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We present charmonium spectral functions extracted from Euclidean-time correlation functions using
sparse modeling (SpM). SpM solves inverse problems by considering only the sparsity of the target
solution. To assess the applicability of the method, we first test it with mock data designed to mimic
charmonium correlation functions. We demonstrate that while resonance peaks in the spectral functions can
be reconstructed using this method, transport peaks are difficult to resolve without introducing further
assumptions beyond sparsity. We then apply the method to charmonium correlation functions obtained
from lattice quantum chromodynamics (QCD) at temperatures below and above the critical temperature.
The results are found to be qualitatively consistent with those obtained using the maximum entropy
method, although the transport peak is not clearly resolved. This indicates that, even when relying solely on
the assumption of sparsity, the method can capture some relevant features of the underlying physics.
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I. INTRODUCTION

Meson spectral functions provide essential information on
the properties of hot and dense quantum chromodynamics
(QCD) matter created in relativistic heavy-ion collisions.
They encode the real-time dynamics of strongly interacting
systems and are directly related to phenomenologically
relevant observables. For example, the vector spectral
function determines the thermal dilepton production rate
[1–3], which offers an experimentally accessible probe of the
electromagnetic response of the quark-gluon plasma (QGP).
Quarkonium, a bound state of a heavy quark and

antiquark, serves as a valuable probe of QGP created in

relativistic heavy-ion collisions [4]. Due to the large quark
mass, quarkonium systems can be described within a non-
relativistic framework, which allows us to relate their in-
medium properties to an effective heavy-quark potential. At
finite temperature, this potential becomes complex-valued,
reflecting the interaction of the heavy quark–antiquark pair
with the surrounding thermal medium [5–9]. The real part of
the potential is modified by the presence of color charges in
the deconfined medium, leading to color Debye screening
of the quark-antiquark interaction. As the temperature
increases, this screening weakens the binding of quarkonium
states. In addition, the imaginary part of the finite-temperature
potential encodes medium-induced dissociation processes,
such as Landau damping and singlet-octet transitions caused
by interactions with thermal gluons. These effects give rise to
a finite thermal width of quarkonium states, implying that
quarkonium melting should be understood not only as the
disappearance of bound states due to screening, but also as the
loss of well-defined resonances caused by strong in-medium
damping.
Experimental studies at RHIC and LHC have provided

compelling evidence for such in-medium modifications of
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quarkonia. Measurements of the J=Ψ and ϒ yields reveal
significant suppression compared to the proton-proton
baselines [10–14]. These measurements provide essential
information on the onset of deconfinement and the proper-
ties of the QGP, and motivate further theoretical studies to
understand the in-medium modification of quarkonium,
requiring knowledge of the corresponding spectral function.
Beyond quarkonium spectroscopy, the low-frequency struc-
ture of the vector spectral function is directly related to
transport coefficients such as the heavy quark diffusion
constant [15], which are essential to describe transport
phenomena in heavy-ion experiments.
In lattice QCD, however, spectral functions cannot be

computed directly. Instead, they are inferred from meson
correlation functions in Euclidean time. Reconstructing
spectral functions from these correlation functions is,
however, an ill-posed inverse problem: the limited number
of temporal data points and the presence of statistical noise
make it difficult to uniquely determine the spectral shape.
Various approaches have been proposed to address this

difficulty, including the maximum entropy method (MEM)
[16], the Backus-Gilbert method [17], the Chybyshev poly-
nomial method [18], and stochastic methods [19]. Each of
these has its strengths and limitations, and the results may
depend sensitively on algorithmic choices. For this reason, it
is necessary to compare different reconstruction methods in
order to assess systematic uncertainties.
Recently, sparse modeling (SpM) has been introduced to

the lattice QCD community as a promising alternative for
spectral reconstruction. Originally developed in condensed
matter physics [20,21], it enables stable reconstructions
with reduced bias and controlled resolution, while relying
on fewer explicit model assumptions compared to conven-
tional approaches. In particular, Itou and Nagai [22]
successfully applied SpM to the correlation functions of
the energy–momentum tensor, demonstrating its potential
to extract transport coefficients such as shear viscosity.
Motivated by the question of whether essential quarkonium
physics can be extracted within a framework with minimal
model assumptions, we adopt SpM in this study. Extending
this approach to the study of quarkonium correlators at
finite temperature provides a new opportunity to obtain
more reliable information on in-medium spectral functions,
including quarkonium survival patterns and transport prop-
erties relevant for heavy-ion phenomenology.
In this work, we investigate the charmonium spectral

function at finite temperature using SpM. By performing
analyses with both mock data and data from lattice QCD
calculations and by comparing our results with conven-
tional methods, we assess systematic uncertainties and
establish the applicability of SpM for quantitative studies of
heavy-quark observables in the QGP.
The remainder of the paper is organized as follows. In

Sec. II, we give a brief review of the SpM method, explain
our ideas and describe the procedure for using the method to

extract spectral functions in our study. In Sec. III, we explain
the mock-data tests of the method and discuss the results
of that test. Section IV presents the results of the spectral
functions using actual lattice QCD data. Finally, we
summarize our study in Sec. V.

II. SPARSE MODELING

In this section, we introduce the SpM method. In
Sec. II A, we briefly review its formulation in the inter-
mediate representation (IR) basis, following Refs. [20,23].
While previous studies have generally neglected the covari-
ance between correlation functions at different Euclidean
times, SpM is capable of incorporating it [23], and we
explicitly take this covariance into account in our analysis, as
explained in Sec. II B. Finally, because the method is
employed here to extract spectral functions from correlation
functions, the corresponding formalism and procedure are
presented in Sec. II C.

A. Brief review of the sparse modeling method

Extracting spectral functions by using SpM has been
proposed in condensed matter physics [20,21]. Following
Ref. [23] which provides a more detailed review, we give a
brief review on formulation of the SpM method in the
IR basis.
Euclidean formulation of lattice QCD cannot directly

determine the meson spectral function ρðωÞ at the fre-
quency ω; instead, one can measure the meson correlation
functionGðτÞ at the Euclidean time τ.GðτÞ and ρðωÞ can be
written in Lehmann representation in the following form

GðτÞ ¼
Z

∞

0

dωKðτ;ωÞρðωÞ; ð1Þ

by using the Kubo-Martin-Schwinger relation and the
periodic boundary condition of GðτÞ. Here, Kðω; τÞ is the
integration kernel represented in the following form

Kðτ;ωÞ ¼ cosh ½ωðτ − 1
2TÞ�

sinhð ω
2TÞ

; ð2Þ

in the Euclidean time range 0 ≤ τ ≤ 1=T with temperature T.
Note that the kernel Kðτ;ωÞ is symmetric around τ ¼
1=ð2TÞ and the spectral function ρðωÞ is an odd function
of the frequency ω. This means that ρðωÞ holds

ρðωÞ
ω

≥ 0: ð3Þ

Equations (1) and (2) are used as clues to determine ρðωÞ
using GðτÞ as the input data.
In numerical calculations the Euclidean time τ and the

frequencyωmust be discretized. The length in the Euclidean-
time direction is limited by the lattice size of the lattice
simulations, and we introduce a cutoff ωmax for the infinite
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integral over ω. Then the variable τ and ω are discretized into
M and N slices, respectively. Defining Gi ≡GðτiÞ and ρi ≡
ρðωiÞΔωwhereΔω is the interval ofω instead of dω, we can
denote Eq. (1) using a matrix-vector representation

G⃗ ¼ Kρ⃗: ð4Þ

Here, K is an M × N matrix defined by Kij ≡ Kðτi;ωjÞ.
To find ρ⃗, we consider the square error

χ2ðρ⃗jG⃗Þ ¼ 1

2
kG⃗ − Kρ⃗k22; ð5Þ

and minimize it. Here, the argument on the left-hand side of
the bar (ρ⃗) indicates a quantity to be varied, that on the
right-hand side of the bar (G⃗) indicates a fixed quantity and
k · k2 stands for the L2 norm defined by

kρ⃗k2 ≡
�X

j

ρ2j

�
1=2

: ð6Þ

Since we now assuming that N > M, the number of Eq. (4)
is insufficient for ρ⃗ to be determined uniquely. We could
solve the equation if N ¼ M, while G⃗ has a noise, and it is
difficult to obtain the stable solution of ρ⃗.
To address these difficulties we take an efficient basis

that yields a sparse solution. Here, “sparse” is such that
most components of the solution are zero. If we can find
the position of zeros in the components and remove these
zeros from the set of equations, the number of components
will be reduced, and then equations are solvable if N ¼ M.
For the realization of this situation, we first decompose

the kernel K using the singular value decomposition (SVD)
as

K ¼ USV t; ð7Þ
where the superscript t indicates transpose, S is an M × N
matrix composed of singular values slðl ¼ 1; 2;…;MÞ at the
diagonal, and U and V are M ×M and N × N orthog-
onal matrices, respectively. Here, the sequence fslg is sorted
by magnitude in descending order. Then we trans-
form the vectors G⃗ and ρ⃗ using the orthogonal matrices U
and V as

G⃗0 ≡UtG⃗; ρ⃗0 ≡ V tρ⃗; ð8Þ
respectively. This new basis is called intermediate represen-
tation (IR) basis. Rewriting the square error in Eq. (5) with
the new vectors, G⃗0 and ρ⃗0, in the IR basis, we obtain

χ2ðρ⃗0jG⃗0Þ ¼ 1

2
kG⃗0 − Sρ⃗0k22 ð9Þ

¼ 1

2

X
l

ðG0
l − slρ0lÞ2: ð10Þ

Thus minimizing χ2ðρ⃗0jG⃗0Þ is to find a solution that satisfies
the equation

G0
l ¼ slρ0l: ð11Þ

Note that the singular values sl for the type of kernel
described by Eq. (2) decrease exponentially.
We focus on the property of sl. G0

l can decay much faster
than ρ0l due to the behavior of sl, which relies on the nature
of the kernel K. Thus, the fast decay of G0

l does not depend
on a simulation detail. It indicates that G0

l does not include
information about ρ0l at large l. In other words, elements of
G0

l, sl and ρ0l can be removed at large l. It is called
“dimensionality reduction” in Ref. [23]. This reduction
is a good solution for the inverse problem we address,
which involves correlation functions with noise as input.
Equation (11) shows that ρðωÞ and GðτÞ are directly
connected to each other in the IR basis, and ρðωÞ could
be naively evaluated by using the relation

ρ0l ¼ G0
l=sl: ð12Þ

This evaluation, however, does not work well due to noise
of GðτÞ. Even if the noise in GðτÞ is small, its influence is
amplified at large l, as Eq. (12) shows. On the other hand,
the influences of noise can be mitigated by the reduction.
In actual calculations, thresholds scut are set for the

obtained singular values sl, taking into account the proper-
ties described above. We can discard such a component
corresponding to l > lcut below this threshold, sl < scut.
This truncation is necessary to obtain a stable solution
against the noise in GðτÞ.
After dimensionality reduction, imposing sparseness on

ρ⃗0 to obtain a stable solution against noise, we introduce the
L1 regularization term to χ2ðρ⃗0jG⃗0Þ as

Fðρ⃗0jG⃗0; λÞ≡ χ2ðρ⃗0jG⃗0Þ þ λkρ⃗0k1; ð13Þ

where λ is a positive hyperparameter which controls the
contribution of L1 regularization relative to χ2ðρ⃗0jG⃗0Þ, and
jj · jj1 stands for the L1 norm defined by

kρ⃗0k1 ≡
X
l

jρ0lj: ð14Þ

The L1 regularization makes the solution sparse and remove
irrelevant bases. Thus the parameter λ regulates the degree
of sparseness. The optimal value of λ can be automatically
determined as will be mentioned in Sec. II C. This mini-
mization problem, expressed by Eq. (13), is known as the
least absolute shrinkage and selection operator (LASSO).
Given that the LASSO is a convex optimization problem,
the global minimum can be achieved regardless of initial
conditions [24].
The solution will hold two additional constraints. One is

the non-negativity condition of the spectral function,
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ρj ≥ 0: ð15Þ
This condition is imposed in this study. The other is the
sum rule,

X
j

ρj ¼ 1; ð16Þ

while this condition is not imposed in this study. With
these additional constraints, the minimization problem in
Eq. (13) can be solved using the alternating direction
method of multipliers (ADMM) algorithm [25]. For the
detail of the algorithm, see Appendix A.

B. Consideration of covariance
matrices for sparse modeling

In practical simulations, we obtain the Monte Carlo data
G⃗ with noise which is the source of the statistical error, and
G⃗ has correlation between different Euclidean times. Thus
the covariance of G⃗ should be taken into account. In this
case Ref. [23] explains that the square error in Eq. (5) can
be extent to a form,

χ2ðρ⃗jG⃗; CÞ ¼ 1

2
ðG⃗ − Kρ⃗ÞtC−1ðG⃗ − Kρ⃗Þ; ð17Þ

where C represents the covariance matrix defined by

Cij ¼
1

NconfðNconf − 1Þ

×
XNconf

n¼1

ðGi −GðnÞ
i ÞðGj − GðnÞ

j Þ; ð18Þ

Gi ¼
1

Nconf

XNconf

n¼1

GðnÞ
i ; ð19Þ

whereNconf is the total number of gauge configurations and

GðnÞ
i is the value of the correlation function measured on the

nth gauge configuration.
Since the covariance matrix C is a symmetric matrix, its

inverse is also symmetric and can be factorized using the
Cholesky decomposition as

C−1 ¼ WtW; ð20Þ

whereW is the upper triangular matrix. Using Eq. (20) and
defining

G⃗W ≡WG⃗; KW ≡WK; ð21Þ

we can rewrite Eq. (17) as

χ2ðρ⃗jG⃗WÞ ¼
1

2
kG⃗W − KW ρ⃗k22: ð22Þ

Now that we have the squared error such as Eq. (5), by
decomposing KW using SVD as

KW ¼ UWSWV t
W; ð23Þ

where SW is an M × N matrix composed singular values,
andUW and VW areM ×M andN × N orthogonal matrices,
respectively, and defining new vectors in the IR basis as

G⃗0
W ≡Ut

WG⃗W; ρ⃗0W ≡ V t
W ρ⃗; ð24Þ

we can express the squared error

χ2ðρ⃗0W jG⃗0
WÞ ¼

1

2
kG⃗0

W − SW ρ⃗0Wk22; ð25Þ

in the IR basis. The optimization problem to find a sparse
solution of ρ⃗0W can be solved using

Fðρ⃗0W jG⃗0
W; λÞ≡ χ2ðρ⃗0W jG⃗0

WÞ þ λkρ⃗0Wk1; ð26Þ
with two additional constraints in Eqs. (15) and (16).
In order to use dimensionality reduction, it is necessary

that the components of SW decrease exponentially. We
make sure that in the Appendix B.

C. Formalism of sparse modeling
for extraction of spectral functions

Here we present the SpM formalism to extract spectral
functions from correlation functions obtained by lattice
calculations.
The starting point of the formalism is Eq. (1). According

to the detailed formulation described in Appendix C,
Eq. (1) can be written as

Ĝðτ̂iÞ ¼
XNω−1

j¼0

Kð0Þðτ̂i; ω̂jÞρ̃ð0Þðω̂jÞ; ð27Þ

Kð0Þðτ̂i; ω̂jÞ ¼
ffiffiffiffiffiffiffiffi
Δω0p

ω̂max
cosh ½ω̂jðτ̂i − Nτ=2Þ�
cosh ½ω̂jðτ̂r − Nτ=2Þ�

; ð28Þ

ρ̃ð0Þðω̂jÞ ¼
ffiffiffiffiffiffiffiffi
Δω0p cosh ½ω̂jðτ̂r − Nτ=2Þ�

sinh ðω̂jNτ=2Þ
ρ̂ðω̂jÞ; ð29Þ

where hatted variables are dimensionless quantities, Nω is
the number of points in ω-space, Δω0 ≡ 1=ðNω − 1Þ, ω̂max
is a cutoff for ω̂,Nτ is the extent of Euclidean times and τ̂r is
the reference Euclidean time. In this study, we extract
ρ̃ð0Þðω̂jÞ directly from correlation functions using ADMM
algorithm for Kð0Þðτ̂i; ω̂jÞ.
Note that ρ̃ð0Þðω̂jÞ in Eq. (29) is proportional to ρ̂ðω̂jÞ=ω̂j

in the limit ω̂ → 0. One method of investigating the
transport properties at temperatures above Tc is to examine
the transport peak of the spectral function. Theoretically,
the transport peak has a finite value in ρ̂ðω̂jÞ=ω̂j at ω̂ → 0.
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Thus, it is favorable to find the equivalent of ρ̂ðω̂jÞ=ω̂j

directly using ADMM algorithm from the outset, and
ρ̃ð0Þðω̂jÞ in Eq. (29) is of that form.
At temperatures below Tc, ρ̂ðω̂jÞ is expected to be

asymptotically proportional to ω̂2 in high frequency region.
Therefore, the resonance peak is usually checked by
ρ̂ðω̂jÞ=ω̂2

j . Thus, it is favorable to find the equivalent of
ρ̂ðω̂jÞ=ω̂2

j directly using ADMM algorithm. In addition, a
transport peak for the spectral function is expected to not
appear at ω → 0 at temperatures below Tc. Taken these
features into consideration, Eqs. (27)–(29) can be rewritten as

Ĝðτ̂iÞ ¼
XNω−1

j¼0

Kð1Þðτ̂i; ω̂jÞρ̃ð1Þðω̂jÞ; ð30Þ

Kð1Þðτ̂i; ω̂jÞ ¼
ffiffiffiffiffiffiffiffi
Δω0p

ω̂jω̂max
cosh ½ω̂jðτ̂i − Nτ=2Þ�
cosh ½ω̂jðτ̂r − Nτ=2Þ�

; ð31Þ

ρ̃ð1Þðω̂jÞ ¼
ffiffiffiffiffiffiffiffi
Δω0p cosh ½ω̂jðτ̂r − Nτ=2Þ�

sinh ðω̂jNτ=2Þ
ρ̂ðω̂jÞ
ω̂j

: ð32Þ

Kð1Þðτ̂i; ω̂jÞ incorporates an additional ω̂j with respect to
Kð0Þðτ̂i; ω̂jÞ, and ρ̃ð0Þðω̂jÞ is divided by ω̂j to yield ρ̃ð1Þðω̂jÞ.
Note that ρ̃ð1Þð0Þ ¼ 0 is obtained in SpM analysis. Since

Kð1Þðτ̂i; 0Þ ¼ 0, ρ̃ð1Þð0Þ does not contribute to the correla-
tion function. Conversely, the values of ρ̃ð1Þð0Þ cannot be
constrained from the given data. On the other hand,
attempting to set ρ̃ð1Þð0Þ to a nonzero value inevitably
increases the error function due to the L1 regularization
term. Therefore, the most favorable solution is to set ρ̃ð1Þð0Þ
to zero. Furthermore, due to dimensionality reduction,
SpM uses only the minimum necessary modes, and high-
frequency modes sensitive to noise are prioritize for removal
during this process. Thus, sharp structures requiring many
high-frequency modes are less likely to appear, and a smooth
spectral function can be obtained. Consequently, ρ̃ð1Þðω̂jÞ
smoothly approaches zero near ω̂ ¼ 0. Based on these
considerations, in this study, ρ̃ð1Þðω̂jÞ is also extracted directly
from correlation functions at temperature below Tc using
ADMM algorithm for Kð1Þðτ̂i; ω̂jÞ. However, it is clear that
Kð1Þðτ̂i; ω̂jÞ should not be employed in analyses at temper-
ature above Tc, where a transport peak is expected to exist.
The covariance matrix C is considered in our SpM

analyses. To account for the covariance in the actual
calculation, rewriting KW defined in Eq. (21), we define

KðnÞ
W ðτ̂k; ω̂jÞ as

KðnÞ
W ðτ̂k; ω̂jÞ≡

XNτ−1

i¼0

Wðτ̂k; τ̂iÞKðnÞðτ̂i; ω̂jÞ; ð33Þ

where n ¼ 0, 1 and the matrix Wðτ̂k; τ̂iÞ is obtained from
the Cholesky decomposition of C−1 as

C−1ðτ̂k; τ̂lÞ ¼
XNτ−1

m¼0

Wðτ̂m; τ̂kÞWðτ̂m; τ̂lÞ; ð34Þ

which is rewritten from Eq. (20).

D. Procedure of sparse modeling for extraction
of spectral functions

Now, we summarize the SpM procedure in this study.
The following procedure assumes that the correlation
functions Ĝðτ̂iÞ have been obtained by lattice calculation,
and superscripts (n) introduced in Sec. II C are omitted here
for simplicity.
(1) Calculate the covariance matrix C from the correla-

tion functions Ĝðτ̂iÞ, carry out the Cholesky decom-
position of the inverse of C and obtain the matrix W.

(2) Construct the discretized kernel KW using the kernel
K and W.

(3) Perform SVD of the kernel KW .
(4) Transform the basis of Ĝðτ̂iÞ and ρ̃ðω̂jÞ by Ut

W and
V t
W to obtain G0

Wðτ̂iÞ and ρ0Wðω̂jÞ in IR basis.
(5) Choose up to Lth largest singular values satisfied

with the condition sl=s1 ≥ 10−15, where sl is the lth
largest singular value, and drop the components of
G0

Wðτ̂iÞ and ρ0Wðω̂jÞ corresponding to the other small
singular values, which reduces the size of UW , VW
and SW to Nτ × L, Nω × L and L × L, respectively.

(6) Construct the cost function Fðρ0Wðω̂jÞjG0
Wðτ̂iÞ; λÞ

from the square error χ2ðρ0Wðω̂jÞjG0
Wðτ̂iÞÞ and the

L1 regularization term.
(7) Estimate the optimal value of λ, λopt, in the sameway

as in the previous study [22], which is explained in
detail in Appendix D.

(8) Find the most likely spectral function ρ0Wðω̂jÞ
in IR basis by minimizing the cost function
Fðρ0Wðω̂jÞjG0

Wðτ̂iÞ; λoptÞ using the ADMM algo-
rithm, transform the basis of ρ0Wðω̂jÞ by VW to
obtain ρ̃ðω̂jÞ and calculate ρ̂ðω̂jÞ.

III. MOCK DATA ANALYSIS

In this section we show the results of the mock-data tests
using SpM. As mentioned above, SpM has been applied to
correlation functions computed on actual lattice QCD data
only in a few cases, and meson spectral functions at finite
T have not yet been computed by using this method.
Therefore, before we analyze the actual lattice QCD data of
meson correlation functions by using SpM, we first test the
method with mock data that mimic possible charmonium
spectral functions.
Since we are interested in the applicability of this method

to meson correlation functions, we will prepare spectral
functions that reproduce correlation functions close to those
computed for lattice QCD. This spectral function is shown
in Sec. III A. Another aspect is applicability with respect
to the number of data points and the quality of the data.
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The results of these investigations are discussed in Sec. III B.
A further aspect examined in this work is the reproducibility
of the anticipated peak structure. In Sec. III C, this issue is
addressed bymeans of analyses of mock data generated from
free spectral functions without peaks to see how reliably
SpM reconstructs the spectral feature.

A. Mock spectral functions and correlation functions

Following Ref. [19] we consider the input spectral
functions at temperatures below and above Tc

(i) For T < Tc

ρ̂belowðω̂Þ ¼ Θ̃ðω̂; ω̂1;Δ1Þð1 − Θ̃ðω̂; ω̂2;Δ2ÞÞρ̂res
þ Θ̃ðω̂; ω̂3;Δ3Þρ̂Wilson ð35Þ

(ii) For T > Tc

ρ̂aboveðω̂Þ ¼ ρ̂trans

þ Θ̃ðω̂; ω̂4;Δ4Þð1 − Θ̃ðω̂; ω̂5;Δ5ÞÞρ̂res
þ Θ̃ðω̂; ω̂6;Δ6Þρ̂Wilson: ð36Þ

Here ρ̂res denotes a resonance peak, ρ̂trans denotes a trans-
port peak and ρ̂Wilson denotes a free Wilson spectral
function [26,27] which takes the lattice cutoff effect into
account. In Ref. [19] a free continuum spectral function is
used in the ρ̂below, but we use the free Wilson spectral
function to account for the lattice cutoff effects even in the
case of T < Tc.
The spectral functions are needed to be smooth, and the

ρ̂res, ρ̂trans and ρ̂Wilson that make up ρ̂below and ρ̂above are
connected by a modified Θ function, which is given by

Θ̃ðω̂; ω̂i;ΔiÞ ¼
�
1þ exp

�
ω̂2
i − ω̂2

ω̂Δi

��−1
: ð37Þ

The ρ̂res, ρ̂trans and ρ̂Wilson are listed below
(i) Transport peak

ρ̂trans ¼ ctrans
ω̂η

ω̂2 þ η2
: ð38Þ

(ii) Resonance peak

ρ̂res ¼ cres
ΓMω̂2

ðω̂2 −M2Þ2 þM2Γ2
: ð39Þ

(iii) Free Wilson spectral function

ρ̂Wilson ¼ cWilson
4πNc

N3
σ

X
k⃗

sinh

�
ω̂

2T̂

�

×

�
bð1Þ − bð2Þ

P
3
i¼1 sin

2ki
sinh2Ek⃗ðmÞ

�

×
δðω̂ − 2Ek⃗ðmÞÞ

2ð1þMk⃗ðmÞÞ2cosh2ðEk⃗ðmÞ
2T̂

Þ
; ð40Þ

where

coshEk⃗ðmÞ ¼ 1þ
K2

k⃗
þM2

k⃗
ðmÞ

2ð1þMk⃗ðmÞÞ ; ð41Þ

Kk⃗ ¼
X3
i¼1

γi sin ki; ð42Þ

Mk⃗ðmÞ ¼
X3
i¼1

ð1 − cos kiÞ þm: ð43Þ

The values of the parameters used in the above spectral
function are summarized in Table I. These parameters mimic
the physical situation at lattice spacing a−1 ¼ 20 GeV,
reflecting the fact that the position of the resonance peak
is approximately J=ψ meson mass (∼3.1 GeV) for T < Tc,
and that a transport peak appears and the resonance peak
becomes broader for T > Tc. In the free Wilson spectral
function, the quark mass is set to be about 1.5 GeV, and the
threshold of this spectral function can be adjusted by using
the modified Θ function in the bound state region. The
values of the parameters used in the Θ function are
summarized in Table II.
The mock correlation function and the covariance matrix

are obtained as follows. First, the correlation function is
calculated by integrating the spectral function and the
kernel K [see Eq. (27) or Eq. (30)]. Then, Gaussian random

TABLE I. Parameters for the mock spectral functions.

Spectral function Parameters

ρ̂res for ρ̂below cres ¼ 0.08=7, Γ ¼ 0.05, M ¼ 0.155

ρ̂Wilson for ρ̂below cWilson ¼ 0.5, bð1Þ ¼ 2, bð2Þ ¼ 1, m ¼ 0.073, Nc ¼ 3, Nσ ¼ 4096

ρ̂trans for ρ̂above ctrans ¼ 5 × 10−5, η ¼ 0.006

ρ̂res for ρ̂above cres ¼ 0.06, Γ ¼ 0.15, M ¼ 0.225

ρ̂Wilson for ρ̂above cWilson ¼ 1, bð1Þ ¼ 3, bð2Þ ¼ 1, m ¼ 0.073, Nc ¼ 3, Nσ ¼ 4096
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numbers with standard deviation σi ¼ ε ·GðτiÞ · τi are
created at each Euclidean time. They correspond to the
error with respect to the central value of the correlation
function GðτiÞ. In this study, we have 300 errors. These are
added to the correlation function, and then 300 correlation
functions GðnÞðτiÞ with errors, i.e., Nconf ¼ 300, are
obtained. Using these correlation functions, we can calcu-
late the covariance matrixCij by computing Eq. (18). In our
mock-data tests, τ̂r is set to 1, and also τ̂min and τ̂max are set
to 1 and Nτ=2, respectively.

B. Dependence on Nτ and noise level ε

To check the applicability of SpM to the number of input
data and the magnitude of noise, we perform tests on three
types of temporal extents, Nτ ¼ 48, 64 and 96, and three
types of noise levels, ε ¼ 10−5, 5 × 10−3 and 10−2 in which
ε ¼ 5 × 10−3 is close to the quality of data of correlation
functions calculated by using lattice QCD. Two types of

kernels, Kð0Þ
W ðτ̂i; ω̂jÞ and Kð1Þ

W ðτ̂i; ω̂jÞ, are used at temper-

ature below Tc, and K
ð0Þ
W ðτ̂i; ω̂jÞ is only used at temperature

above Tc in the test. The parameters μ and μ0 are introduced
in the ADMM algorithm (see Appendix A in detail). We set

μ ¼ μ0 ¼ 104 for the test in which Kð0Þ
W ðτ̂i; ω̂jÞ is used and

set μ ¼ μ0 ¼ 103 for the test in which Kð1Þ
W ðτ̂i; ω̂jÞ is used

(see Appendix E for information on how to determine μ and
μ0). In all of the tests, the range of ω̂ of spectral functions is

set from 0 to 4 and the number of points in ω-space is
Nω ¼ 8001. In the test for each combination of Nτ and ε,
λopt is estimated between 3.5 × 102 and 6.6 × 104.
Figure 1 shows the spectral functions as a function of ω̂

for T < Tc. These are obtained using Kð0Þ
W ðτ̂i; ω̂jÞ, that is,

ρ̂ðω̂jÞ is obtained from ρ̃ð0Þðω̂jÞ calculated directly in
ADMM. In Fig. 1(a), the results with a fixed noise level
of ε ¼ 5 × 10−3 for various Nτ are illustrated. The black
solid line represents the input spectral function, and the blue
dashed, green dotted and red dash-dotted lines represent the
output results with Nτ ¼ 48, 64, and 96, respectively. It can
be seen that the result for Nτ ¼ 96 has the sharpest peak and
the position of the peak is closest to the input spectral
function. Similar results are obtained for the other noise
levels ε. This means that the more data points in the input
correlation function, the better the reproducibility of the
spectral function. In Fig. 1(b), the results with a fixed
temporal extent of Nτ ¼ 96 for various ε are illustrated. The
black solid line represents the input spectral function, and
the blue dashed, green dotted, and red dash-dotted lines
represent the output results with ε ¼ 10−2, 5 × 10−3 and
10−5, respectively. It can be seen that the result for ε ¼ 10−5

has the sharpest peak and the position of the peak is closest
to the input spectral function. Similar results are obtained for
the other temporal extentNτ. This means that the smaller the
errors in the input correlation function, the higher the
reproducibility.
In Fig. 1, the spectral function in the vicinity of ω̂ ¼ 0

exhibits a pronounced change in value, abruptly deviating
to a positive or negative value. ρ̃ð0Þðω̂jÞ is directly obtained
by using ADMM and ρ̂ðω̂jÞ is calculated using Eq. (29).
Therefore, ρ̂ðω̂jÞ does not have to be a large positive or
negative value for a small value of ω̂, reflecting the input
spectral function and the positivity condition imposed on
the spectral function in ADMM algorithm. However, the
magnitude of ρ̂ðω̂jÞ=ω̂2 becomes large since ρ̂ðω̂jÞ is

TABLE II. Parameters for Θ̃ functions.

ω̂1 ¼ 0.145 Δ1 ¼ 0.01
ω̂2 ¼ 0.155 Δ2 ¼ 0.05
ω̂3 ¼ 0.225 Δ3 ¼ 0.05
ω̂4 ¼ 0.225 Δ4 ¼ 0.15
ω̂5 ¼ 0.225 Δ5 ¼ 0.15
ω̂6 ¼ 0.350 Δ6 ¼ 0.20

FIG. 1. Spectral functions obtained by using Kð0Þ
W ðτ̂i; ω̂jÞ in the mock-data tests for T < Tc. Figure (a) shows the results with a fixed

noise level of ε ¼ 5 × 10−3. The blue dashed, green dotted, and red dash-dotted lines represent the output results with Nτ ¼ 48, 64 and
96, respectively. Figure (b) shows the results with a fixed temporal extent of Nτ ¼ 96. The blue dashed, green dotted, and red dash-
dotted lines represent the output results with ε ¼ 10−2, 5 × 10−3 and 10−5, respectively. In both figures, the black solid line represents
the input spectral function.
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divided by the square of a small value of ω̂. Thus, what
appears to be a peak in the vicinity of ω̂ ¼ 0 is, in fact,
a fake.
Figure 2 shows the same results as in Fig. 1 but obtained

by using Kð1Þ
W ðτ̂i; ω̂jÞ, that is, ρ̂ðω̂jÞ are obtained from

ρ̃ð1Þðω̂jÞ calculated directly in ADMM. From Fig. 2(a),
increasing Nτ results in better spectral functions that are
closer to the input spectral function. Similar results are
obtained for the other noise levels ε. From Fig. 2(b),
reducing ε results in better spectral functions that are closer
to the input spectral function. Similar results are obtained
for the other temporal extents Nτ.
In contrast to the results of the spectral functions with

Kð0Þ
W ðτ̂i; ω̂jÞ shown in Fig. 1, the values of the spectral

function in the vicinity of ω̂ ¼ 0 are not large. As mentioned
in Sec. II C, ρ̃ð1Þð0Þ ¼ 0 is implicitly imposed, that is,
ρ̂ð0Þ ¼ 0 is ensured. Thus, there would be no fake peak.
Figure 3 shows the same results as in Fig. 1, but for

T > Tc. From Fig. 3(a), it can be seen that the result for
Nτ ¼ 96 has the closest resonance peak to the input spectral
function. Similar results are obtained for the other noise
levels ε. This means that the more data points in the input
correlation function, the better the reproducibility of the
spectral function. From Fig. 3(b), it can be seen that the
result for ε ¼ 10−5 has the closest resonance peak to
the input spectral function. Similar results are obtained
for the other temporal extentNτ. This means that the smaller
the errors in the input correlation function, the higher the
reproducibility.
The change in value of the spectral function shown in

Fig. 3 is more gradual than for T < Tc shown in Fig. 1. In
the case of Nτ ¼ 64 shown in Fig. 3(a) and that of ε ¼ 10−5

shown in Fig. 3(b), these appear to fit well with the transport
peak of the input spectral function. In order to confirm this,
we illustrate ρ̂=ðω̂ T̂Þ as a function of ω̂ in Fig. 4, which is
an enlarged view of the plot in Fig. 3(b) at small ω̂. Note that
T̂ ¼ N−1

τ . The values of the spectral function in this region
are nonzero, which may reflect the transport peak in the
input spectral function. On the other hand, the value of the

spectral function in the limit of ω̂ → 0 for ε ¼ 5 × 10−3 is
closest to that of the input spectral function. This does not
mean that the smaller the error, the better the reproducibility,
as is the case with the resonance peak. Even when other
combinations of Nτ and ε are examined, it cannot be
concluded that a smaller error necessarily leads to better
reproducibility of the value of the spectral function in the
limit of ω̂ → 0, nor that increasing Nτ improves the
reproducibility in the same limit.
The results for T > Tc shown in Fig. 3 indicate that some

of the input and output resonance peaks are relatively well
matched, whereas the results for T < Tc shown in Figs. 1
and 2 indicate that they are not well matched to the sharp
peaks in the input spectral function. The transport peak
mentioned above is also accompanied by an abrupt change
in value. These results suggest that sparse solutions of
spectral functions in the IR basis may not adequately
represent the abrupt change in value of the spectral function
in the original basis.
In regions where ω̂⪆0.30, the output spectral function

has wavy results. In particular, spectral functions with
larger amplitudes tend to be obtained when the noise level
ε is small. It can be seen that these results show the
overfitting behavior for the spectral function in the regions.
It is shown in [20] that SpM with weak regularization
(λ < λopt) results in overfitting. Although λopt is decided
following the previous study, it appears that when the error
in the correlation function is small and the spectral function
has a sharp peak structure, λopt is chosen, which is over-
fitting for the spectral function in the regions. On the basis
of the above discussion, an additional assumption beyond
sparseness may be needed for extracting a spectral function
with an abrupt change in value.
We also conduct several tests using mock data of spectral

functions with two resonance peaks in the low-frequency
region. The results confirm that only the output of the first
peak is valid, and that the positions of the second and
subsequent peaks cannot be determined. Furthermore, when
the mock spectral function has two sharp peaks within a
narrow frequency range, the peak obtained by SpM in that

FIG. 2. Same as Fig. 1 but obtained by using Kð1Þ
W ðτ̂i; ω̂jÞ. Figures (a) and (b) show the results with ε ¼ 5 × 10−3 and Nτ ¼ 96,

respectively.
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frequency range appears as a single broad peak. As
mentioned in Sec. II C section, SpM preferentially recon-
structs spectral functions with moderate width, as sharply
localized peaks typically involve contributions from high-
frequency modes that are poorly constrained by the
Euclidean correlator data. As a result, reconstructions based
solely on the sparsity assumption tend to yield spectral

functions with a resolution limited by the information
content of the data.

C. Validation using free spectral functions

In order to further assess the reliability of the spectral
functions reconstructed by SpM, as discussed in the
previous section, we conduct additional tests using mock
spectral functions that contain no peaks. We have extracted
spectral functions by using SpM from correlation functions
made from mock spectral functions with no peaks, and the
results of the output spectral function match the input
spectral function well [28]. However, since the settings
considered in [28] differ from those in this study, it is
meaningful to revisit investigations using spectral functions
without peaks.
The input spectral functions without peaks at temper-

atures below and above Tc are prepared based on the mock
spectral functions introduced in Sec. III A. For temper-
atures below Tc, we use the spectral function with cres ¼ 0,
consisting solely of the free Wilson spectral function and
the modified Θ function. For temperatures above Tc, we
adopt the spectral function with cres ¼ ctrans ¼ 0, again
consisting only of the free Wilson spectral function and the

FIG. 3. Same as Fig. 1 but for T > Tc. Figures (a) and (b) show the results with ε ¼ 10−2 and Nτ ¼ 48, respectively.

FIG. 4. ρ̂=ðω̂ T̂Þ as a function of ω̂, which is an enlarged view of
the plot in Fig. 3(b) in the very small value of ω̂. Note that T̂ ¼ N−1

τ .

FIG. 5. Spectral functions reconstructed from correlation functions calculated using the mock free spectral function. Figure (a) shows
the results with Kð0Þ

W ðτ̂i; ω̂jÞ, Nτ ¼ 96 and a noise level of ε ¼ 10−5 for T < Tc. Figure (b) shows the results with Kð0Þ
W ðτ̂i; ω̂jÞ, Nτ ¼ 48

and a noise level of ε ¼ 10−5 for T > Tc. In both figures, the black solid and the red dashed lines represent the input and the output
spectral function, respectively.
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modified Θ function. Note that all other settings—such as
Nτ, ε, μ, and μ0—are kept identical to those used in the
previous section.
Figure 5 shows our typical results of the spectral

functions. In Fig. 5(a), the red dashed line represents the
output result with Nτ ¼ 96 and ε ¼ 10−5 for T < Tc, and
the black solid line represents the input spectral function. In
Fig. 5(b), the red dashed line represents the output result
with Nτ ¼ 48 and ε ¼ 10−5 for T > Tc, and the black solid
line represents the input spectral function. The output
results at both temperatures show good agreement with
their respective inputs. Similar results are obtained across
various combinations of Nτ and ε. Furthermore, note that

the results were obtained by using Kð0Þ
W ðτ̂i; ω̂jÞ, and we

confirm that results of comparable quality are also obtained

when using Kð1Þ
W ðτ̂i; ω̂jÞ.

The input free spectral function exhibits different fre-
quency dependences below and above Tc, yet SpM recon-
structs these behaviors successfully. The results presented in
Sec. III B demonstrate that the output of SpM reflects the
increase in values due to the presence of resonance peaks in
the spectral function. Conversely, when the input correlation
function lacks information of a resonance peak, SpM does
not generate spurious peak structures.

IV. RESULTS FROM LATTICE QCD DATA

In this section we show results of the charmonium
spectral function in pseudoscalar and vector channels
extracted from the correlation functions calculated by using
lattice QCD. These lattice data used in this study were given
in ref. [29], where the correlation functions were measured
with the OðaÞ-improved Wilson quark action on quenched
gauge configurations generated by using the standard
plaquette gauge action. The lattice spacing a ¼ 0.010 fm
and the corresponding a−1 is about 18.97 GeV. The spatial
extent Nσ is 128, and the temporal extent Nτ is 48 and 96.
These setup correspond to temperature T ≃ 0.73Tc and
1.46Tc. The number of gauge configurations is 234 for

T ≃ 0.73Tc and 461 for T ≃ 1.46Tc. We utilized meson
correlation functions in the pseudoscalar and the vector
channels for each temperature. We set τ̂r ¼ 4, and use the
data of the correlation function from τ̂r to Nτ=2.
As in the case of mock-data tests, two types of kernel

written in Eq. (33) are considered in our calculations, that
is, Kð0Þ

W ðτ̂i; ω̂jÞ and Kð1Þ
W ðτ̂i; ω̂jÞ are used for T ≃ 0.73Tc,

and onlyKð0Þ
W ðτ̂i; ω̂jÞ is used for T ≃ 1.46Tc. We also set the

range of ω̂ of the spectral functions from 0 to 4, and the
number of points in ω-space to Nω ¼ 8001. In the analyses
using actual lattice QCD data, λopt is estimated between
4.0 × 103 and 3.1 × 105. The values of the parameters μ
and μ0 are set μ ¼ μ0 ¼ 102, 103 and 104 (see Appendix E
for information on how to determine μ and μ0). The
statistical error of the spectral function is estimated using
the jackknife method with a bin size of one.
Figure 6 shows our typical results of the spectral

functions in (a) vector and (b) pseudoscalar channels for

T ≃ 0.73Tc. These are obtained using Kð0Þ
W ðτ̂i; ω̂jÞ, that is,

ρ̂ðω̂jÞ is obtained from ρ̃ð0Þðω̂jÞ calculated directly in
ADMM, and the parameters μ and μ0 in ADMM algorithm
are set to 102. The blue shaded areas represent the statistical
errors of the spectral functions from jackknife analyses, the
blue solid lines represent the mean values, and the black
horizontal error bars at the top of the first peaks represent
the uncertainty of the location of the resonance peak for
each spectral function. The value of the spectral function
increases around 2 GeV, and the average value of the
location of the first peak is about 4 GeV in both channels.
Similar results are obtained for μ ¼ μ0 ¼ 103 and 104. The
mean values, statistical errors, and systematic errors of the
location of the resonance peak, which are estimated after
considering all values of μ, are listed in Table III. The mean
values are 4.02 GeV in the pseudoscalar channel and
4.30 GeV in the vector channel, while those obtained from
MEM are 3.31 GeV in the pseudoscalar channel and
3.48 GeV in the vector channel [29]. Although our result
is somewhat larger than that of the previous study, the

FIG. 6. Spectral functions obtained by using Kð0Þ
W ðτ̂i; ω̂jÞ in (a) pseudoscalar and (b) vector channels extracted from actual lattice QCD

data for T ≃ 0.73Tc. The parameters μ and μ0 in ADMM algorithm are set to 102. The blue shaded areas represent the statistical errors of
the spectral functions from jackknife analyses, the blue solid lines represent the mean values, and the black horizontal error bars
represent the uncertainty of the location of the first peak for each spectral function.
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qualitative behavior is consistent: a well-defined resonance
peak is observed, with its position in the pseudoscalar
channel appearing at a lower frequency than in the vector
channel.
Focusing on the very low frequency of the spectral

function shown in Fig. 6, we can see that it slightly
fluctuates around ρ ¼ 0 in the pseudoscalar channel or
rapidly increases in value in the vector channel. It is similar

to the spectral functions obtained using Kð0Þ
W ðτ̂i; ω̂jÞ in the

mock-data tests. Since ρ̂ðω̂jÞ is calculated using Eq. (29),
ρðωÞ does not have to be a large magnitude for a small
value of ω. Since ρðωÞ is divided by the square of a small
value of ω, however, the magnitude of ρðωÞ=ω2 becomes
large. The statistical errors represented by the blue shaded
areas are also very large. This means that the spectral

function at low frequencies calculated using Kð0Þ
W ðτ̂i; ω̂jÞ

has large differences for each jackknife sample and its value
is not settled. At a temperature below Tc, ρ ¼ 0 is expected
in the limit of ω → 0, i.e., it may be better not to use

Kð0Þ
W ðτ̂i; ω̂jÞ in calculations at a temperature below Tc.
Figure 7 shows the same results as in Fig. 6 but obtained

using Kð1Þ
W ðτ̂i; ω̂jÞ. The results are similar to those obtained

using Kð0Þ
W ðτ̂i; ω̂jÞ, and similar results are obtained for μ ¼

μ0 ¼ 103 and 104. As shown in the values of the resonance
peak listed in Table III, the position of the resonance peak
from ρ̃ð0Þðω̂jÞ is almost the same as that from ρ̃ð1Þðω̂jÞ.
Therefore, the qualitative behavior remains consistent with
the previous study [29]. This common behavior strongly
suggests that it reflects the underlying physics of the
charmonium spectral function.
In contrast to the results of the spectral functions with

Kð0Þ
W ðτ̂i; ω̂jÞ shown in Fig. 6, the average values of the

spectral function in the low-ω region are flat at ρ ¼ 0. It is

similar to the spectral functions obtained using Kð1Þ
W ðτ̂i; ω̂jÞ

in the mock-data tests. Since ρ̂ð0Þ ¼ 0 is implicitly
imposed, ρð0Þ ¼ 0 is ensured. In addition, the statistical
errors of the spectral function in the low-ω region are very
small. This means that the spectral function in low-ω region

calculated using Kð1Þ
W ðτ̂i; ω̂jÞ differs little for each jackknife

sample. Therefore, SpM analysis using Kð1Þ
W ðτ̂i; ω̂jÞ gives a

stable solution.
Figure 8 shows the same results as in Fig. 6 but for

T ≃ 1.46Tc. Compared to the results for T ≃ 0.73Tc, the
peaks are broader and located at higher energies, and
similar results are obtained for μ ¼ μ0 ¼ 102 and 104. As
shown in the values of the resonance peak listed in
Table III, the average values of the location of the
resonance peak are 4.87 GeV in the pseudoscalar channel
and 5.42 GeV in the vector channel. These values are also
larger than the results of the previous study [29] in which
the results obtained from MEM are about 4.1 GeV in the
pseudoscalar channel and about 4.7 GeV in the vector
channel. However, the qualitative behavior remains con-
sistent, having a broad peak with its location in the
pseudoscalar channel appearing at a lower frequency than
in the vector channel. Although systematic errors were not
estimated using the same method as in the previous study,
it seems that, based on the peak width and qualitative
consistency with the previous study, it is possible to
conclude that the ηc corresponding to the pseudoscalar

TABLE III. The mean values, statistical errors, and systematic
errors of the location of the resonance peak. The “PS” and the
“VC” stand for pseudoscalar and vector channel, respectively.
The “stat.” stands for statistical errors estimated by jackknife
method and the “sys.” stands for systematic errors from SpM
analyses in Appendix E.

T=Tc Channel Kernel KðnÞ
W Resonance peak

0.73 PS n ¼ 0 4.02� 0.08ðstatÞþ0.04
−0.05 ðsysÞ

n ¼ 1 4.07� 0.06ðstatÞþ0.06
−0.06 ðsysÞ

VC n ¼ 0 4.30� 0.09ðstatÞþ0.07
−0.10 ðsysÞ

n ¼ 1 4.27� 0.07ðstatÞþ0.08
−0.05 ðsysÞ

1.46 PS n ¼ 0 4.87� 0.08ðstatÞþ0.01
−0.01 ðsysÞ

VC n ¼ 0 5.42� 0.16ðstatÞþ0.00
−0.01 ðsysÞ

FIG. 7. Same as Fig. 6 but obtained by using Kð1Þ
W ðτ̂i; ω̂jÞ. Figures (a) and (b) show the results with pseudoscalar and vector channels,

respectively. The parameters μ and μ0 in ADMM algorithm are set to 102.
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channel and the J=ψ corresponding to the vector channel
are already melted at 1.46Tc.
In low frequency region, the value of the spectral

function slightly fluctuates around ρ ¼ 0 and the stat-
istical error of the spectral function in the vicinity of
ω ¼ 0 is very large in the pseudoscalar channel in
Fig. 8(a). These behaviors are similar to those for
T < Tc shown in Fig. 6(a). If these fluctuations in
low-frequency region were meaningful, they should
contribute to the correlation function. In order to exam-
ine these contributions, we calculate the correlation
function using the spectral function up to a frequency
of 1.5 GeV. Figure 9(a) shows the ratio Glowωðτ̂Þ=Gðτ̂Þ of
correlation functions calculated using the spectral func-
tions shown in Fig. 8(a), where Glowωðτ̂Þ is evaluated
using the spectral function up to a frequency of 1.5 GeV
and Gðτ̂Þ is evaluated over the entire frequency range.
The crosses denote the mean values of the ratios, and the
vertical error bars represent the statistical errors of the ratios
from jackknife analyses. The results show it to be zero
within the error range. This finding suggests the absence of
a transport peak.

In the vector channel at T > Tc, although it is expected
that the presence of the transport peak will be extracted,
in our analyses, it does not appear as shown in Fig. 8(b).
Furthermore, the values of the spectral function in the
vicinity of ω ¼ 0 GeV are negative, despite applying the
constraint of positivity of the spectral function. We confirm
that the positivity is rendered more protected as μ and μ0
increase, and the values of the spectral function in the
vicinity of ω ¼ 0 GeV approach zero, but do not turn to
large positive values such as the transport peak. In contrast
to the pseudoscalar channel, however, the statistical error of
the spectral function in the low-frequency region is small.
Therefore, the possibility of signal existence is considered.
As with the pseudoscalar channel, we calculate the corre-
lation function using the spectral function up to a frequency
of 1.5 GeV in order to examine its contribution to the
correlation function. Figure 9(b) shows the same result in
Fig. 9(a) but for the vector channel. This result indicates
that, in contrast to the case of pseudoscalar channel, there is
a statistically significant contribution. This means that, as
seen in the mock-data test, the contribution below the
threshold appears to exist in the presence of the transport

FIG. 8. Same as Fig. 6 but for T ≃ 1.46Tc. Figures (a) and (b) show the results in pseudoscalar and vector channels, respectively. The
parameters μ and μ0 in ADMM algorithm are set to 102.

FIG. 9. Ratios Glowωðτ̂Þ=Gðτ̂Þ of correlation functions calculated using the spectral functions shown in Fig. 8, where Glowωðτ̂Þ is
evaluated using the spectral function up to a frequency of 1.5 GeVandGðτ̂Þ over the entire frequency range. Figures (a) and (b) show the
results in pseudoscalar and vector channels, respectively. The crosses denote the mean values of the ratios, and the vertical error bars
represent the statistical errors of the ratios from jackknife analyses.
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peak, suggesting that some signal may indeed be present. In
order to estimate the transport with reasonable accuracy, it
may be necessary to make additional assumptions that
extend beyond SpM, including the shape of the trans-
port peak.

V. SUMMARY

We applied SpM to extract a spectral function from
a Euclidean-time meson correlation function. SpM is a
method that solves inverse problems by considering only
the sparseness of the solution we seek. Since the correlation
function has correlation between different Euclidean times,
we took the covariance of the correlation function into
account for SpM.
First, we tested SpM with mock data of the spectral

function. In order to check the applicability of SpM for the
number of data points of the correlation function and the
magnitude of errors of the correlation function, we used the
possible charmonium spectral function for T < Tc and
T > Tc. To examine whether the anticipated peak structure
can be reproduced only when it is genuinely present, we
also considered a free spectral function in which resonance
peaks are intentionally absent. This method was found to be
poor at precisely reconstructing spectral functions with
abrupt changes in value, such as sharp peaks at T < Tc and
transport peaks at T > Tc. However, this test confirmed
that increasing the number of data points of the correlation
function and reducing the magnitude of errors of the
correlation function lead to output spectral functions closer
to the input spectral function and, when the input corre-
lation function lacks information of a resonance peak, this
method does not generate spurious peak structures.
Next, we tried to extract the spectral functions from the

charmonium correlation functions in pseudoscalar and
vector channels at T ≃ 0.73Tc with Nτ ¼ 96 and T ≃
1.46Tc with Nτ ¼ 48 obtained by lattice QCD. We got a
spectral function with a broad peak around 4 GeV in each
channel for T < Tc, which is slightly larger compared to
the results in the previous study using MEM [29]. For
T ≃ 1.46Tc, compared to the results for T ≃ 0.73Tc, we got
a spectral function with a broader peak around 5 GeV in
each channel, which is also larger compared to the results
from MEM. In addition, our calculation does not yield the
transport peak, which is expected to be the presence in the
vector channel. In order to estimate the transport peak, it
may be necessary to make assumptions that extend beyond
the sparse modeling, including the shape of the transport
peak. Although the positions and the widths of the
resonance peak differ from the results from MEM as
described above, the qualitative behavior is the same; there
is a physically consistent hierarchy in peak positions across
channels, and a clearly defined peak appears at lower
temperatures that broadens at higher temperatures.
Therefore, this result, solely from the assumption of the
sparse solution, reflects underlying physics.
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APPENDIX A: ADMM ALGORITHM

In this appendix, we briefly review the ADMM algorithm
following Refs. [22,23]. This algorithm, which is developed
by Ref. [25], solves the optimization problem that includes
an L1 regularization term with multiple constraints.
We need to find a minimization of Fðρ⃗0W jG⃗0

W; λÞ in
Eq. (26) with respect to ρ⃗0W with two additional constraints
in Eqs. (15) and (16). Following the conventional notation,
we change the variables as ρ⃗ → x⃗, ρ⃗0W → x⃗0, G⃗W → y⃗, and
G⃗0

W → y⃗0, and the matrix as SW → S. Then the cost function
is rewritten as

Fðx⃗0jy⃗0; λÞ ¼ 1

2
ky⃗0 − Sx⃗0k22 þ λkx⃗0k1; ðA1Þ

and the constraints are represented as

xj ≥ 0;
X
j

xj ¼ 1: ðA2Þ

The dimension of this optimization problem is given by
L ¼ minðM;NÞ, where M and N are the sizes of y⃗ and x⃗,
respectively. In fact, we can reduce L by introducing a cut
of the singular value in analysis, and we mentioned the
method of reducing the dimension in Sec. II D.
In the ADMM algorithm, we introduce auxiliary vectors

z⃗ and z⃗0, and consider minimization of the function

F̃ðx⃗0; z⃗0; z⃗Þ ¼ 1

2λ
ky⃗0 − Sx⃗0k22 − νðhVx⃗0i − 1Þ

þ kz⃗0k1 þ lim
γ→∞

γ
X
j

Θð−zjÞ; ðA3Þ
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subject to

z⃗0 ¼ x⃗0; z⃗ ¼ Vx⃗0; ðA4Þ

where we have used a convention that primed vectors denote
quantities represented in the IR basis,V is the matrix obtained
by the SVD, hVx⃗0i represents the sum of the components
of Vx⃗0, and Θ is the Heaviside step function. The sum rule is
imposed by the Lagrange multiplier ν, and non-negativity is
expressed by an infinite potential with γ. The auxiliary
vectors z⃗ and z⃗0 are in charge of the L1 regularization and
the non-negativity, respectively.
The constraints for the auxiliary vectors, which are given

in Eq. (A4), are treated by the augmented Lagrange
multiplier method. In order to treat the first constraint,
z⃗0 ¼ x⃗0, normalized Lagrange multipliers u⃗0 and a param-
eter μ0 are introduced. Similarly, in order to treat the second
constraint, z⃗ ¼ Vx⃗0, normalized Lagrange multipliers u⃗ and
a parameter μ are introduced. With the introduction of u⃗, u⃗0,
μ, and μ0, the loss function actually applied to the ADMM
algorithm is expressed as

L̃aug ¼
1

2λ
ky⃗0 − Sx⃗0k22 þ kz⃗0k1

þ μ0

2
kx⃗0 − z⃗0 þ u⃗0k22 −

μ0

2
ku⃗0k22

þ μ

2
jjVx⃗0 − z⃗þ u⃗jj22 −

μ

2
jju⃗jj22

− νðhVx⃗0i − 1Þ þ lim
γ→∞

γ
X
j

Θð−zjÞ: ðA5Þ

While u⃗ and u⃗0 are iteratively updated together with its
conjugate vectors z⃗ and z⃗0, respectively, the coefficients μ
and μ0 are predetermined. In addition, μ and μ0 control
speed of convergence.
Considering the search for the minimum value of the loss

function L̃aug., we obtain update formulas used in actual
computations

x⃗0 ←
�
1

λ
StSþ ðμ0 þ μÞI

�
−1

×

�
1

λ
Sty⃗0 þ μ0ðz⃗0 − u⃗0Þ þ μV tðz⃗ − u⃗Þ þ νV te⃗

�

≡ ξ⃗1 þ νξ⃗2; ðA6Þ

z⃗0 ← S1=μ0 ðx⃗0 þ u⃗0Þ; ðA7Þ

u⃗0 ← u⃗0 þ x⃗0 − z⃗0; ðA8Þ

z⃗ ← PþðVx⃗0 þ u⃗Þ; ðA9Þ

u⃗ ← u⃗þ Vx⃗0 − z⃗; ðA10Þ

where I is the unit matrix, ei ¼ 1,

ν ¼ 1 − hVξ⃗1i
hVξ⃗2i

: ðA11Þ

Here, Pþ denotes a projection operator onto non-negative
quadrant, i.e., PþðzjÞ ¼ maxðzj; 0Þ for each element, and
Sα denotes the element-wise soft thresholding function,
which is defined for each element by

SαðxÞ ¼
8<
:

x − α ðx > αÞ
0 ð−α ≤ x ≤ αÞ
xþ α ðx < −αÞ

: ðA12Þ

The updates in Eqs. (A6)–(A10) are iteratively performed
until convergence is reached.
In our SpM analyses, whether convergence has been

achieved is determined by looking at the value of the
residuals, kz⃗ − Vx⃗0k1=Nω. Also, ν is set to zero since the
condition of the sum rule is not applied, the initial vectors
are set at zero vectors for all and we set the coefficients μ
and μ0 at 102–104. The actual values of μ and μ0 are written
in Secs. III and IV, and we explain how to determine these
values of μ and μ0 in Appendix E.

APPENDIX B: SINGULAR VALUES
OF THE KERNEL KW

One of the key to solving the inverse problem by SpM is
dimensionality reduction. In order to utilize this reduction,
it is necessary that the components of the singular values of
the kernel decrease exponentially. In previous studies
[20,22], kernels of the type given by Eq. (2) have been
used, and their singular values have been shown to decrease
exponentially. On the other hand, our study employs the
kernel KðnÞ

W defined by Eq. (33). The singular value of this
kernel must be investigated.
Figure 10 shows the singular values of the kernel Kð0Þ

W
given in Eqs. (28) and (33) withNτ ¼ 96 and ε ¼ 5 × 10−3.
The singular values decrease exponentially, indicating that
dimensionality reduction can be used. It has also been made

FIG. 10. Singular values of the kernel Kð0Þ
W with Nτ ¼ 96 and

ε ¼ 5 × 10−3.
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sure that the singular values of the kernel Kð0Þ
W decrease

exponentially for other combinations of Nτ and ε as well.
Figure 11 shows the same as in Fig. 10 but for the kernel

Kð1Þ
W given in Eqs. (31) and (33) with Nτ ¼ 96 and

ε ¼ 5 × 10−3. As in the case of Kð0Þ
W , the singular values

decrease exponentially, indicating that dimensionality reduc-
tion can be used. It has also been made sure that the singular

values of the kernel Kð1Þ
W decrease exponentially for other

combinations of Nτ and ε as well.

APPENDIX C: DETAILED FORMALISM
FOR EXTRACTING SPECTRAL

FUNCTIONS IN SPM

Here we explain a detailed formalism for extracting
spectral functions in SpM.
The starting points of the formalism are Eqs. (1) and (2).

Namely, the correlation function GðτÞ is written as

GðτÞ ¼
Z

∞

0

dω
cosh ½ωðτ − 1

2TÞ�
sinhð ω

2TÞ
ρðωÞ: ðC1Þ

To treat it on a lattice whose spacing is a, it can be written in
terms of dimensionless quantities as

Ĝðτ̂Þ ¼
Z

∞

0

dω̂
cosh ½ω̂ðτ̂ − Nτ=2Þ�

sinh ðω̂Nτ=2Þ
ρ̂ðω̂Þ; ðC2Þ

where ω̂≡ ωa, τ̂≡ τ=a, Ĝ≡Ga3, ρ̂≡ ρa2 and Nτ is the
extent of Euclidean times, respectively. As can be seen
from the meaning of Nτ, Nτa ¼ 1=T. Now we introduce
ω̂max ≡ ωmaxa as a cutoff for ω̂ and normalize ω̂ and τ̂ by
ω̂max and Nτ respectively as follows:

ω0 ≡ ω̂

ω̂max
; τ0 ≡ τ̂

Nτ
: ðC3Þ

Clearly, the ranges of these primed variables are 0 ≤ ω0 ≤ 1
and 0 ≤ τ0 < 1. Thus, with these primed variables, Eq. (C2)
is written as

Ĝðτ0Þ ¼
Z

1

0

dω0ω̂max
cosh ½ω0Λðτ0 − 1=2Þ�

sinh ðω0Λ=2Þ ρ̂ðω0Þ; ðC4Þ

where Λ≡ ω̂maxNτ. By discretizing the definite integral,
turning it into a finite sum, and replacing dω0 with Δω0, the
finite sum is given as

Ĝðτ0iÞ ¼
XNω−1

j¼0

Δω0ω̂max

cosh ½ω0
jΛðτ0i − 1=2Þ�

sinh ðω0
j=2Þ

ρ̂ðω0
jÞ; ðC5Þ

whereΔω0 ≡ 1=ðNω − 1Þ andNω is the number of points in
ω-space. Note that ω0

0 ¼ 0 and τ00 ¼ 0.
Here we address two inconveniences. One is the lattice

cutoff effects which appear correlation functions at short
distances. To reduce it, we remove the first few points of the
input data. The first point of Euclidean time after the
removal is defined as τ0r as the reference Euclidean time.
The other is that the right-hand side of Eq. (C5) diverges at
ω0
0 ¼ 0. To deal with it, we define

ρ̃ðω0
jÞ≡

cosh ½ω0
jΛðτ0r − 1=2Þ�

sinh ðω0
jΛ=2Þ

ρ̂ðω0
jÞ: ðC6Þ

Rewriting Eq. (C5) using ρ̃ðω0
jÞ, we obtain

Ĝðτ0iÞ ¼
XNω−1

j¼0

Δω0ω̂max

cosh ½ω0
jΛðτ0i − 1=2Þ�

cosh ½ω0
jΛðτ0r − 1=2Þ� ρ̃ðω

0
jÞ: ðC7Þ

In Ref. [22],
ffiffiffiffiffiffiffiffi
Δω0p

is included in the kernel to make the
dependence of Nω milder in the SpM analysis. We adopt it
too and define the kernel as

Kðτ0i;ω0
jÞ≡

ffiffiffiffiffiffiffiffi
Δω0p

ω̂max

cosh ½ω0
jΛðτ0i − 1=2Þ�

cosh ½ω0
jΛðτ0r − 1=2Þ� : ðC8Þ

Rewriting the primed variables in Eq. (C8) into hatted
variables yields Eq. (28).

APPENDIX D: ESTIMATION OF AN
OPTIMAL VALUE OF λ

In this appendix we explain the estimation of an optimal
value of λ, λopt. We employ the same method as in the
previous study [22], which is summarized as follows:
(1) Fix a search range of λ as ½λmin; λmax� and divide the

range into equal parts Nλ.
(2) Solve optimization problems using the squared error in

IR basis, χ2ðρ0Wðω̂jÞjG0
Wðτ̂iÞÞ, with various values

of λ in the fixed range, ½λmin; λmax�, by using ADMM
algorithm [25]with the positivity constraint ρ̂ðω0

iÞ ≥ 0.
(3) Connect the value of χ2 at λmin with that at λmax by

using a linear function on a logarithmic scale, fðλÞ,
since we obtain χ2ðρ0Wðω̂jÞjG0

Wðτ̂iÞÞ as a function
of λ.

FIG. 11. Same as Fig. 10 but for the kernel Kð1Þ
W .
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(4) Obtain λopt which produces the peak of fðλÞ=χ2.
In our SpM analyses, Nλ is set at 100, and the range of
½λmin; λmax� is set to ½0.1; 107� for mock-data tests and
½1.0; 107� for analyses of lattice QCD data.
The λopt corresponds to the kink position in χ2, and this

position is the best place for the parameter λ of SpM [20].
Figure 12 shows an example of square error and fðλÞ=χ2 in
our mock-data test for T > Tc with Nτ ¼ 64 and ε ¼ 10−5.
Figure 12(a) shows the square error in IR basis,
χ2ðρ0Wðω̂jÞjG0

Wðτ̂iÞÞ, as a function of λ. The black solid
line represents fðλÞ. The purpose of the function fðλÞ is to
accurately identify the kink position of χ2 as a function of
λ. Using this fðλÞ, the peak position of fðλÞ=χ2 corre-
sponds to the kink position of χ2, as shown in Fig. 12(b). In
Fig. 12(b), the red plus sign denotes the peak of fðλÞ=χ2
and represents the optimal value of λ, λopt.
In our mock-data tests, λopt is estimated using the average

value of 300 correlation functions created with Gaussian
random numbers as error. These 300 correlation functions
are created only for the purpose of calculating the covari-
ance matrix. The statistical error of the spectral functions is
not calculated in the mock-data tests for simplicity. Thus,
there is only one λopt to be estimated for each combination
of ε and Nτ. On the other hand, in the analyses of actual
lattice QCD data, the statistical error of the spectral function
is calculated using the jackknife method. In this method,
jackknife samples are produced. While it is possible to
determine λopt for each jackknife sample, the calculation of
λopt is time-consuming. Furthermore, when an attempt was
made to calculate λopt for each jackknife sample at a single
temperature and for a single channel, it was found that the
resulting λopt values were within the same order of magni-
tude, and the differences in the spectral function due to
variations in λopt were found to be negligible. Consequently,
as in the mock-data test, the mean value of the correlation
function is utilized to calculate λopt. This λopt is then used for
each jackknife sample. Thus, there is only one λopt to be

estimated for each combination of a temperature and a
channel.

APPENDIX E: DETERMINATION OF μ AND μ0

The parameter μ is introduced to impose the constraint,
z⃗ ¼ Vx⃗0. As can be seen in the ADMM algorithm, the larger
the magnitude of μ, the more vectors are updated to respect
that constraint. Also, as expressed in Eqs. (A9), z⃗ is always
positive definite. Therefore, satisfying z⃗ ¼ Vx⃗0 is almost
equivalent to satisfying the positivity of the spectral function
x⃗ that we want to find.
It is not obvious what value of μ should be set to. Since

we need to focus on the number of input data Nτ and the
magnitude of noise ε in order to investigate the applicability
of SpM in mock-data tests, we want to fix the value of μ. To
this end, we have sought the optimal μ by calculating
spectral functions for various values of μ. For simplicity,

FIG. 12. An example of square error and fðλÞ=χ2 in the mock-data test for T > Tc withNτ ¼ 64 and ε ¼ 10−5. (a) The square error in IR
basis, χ2ðρ0Wðω̂jÞjG0

Wðτ̂iÞÞ, as a function of λ. The function fðλÞ which is represented by the black solid line is defined as a linear function
that connects the value of χ2 at λmin and that at λmax. This connection is expressed on a logarithmic scale. (b) fðλÞ=χ2 as a function of λ, which
means a reduction of χ2 relative to fðλÞ. The red plus sign denotes the peak of fðλÞ=χ2 and represents the optimal value of λ, λopt.

FIG. 13. Spectral functions in small value of ω̂ at various values

of μ, which are obtained by using Kð0Þ
W ðτ̂i; ω̂jÞ in the mock-data

test for T > Tc with Nτ ¼ 96 and ε ¼ 10−2. The black line
represents the input spectral function, and the red, blue, green,
purple and yellow lines represent output results with μ ¼ μ0 ¼ 1,
10, 100, 1000, 10000, respectively. These spectral functions in
whole ω̂ region are drawn in small plot inside.
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μ and μ0 have been set to the same value in this study, and
the following values for μ and μ0 have been investigated:
μ ¼ μ0 ¼ 10i (i ¼ 0, 1, 2, 3, 4, 5).
As an example, we draw the spectral function at various

values of μ in Fig. 13. Figure 13 shows spectral functions in

small value of ω̂ obtained by using Kð0Þ
W ðτ̂i; ω̂jÞ in the

mock-data test for T > Tc with Nτ ¼ 96 and ε ¼ 10−2. The
black line represents the input spectral function, and the
red, blue, green, purple and yellow lines represent output
results with μ ¼ μ0 ¼ 1, 10, 100, 1000, 10000, respectively.
These spectral functions in whole ω̂ region are drawn in
small plot inside. When μ ¼ 104, it can be seen that the
spectral function always has a positive value, while for
other values, there are sections where it has a negative
value. It is confirmed that the spectral function always has a
positive value even when μ ¼ 105. However, when the
value of μ is excessively large, a discernible peak in fðλÞ=λ
is not evident, unlike Fig. 12(b). Consequently, it is not

possible to estimate λopt appropriately. Thus it is deter-
mined that μ ¼ 105 is not suitable option.
The same investigation is conducted for all combinations

of kernel KðnÞ
W , Nτ, ε, and temperature T used in the mock-

data test. As a result, it is determined that μ ¼ μ0 ¼ 104 is
optimal for both temperatures T < Tc and T > Tc when

using Kð0Þ
W , and μ ¼ μ0 ¼ 103 is optimal for T < Tc when

using Kð1Þ
W .

A thorough investigation is conducted using actual
lattice QCD data, with μ ¼ μ0 ¼ 10i (i ¼ 0, 1, 2, 3, 4)
in order to ascertain the appropriate value of μ.
Consequently, it is ascertained that the λopt is appropriately
obtained for μ ¼ μ0 ¼ 10i (i ¼ 2, 3, 4), and ensuring the
preservation of the positivity of spectral function. Instead of
setting the value of μ or μ0 to a single value, the spectral
function is obtained for μ ¼ μ0 ¼ 10i (i ¼ 2, 3, 4) to
estimate the systematic error.
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