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This study explores the nonlinear interactions between gravitational waves in an expanding universe.
Random ensembles of gravitational waves are evolved numerically in cosmological models whose spatial
volumes increase by more than an order of magnitude during these simulations. These evolutions show the
spectra of the gravitational waves evolving as energy cascades away from the wavelengths at the peak of the
initial spectra toward both longer and shorter wavelengths. Evolutions performed at different gravitational-
wave amplitudes are shown to produce cascades that scale with amplitude in the way predicted by the four-
wave scattering models of gravitational-wave turbulence.
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I. INTRODUCTION

Gravitational waves are fluctuations in the geometry of
spacetime that propagate at the speed of light according to
Einstein’s general relativity theory. It has long been
assumed that the nonlinearity of Einstein’s equation could
in suitable circumstances lead to interactions between these
waves which lead to turbulent cascades that transform their
spectra. These nonlinear interactions were studied first in
the context of anti–de Sitter spacetime. Using both numeri-
cal and analytical methods, the studies reported in
Refs. [1,2] found that a turbulent cascade of gravitational
waves from lower to higher frequencies could drive an
instability in anti–de Sitter spacetime. Those studies
speculate that this instability could result in the production
of black holes. The studies reported in Refs. [3,4] have also
found, using analytical and numerical methods, that inverse
turbulent cascades of gravitational waves from higher to
lower frequencies could occur in the gravitational waves
emitted by perturbed black holes.
Several studies have considered the question whether

gravitational-wave turbulence could be playing a role in the
evolution of our Universe; e.g., Refs. [5–10]. The most
fundamental of these studies, Refs. [5,6,9], used analytical
methods to show that gravitational waves in general
relativity theory can exhibit turbulent behavior leading to
energy transfers from lower to higher frequency waves, and
inverse transfers from higher to lower frequencies under
suitable circumstances. The issue of whether such turbulent
cascades play a role in our Universe is still an open
question. The analysis in Ref. [7] showed that the expan-
sion time in our Universe is shorter than the estimated

growth time needed to establish a turbulent cascade,
suggesting that gravitational-wave turbulence does not play
an important role in our Universe. A different analysis in
Ref. [8] suggests that an inverse cascade from higher to
lower frequency gravitational waves could drive an infla-
tion epoch in our early Universe. Those gravitational-wave
turbulence studies have all been analytical. A recent study
however, Ref. [10], has reported the development and
testing of numerical methods that may soon allow some
of these questions to be explored in ways that are not
amenable to analytical methods.
This paper presents the results of fully nonlinear three-

dimensional numerical evolutions of gravitational waves in
expanding cosmological models. The initial data for these
evolutions were constructed on spatial hypersurfaces with
the topology of the three-torus. The initial data used in this
study include an ensemble of gravitational waves (con-
structed using the appropriate transverse-traceless tensor
harmonics on the three-torus) having random phases and a
spectrum that peaks for wavelengths half the size of the
universe. Initial data were constructed for ensembles of
gravitational waves with three different dimensionless
amplitude scales, As ¼ f0.001; 0.01; 0.1g, so that the
effects of nonlinearity could be assessed. The methods
used to construct these initial data are described in
detail in Sec. II. The properties of the transverse-traceless
tensor harmonics on the three-torus are summarized in
Appendix A.
A covariant symmetric-hyperbolic representation of

Einstein’s vacuum equation is used in this study to evolve
these initial data until the spatial volumes of the solutions
have expanded by at least an order of magnitude. The
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numerical methods used to solve these evolution equations
are described in some detail in Sec. III. This section
presents visualizations of some of the results and demon-
strates that the numerical evolutions presented here are
numerically convergent. Details of the covariant symmet-
ric-hyperbolic representation of Einstein’s equation are
summarized in Appendixes B and C.
The evolution of the spectra of the gravitational waves in

these numerical solutions are examined in Sec. IV. These
results show clear evidence for the transfer of energy from
longer wavelengths into shorter-wavelength gravitational
waves, and thus evidence for the initial stages of a standard
turbulent cascade. These results also show some evidence
for an inverse cascade of energy from higher- to lower-
frequency gravitational waves. The implications of these
results are discussed in Sec. V. For example, it is shown that
the amplitudes of the gravitational waves created by these
turbulent cascades scale with the amplitude in precisely the
way predicted by the four-wave scattering models of
gravitational-wave turbulence. The more subtle evidence
produced by this study for the existence of an inverse
cascade of energy from higher- to lower-frequency gravi-
tational waves is also discussed in Sec. V.

II. INITIAL DATA

Solutions to Einstein’s equation are constructed for this
study by evolving suitable initial data specified on a
spacelike hypersurface. The required initial data consist
of the metric gij and extrinsic curvature Kij of that initial
hypersurface. (The tensor indices i; j;… range over the
three coordinates on each t ¼ constant hypersurface.)
Certain components of the Einstein equation are constraints
on these fields, generally referred to as the Hamiltonian and
momentum constraints. For a vacuum spacetime, these
constraint equations are given by [11]

Rþ K2 − KijKij ¼ 0; ð1Þ

DjðgijK − KijÞ ¼ 0: ð2Þ

Here, R ¼ gijRij is the trace of the Ricci tensor determined
by the spatial metric gij, K ¼ gijKij the trace of the
extrinsic curvature, and Di the covariant derivative com-
patible with gij: Dmgij ¼ 0.
This study is focused on the interactions among an

ensemble of gravitational waves in an expanding universe.
The initial data representing these waves are constructed for
this study by solving Eqs. (1) and (2) using the constant
mean curvature form of the conformal initial value prob-
lem; see, e.g., Refs. [11,12]. In this approach, the trace of
the extrinsic curvature K is assumed to be constant on the
initial hypersurface. In this case, the spatial metric gij and
extrinsic curvature Kij can be expressed in terms of the
conformal fields φ, eij, and Aij:

gij ¼ φ4eij; ð3Þ

Kij ¼
1

3
φ4eijK þ φ−2Aij; ð4Þ

where eij is the conformal metric, φ the conformal
factor, and Aij the transverse-traceless part of the extrinsic
curvature. The momentum constraint forces the longi-
tudinal part of the trace-free extrinsic curvature to vanish
on the compact spatial hypersurfaces used in this
study [12].
The conformal metric eij can be chosen freely in this

version of the initial value problem. The compact
orientable cosmological models studied here are con-
structed on manifolds with spatial hypersurfaces with the
topology of the three-torus T3. Therefore, the conformal
metric eij can be chosen to be the flat Euclidean metric.
This study represents T3 using periodic Cartesian
coordinates, and in these coordinates eij is just the
identity matrix eij ¼ δij. The notation ∂m is used for
the covariant derivative compatible with the Euclidean
metric ∂meij ¼ 0, which is just the partial derivative in
Cartesian coordinates.
The transverse-traceless extrinsic curvature Aij can also

be chosen freely in this version of the initial value problem.
The tensor harmonics Yþ

ij;k and Y×
ij;k provide a complete

basis for the symmetric transverse-traceless tensors on T3

[13]. Therefore, any symmetric transverse-traceless tensor,
including Aij, can be written as a linear combination of
these harmonics:

Aij ¼ ℜ

�X
k⃗

h
Aþ

kY
þ
ij;k⃗

þA×
kT

×
ij;k⃗

i�
; ð5Þ

where Aþ
k and A×

k are complex constants that represent the
spectra of the gravitational waves that contribute to Aij.
Explicit expressions for, and the properties of, these tensor
harmonics are given in Appendix A.
The extrinsic curvature Kij is the Lie derivative of

the spatial metric along the timelike normals to the initial
hypersurface, and (roughly speaking) Aij represents the
time derivative of the propagating gravitational-
wave degrees of freedom of the metric. The tensor
harmonics Yþ

ij;k and Y×
ij;k multiplied by ei2πκt, where

κ2 ¼ jkj2 ¼ k2x þ k2y þ k2z , are solutions to the linearized
Einstein equation that represent small-amplitude gravita-
tional-wave perturbations on a flat T3. The amplitudes of
the tensor harmonics Aþ

k and Aþ
k that determine Aij are

therefore 2πκ times the amplitudes of these gravitational-
wave perturbations. The spectrum of amplitudes chosen
for this study are given by

Aþ
k ¼ 2πκAsfðκÞeiΨþ

k ; ð6Þ
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A×
k ¼ 2πκAsfðκÞeiΨ×

k ; ð7Þ
where fðκÞ determines the spectra of the initial gravita-
tional-wave ensemble, As determines the overall ampli-
tude scale of the ensemble, and 0 ≤ Ψþ

k ≤ 2π and
0 ≤ Ψ×

k ≤ 2π are randomly chosen phase parameters.
The spectral function fðκÞ used in this study has the form

fðκÞ ¼ 16κ3

64þ κ6
ð8Þ

for κ ≤ 5 and fðκÞ ¼ 0 for κ > 5. This conformal initial
spectrum fðκÞ, which peaks at the wavelength equal to
half the size of the three-torus initial surface, is illustrated
in Fig. 1.
When expressed in terms of the conformal fields defined

in Eqs. (3) and (4), the momentum constraint Eq. (2) is
automatically satisfied for any transverse-traceless Aij, and
therefore for any Aij given by Eq. (5). The Hamiltonian
constraint Eq. (1) becomes an elliptic partial differential
equation that determines the conformal factor φ:

∂
m
∂mφ ¼ 1

12
K2φ5 −

1

8
AijAijφ−7: ð9Þ

The integral of the left side of Eq. (9) vanishes on the T3

initial hypersurface used in this study, so the integral of the
right side must also vanish, which implies

K2

Z
φ5d3x ¼ 3

2

Z
AijAijφ−7d3x: ð10Þ

This condition determines K as a function of the conformal
factor and must be imposed together with Eq. (9) to
determine φ.

The solutions to these equations are found numerically
for this study using the pseudospectral methods imple-
mented in the SpEC numerical relativity code (developed
initially by the Caltech and Cornell numerical relativity
groups) [14,15]. These numerical solutions are carried
out in SpEC using the KSP linear and the SNES nonlinear
solvers from the PETSC software library [16]. These
methods solve the nonlinear Eq. (9) iteratively by
minimizing a sequence of discrete versions of the
residual EðnÞ defined by

EðnÞ ¼ ∂
m
∂mφðnÞ −

1

12
K2

ðn−1Þφ
5
ðnÞ þ

1

8
AijAijφ−7

ðnÞ; ð11Þ

where φðnÞ is the function that minimizes EðnÞ, and Kðn−1Þ
is determined by Eq. (10) using φðn−1Þ from the previous
iteration. The calculations were initiated in this study by
setting φð0Þ ¼ 1, then computing Kð0Þ from Eq. (10), and
iterating the process until convergence of the minimized
EðnÞ was achieved.
The numerical computations for this study were carried

out on the cubic computational domain illustrated in Fig. 2.
The three-torus topology of this domain is implemented
by imposing boundary conditions that identify points on
the opposite faces of the cubic domain. The computations
on this domain are subdivided into the eight cubic
subdomains shown in Fig. 2 for computational efficiency
and to achieve higher resolutions. Pseudospectral grids
are constructed on each subdomain with N collocation
points in each spatial dimension in each subdomain.

0 2 4 6 8
κ

0

0.2

0.4

0.6

0.8

1

f

FIG. 1. The function fðκÞ describes the amplitudes of the
gravitational-wave perturbations used to construct the initial data.
Each point represents the amplitude used for the collection of
gravitational-wave modes with κ2 ¼ jkj2 ¼ k2x þ k2y þ k2z , where
kx, ky, kz are integers in the ranges −5 ≤ ki ≤ 5.

FIG. 2. This figure illustrates the computational domain used in
this study. The tree-torus topology is implemented by identifying
points on the opposite faces of the cubic domain, which is
subdivided into eight smaller cubic subdomains. The pseudo-
spectral grid is illustrated here for the lowest resolution used in
this study, with N ¼ 24 grid points in each direction in each
subdomain.
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Computations for this study were carried out on grids with
resolutions N ¼ f24; 32; 40; 48g.
The initial value Eqs. (9) and (10) were solved for this

study using gravitational-wave data having three different
amplitude scales: As ¼ f0.001; 0.01; 0.1g. Figure 3 illus-
trates φ for the solution with gravitational-wave amplitude
As ¼ 0.1 and spatial resolution N ¼ 48. Solutions for the
other gravitational-wave amplitudes have similar struc-
tures, but smaller variations away from unity.
The accuracy of the solutions to the initial value

equations computed for this study were measured by
evaluating a norm of the Hamiltonian constraint hHi
defined by

hHi2 ¼ 1

V

Z ffiffiffiffiffiffiffiffiffiffi
det g

p
ðRþ K2 − KijKijÞ2d 3x; ð12Þ

where the spatial volume V of the spacelike hypersurface
was determined by the integral

V ¼
Z ffiffiffiffiffiffiffiffiffiffi

det g
p

d 3x: ð13Þ

On the initial hypersurface, the expression for the volume
Vð0Þ reduces in Cartesian coordinates to the expression

Vð0Þ ¼
Z

φ6d 3x; ð14Þ

which depends (weakly) on the gravitational-wave ampli-
tude scale As. The solutions to the initial value equations
with different gravitational-wave scales also result in
different values for the trace of the extrinsic curvature
K. The resulting extrinsic curvatures are roughly propor-
tional to the wave amplitude scale As, so the expansion

rates of the spacetimes for the different cases differ by
comparable amounts.
The resulting values of the Hamiltonian constraint norms

hHi, the initial volumes Vð0Þ, and the trace of the extrinsic
curvature K are given in Table I for the different gravita-
tional-wave amplitude scales As included in this study.
These results are for the highest-resolution solutions from
each gravitational-wave scale As (N ¼ 40 for As ¼ 0.001
and N ¼ 48 for As ¼ 0.01 and As ¼ 0.1).

III. SPACETIME EVOLUTIONS

The representation of the Einstein evolution equation
used in this study is the covariant first-order symmetric-
hyperbolic representation developed in Ref. [18], whose
salient features are summarized in Appendix C. The
dynamical fields in this representation are the spacetime
metric ψab, its time derivative Πab ¼ −tc∇̃cψab, and its
spatial derivatives Φiab ¼ ∇̃iψab, where tc is the future
directed timelike unit normal to the t ¼ constant hyper-
surfaces. The indices from the first part of the alphabet, e.g.,
a; b; c;…, range over the four-dimensional spacetime
coordinates, while the indices from the later parts of the
alphabet, e.g., i; j;…, range over the three-dimensional
spatial coordinates on each t ¼ constant hypersurface.
The covariant derivative ∇̃a used in the definitions of the

first-order dynamical fields is the one compatible with a
time-independent reference metric ψ̃ab: ∇̃cψ̃ab ¼ 0.
Another essential use of this reference metric is the
construction of the mappings that enforce the appropriate
boundary conditions at the interfaces between the cubic
regions that serve as coordinate charts on the spacelike
hypersurfaces [18,19]. The spacetimes included in this
study have spacelike hypersurfaces with three-torus topol-
ogies. Therefore, a natural choice for the reference metric in
this case is the flat Minkowski metric

ds̃2 ¼ ψ̃abdxadxb ¼ −dt2 þ eijdxidxj: ð15Þ

In this study, the reference covariant derivative is written as
∇̃a ¼ ∂a since it reduces to partial derivatives in Cartesian
coordinates.

TABLE I. The initial extrinsic curvatures K, spatial volumes V,
and norms of Hamiltonian constraint hHi for the highest-
resolution solutions to Eqs. (9) and (10) for the gravitational-
wave amplitude scalesAs included in this study. (This study uses
the Ref. [17] sign convention for the extrinsic curvature K in
which K < 0 corresponds to expansion.).

As hHi Vð0Þ K

0.001 3.45 × 10−9 1.000004 −0.21194
0.01 3.64 × 10−8 1.000461 −2.11445
0.1 2.51 × 10−7 1.022513 −20.0228

9.3 × 10–01

1.1× 1000

0.96

0.98

1

1.02

1.04

1.06

FIG. 3. This figure illustrates the solution of the initial value
problem φ for the gravitational-wave amplitude scale As ¼ 0.1
case.
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The spatial metrics g0ij produced by the solutions to the
Einstein constraint equations described in Sec. II are used
to construct the initial data for the spacetime metric ψ0

ab:

ds2 ¼ ψ0
abdx

adxb ¼ −dt2 þ g0ij dx
idxj: ð16Þ

The values of the other dynamical fields on the initial
hypersurface are given by

Π0
ta ¼ 0; ð17Þ

Π0
ij ¼ 2K0

ij; ð18Þ

Φ0
iab ¼ ∂i ψ

0
ab; ð19Þ

where K0
ij is the physical extrinsic curvature determined

from the solution to the initial value equations in Sec. II. A
more complete discussion of the relationship between the
first-order dynamical fields ψab, Πab, Φiab, and the more
standard three-plus-one dynamical fields gij and Kij is
given in Appendix B.
The covariant symmetric-hyperbolic representation of

the Einstein evolution equation used in this study has been
implemented in the SpEC numerical relativity code [18].
This code has been tested by performing fully nonlinear
evolutions of small-amplitude gravitational-wave ensem-
bles propagating in the Einstein static universe [18]. Those
tests demonstrated high-precision numerical convergence
and long-term numerical stability for the evolutions lasting
about 160 light-crossing times of the three-sphere spatial
slices. This code has also been tested by performing
evolutions of expanding homogeneous and nonhomogene-
ous cosmological models on manifolds with spatial slices
having nonorientable topologies [20]. These nonorientable
cosmological model tests were shown to be numerically
convergent for the evolutions lasting long enough to
increase their spatial volumes by a factor of 10.
The numerical evolutions for this study were carried

out using the initial data constructed in Sec. II with
gravitational-wave ensembles having amplitude scales
As ¼ f0.001; 0.01; 0.1g, on computational grids with
spatial resolutions N ¼ f24; 32; 40; 48g in each direction
in each of the eight cubic regions. The time integrations
for the evolutions in the present study were carried out
using an eighth-order Dormand-Prince adaptive time step
integrator [21] that is part of the SpEC numerical relativity
code. The time step error tolerance was set at 10−5−N=16

(where N is the spatial resolution) for the evolutions
completed for this study.
The goal of this study was to evolve initial data for

ensembles of gravitational waves until changes from the
initial gravitational-wave spectra could be observed. To
accomplish this goal, the evolutions were carried out until
the volumes of the spatial hypersurfaces of the spacetime
models grew by at least an order of magnitude. The initial

expansion rates for these spacetime models are set by the
initial values of the trace of the extrinsic curvature K0. The
values of K0 from Table I are roughly inversely propor-
tional to the gravitational-wave amplitude scales As.
Consequently, the coordinate time evolutions required to
achieve the desired volume growths also need to be
inversely proportional to As. These considerations deter-
mined the coordinate time intervals for the evolutions in
this study: 0 ≤ t ≤ 0.1 for the As ¼ 0.1 case, 0 ≤ t ≤ 1.0
for As ¼ 0.01, and 0 ≤ t ≤ 10.0 for As ¼ 0.001. Figure 4
illustrates the evolution of the physical volumes of the t ¼
constant spacelike hypersurfaces VðtÞ defined in Eq. (13)
for these cases.
The evolution of the gravitational-wave spectra in these

expanding cosmological models is explored quantitatively
in some detail in Sec. IV. A more qualitative approach is
taken here using the Weyl tensor, which is the traditional
geometrical tool for studying the properties of gravitational
waves in vacuum spacetimes. An impression of the
evolution of the gravitational-wave spectra in these models
can be obtained by visualizing the curvature scalar

W2 ¼ 1

16
jCabcdCabcdj; ð20Þ

whereCabcd is the Weyl tensor. Figures 5 and 6 illustrateW
on the surfaces of the computational domain for the
evolution of the gravitational-wave ensemble with ampli-
tude scale As ¼ 0.1. Figure 5 shows W at the initial
coordinate time t ¼ 0 and Fig. 6 at the final time t ¼ 0.1.
These figures show that the overall pattern of gravitational-
wave-induced curvature evolves toward shorter wave-
lengths and more overall spatial uniformity during the
course of this evolution.
The first-order symmetric-hyperbolic representation of

the Einstein system has a large number of constraints,
which are described in some detail in Appendix C. The
overall magnitude of constraint violations is summarized

FIG. 4. This figure illustrates the volumes VðtÞ defined in
Eq. (13) for the evolutions with gravitational-wave amplitude
scales As ¼ f0.001; 0.01; 0.1g.
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by the scalar Cψ , defined in Eq. (C12), that vanishes if and
only if all the constraints are satisfied. The dimensionless
norm of this quantity kCψk defined in Eq. (C13) provides a
useful measure of the fractional constraint violation
errors in the cosmological models produced by these
evolutions. Figures 7–9 show kCψkðtÞ for the evolutions of
the initial data with gravitational-wave amplitude scales
As ¼ f0.001; 0.01; 0.1g, respectively. These graphs show
that the numerical methods used in this study are con-
vergent as the resolution N of the computational grid is
increased.
The evolutions of the As ¼ 0.001 initial data have

significantly lower constraint violation norms kCψkðtÞ than
the As ¼ f0.01; 0.1g evolutions. Therefore, the highest-
resolution N ¼ 48 evolution for the As ¼ 0.001 case was
not included in this study. The higher-resolution evolutions

of the As ¼ 0.001 initial data also show significant
variations in kCψkðtÞ at early times. The time stepping
error thresholds used in these runs were the same as those
used in the As ¼ f0.01; 0.1g evolutions which have higher

1.2×10–01

5.4×1002

50
100
150
200
250
300
350
400
450

FIG. 5. This figure illustrates the Weyl curvature scalar W
defined in Eq. (20) at time t ¼ 0 for the evolution of the
gravitational-wave ensemble with amplitude scale As ¼ 0.1.

4.0 ×10–03

6.0 ×1001

10

20

30

40

50

FIG. 6. This figure illustrates the Weyl curvature scalar W
defined in Eq. (20) at the final time t ¼ 0.1 for the evolution of
the gravitational -wave ensemble with amplitude scale As ¼ 0.1.

FIG. 7. This figure illustrates the constraint norms kCψk defined
in Eq. (C13) for the As ¼ 0.001 evolutions.

FIG. 8. This figure illustrates the constraint norms kCψk defined
in Eq. (C13) for the As ¼ 0.01 evolutions.

FIG. 9. This figure illustrates the constraint norms kCψk defined
in Eq. (C13) for the As ¼ 0.1 evolutions.

FAN ZHANG, LEE LINDBLOM, and ZHI-PENG PENG PHYS. REV. D 114, 044046 (2026)

044046-6



overall constraint violation levels. It is possible that these
higher-resolution As ¼ 0.001 evolutions could have been
improved somewhat by reducing their time stepping error
thresholds. This was not done because reducing those
tolerances would cost considerable additional computer
time, and the overall level of constraint violations in the
runs presented here were considered to be sufficiently small
for the purposes of this study.

IV. SPECTRAL EVOLUTIONS

The spectra of the gravitational waves change in various
ways as the cosmological models evolve. The most basic
effect is the redshifting of these waves as the spacetimes
expand. The focus of this study, however, is the more
subtle effects on these spectra caused by the nonlinear
interactions between the gravitational waves. These red-
shift-independent effects can be extracted from the
dynamical gravitational fields by expanding those fields
in harmonic basis functions tied to the topology rather
than the geometry of the spatial hypersurfaces. The
coefficients of the harmonic basis functions in these
expansions provide spectra that are independent of the
size of the universe and are therefore independent of the
redshift of those waves. The evolution of the gravitational-
wave spectra measured in this way are caused by inter-
actions between the gravitational waves rather than the
overall expansion of the universe.
The transverse-traceless parts of the extrinsic curvature

of the t ¼ constant hypersurfaces Kij are directly affected
by the gravitational-wave degrees of freedom of the
spacetime geometry. The initial data constructed in
Sec. II used this fact to insert gravitational waves with a
specified spectrum into the dynamical fields that determine
the spacetime geometry. The evolution of these spectra is
studied here by expanding the KijðtÞ determined by the
Einstein evolution equations in a suitable basis of trans-
verse tensor harmonics. The primary dynamical fields used
in this study are the fields ψabðtÞ, ΠabðtÞ, and ΦiabðtÞ
described in Sec. III. The extrinsic curvatures KijðtÞ are
(somewhat complicated) algebraic functions of the primary
dynamical fields that are described in some detail in
Appendix B.
The t ¼ constant spatial hypersurfaces of the spacetime

models included in this study have the topology of the
three-torus. Therefore, the three-torus transverse-traceless
tensor harmonics Yþ

ij;k and Y×
ij;k developed in Ref. [13] are

the appropriate ones to represent the gravitational-wave
degrees of freedom in Kij. Detailed expressions for these
harmonics are given in Appendix A. The tensor harmonics
Yþ
ij;k and Y×

ij;k form a complete basis for the symmetric
transverse-traceless tensors on the three-torus [13].
Therefore, without loss of generality the transverse trace-
less parts of the time evolving extrinsic curvatureKijðtÞ can
be represented using them. The spectral coefficients Kp

k

that describe the gravitational-wave degrees of freedom of
the extrinsic curvature are determined by the integrals

Kp
kðtÞ ¼

Z
eijemnKimðtÞYp�

jn;kd
3x: ð21Þ

These extrinsic curvature spectral coefficients are converted
to effective metric perturbation coefficients by dividing by
2πκ, in analogy with the initial data construction in Eqs. (6)
and (7). The angle-averaged gravitational-wave spectrum
Ap

GWðκÞ is then obtained by averaging these spectral
coefficients over the tensor-harmonic modes with param-
eters k having length κ2 ¼ jkj2 ¼ k2x þ k2y þ k2z :

½Ap
GWðκÞ�2 ¼

P
κ¼jkjK

p
kðtÞKp�

k ðtÞ
4π2κ2MðκÞ ; ð22Þ

where MðκÞ is the total number of gravitational-wave
modes with jkj ¼ κ.
Figure 10 illustrates the gravitational-wave amplitudes

Aþ
GWðκÞ and A×

GWðκÞ for the t ¼ 0 initial data with
amplitude scale As ¼ 0.1. For comparison, this figure also
shows AsfðκÞ that defined the gravitational-wave ampli-
tudes in the conformal extrinsic curvature. This comparison
shows that in the long-wavelength domain where fðκÞ > 0,
the physical gravitational-wave amplitudes Ap

GWðκÞ are
somewhat smaller than AsfðκÞ. In the shorter-wavelength
domain where κ > 5, the physical amplitudes include an
exponentially decreasing tail that was not present in
AsfðκÞ. These differences between the initial Ap

GWðκÞ
and AsfðκÞ are caused by the nonlinear process that
determined the physical initial data by solving Eqs. (4),
(9), and (10).
Figures 11–13 illustrate the evolution of the spectra of

physical gravitational-wave amplitudes Ap
GWðκÞ by com-

paring these spectra at the initial times t ¼ 0 with those

FIG. 10. This figure compares the gravitational-wave spectrum
extracted from the As ¼ 0.1 physical initial data with the
spectrum of the conformal initial data 0.1fðκÞ used to construct
that physical data.
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spectra at the final time in each evolution. These results
show that in almost all of the long-wavelength range κ ≤ 5,
the amplitudes at late times show modest decreases from
their initial values. But in the shorter-wavelength range
κ > 5, these results show significant amplification of the
amplitudes at later times. This amplification is most
pronounced in the evolution of the As ¼ 0.1 initial data
shown in Fig. 11. Similar but less pronounced amplification
is also seen in Figs. 12 and 13 for the As ¼ 0.01 and As ¼
0.001 cases. The evolutions included in this study were
evolved for the relatively short dynamical times needed for
the volumes of these cosmological models to increase by
somewhat more than a factor of 10. These results show that
the nonlinear interactions between gravitational waves can
cause significant modifications to the spectrum of these
waves, even on the relatively short dynamical timescales of
the simulations included in this study.

V. DISCUSSION

This study has demonstrated that nonlinear interactions
among the gravitational waves in expanding cosmological
models can be observed on fairly short dynamical time-
scales. The cosmological models constructed for this study
were computed numerically by solving Einstein’s evolution
equations using initial data containing an ensemble of
gravitational waves with different frequencies, propagation
directions, and random phases. These spacetime models
were evolved until the spatial volumes expanded by more
than an order of magnitude. The initial data for these
models were prepared with spectra peaked at wavelengths
equal to half the size of their three-torus initial hyper-
surfaces. The evolved spectra at the ends of the evolutions
in this study are shown in Figs. 11–13. These results clearly
show that energy has been transferred from the longer-
wavelength gravitational waves to shorter wavelengths as a
result of a turbulent cascade in these evolutions. These
results also suggest that the very longest-wavelength modes
have been amplified by an inverse turbulent cascade.
Figure 14 compares the late-time gravitational-wave

spectra Aþ
GWðκÞ scaled by 1=A2

s for the evolutions with
the three amplitude scales As ¼ f0.1; 0.01; 0.001g. This
shows that the growth in the gravitational-wave energy
density, which is proportional to the amplitudes squared
ðAþ

GWÞ2, is roughly proportional to A4
s in the region where

κ > 5. Virtually all of the gravitational-wave energy in this
part of the spectrum was generated by nonlinear inter-
actions between the waves. Therefore, the energy density in
the region with κ > 5 is proportional to the dynamical-time
duration of the evolutions in this study divided by the
turbulent cascade timescale τcas. All the evolutions in this
study were evolved for roughly the same dynamical time:
the time needed for the volumes of the spatial slices to
increase by about an order of magnitude. The invariance of
the ratio ðAþ

GWÞ2=A4
s shown by the results in Fig. 14

therefore implies that the turbulence cascade timescale τcas

FIG. 11. This figure compares the initial and the final time
gravitational-wave spectra extracted from the As ¼ 0.1 space-
time evolutions.

FIG. 12. This figure compares the initial and the final time
gravitational-wave spectra extracted from the As ¼ 0.01 space-
time evolutions.

FIG. 13. This figure compares the initial and the final time
gravitational-wave spectra extracted from the As ¼ 0.001 space-
time evolutions.
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observed in this study is proportional to A−4
s . This scaling

agrees exactly with the expression for τcas obtained in the
analysis of gravitational turbulence generated by nonlinear
four-wave scattering in Ref. [6].
The initial spectrum in Fig. 1 was chosen to enhance

the possibility that the cascade of gravitational-
wave energies from longer to shorter wavelengths could
be observed in this study. The results displayed in
Figs. 11–13 show that this was a good choice for that
purpose. The spectrum shown in Fig. 1 has only a small
number of gravitational-wave modes with wavelengths
shorter than its peak at κ ¼ 2. Therefore, this initial
spectrum was not an optimal choice for exploring an
inverse cascade of gravitational waves from shorter to
longer wavelengths [3,4,6]. Nevertheless, there are two
results from this study that suggest the existence of an
inverse cascade.
(1) A careful examination of the κ ¼ 1 gravitational-

wave amplitudes for the As ¼ 0.1 evolutions in
Fig. 11 shows that the late-time amplitudes Aþ

GW
and A×

GW are larger than their initial values by
factors of 2 or 3. This result is consistent with an
expected inverse cascade. The random phase
choices used to construct the initial data for this
study appear to be responsible for the gravitational-
wave amplitude scatter seen in Figs. 11–13. Un-
fortunately, this random scatter is too large to allow
the inverse cascade to be seen clearly in any of the
other gravitational-wave modes with κ < 2 in-
cluded in this study.

(2) The κ ¼ 0 spectral coefficients of the extrinsic
curvature Kþ

0 and K×
0 defined in Eq. (21) grow

significantly during all the evolutions included in
this study. These κ ¼ 0 extrinsic-curvature spectral

coefficients cannot be converted to gravitational-
wave amplitudes using Eq. (22), so the results
cannot be included in Figs. 11–13. Instead, the
initial and final Kþ

0 and K×
0 have been listed in

Table II. These results are also consistent with an
inverse cascade of gravitational-wave energy from
higher to lower frequencies.

A visual comparison of the initial and final Weyl scalars
in Figs. 5 and 6 for theAs ¼ 0.1 evolution suggests that the
gravitational-wave distribution becomes more spatially
uniform as the spacetime evolves. But it seems unlikely
that this apparent uniformity is caused by the growth of the
lower-frequency modes via the mechanism suggested in
Refs. [3,4].
The spectra at the ends of the evolutions seen in

Figs. 11–13 have roughly exponential falloff in κ for
κ > 5. The Komolgorov spectra for fully developed gravi-
tational-wave turbulence would be a power law of the form
∼κ−3=2 [6]. While the evolutions performed for this study
could not be extended long enough to see fully developed
turbulence, there is some indication that the exponential
spectra seen in these results are flatter for the more fully
evolved larger As cases. This might indicate that these
spectra are evolving toward power-law forms as the
turbulence becomes more fully developed.
The rapidly expanding spatial volumes VðtÞ seen

in Fig. 4 might suggest that these evolutions are under-
going accelerated expansion or inflation. We do not
believe this is the case. These expansions are not
exponential, but instead have pole singularities of the
form VðtÞ ¼ Vð0Þ=ð1 − t=TÞp. For example, in the
As ¼ 0.1 case a numerical fit with T ¼ 0.142124 and p ¼
2.59075 is essentially indistinguishable from the numeri-
cal evolution. This type of behavior has been found to be
caused by the harmonic gauge condition used for the time
coordinates in other numerical studies of homogeneous
cosmological models (see Refs. [20,22]). We believe that
this harmonic gauge condition is responsible for the pole
singularities in VðtÞ seen in the evolutions in this study
as well.

FIG. 14. This figure illustrates the ratio Aþ
GW=A

2
s for late-time

gravitational-wave spectra from the As ¼ f0.1; 0.01; 0.001g
evolutions. This shows that while the late-time amplitudes of
the long-wavelength gravitational waves with κ ≤ 5 scale roughly
linearly in As, the short-wavelength waves with κ > 5 scale
roughly quadratically in As. The analogous figure for the ×
polarization is qualitatively similar.

TABLE II. The average extrinsic-curvature spectral coefficients
Kþ

0 and K×
0 for the κ ¼ 0 modes are compared at the initial and

final times for the evolutions of the initial data with gravitational-
wave amplitude scales As ¼ f0.1; 0.01; 0.001g.
As t Kþ

0 K×
0

0.1 0.0 2.09 × 10−2 1.89 × 10−2

0.1 1.84 × 10−1 1.48 × 10−1

0.01 0.0 1.09 × 10−4 8.97 × 10−5

1.0 3.50 × 10−3 1.98 × 10−3

0.001 0.0 1.17 × 10−7 9.39 × 10−8

10.0 5.28 × 10−6 9.07 × 10−6
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APPENDIX A: TRANSVERSE-TRACELESS
TENSOR HARMONICS ON THE THREE-TORUS

The three-torus can be represented using coordinates
xn ¼ fx; y; zg with ranges 0 ≤ x < 1, 0 ≤ y < 1, and
0 ≤ z < 1, and periodic boundary conditions. These peri-
odic Cartesian coordinates are in effect the ones used in
the numerical computations performed for this study. The
transverse-traceless three-torus tensor harmonics con-
structed in Ref. [13] are expressed in these periodic
Cartesian coordinates:

Yþ
ij;k ¼ ei2πknx

nffiffiffi
2

p ðbli
blj − m̂im̂jÞ; ðA1Þ

Y×
ij;k ¼ ei2πknx

nffiffiffi
2

p ðblim̂j þ bljm̂iÞ; ðA2Þ

where the parameter k ≠ 0 is a vector

k ¼ kn ¼ fkx; ky; kzg; ðA3Þ

whose components fkx; ky; kzg are integers. The vectors k̂i,bli, and m̂i form an orthonormal triad given by

k̂i ¼
1

κ
fkx; ky; kzg; ðA4Þ

l̂i ¼
1

λ
f−ky − kz; kx − kz; kx þ kyg; ðA5Þ

m̂i ¼ fk̂yl̂z − k̂zl̂y; k̂zl̂x − k̂xlz; k̂xl̂y − k̂yl̂xg; ðA6Þ

where κ2 ¼ k2x þ k2y þ k2z and λ2 ¼ l2
x þ l2

y þ l2
z .

In addition to the tensor harmonics defined above that
describe propagating gravitational waves, there are five
spatially independent transverse-traceless harmonics that
represent nonpropagating waves. These additional harmon-
ics divide naturally into two classes. The first class consists
of two time-independent harmonics with polarizations
analogous to the propagating þ polarization harmonics.
These harmonics are defined by

Yþa
ij;0 ¼

1ffiffiffi
2

p ðŷiŷj − ẑiẑjÞ; ðA7Þ

Yþb
ij;0 ¼

1ffiffiffi
6

p ðŷiŷj þ ẑiẑj − 2x̂ix̂jÞ; ðA8Þ

where x̂i, ŷi, and ẑi are the unit vectors in the x, y, and z
directions, respectively. The second class consists of three
time-independent harmonics with polarizations analogous
to the propagating × polarization harmonics. These har-
monics are defined by

Y×a
ij;0 ¼

1ffiffiffi
2

p ðŷiẑj þ ẑiŷjÞ; ðA9Þ

Y×b
ij;0 ¼

1ffiffiffi
2

p ðx̂iẑj þ ẑix̂jÞ; ðA10Þ

Y×c
ij;0 ¼

1ffiffiffi
2

p ðx̂iŷj þ ŷix̂jÞ: ðA11Þ

This collection of harmonics Yp
im;k provides a complete

basis for the symmetric transverse-traceless tensor fields on
the three-torus. These harmonics satisfy the orthonormality
condition,

δk;k0δp;p0 ¼
Z

eijemnYp
im;kY

p0
jn;k0d 3x; ðA12Þ

where the parameter p ¼ fþ;×g represents polarization
states for the propagating k ≠ 0 harmonics, and p ¼
fþa;þb;×a;×b;×cg the polarization states for the non-
propagating k ¼ 0 harmonics.

APPENDIX B: DYNAMICAL FIELD
TRANSFORMATIONS

The methods used in this study to solve the initial value
problem, and those used to extract the gravitational-wave
spectra from the spacetime geometry, are most conven-
iently expressed in terms of the ADM dynamical fields gij
and Kij. The evolution of the initial data to determine the
spacetime geometry, however, is most conveniently per-
formed using the first-order dynamical fields ψab, Πab, and
Φiab. This appendix provides a brief summary of the
relationships between these different representations of
the dynamical fields.
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The transformation between the spacetime metric ψab
and the standard ADM coordinate representation of the
metric is straightforward [23]:

ds2 ¼ ψabdxadxb

¼ −N2dt2 þ gijðdxi þ NidtÞðdxj þ NjdtÞ; ðB1Þ

where gij is the spatial metric on the t ¼ constant hyper-
surfaces, N is the lapse, and is Ni the shift. The timelike
unit normal to the t ¼ constant hypersurfaces is given by
ta∂a ¼ N−1ð∂t − Ni

∂iÞ in these ADM coordinates.
The transformation between the extrinsic curvature, Kij,

and the first-order dynamical fields Πab and Φiab is more
complicated. The standard expression for the extrinsic
curvature in ADM coordinates is

Kij ¼ −
1

2N
ð∂tgij −DiNj −DjNiÞ; ðB2Þ

where Di is the covariant derivative compatible with the
spatial metric, and Ni ¼ gijNj. This expression can be
rewritten by expanding the covariant derivative terms in
Eq. (B2) into partial derivatives and metric derivatives:

Kij ¼ −
1

2N
ð∂tgij − ∂iNj − ∂jNiÞ

−
Nm

2N
ð∂igmj þ ∂jgmi − ∂mgijÞ: ðB3Þ

The dynamical fields Πij and Φijata are related to the
first derivatives of the spacetime metric ψab by

Πij ¼ −
1

N
ð∂tgij − Nm

∂mgijÞ; ðB4Þ

Φijata ¼
1

N
ð∂iNj − Nm

∂igjmÞ; ðB5Þ

in a spacetime where the reference metric is the flat metric
given in Eq. (15). Using the expressions for Kij from
Eq. (B3) together with the expressions for Πij and Φijata

from Eqs. (B4) and (B5), it follows that Kij can be
expressed in terms of the first-order dynamical fields:

Kij ¼
1

2
ðΠij þΦijata þΦjiataÞ: ðB6Þ

The spacetime evolution code determines the fields ψab,
Πab, and Φiab on a succession of t ¼ constant spacelike
hypersurfaces. Given these fields, Eq. (B6) determines Kij

in terms of ψab, Πab, and Φiab on each t ¼ constant
hypersurface. On the initial spacelike hypersurface t ¼ 0,
Eq. (16) sets the lapse to N ¼ 1 and the shift to Ni ¼ 0, so
Eq. (B5) implies that Φijata ¼ 0 on this initial hypersur-
face. Therefore, Eq. (B6) leads to the condition Π0

ij ¼ 2K0
ij

given in Eq. (18). The condition Π0
ta ¼ 0 in Eq. (17) is a

gauge choice that sets the initial time derivatives of the
lapse and shift to zero.

APPENDIX C: COVARIANT FIRST-ORDER
SYMMETRIC-HYPERBOLIC EINSTEIN SYSTEM

This study uses a covariant representation of the Einstein
equations that enforces generalized harmonic gauge con-
ditions [18]. The covariance of this representation facili-
tates the study of solutions on manifolds represented using
multicube coordinate patches, such as the manifold with
three-torus spatial slices studied here. All the dynamical
fields in this representation are tensors, so they can be
transformed in a straightforward way across the interfaces
between coordinate patches. The dynamical fields uα for
the first-order symmetric-hyperbolic representation of the
Einstein equations used in this study are the collection of
tensor fields,

uα ¼ fψab;Πab;Φiabg; ðC1Þ

where ψab is the spacetime metric, and the tensors Πab and
Φiab represent its first derivatives,

Πab ¼ −tc∇̃cψab; ðC2Þ

Φiab ¼ ∇̃iψab: ðC3Þ

The covariant derivative ∇̃c used in these expressions is the
one compatible (∇̃cψ̃ab ¼ 0) with the reference metric ψ̃ab.
This reference metric is also used to define the Jacobians
used to transform tensor fields across the boundary inter-
faces between multicube regions. The vector tc represents
the unit timelike normal to the spacelike hypersurfaces used
to perform the evolutions. The lower range of latin indices,
e.g., a; b; c;…, range over the four spacetime coordinates,
while the higher range of indices, e.g., i; j; k;…, range over
the three spatial coordinates on each t ¼ constant hyper-
surface. The greek indices, e.g., α; β; γ, range over the 50
components of the dynamical tensor fields uα. The Einstein
equations for these fields can be written in the first-order
form

∂tuα þ Akα
βðuÞ∇̃kuβ ¼ Fαðu; Γ̃; ∂Γ̃Þ; ðC4Þ

where the tensors Akα
βðuÞ and Fαðu; Γ̃; ∂Γ̃Þ depend in

complicated ways on the dynamical fields uα, the reference
connection Γ̃c

ab, and its derivatives ∂dΓ̃c
ab. The detailed

expressions for this representation are given in Ref. [18].
The spacetime coordinates are determined in the gener-

alized harmonic representations of Einstein’s equation by
imposing a condition on the difference between the con-
nection Γ̃c

ab associated with the reference metric ψ̃ab and
the connection Γc

ab associated with the physical spacetime
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metric ψab. In particular, the difference between these
connections is fixed by a gauge source function Ha:

Ha ¼ −ψadψ
bcðΓd

bc − Γ̃d
bcÞ: ðC5Þ

(Note that the difference between any two connections is a
tensor.) In general,Ha may be any function that depends on
the physical metric ψab (but not its derivatives) and the
reference metric ψ̃ab. The gauge condition used for the
numerical evolutions performed in this study is the simple
harmonic condition Ha ¼ 0.
The generalized harmonic evolution system contains a

number of constraints. In particular, the gauge condition
Eq. (C5) is in effect a constraint

Ca ¼ Ha þ ψadψ
bcðΓd

bc − Γ̃d
bcÞ ðC6Þ

on the dynamical fields. In addition, the equation that
defines Φiab, Eq. (C3), is also a constraint

Ciab ¼ ∇̃iψab −Φiab: ðC7Þ

These primary constraints, Ca and Ciab, satisfy a second-
order system of evolution equations as a consequence of the
Einstein evolution system Eq. (C4). (See Ref. [18] for
details.) This second-order constraint evolution system can
be converted to a first-order symmetric hyperbolic system
by introducing the secondary constraints,

F a ¼ tc∇cCa; ðC8Þ

Cia ¼ ∇iCa; ðC9Þ

Cijab ¼ 2∇̃½iCj�ab: ðC10Þ

The symmetric-hyperbolic evolution equation for the col-
lection of constraints

Cα ¼ fCa; Ciab;F a; Cia; Cijabg ðC11Þ

ensures that solutions to the Einstein Eq. (C4) that satisfy
the constraints Cα on an initial surface will satisfy them
throughout the evolution of those initial data. Numerical
solutions to the equations will of course contain (hopefully
small) violations of these constraints. This study monitors
the size of these constraint violations by evaluating a norm
constructed from the composite constraint Cψ defined by

C2ψ ¼ δabðCaCb þ F aF bÞ

þ g̃ijδabδcd
�
CiacCjbd þ

1

4
g̃klCikacCjlbd

�
: ðC12Þ

This study evaluates a norm of Cψ defined by

kCψk2 ¼
R
C2ψ

ffiffiffi
g

p
d 3xR

N 2
ψ

ffiffiffi
g

p
d 3x

: ðC13Þ

The quantity that appears in the denominator N ψ is
defined by

N 2
ψ ¼ δabδcdg̃ijð∂iψac∂jψbd þ ∂iΠac∂jΠbdÞ

þ δabδcdg̃ijg̃kl∂iΦkac∂jΦlbd: ðC14Þ

It has been included in the definition of kCψk to provide a
dimensionless measure of the fractional errors due to
constraint violations in the numerical solutions to the
Einstein evolution system.
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