, 1005 (1967).

[36] J.B. Hartle and K. S. Thorne, Slowly rotating relativistic
stars. II. Models for neutron stars and supermassive stars,
Astrophys. J. 153, 807 (1968).

[37] D. G. Ravenhall and C. J. Pethick, Neutron star moments of
inertia, Astrophys. J. 424, 846 (1994).

[38] M. Bejger and P. Haensel, Moments of inertia for neutron
and strange stars: Limits derived for the Crab pulsar, Astron.
Astrophys. 396, 917 (2002).

[39] J.M. Lattimer and B. F. Schutz, Constraining the equation
of state with moment of inertia measurements, Astrophys. J.
629, 979 (2005).

[40] M. Urbanec, J.C. Miller, and Z. Stuchlik, Quadrupole
moments of rotating neutron stars and strange stars, Mon.
Not. R. Astron. Soc. 433, 1903 (2013).

[41] M. Baubéck, E. Berti, D. Psaltis, and F. Ozel, Relations
between neutron-star parameters in the Hartle-Thorne
approximation, Astrophys. J. 777, 68 (2013).

[42] C.Breu and L. Rezzolla, Maximum mass, moment of inertia
and compactness of relativistic stars, Mon. Not. R. Astron.
Soc. 459, 646 (2016).

[43] N. Jiang and K. Yagi, Analytic [-Love-C relations for
realistic neutron stars, Phys. Rev. D 101, 124006 (2020).

[44] K. Yagi and N. Yunes, Approximate universal relations for
neutron stars and quark stars, Phys. Rep. 681, 1 (2017).

[45] K. Yagi and N. Yunes, I-Love-Q, Science 341, 365 (2013).

[46] K. Yagi and N. Yunes, I-Love-Q relations in neutron stars
and their applications to astrophysics, gravitational waves
and fundamental physics, Phys. Rev. D 88, 023009 (2013).

[47] D.D. Doneva, S.S. Yazadjiev, N. Stergioulas, and K. D.
Kokkotas, Breakdown of I-Love-Q universality in rapidly
rotating relativistic stars, Astrophys. J. Lett. 781, L6 (2013).

[48] G. Pappas and T.A. Apostolatos, Effectively universal
behavior of rotating neutron stars in general relativity makes
them even simpler than their Newtonian counterparts, Phys.
Rev. Lett. 112, 121101 (2014).

[49] S. Chakrabarti, T. Delsate, N. Giirlebeck, and J. Steinhoff,
1-Q relation for rapidly rotating neutron stars, Phys. Rev.
Lett. 112, 201102 (2014).

[50] K. Yagi, K. Kyutoku, G. Pappas, N. Yunes, and T.A.
Apostolatos, Effective no-hair relations for neutron stars and

043024-15


https://doi.org/10.1103/PhysRevD.74.094019
https://doi.org/10.1103/RevModPhys.86.509
https://doi.org/10.1146/annurev.nucl.51.101701.132449
https://doi.org/10.1146/annurev.nucl.51.101701.132449
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/PhysRevD.83.125013
https://doi.org/10.1103/PhysRevD.76.074026
https://doi.org/10.1103/PhysRevD.76.074026
https://doi.org/10.1088/0264-9381/20/16/307
https://doi.org/10.1088/0264-9381/20/16/307
https://doi.org/10.1088/0264-9381/21/6/018
https://doi.org/10.1088/0264-9381/21/6/018
https://doi.org/10.1086/152760
https://doi.org/10.1088/0264-9381/28/2/025009
https://doi.org/10.1103/PhysRevD.81.045015
https://doi.org/10.1103/PhysRevD.81.045015
https://doi.org/10.1103/PhysRevC.82.065802
https://doi.org/10.1103/PhysRevD.85.044030
https://doi.org/10.1103/PhysRevD.109.043025
https://doi.org/10.1103/PhysRevD.7.953
https://doi.org/10.1103/PhysRevC.23.1154
https://doi.org/10.1103/PhysRevC.23.1154
https://doi.org/10.1016/0370-1573(90)90132-L
https://doi.org/10.1103/PhysRevD.103.084023
https://doi.org/10.1103/PhysRevD.103.084023
https://doi.org/10.1016/j.physrep.2023.12.001
https://doi.org/10.1016/j.physrep.2023.12.001
https://doi.org/10.1093/mnras/stad3562
https://doi.org/10.1007/s10509-011-0663-4
https://doi.org/10.1007/s10509-011-0663-4
https://doi.org/10.1007/s10509-014-2184-4
https://doi.org/10.1007/s10714-024-03289-7
https://doi.org/10.1007/s10714-024-03289-7
https://doi.org/10.1007/s10714-024-03303-y
https://doi.org/10.1007/s10714-024-03303-y
https://doi.org/10.1007/s10714-024-03305-w
https://doi.org/10.1007/s10714-024-03305-w
https://doi.org/10.1103/PhysRevD.105.044025
https://doi.org/10.1103/PhysRevD.105.044025
https://doi.org/10.1103/PhysRevD.105.129903
https://doi.org/10.1103/96rk-czgv
https://doi.org/10.1103/96rk-czgv
https://doi.org/10.1103/PhysRevD.106.L041502
https://doi.org/10.1103/PhysRevD.106.L041502
https://doi.org/10.1086/149400
https://doi.org/10.1086/149707
https://doi.org/10.1086/173935
https://doi.org/10.1051/0004-6361:20021241
https://doi.org/10.1051/0004-6361:20021241
https://doi.org/10.1086/431543
https://doi.org/10.1086/431543
https://doi.org/10.1093/mnras/stt858
https://doi.org/10.1093/mnras/stt858
https://doi.org/10.1088/0004-637X/777/1/68
https://doi.org/10.1093/mnras/stw575
https://doi.org/10.1093/mnras/stw575
https://doi.org/10.1103/PhysRevD.101.124006
https://doi.org/10.1016/j.physrep.2017.03.002
https://doi.org/10.1126/science.1236462
https://doi.org/10.1103/PhysRevD.88.023009
https://doi.org/10.1088/2041-8205/781/1/L6
https://doi.org/10.1103/PhysRevLett.112.121101
https://doi.org/10.1103/PhysRevLett.112.121101
https://doi.org/10.1103/PhysRevLett.112.201102
https://doi.org/10.1103/PhysRevLett.112.201102

CHUN-MING YIP, SHU YAN LAU, and KENT YAGI

PHYS. REV. D 114, 043024 (2026)

quark stars: Relativistic results, Phys. Rev. D 89, 124013
(2014).

[51] V. Paschalidis, K. Yagi, D. Alvarez-Castillo, D. B. Blaschke,
and A. Sedrakian, Implications from GW170817 and
I-Love-Q relations for relativistic hybrid stars, Phys.
Rev. D 97, 084038 (2018).

[52] N. K. Largani, T. Fischer, A. Sedrakian, M. Cierniak, D. E.
Alvarez-Castillo, and D. B. Blaschke, Universal relations
for rapidly rotating cold and hot hybrid stars, Mon. Not. R.
Astron. Soc. 515, 3539 (2022).

[53] G. Papigkiotis and G. Pappas, Universal relations for rapidly
rotating neutron stars using supervised machine-learning
techniques, Phys. Rev. D 107, 103050 (2023).

[54] C.J. Kriiger and S.H. Volkel, Rapidly rotating neutron
stars: Universal relations and EOS inference, Phys. Rev. D
108, 124056 (2023).

[55] S.Y. Lau, P. T. Leung, and L. M. Lin, Tidal deformations of
compact stars with crystalline quark matter, Phys. Rev. D
95, 101302 (2017).

[56] S.Y. Lau, P.T. Leung, and L. M. Lin, Two-layer compact
stars with crystalline quark matter: Screening effect on the
tidal deformability, Phys. Rev. D 99, 023018 (2019).

[57] F. Gittins, N. Andersson, and J. P. Pereira, Tidal deforma-
tions of neutron stars with elastic crusts, Phys. Rev. D 101,
103025 (2020).

[58] Z.Z. Dong, J. C. Faggert, S.Y. Lau, and K. Yagi, Love-C
relations for elastic hybrid stars, Gen. Relativ. Gravit. 56,
113 (2024).

[59] K. Yagi and N. Yunes, I-Love-Q anisotropically: Universal
relations for compact stars with scalar pressure anisotropy,
Phys. Rev. D 91, 123008 (2015).

[60] H. C. Das, I-Love-C relation for an anisotropic neutron star,
Phys. Rev. D 106, 103518 (2022).

[61] S.R. Mohanty, S. Ghosh, P. Routaray, H. C. Das, and B.
Kumar, The impact of anisotropy on neutron star properties:
Insights from |-f—~C universal relations, J. Cosmol. Astro-
part. Phys. 03 (2024) 054.

[62] J.M.Z. Pretel and C. Zhang, Universal relations for
anisotropic interacting quark stars, J. Cosmol. Astropart.
Phys. 10 (2024) 032.

[63] A. Akmal, V.R. Pandharipande, and D. G. Ravenhall, The
Equation of state of nucleon matter and neutron star
structure, Phys. Rev. C 58, 1804 (1998).

[64] P. Haensel, A.Y. Potekhin, and D. G. Yakovlev, Neutron
Stars 1: Equation of State and Structure (Springer, New
York, 2007), Vol. 326.

[65] P.J. Davis, H.D. Thi, A.F. Fantina, F. Gulminelli, M.
Oertel, and L. Suleiman, Inference of neutron-star properties
with unified crust-core equations of state for parameter
estimation, Astron. Astrophys. 687, A44 (2024).

[66] P.J. Davis, H. Dinh Thi, A.F. Fantina, F. Gulminelli, M.
Oertel, and L. Suleiman, Crust (unified) tool for equation-
of-state reconstruction (CUTER) v2, Eur. Phys. J. A 61, 120
(2025).

[67] F. Douchin and P. Haensel, A unified equation of state of
dense matter and neutron star structure, Astron. Astrophys.
380, 151 (2001).

[68] I. Bombaci and D. Logoteta, Equation of state of dense
nuclear matter and neutron star structure from nuclear chiral
interactions, Astron. Astrophys. 609, A128 (2018).

[69] H. Shen, H. Toki, K. Oyamatsu, and K. Sumiyoshi,
Relativistic equation of state of nuclear matter for supernova
explosion, Prog. Theor. Phys. 100, 1013 (1998).

[70] H. Shen, H. Toki, K. Oyamatsu, and K. Sumiyoshi,
Relativistic equation of state of nuclear matter for
supernova and neutron star, Nucl. Phys. A637, 435
(1998).

[71] Y. Sugahara and H. Toki, Relativistic mean field theory for
unstable nuclei with nonlinear sigma and omega terms,
Nucl. Phys. A579, 557 (1994).

[72] S. Typel, M. Oertel, and T. Klidhn, CompOSE CompStar
online supernova equations of state harmonising the concert
of nuclear physics and astrophysics compose.obspm.fr,
Phys. Part. Nucl. 46, 633 (2015).

[73] M. Qertel, M. Hempel, T. Klidhn, and S. Typel, Equations of
state for supernovae and compact stars, Rev. Mod. Phys. 89,
015007 (2017).

[74] S. Typel et al. (CompOSE Core Team), CompOSE reference
manual, Eur. Phys. J. A 58, 221 (2022).

[75] J. C. Faggert, Probing Crystalline Color Superconducting
Phase of Quark Matter through Universal Relations for
Hybrid Stars, Virginia U. 10.18130/njvn-1964 (2023),
10.18130/njvn-1964.

[76] B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo
Collaboration), GW170817: Measurements of neutron star
radii and equation of state, Phys. Rev. Lett. 121, 161101
(2018).

[77] M. C. Miller et al., PSR JO030 + 0451 mass and radius
from NICER data and implications for the properties of
neutron star matter, Astrophys. J. Lett. 887, L24
(2019).

[78] T. Salmi et al., The radius of the high-mass pulsar PSR
JO740 + 6620 with 3.6 yr of NICER data, Astrophys. J. 974,
294 (2024).

[79] V. Doroshenko, V. Suleimanov, G. Piihlhofer, and A.
Santangelo, A strangely light neutron star within a super-
nova remnant, Nat. Astron. 6, 1444 (2022).

[80] I. A. Rather, G. Panotopoulos, and I. Lopes, Quark models
and radial oscillations: Decoding the HESS J1731-347
compact object’s equation of state, Eur. Phys. J. C 83,
1065 (2023).

[81] F. Di Clemente, A. Drago, and G. Pagliara, Is the compact
object associated with HESS J1731-347 a strange quark
star? A possible astrophysical scenario for its formation,
Astrophys. J. 967, 159 (2024).

[82] Z.F. Seidov, The stability of a star with a phase
change in general relativity theory, Sov. Astron. 15,
347 (1971).

[83] S. Vinciguerra et al., An updated mass—radius analysis of
the 2017-2018 NICER data set of PSR J0030 4+ 0451,
Astrophys. J. 961, 62 (2024).

[84] T. K. Chan, A.P. O. Chan, and P. T. Leung, I-Love relations
for incompressible stars and realistic stars, Phys. Rev. D 91,
044017 (2015).

[85] T. K. Chan, A.P. O. Chan, and P. T. Leung, Universality and
stationarity of the I-Love relation for self-bound stars, Phys.
Rev. D 93, 024033 (2016).

[86] M. Karlovini and L. Samuelsson, Elastic stars in general
relativity: IV. Axial perturbations, Classical Quantum Grav-
ity 24, 3171 (2007).

043024-16


https://doi.org/10.1103/PhysRevD.89.124013
https://doi.org/10.1103/PhysRevD.89.124013
https://doi.org/10.1103/PhysRevD.97.084038
https://doi.org/10.1103/PhysRevD.97.084038
https://doi.org/10.1093/mnras/stac1916
https://doi.org/10.1093/mnras/stac1916
https://doi.org/10.1103/PhysRevD.107.103050
https://doi.org/10.1103/PhysRevD.108.124056
https://doi.org/10.1103/PhysRevD.108.124056
https://doi.org/10.1103/PhysRevD.95.101302
https://doi.org/10.1103/PhysRevD.95.101302
https://doi.org/10.1103/PhysRevD.99.023018
https://doi.org/10.1103/PhysRevD.101.103025
https://doi.org/10.1103/PhysRevD.101.103025
https://doi.org/10.1007/s10714-024-03302-z
https://doi.org/10.1007/s10714-024-03302-z
https://doi.org/10.1103/PhysRevD.91.123008
https://doi.org/10.1103/PhysRevD.106.103518
https://doi.org/10.1088/1475-7516/2024/03/054
https://doi.org/10.1088/1475-7516/2024/03/054
https://doi.org/10.1088/1475-7516/2024/10/032
https://doi.org/10.1088/1475-7516/2024/10/032
https://doi.org/10.1103/PhysRevC.58.1804
https://doi.org/10.1051/0004-6361/202348402
https://doi.org/10.1140/epja/s10050-025-01562-0
https://doi.org/10.1140/epja/s10050-025-01562-0
https://doi.org/10.1051/0004-6361:20011402
https://doi.org/10.1051/0004-6361:20011402
https://doi.org/10.1051/0004-6361/201731604
https://doi.org/10.1143/PTP.100.1013
https://doi.org/10.1016/S0375-9474(98)00236-X
https://doi.org/10.1016/S0375-9474(98)00236-X
https://doi.org/10.1016/0375-9474(94)90923-7
https://doi.org/10.1134/S1063779615040061
https://doi.org/10.1103/RevModPhys.89.015007
https://doi.org/10.1103/RevModPhys.89.015007
https://doi.org/10.1140/epja/s10050-022-00847-y
https://doi.org/10.18130/njvn-1964
https://doi.org/10.1103/PhysRevLett.121.161101
https://doi.org/10.1103/PhysRevLett.121.161101
https://doi.org/10.3847/2041-8213/ab50c5
https://doi.org/10.3847/2041-8213/ab50c5
https://doi.org/10.3847/1538-4357/ad5f1f
https://doi.org/10.3847/1538-4357/ad5f1f
https://doi.org/10.1038/s41550-022-01800-1
https://doi.org/10.1140/epjc/s10052-023-12223-1
https://doi.org/10.1140/epjc/s10052-023-12223-1
https://doi.org/10.3847/1538-4357/ad445b
https://doi.org/10.3847/1538-4357/acfb83
https://doi.org/10.1103/PhysRevD.91.044017
https://doi.org/10.1103/PhysRevD.91.044017
https://doi.org/10.1103/PhysRevD.93.024033
https://doi.org/10.1103/PhysRevD.93.024033
https://doi.org/10.1088/0264-9381/24/13/003
https://doi.org/10.1088/0264-9381/24/13/003

UNIVERSAL RELATIONS FOR ELASTIC HYBRID STARS AND ...

PHYS. REV. D 114, 043024 (2026)

[87] B. Carter, Elastic perturbation theory in general relativity
and a variation principle for a rotating solid star, Commun.
Math. Phys. 30, 261 (1973).

[88] K. Yagi, L.C. Stein, G. Pappas, N. Yunes, and T. A.
Apostolatos, Why I-Love-Q: Explaining why universality
emerges in compact objects, Phys. Rev. D 90, 063010 (2014).

[89] T. K. Chan, Y. H. Sham, P. T. Leung, and L. M. Lin, Multi-
polar universal relations between f-mode frequency and tidal
deformability of compact stars, Phys. Rev. D 90, 124023
(2014).

[90] Y.H. Sham, T.K. Chan, L.M. Lin, and P.T. Leung,
Unveiling the universality of I-Love-Q relations, Astrophys.
J. 798, 121 (2015).

[91] K. Kyutoku, Assessment of universal relations among
second-order moments of relativistic stars via reformu-
lated perturbation equations, Phys. Rev. D 112, 024059
(2025).

[92] T. Katagiri, G. R. Mukkamala, and K. Yagi, Theoretical
modeling of approximate universality of tidally deformed
neutron stars, Phys. Rev. D 112, 023030 (2025).

043024-17


https://doi.org/10.1007/BF01645505
https://doi.org/10.1007/BF01645505
https://doi.org/10.1103/PhysRevD.90.063010
https://doi.org/10.1103/PhysRevD.90.124023
https://doi.org/10.1103/PhysRevD.90.124023
https://doi.org/10.1088/0004-637X/798/2/121
https://doi.org/10.1088/0004-637X/798/2/121
https://doi.org/10.1103/1lqx-fgrr
https://doi.org/10.1103/1lqx-fgrr
https://doi.org/10.1103/8yfc-v76l

	Universal relations for elastic hybrid stars and quark stars
	I. INTRODUCTION
	II. METHODS
	III. RESULTS
	A. Hybrid stars
	1. Canonical model
	2. Parameter scan

	B. Quark stars

	IV. CONCLUSIONS AND DISCUSSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX: BACKGROUND AND PERTURBATION EQUATIONS
	1. Background equations
	2. Perturbation equations
	3. Junction condition on &xi;2

	References


