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We compute the complex heavy-quark potential in an anisotropic quark-gluon plasma (QGP) using kinetic
theory with a Bhatnagar-Gross-Krook collision kernel. By incorporating momentum anisotropy and a finite
collision rate into the medium dielectric response, we derive both the real and the imaginary parts of the in-
medium potential. The real part of the inverse dielectric function is obtained from the retarded/advanced
gluon propagator, while the imaginary part is determined from the Feynman (symmetric) propagator. We find
that collisions have only a minimal impact on the real part of the potential, suggesting a similarly weak effect
on the binding energy. In an anisotropic plasma, the Weibel instability induces a pinch singularity that can
render the imaginary part of the potential ill-defined; we show that sufficiently large collision rates regularize
this singularity, yielding a well-defined imaginary potential in the corresponding region of parameter space. In
this well-defined regime, collisions significantly enhance the magnitude of the imaginary part and modify the
effect of anisotropy. This enhancement leads to larger quarkonium thermal widths and dissociation rates in a
nonequilibrium QGP, providing further insight into quarkonium suppression mechanisms.
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I. INTRODUCTION

The study of the quark-gluon plasma (QGP) remains a
primary objective of high-energy nuclear physics, driven by
the experimental programs at the Relativistic Heavy Ion
Collider (RHIC) at Brookhaven National Laboratory (BNL)
and the ongoing Large Hadron Collider (LHC) at CERN.
These experimental programs aim to characterize the proper-
ties of the QGP, which is a deconfined state of matter expected
to emerge at extremely high temperatures. In this regime, the
QGP exhibits the behavior of a weakly interacting system, a
feature that can be theoretically investigated using hard
thermal loop (HTL) resummation techniques [1-6].

Heavy quarkonium suppression is widely regarded as a
signature of QGP formation [7]. In a vacuum, quarkonium
states are well-described by nonrelativistic potential models
characterized by Coulombic behavior at short distances and
linear confinement at larger separations [8—13]. However,
within a hot medium, this potential is significantly modified
by Debye screening, leading to the dissociation of bound
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states above a critical crossover temperature [7]. Since the
binding energies of different quarkonium states range from
several mega-electron volts (MeV) to a few giga-electron
volts (GeV), they are expected to undergo sequential
suppression [14]. In this process, weakly bound states
melt near the transition temperature while more tightly
bound states persist until higher temperatures. This phe-
nomenon has been observed at RHIC and the LHC, where
higher-mass states of bottomonia and charmonia [15,16]
exhibit systematically stronger suppression.

While earlier studies of heavy quarkonium typically
assumed an isotropic medium [17], it is now understood
that the early stages of heavy-ion collisions are charac-
terized by momentum-space anisotropies resulting from
rapid longitudinal expansion [18-20]. Noncentral colli-
sions, in particular, generate anisotropic momentum dis-
tributions that lead to differential pressures and kinetic
instabilities [21]. Such instabilities significantly influence
the system’s evolution and accelerate isotropization
[21,22]. Furthermore, these anisotropies modify the
collective gluon modes [18,23,24], which in turn alter
the heavy-quark potential [23,25-31]. In addition to
anisotropy, collisions among plasma constituents become
essential to consider as the system cools [32], even though
they are often ignored at very high temperatures due to the
separation of timescales between hard and soft momentum
exchanges.
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The study of gluon collective modes in collisional QGP
has evolved significantly. Initial work utilized the
Bhatnagar-Gross-Krook (BGK) collision kernel for iso-
tropic thermal media [33], which was later extended to
anisotropic plasmas for modes propagating parallel to the
anisotropy vector [34]. Subsequent research considered
modes propagating in all directions relative to a small
anisotropy vector within an effective quasiparticle model
[35]. Recently, Ref. [32] provided a more general frame-
work by incorporating the full angular dependence of gluon
propagation across arbitrary anisotropy strengths.

Despite these advancements, most investigations into
quarkonium properties in anisotropic QGP have remained
restricted to collisionless scenarios [23,25,28,36-38]. In this
work, we bridge this gap by systematically deriving the
complex heavy-quark potential in a momentum-anisotropic
QGP with finite collisional rates. While the collective modes
derived in Ref. [32] allow for the determination of the real
part of the potential, evaluating the imaginary component
requires the Feynman (symmetric) propagator within the
real-time formalism. Since the derivation of this propagator
for an anisotropic collisional medium is currently absent in
the literature, we establish it here for the first time and utilize
it to compute the imaginary potential, accounting for both
general anisotropy and the BGK collision kernel.

Calculating the imaginary potential in this context
necessitates careful treatment of the integrand. In the
collisionless limit with small anisotropy (&), the imaginary
potential can be determined through a first-order expansion
in £ [36]. However, for general anisotropy strengths,
performing such an expansion is not appropriate, and
one must evaluate the full expression. In this case, a
singularity appears in the denominator of the integrand,
which is associated with the Weibel instability [37]. We
address this challenge by identifying parameter regimes in
which finite collisional effects regularize the singularity,
thereby ensuring a well-defined imaginary potential. Our
analysis elucidates how the interplay of collisions and
anisotropy influences quarkonium thermal widths and
dissociation rates, providing critical insights into the
suppression mechanisms relevant to relativistic heavy-ion
collisions.

Beyond anisotropies and collisions, quarkonium proper-
ties are also influenced by other nontrivial environmental
factors. These include the strong magnetic fields generated
in noncentral collisions [39,40], the relative motion
between the medium and the quarkonium bound state
[41,42], bulk viscous effects [43—45], and modifications
arising from the Gribov-Zwanziger action [46].

The paper is organized as follows. Section II discusses
the gluon propagator in a collisional anisotropic QGP.
Section III details the dielectric permittivity of the medium.
In Sec. IV, we derive the complex heavy-quark potential
and analyze the impacts of collisions and anisotropy.
Section V focuses on the thermal width of the charmonium

ground state. Finally, we summarize our results and discuss
their implications in Sec. VI.

II. GLUON PROPAGATOR IN A COLLISIONAL
ANISOTROPIC MEDIUM

In this section, we discuss the gluon self-energy and
propagator in the presence of a collisional anisotropic QGP
medium, which we later use to compute the permittivity of
the medium and eventually use that to determine the in-
medium heavy quark-antiquark potential.

The momentum-space anisotropic correction is intro-
duced by deforming the distribution functions of constitu-
ent particles [18]. The deformed distribution function is
parametrized in the following spheroidal form:

10 = Fin G/ + 1+ 087
— Fua (R cteem?)) m

where f(k) is derived from fi, (k) by filtering out particles
with a large momentum component along the anisotropic
direction, n [18]. Here, k7 and k; denote the components of
momentum transverse and longitudinal to a given anisotropy
axis n with k = |k| = \/k3 + k3. Here, in Eq. (1), the
parameter ¢ quantitatively measures the strength of momen-
tum-space anisotropy. The scale 1 denotes the characteristic
hard momentum scale of the plasma particles. It coincides
with the temperature only in the thermal-equilibrium limit.
For the spheroidal deformation considered here, the system
is characterized by a single anisotropy direction. As a result,
the modes of the gluon polarization tensor depend on the
propagation angle relative to n. We first calculate the gluon
self-energy and propagators in a collisional anisotropic QGP
medium. Subsequently, we determine the inverse dielectric
permittivity of the anisotropic medium with collision, which
will be used to compute the real and imaginary parts of the
quarkonium static potential.

A. Gluon self-energy and resummed propagator

In the collisionless case, the gluon self-energy is typi-
cally obtained by the HTL resummation technique from the
Feynman diagrams. However, for the collisional QGP, the
gluon self-energy is usually obtained using kinetic theory
[32—-34]. Within the framework of kinetic theory, the phase-
space distribution of partons (i.e., gluons, quarks, and
antiquarks) in the QCD plasma is characterized using
gauge-covariant Wigner functions, Wi(k,X) with
i€{g,q,q}, and where k and X denote the three-momen-
tum and four-position, respectively. These particles are
treated as massless and satisfy the mass-shell constraint. To
obtain the linearized transport equation, we expand
Wik, X) = Wi(k) + 6Wi(k, X). After applying a gauge-
covariant gradient expansion, the generalized Boltzmann
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equation governing quarks and gluons takes the form
VaX(sfla(k7X)+991VﬂF’;yal(/K>fl(k) :Cil(k7X)7 (2)

where V = (1, v) withw=k/kand 9, =6, = 1,0, = —1.
In Eq. (2), the weak-coupling limit is taken, and higher-order
terms of coupling g are neglected. Thus, the field tensor
becomes F* = 9,A, —0d,A, +O(g). In this limit, the
theory becomes effectively Abelian, and one may consider
that there is no coupling between different color channels.
The distribution function f7(k) and its color fluctuations
5ft (k,X) are related via the Wigner function as

feli(k) = NLTr[Wq/q(k, X,

c

fok)

== LT (W (k. X)), (3)

and
SFY%(k, X) = 2Tr[1,6W/4(k, X)),

5fa(k,X) = NLTr[Taéw-"(k,X)], (4)

c
where 7, are the SU(N,.) generators in the fundamental
representation and 7', are the corresponding adjoint-repre-
sentation generators. Now, for the collisionless case, the
right-hand side of Eq. (2) is simply zero, that is,
Ci(k,X) =0. When collisions are included, Ci(k,X) is
given by a BGK-type collision kernel

Nu(X)
Ni,

cz<k,x>=—u[fz;<k,x>— féquc)} 5)

with fi(k,X) = fi(k) + 6f%(k, X), and

Ni(X) = / FikX).,  Ni = / Fig®). (6)

The BGK-type collision term in Eq. (5) characterizes the
equilibration of the system through collisions, occurring over
a timescale inversely proportional to v. In this work, the
collision rate v is treated as a constant free parameter,
independent of particle momentum and species. An
|

advantage of the BGK kernel is that it ensures local
particle-number conservation; that is,

/ Ci(k.X) = 0. (7)
k

In Ref. [34], it is estimated that v lies in the range
v~0.1mp —0.2mp, but it is Possible that the collision rate
could even be larger than this.” The induced current for each
color channel is given by

Fa=9 l VE{IN B4k X) + N, [5F4(k.X)~ 64k X)]).
(®)

The gluon self-energy for the collisional case can be
obtained following Refs. [32,34] as

_ 5Jlilnd.a (P)
A} (P)

v - _’\
g ab A Zf() é\)_ﬁv_’_lﬁ
dQ
25 N
+g ab(W)/—M&)

, lv(p
< Lo ey

T, (P)

P
h-v _ﬁlvlv
pv)=PVE 0,

©9)
where [, = [d®k/(2z)3. For convenience, we define the

dimensionless collision rate & = v/ p. P = (&,p) with & =
w/p and p = p/p. The function W(&, #) is defined as

O+iv+1
O+iv—-1"

(10)

i (1 dy i
O :1—— 7:1——
W(@.7) 2 ) o—y+ip 2

In Eq. (9), f(k) = N¢[f9(k) + f7(k)] + N f?(k), where
the distribution function of partons is anisotropic as defined
in Eq. (1). The gluon self-energy still satisfies the trans-
versality condition even after the introduction of the colli-
sional term. The spatial component of gluon self-energy can
be obtained after substituting Eq. (1) into Eq. (9) as

5 dQ/ ,v/i

D

) = 12 S B0 p s

S

4z (11 E(v-n))

—— tivmp | —— =
DI 4gxaw—p-v +id

X/dQ v+ E(v-n)n! Y (o—p-v
—-p-v

4z (1+Ew-n)?)? @

+i

W(a, D)™, (11)

'For the imaginary part of the potential, we restrict to v € [0.25mp, 0.45mp|, where the imaginary part is well defined, because a

singular region persists up to v ~ 0.24mp near £ ~ 10. See Fig. 2.

034052-3



MANAS DEBNATH, LATA THAKUR, and NAJIMUL HAQUE

PHYS. REV. D 114, 034052 (2026)

where

dflSO

e

The gluon self-energy given in Eq. (11) is asymmetric in
the Lorentz indices due to the presence of a collision term
of BGK-type. This asymmetry is also seen in magnetized
plasma because of the lack of time-reversal symmetry [47].

|

(12)

PUPY it

AR = g
P? m*
2 Tl
B — P m'm
(m-P)?> w?
, 2 P2 o med
Y =—5% 3 [ ——
m*P*+ (n- P) 7
m-n _ o
D# = — mtmt — ntm,
m
B =" R iy — i

Here, m* is the heat-bath four-velocity, which in the local
rest frame is given by m* = (1,0,0,0), and

m-Pﬂ
5— P

it = mt —

is the component of m* orthogonal to p*. The direction of
anisotropy in momentum space is determined by the vector

n' = (0,n),
where n is a three-dimensional unit vector. Likewise,

n-P

pr

it =t —

is the component of n* orthogonal to P*. The gluon dressed
propagators can also be expanded in terms of the tensors
defined in Eq. (14).

Using the orthonormal properties of the tensor basis, the
five structure functions can be determined from Eq. (13)
based on the following contraction as

pmipl = p, (15a)
AT = i (a+ 7)., (15b)
AT pi = 28, (15¢)
P = ii2p, (15d)

TrllY =2a+ f + 7. (15e)

Therefore, the symmetric tensor basis for anisotropic
systems in the collisionless limit is unsuitable for the
decomposition in Eq. (11). Instead, we adopt a more
general tensor basis with five structure functions to decom-
pose the gluon self-energy,

I/ (P) = @Al 4 B + yCli + 8D + pE'i,  (13)

with the tensor basis defined as

(14)

[

Using gluon self-energy expression, the inverse of the

resummed gluon propagator AY(P) can be computed in

temporal axial gauge (TAG) using the Dyson-Schwinger

equation as
(A1)I(P) = (p? - & + )AT + (§ — 0?)BY

+yCY + 8DV + pE. (16)

Upon inversion, the resummed gluon propagator becomes

NI(P) = A4AY = €] + Ag(p? = 0 + a+ 7)BY
+(p - @*)C7 = 5DV — pEV], (17)
with
1
Ay=—
A pz —0? +a
1
Ag= (18)

(P* =@ +a+y)(p-w’)—dppl/p*
Here, p, = pV1 =1 = |p — (p - n)n| is the component of
the gluon momentum transverse to the anisotropy direction.
The gluon propagator in Eq. (17) can be rewritten as

AY(P) = oAV + f'BY +y'CT 8DV + p'EY,  (19)
with

a’ = AA N (208)
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p=086(p* —a” +aty), (20p) ~ Where

V= Ag(f— @) = Ay, (20¢)

§ = ~Agd, coq)  CETEE V& - dllatr+p)p- 0] (22)
Pl =—Agp. (20e)

with
The dispersion relation can be determined by finding the
poles of the propagator A”(P), namely, )
Q' =a+p+y+p
Al'=p’—a?+a=0,
A = (pP* -’ +aty)(f - o) - idp

= (0? = Q%) (? — Q%) =0, (1) Appendix A as

2

al&,o,1,0) = ﬁ [@2f (&) = ERF1(&) + d(1 — 2 = 2)TOE @, 1,0)

+ H{E(1 = 12) + 220 — E2)YTW(E, @, 1,D) — (@ — 2£z2) T (&, v, t,0) — ETPI(E, v, 1, D)),

2 12
" my,

p&. a,t.0) = “ W6, 5

[fo(&) = 22O ., 1,0) — &TW(E &, 1, D)),

2
v(€ o,1.0) = % 61+ 2)£1(8) = dz(1 + ) fo(&) = @{(1 = ) = 22 (1 + P)}IV(&, @, 1, D),
— t{4dz — 2622 + E(1 = A)(1 + @2)}ZMN(&, .1, D)

—{4&z =20 — (1 = ) (@ + 32) }ZP(&, @, 1, D) + 2&tTP(E, @, 1, D)),

A2
S(& @, t,0) = 2((1”7_1’;2) [tzfo(&) — t22TONE, @, 1.D) + z(1 = ER)TN(E @, 1.D) + ETP(E, . 1. D)),
A2
p(E.do,1.D) PID(otfo(&) — arzTO(E 0. 1.0) + {@(1 + &~ &) — E)TV(E b, 1.D)

T 2W(@,0)(1-1)
+ ETP(E, @, 1, D)),

where z = & + ib. The master integral, Z!"! (&, @,1,D) has the form

1 n 27zd¢ 1

TV(E. d.1.3 :/ d yg/ dp_ 1

(&, d,1,D) . y(l+§y2)2 o 2rd—p-v+ip

[ sign(Re[d)] ~ p.)
2
- (8 \/(cb—i)zyﬂa)z—ﬁ,%(l—yz)
B ld " sign(Re[@] — ty)
AU e Vol -(1-D1-y
I V) (@ =ty + iD)> = (1 =12)(1 —y?)

’

(23)

From Eq. (15), the structure functions [32] are obtained in

(24a)

(24b)

(24c)

(244d)

(24e)

(25)

where n = 0, 1, 2, 3 and ¢ = cos @, with 6 being the angle between p and n. It is assumed that p lies in the y-z plane, while n
is parallel to the z-axis. The frequency w is generally complex, and the integration variable y represents the cosine of the

polar angle between k and n. The functions f(&) and f;(&) are defined as
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e 2 1 arctan /&
fo(f)—A (1+§y2)2dy_1+§+ JE (26a)
[t 2? 1 arctan/&
fl(é)_A (1+§y2)2dy_—§+§2+ 7B (26b)

Note that, in the collisionless limit, that is, when the
collision parameter v = 0, W(®,0) = 1 and z = @®. Then,
p(&,@,1,0) = 5(& @,1,0). (27)
The above relation implies that in the collisionless limit, we
have only four structure functions, and the self-energy is
symmetric, i.e., I/ = I/,
As the dielectric permittivity of the medium is defined in
the static limit (w — 0), we can define various mass scales

Brja & =@ [mj + idomg || + O(a*), (28b)
~m + iom? | + O(a? 28
Yr/a & my Eidm; | + O(&7), (28c)
o . .
Sria R - [im} + dm3 || + O(&*), (284d)
@
PRIAR S [£im? + a)m REXUCH) (28e)

In the small w limit, the retarded (advanced) master integral
Z%’}A (&,@,1,0) can be expanded as

(fty)j:a)l'l (5tu)+(9( 2),

corresponding to the structure functions as (29)
aga R mg  idom? | + O(@?), (282)  here
!
~[n] N ! A
A (f,t,l/)_—/)' dy( é )Zf (y,t,IJ),
(1 " (ty — iD)sign(—1y)
Henn = [0 s e Y
o[V (@ ity) (D + ) sign(—ty)
T = [ e o (- AT 0
Here,
S(y,tj%j(l:zt—;z“z—l Vi, nis odd
f ) = o : (32)
i \/s(;’/ti”;i ‘;gy;’ﬁ’sltz_l y™1 nis even
where s(y,t,0) = \/(y> — 2% + 1> — 1)> + 4?0?12, So the mass scales become [32]
w2 o 2(.»;-1sz . (@ =1 =2+ 7" 6 ) -2 (e 10) + T (61,0)], (33a)
. omj, ~[0] o .
" = 63 [fo(@) = 0T (&.1.0) =& (£.1.0). (33b)
2 _ Emp 2 2 02\T oy 2] A ~[3] .
m == [(1+t)f (&) =11 =2 +207)T " (&.1,0) — (1 + 3T (.1.0) + 20T (é,t,v)], (33¢)
2 iy Dt tI 1 -&2)T t 7" t, 33d
my = s |infolé) - 0 (& 00)+0(1 = )T (& 0.0) — iEd " (&1.0)] (33d)
= [0 +ied 1.0 (339
P 20, 0)V1 = P
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where the factor W(0,2) = (1 — D arccot D) is real-valued, and hence, all mass scales are real-valued. Additionally, the first-
order correction of the mass scales in the static limit is obtained as

2

M = i 2 BA®) + 1R =1 =T (€ 18) + (2 =T (610) 4 i1~ POT (€1, ()
IR S + m—%{ﬁ(g D)+ i7" (£.1.0)} (34b)
PLW0,0) (14027 2 o BN
2
m, = Mlmiftz) [—0(1 +2)fo(&) +i(1 = 2 4+ 22(1 + 2) IO - ba(4 - 3¢ — &)1 (34c)
+ier(l = AW = 2i(1 = 262) T — pE(1 + 32T — 2iedd ] } (34d)
2
=5 (1’" 7 [tfo 270 + 2270 1 (1 - )T + in(1 - &)V + 5:1[2] (34e)
m o=t tfo(&) — T + (1 — e2)TW — ipeT\) 4+ &7 + AEELY + ineT?) (34f)
P ow0,0)(1=2) | 7° ! UTOW(0,0)(1 4 22)

It is useful to note that the master integrals can be evaluated analytically in the collisionless limit, and the mass scales at
v =0 become

_mpt* 1 &
l’)’l(21|y=0 = 2( ) |: 0(5) - 1 —'—é(l — t2)f0 (1 +§(1 — t2)>:|7 (353)
m?, & &
m%}',/:() = 7 |:f0(§) + (1 +§(1 — tz))2f0<l _’_5(1 _ tz)):| , (35b)

2 __ mp 2(1_t2>_ 2 _ 1 r &t
o 2(1—t2)[ 1+¢ (Ht)fO(éH(S 1+§(1—t2))1+§(1—12)f0<1+§(1—t2)>}’ (35¢)

5 7 mpEV1 -1

m§|y:0 =Myl = [ I 5( t2)]3/2’ (35d)
and
2 _ _m_% (1+¢)
ma.1|y:0 - 2 2(1 +€(1 _ t2))3/2 ) (363)
o omp24+ (B3 -2)E+ (1-2)(1 -2
Ml = 2[1+&(1 - 2)P? ’ (360)
_amp E(1 —2)(1 + &1+ 27))
71|y 0~ 9 201+ &(1 - tz))s/z ’ (36¢)
mgl |1/=0 = m/%sl |L/:O
o omp 3r(1-)8 1
20— |Tv e -+ vEn Ve
1+ —12) =321 -1) tE
A+ e(1— ) TS A (364)
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III. DIELECTRIC PERMITTIVITY AND
FLUCTUATION FUNCTION

In this section, we deduce the complex color dielectric
response in a collisional anisotropic quark-gluon plasma
medium, which is later used to determine the in-medium
heavy-quark potential. In the temporal axial gauge, the
inverse permittivity is computed from the spatial compo-
nents of the gluon propagator in the static limit as

B L pp
e(p) = _hmw27Aij(w’P)~ (37)

w—0

The real part of this response, Ree™!, describes the causal
|

screening of the potential and is obtained by taking the
retarded propagator A = AR, In the isotropic case, the
imaginary part is directly related to medium fluctuations
through the fluctuation-dissipation theorem. However, in
an anisotropic medium, this relationship is more complex,
which motivates the definition of the fluctuation function
®(p, &, v) directly from the Feynman propagator Ap to
capture the statistical field correlations.

A. The real part of the inverse dielectric constant

The real part of the inverse dielectric constant is obtained
from the longitudinal projection of the retarded structure
functions as

i 2 _ 2
1) — _1im 2 PP R v am o o (PP @ +ag+yg)
Ree ! (p) = —i}1_rgw 7ReAij(a), p) = —il_r%a) R = —(101_13(1)(0 (=)@~ ) (38)
In the static limit, the real part of the dielectric permittivity can be written in terms of the mass scales:
Rec1(p) = p*(p* + mi+m3) PPt mE+m) (39)
P pt+ p*(mg + mj 4+ m2) + mamy + mimy —mim’ - (p* 4+ m%)(p* +m?)’
where the effective mass scales m_ are defined by
2m% = (mg +mj +my) £ \/(mg + mj 4 my)? = 4{my(m + my) — mgmz}. (40)

In the collisionless limit, the form of Ree™! (p) remains the
same with ms = m,,. In the isotropic collisional case where
my, =m, = ms =m, =0 and my = mp, we obtain
P’

—_—. 41
p2+m% ( )

limRe ¢! =
limRee™ (p.v)

B. The fluctuation function from the Feynman
propagator

The fluctuation function ®(p, &, v) is defined from the
static limit of the longitudinal component of the Feynman
propagator in the temporal axial gauge:

2 ij
p . pp
CD(p,é,y)ETIm C101_1)r(1)w2—p2 Afi(w.p.&v)|. (42)

It is important to emphasize the physical justification for
defining the fluctuation function ®(p, &, v) directly through
the Feynman propagator. While the fluctuation-dissipation
theorem (FDT) relating the symmetric and retarded/
advanced propagators remains robustly valid for an iso-
tropic collisional plasma (¢ = 0), it breaks down once
momentum anisotropy (£ # 0) is introduced. Because the
system is inherently out of equilibrium due to this direc-
tional anisotropy, evaluating the imaginary component of

[

the heavy-quark potential requires a direct, first-principles
calculation of the out-of-equilibrium Feynman (symmetric)
propagator in the real-time formalism. We achieve this by
employing the stochastic transport framework detailed in
Appendix C, thereby completely bypassing the limitations
of the standard equilibrium spectral function approach in
the anisotropic regime.

This definition in Eq. (42) is written in TAG, where the
relevant quantity is the longitudinal projection of the spatial
Feynman propagator, p'Ap/. Now, the one-loop effective
Feynman propagator Ag is given by

AL (P) = (1+2f p(w))sgn(w)[AF (P) = A (P)]
+ AR (P{ITE(P) = (1 + 2f (w))sgn(w)
x [ (P) ~ T/ (P)]}A{ (P). (43)

As a vital analytical check of our formulation, we note that
the full Feynman propagator in Eq. (43) and its corre-
sponding form factors smoothly reproduce well-established
limiting cases in the literature:

(1) In the collisionless anisotropic limit (¢ # 0, v = 0),
the second term simplifies appropriately, and our
formulation perfectly reduces to the real-time aniso-
tropic propagator results derived in Ref. [37].
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(2) In the isotropic collisional limit (¢ = 0, v # 0), the
second term vanishes identically, and our expression
cleanly reduces to the collisional Feynman propa-
gator obtained via the FDT from the retarded

generalized out-of-equilibrium framework across the entire
parameter space.

We denote the longitudinal projection p’p/M;; of any
tensor M with the subscript long. Projecting Eq. (43) onto

response calculated in Ref. [33]. the longitudinal direction and multiplying by @?, the first
This successful cross-limital benchmarking reinforces the  term in the static limit becomes
structural reliability and physical consistency of our
|
lim[1 + 2/ (w)]sgn(w)w (B = )
4iph  (mgy +my Jmimg + (p* + mg + mp){mg, (p* + mi + m)) + (mim3 | + mym3 )} m
1+¢&(v-n) [(p* + mp)(p* + mG + my) — m3m?)? '
Similarly, evaluating the last term of Eq. (43) in the static limit yields
l)i_r%(l + 2f 5(@))sgn(w)w?*[Ap(Tlg = T4 ) Ay liong
4ipA (m(211 —|—m )m%m[,—l—(p +mk+m? ){m/il(p +mk+m? )—f—(mém —|—m[,m51)} (45)
I+ &(v-n) [(p? + m) (p* + mg, + m3) — mimy]?

Comparing these results shows that the first and last terms
cancel each other in the static limit. The remaining
contribution of @ p' A7 pJ in the static limit can be obtained
using the Eq. (B13) of Appendix B as

2

p
3}123)0’ [ARITEA]jng = @ *BrBrBy + @ piap +1r)b) p—l
(46)

The Feynman structure functions ap, fp, and yp are
discussed in Appendix C. In the static limit, we have

i <1>6<<v~1>)”2+a2>5
hrr(l)ﬂF = 3 — ,
- p < (vp) >
( ¢

(47)
|

2im%p

m3m? — ¢(p* + m3 + m2)?

li -
lim(ay + YF) o

Collecting these contributions, the fluctuation function is
evaluated in two distinct regimes:

1. Collisionless limit

When v = 0, the fluctuation function is expressed in
terms of complete elliptic integrals:

O(p.&v=0)=
cl(p? + m3)(p* + ml + m2) — mim?

E(-¢) - mémzK( ¢)|. (49)

I+¢

Here, the variable ¢ = £(1 — #%) represents the effective anisotropy strength projected onto the transverse plane, and

t = cos @ is the cosine of the propagation angle.

2. Collisional case

For a finite collision rate v # 0, the fluctuation function takes the form

2Am% p
(I)(p’ 5’ l/) == L
[(p? + m3)(p* + mi + m2) — mm]*
(2t 2)2<1>§<(v-ﬁ)ﬁ2+ﬁ2>§+p2m§m?,< p(v-7)? > (50)
X mi+m - ~ - .
14 Y (?,p)zA sz (U p)Z + IJZ P
(vp)*+0?
¢
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C. Response and fluctuation in the isotropic limit

In an isotropic plasma with collisions where £ = 0 and
v # 0, the mass scales m,, m,, ms, and m, vanish. The real
part of the inverse permittivity reduces to

2

_ 14
Ree Y (p,E=0,0) = ————. 51
ee (]J ¢ V) pg %) ( )

Similarly, the fluctuation function is obtained from Eq. (50) as

2Tpm3,  arccot(D)

(p* + m3)?* 1 — barccot(D)

O(p.&=0.v) =~ (52)

This expression can be verified through the fluctuation-
dissipation theorem. In the isotropic collisional plasma, the
retarded structure function fj is given by

’ o+iv, o+p+iv

s s 209 - - 2 — 1_ 1
Pr(w.p.& v) mDp2|: 2p nw_erlJ
X [1—iln4w+p+l_y
2p wo—-p+iv

]_1. (53)

In the small frequency Ilimit, this structure function
expands as
arccot(D)
1 — parccot(D)
+ O(0™). (54)
The inverse permittivity then behaves as
2 2 -
4 o P pmy, arccot(D)
e (p.£=00) p?+m? lw(p2+m%))21 — Darccot(p)

(55)

Applying the fluctuation dissipation theorem in the static
limit, we relate the fluctuation function to the imaginary part
|

d’p

of the permittivity as

2T
® = lim — Im[e™!]. (56)
w—0 @
This recovers the same result and validates our derivation of
the fluctuation function using the Feynman propagator.

IV. IN-MEDIUM HEAVY QUARK-ANTIQUARK
POTENTIAL

In this section, we investigate the effect of a collisional
anisotropic medium on the in-medium heavy-quark poten-
tial. We compute the in-medium heavy quark-antiquark
potential by correcting the Cornell potential in momentum
space using the dielectric permittivity [Eq. (37)], which
accounts for the effects of the collisional anisotropic
thermal medium [17,36,41]

Ve(p)

e(p.&v)’ 57)

3
Vir.Ev) = /ﬁ (P — 1)

where Ve(p) = —/(2/x)(a/p* +26/p*) [17] is the
Fourier transform of the vacuum Cornell potential
Ve(r) = —a/r+ or. Here a = Cra, with Cp =4/3 is
the quadratic Casimir of the fundamental representation
and a; is the strong coupling constant [5]

127
2
(11N, = 2N) ln<AE>

MS

ag(A?) = ; (58)

In Eq. (58), N, = 3 and Agz = 0.176 GeV for Ny = 3 and
A =2nA. Here the string tension, o, is taken as
(0.44)? GeV?. After substituting Eq. (39) into Eq. (57),
we obtain the medium-modified complex heavy-quark
potential in an anisotropic medium, whose real part reads

RV (r,&,0) = / b (€7 = DVelpRee™ ! (p.£.)

1

— dSP(eipr _

o

(59)

(p* + m2 + m?) <a @)

(p* +m3)(p* + m2) P’

For a general orientation of r relative to the anisotropy direction 72, we will have p - r = rp[sin 0sin ® cos(¢p — @)+
cosfcos ©], where 0(0) and ¢(®P) are the polar and the azimuthal angles in momentum (coordinate) space with the
anisotropy direction, respectively, since we take iz = 2. After integration over the azimuthal angle of (exp (ip - r) — 1),
Eq. (59) becomes

(p* + mg +m3) 26
(P> +m2)(p? +m?2) (a * pz)’
(P +mi +m7) ( @)
(p? +m?)(p* + m2) p*)’

1 [o (= .
RV(r & v,2) = —— / / p2dp sin 0d6]eiPros0<s® J (1 rsin @ sin ©) — 1]
=0

2 0=0
_ _%/oo /1 pzdpdl‘[eipncosejo(pr” 1=172 sin@) — l]
T p=0 J1=0

0

(60)
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06f [T—zoonMev.6=0] ] 06f [T—zo0Mev.0—n/2 ]
0.4} et e 0.4} T ann
_ o2} L _ o2} ,;;:’:“:: =
5‘ ool “"’,n lgi ook /’/ o 2F
> _o2k > _0.2f
& — HTL &
—04} Vo —0.4}
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-0.6}F —v=02mp -0.6}
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—o8f | ) , —08f__, ) .
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FIG. 1. The real part of the potential as a function of separation distance r for various values of v and & when QQ is aligned parallel
(® = 0) (left) and aligned transverse (® = 7z/2) (right) to the direction of anisotropy at 7 = 0.2 GeV. In both the figures, the dashed
lines represent the £ = 1 case, whereas dot-dashed lines represent the £ = 10 case.

where J is the Bessel function of the first kind. The Coulomb part of Eq. (60) contains a A = 0 UV divergence, which we
subtract, giving

RV(r,&v,2) = —Allm ;/ /0 dedt[ iprteos® g, (prv/1 — 12 sin®) — 1}
Uv—)DO 1
(p* + mg +my) 2

(61)

( " 20') /Auv J
a+— pa.
(p* +mi)(p® +m2) p? p=0

Here, Ayy is the UV cutoff scale and Eq. (61) is independent of the scale for a large value of Ayy. Note that for a
collisionless, isotropic plasma, the real part of the quarkonium potential is

e’ e mpr — 1
) (1 el
mpr

mpr
In Fig. 1, we plot the real part of the potential [Eq. (61)] as a function of the separation distance (r) at temperature
A = 0.2 GeV. The left panel illustrates the results for various values of the collision parameter, v, and anisotropy parameter,
&, when the QQ dipole axis is aligned parallel to the anisotropy axis, while the right panel shows the results when the dipole
is aligned transverse to the anisotropy axis. Here, the solid black line shows the real part of the potential for the isotropic
collisionless plasma [Eq. (62)] when & = 0 and v = 0, while different colors denote the various values of the collision
parameter, v. We find that the collisional parameter v has only a nominal effect on the real part of the potential. Notably, the
impact of v on the real part of the potential remains nearly consistent for both parallel and transverse alignments. It is also
worth mentioning here that for an isotropic plasma (£ = 0), there is no effect of the collision on the real part of the
quarkonium potential, as can be understood from Eq. (51).
The imaginary part of the potential is written as

T

206
+ R
mp

(62)

SRVHTL(F? T) = —amD <1 +

dp

(2n)32 (eP” = 1)Ve(p)Ime™' (p, & v)

JV(r,é v, T) =

1 2
- _/ / p*dp sin0d@[e'Pres0<s® Iy (prsinfsin®) — 1] = | a < +Z) Ime~!(p,&,v)
0=0 P p
1 2
= _/ / pzdpdt[cos (prtcos®)Jy(prv'1—1sin®) — ] — <a —I—Z)
T Jp=0Ji=0 p p

e 2,202 ) Ala N0
—2im%p { 5<(vp) +v> prmsm p(v-n)
> 2\2 (p2+m(2,+mf)2 . g 7 2 . (63)
S+ w2+ m) << <;)1;>+A2> Pl \(v-p)+*/;
vy 1% 6
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where ¢ = cos 6. Note that for the isotropic case, the imaginary potential reduces to

pdp 20 sin pr 2 arccot ¥
ImV(r, T =2Tm3 | ———5— — (1= . 64
mV(rTleo "D / (P> + m})? (a+ p2> < pr > z(1 — parccot ?) (64)
Equation (64) further reduces to the collisionless case as
pdp 20 sin pr
01 <21, [ 290 (20 (19007 .
HTL( ) D (pz 4 sz)z P2 pr ( )

In Eq. (63), the integral has a pinch singularity. This
singularity arises from the term (p? 4+ m?2)? in the denom-
inator of the integrand, which makes the imaginary part of
the potential ill-defined. The (p? + m?2) term also appears
in the integral of real potential in Eq. (5§9), where it is a
simple pole and can be integrated using the principal-value
prescription. But for the imaginary potential, (p? + m?)?
appears as a double pole; hence, it cannot be integrated out
using the principal-value prescription. The issue of the
pinch singularity was previously discussed in [37] in the
collisionless case, that is, when v = 0. In Fig. 2, we
illustrate the region where this singularity occurs for the

10
st
6 FRegion of Singularity

(Il-defined for
4+ Imaginary potential)

0.3 04

y/mD

0.1 0.2 0.5

FIG. 2. Region in the anisotropy-collision-parameter plane
where the integral in Eq. (63) develops a singularity.

|A:200MeV,9 —0,6=1 |
0.0
. -02}
= -04} AERENANE
7
-0.6p—, = 0.25mp '
—v =0.35mp
-0.8) —» = 0.45mp
0.0 0.2 0.4 0.6 0.8 1.0

r[fm)]

FIG. 3.
A =02 GeV and © = 0.

|

finite collisional effect, which certainly includes the v = 0
axis as mentioned in [37] for the collisionless case. In this
way, we identify the region of anisotropic collisional
plasma, where the imaginary potential is calculable, and
the Weibel instability is absent. In our numerical observa-
tion, we found that the region of singularity is extended
approximately from v = 0 up to v ~ 0.24m, for anisotropy
parameter ¢ ~ 10. In this article, we show the imaginary
part of the potential only for the region where the Weibel
instability is absent, i.e., for the white colored region in
Fig. 2. In Fig. 2, the right edge can be obtained by reaching
closerto p — O and t — 1. As the p-value increases and the
t-value decreases, the singularities move toward v — 0, and
ultimately all singularities accumulate on the v = 0 axis. In
Fig. 3, we plot the imaginary part of the potential in
Eq. (63) as a function of separation distance r at temper-
ature T = 0.2 GeV when the dipole axis QQ is aligned
parallel to the direction of anisotropy. The left panel shows
the results for various values of v while keeping £ = 1. We
find that the imaginary part of the potential increases in
magnitude as v increases. The right panel presents the
results for the different values of £. The dash-dotted lines
correspond to v = 0.4mp. In this case, the imaginary part
of the potential increases in magnitude with the increase in
£. The solid black line shows the imaginary part of the
potential for the isotropic collisionless plasma (65). Figure 4
shows a similar plot of the imaginary part of the potential

V[GeV]

&

0.6 0.8

0.4

r[fm)]

0.0 0.2 1.0

The imaginary part of the potential as a function of separation distance r for different values of v (left) and & (right) at
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|,\ = 200MeV, 0 = 7/2,6 = 1 |
0.0
_ -02f
< -oaf
& —HTL .
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=08 —u = 0.45mp
0.0 0.2 04 0.6 0.8 1.0
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0.0F--- ]
%
O
>
&
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FIG. 4. The imaginary part of the potential as a function of r for different values of v (left) and & (right) at A = 0.2 GeV and © = #/2.

for the perpendicular orientation of the QQ dipole axis
relative to the direction of anisotropy. The effect of v on the
imaginary part of the potential is similar for both the
parallel and perpendicular orientations. Notably, the impact
of v is more pronounced on the imaginary part of the
potential compared to the real part, where its effect is
minimal.

L(&.v.2) =

V. DECAY WIDTH

In this section, we determine the decay width of
quarkonium states based on the imaginary part of the
potential obtained earlier. Treating this imaginary compo-
nent as a perturbation to the vacuum potential allows us to
estimate the thermal width, I, of the quarkonium states as

—/d3r|1//(r, P ImV(r & v, 1)

— 27 [T ar? / " 4@ sin(®) |y (r, )P IV (r, 0,&, 1, 2)
r=0 0=0

2

drr/ d®sin(®
ﬂag r=0 0=0

X [cos (prtcos ©)Jo(prv/ 1 —*sin®) — 1] <a

where we have used the Coulombic ground state wave
function

1 2
—————e /%W and ay(1)=
Ve moa(l)

y(r.4) = (67)

is the Bohr radius of the heavy quarkonium system, and m,,
is the heavy-quark mass. In the MS scheme, the charm and
bottom quark masses are taken as 1.275 GeVand 4.18 GeV,
respectively. The primary contribution to the imaginary
potential for a deeply bound state involving heavy quarks is

2(a + ib)* -

 dr? / d®sin(®)e?/“@D ImV(r,®,& v, 1)
r=0 ©=0

—2r/u0 / / dpdt
p=0 J =0

20
+?><I>(p,§, v, t), (66)

|
Coulombic in nature. This supports the use of Coulomb
wave functions for calculating the decay width.

The r-integration in Eq. (66) can be computed using the

integral
oo
[
0

The integral relation in Eq. (68) can be used to perform the
following integration as

2a% — 2

e~ Jo(cr)dr = 7@2 Ll

(68)

2(a—ib)* - c?

~rcos(br)Jy(cr)dr =

|
® 5
re
0

1
2 [((a+ib)?+c2

)5/2 ((a _ ib)2 4 02)5/2 :
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In Eq. (66),
=—, 70
a= (70a)
b = ptcos O, (70b)
c=pV1-1sin®. (70¢)
So, Eq. (66) becomes
2 45in@ [ (7 —iptcos®)” =3 p*(1 —1)sin’®
s / [ 0[9 0 na [ (2 —iptcos©)% + p*(1 — 1*)sin’@}>/
(2 + iptcos©)? ——p2(1 12)sin’® a3 26
ap 0
- +— |®(p, & v, 1)dpdtd®
{E+ iptcos@)2 + p*(1 - *)sin’@ }>/2 4} <a p2> (p. & v.1)dp
/ / [ 1]( +2”>q>( & v, 1)dpdt (71)
a+— |P(p, & v, t)dpdt.
=0 aop + 4 p2
For an isotropic, collisionless medium, the decay width of quarkonium can be obtained analytically as
2 [ [ 16 2 —nT
Fins __/ / [ﬁ_ 1] (H_G)wd it
7 Jp—0 Ji=o [(agp® +4) p?) (p* +mp)?
ampaiT [ 8 64 mDa01|
= + log
(agmp —4) | (agmp —4) ~ (agmp —4)> "~ 2
2402a8T 4+ aészga(Z)Zm%, - 12)1 mpag (72)
(agmp —4) (agmp —4) 2

InFig. 5, we present the thermal decay widthI" as a function of
the temperaturelike scale A for the ground states of charmo-
nium (left panel) and bottomonium (right panel), focusing on
the parameter space where the imaginary potential is free from
Weibel instabilities. The solid black line in both panels
denotes the decay width calculated for an isotropic and
collisionless medium, which serves as a baseline for our
analysis. We observe that the decay width increases mono-

I

tonically with both the temperature and the collisional
parameter v, and the magnitude of the thermal width is
further enhanced as the anisotropy parameter £ increases. This
behavior is consistent with the characteristics of the imaginary
part of the potential discussed previously, in which the
interplay between collisions and anisotropy significantly
modifies the thermal fluctuations within the medium.
Quantitatively, the J/y state exhibits a significantly

0.6

T'[GeV]

0.5

0.4

0.3f

T'[GeV]

0.2}

0.1

0.6

0.5

FIG. 5.

0.0

0.4 0.6

A[GeV]

0.3

Temperature variation of decay width for the ground state of charmonium (left) and bottomonium (right).
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larger decay width compared to the T state because the more
tightly bound bottomonium system is more resilient to the
screening and collisional effects of the plasma. These results
suggest that charmonium dissociates more rapidly in a
collisional, anisotropic environment, thereby supporting the
experimental observation of sequential suppression in rela-
tivistic heavy-ion collisions.

VI. SUMMARY AND DISCUSSION

In this work, we have investigated the complex heavy-quark
potential within a quark-gluon plasma characterized by
momentum-space anisotropy and finite collisional effects.
We incorporated the anisotropic correction using the
Romatschke-Strickland distribution function for thermal par-
tons. The gluon self-energy was subsequently rederived by
solving the linearized Boltzmann-Vlasov kinetic equations,
including a Bhatnagar-Gross-Krook collision kernel. By
computing the resummed gluon propagator, we determined
the real and imaginary components of the dielectric permit-
tivity in the static limit, which provided the necessary frame-
work to derive the complex potential for heavy quarkonia.

Our results indicate that the momentum-space anisotropy,
parametrized by &, reduces the overall screening effect in the
medium. This anisotropy also introduces a directional
dependence in the potential, which varies according to the
angle © between the QQ dipole axis and the anisotropy
vector. While the anisotropy significantly modifies the
screening behavior, we observed that the impact of collisions
on the real part of the potential is nominal. This suggests that
the binding energy of the quarkonium states is primarily
sensitive to the anisotropy rather than the collisional rate.

In contrast, the imaginary component of the potential is
significantly influenced by the collisional parameter v. We
found that in an anisotropic medium, the imaginary
potential can become ill-defined for certain ranges of the
collision parameter due to the presence of a pinch singu-

magnitude of the imaginary part increases with increasing
collision frequency. This enhancement directly affects the
thermal properties of the bound states.

Furthermore, we calculated the thermal decay width of
the J/w and of the T state. Our qualitative study, using a
Coulombic wave function, demonstrates that the decay
width increases with both the anisotropy and the collision
rate among plasma constituents. These results imply that
charmonium states undergo faster dissociation in a colli-
sional plasma than in a collisionless one.

To improve the quantitative accuracy of these results,
future work could involve solving the Schrodinger equation
with the full complex heavy-quark potential to obtain the
modified wave functions and more precise decay widths.
Additionally, further research is needed to explore more
sophisticated nonequilibrium distribution functions and
their consequences for the real and imaginary dielectric
permittivity of the medium.
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APPENDIX A: CALCULATIONS OF STRUCTURE
FUNCTIONS

We take anisotropy direction n = Z and assume p lies in
the (yz) plane, i.e.,p = (0, py. p.). In general, p, should be

larity. However, within the well-defined regimes, the  replaced by p;:
|
dQ '+ & n)n' V(o —k-v) + kv
,B:PPJ’"D/ v ( il (A = v) =
dr - (1+&(w-n))?  o-k-v+id
dsy % dQ o' + E(v-n)n! 8i(@ —k - v) + kvl
+ pipimy(iD) | — - /— - W(w,0)™!
o) A o —k-v+id) 4n(1+&wv-n))?  o—k-v+ip (&.2)
B —Q(ﬁ )v I &cosOn! pl(o—p-v)+ p(p-v)+ 2/a’_Q’ p-v'(iD)
N (1 + &cos? 9) w—ﬁ.v+ia DI 4xdp—p-v+id
dQ On'
x/ v! + EcosOn! pl(& - -v) + pl(p- ) Wi, 5)!
7 (1 + £cos® 0)? ®—p-v+ip
o, [adQ W+ iD p-v+étcos® ., [dQ @+ iv
=mp | —O| —F—F5——1 5 (iD)my, | — | = — -1
dr \o+iv—-p-v (1 4+ &cos*6) dr \o+iv—p-v

A

X/dQﬁ-v+§tcos€ 10)
dr (14 Ecos? 0 @+ iD—p-v

=pi + B

(A1)
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5 [dQ, o+ ib p-v+étcosd
pr=myp | —d ———1 5

4r v—-p-v (1 + &cos?0)?
¢ 1

T Z+§t_x) ldx 271 :|
27 (1 + &x2)2 / / +§x
x [2z 22
7

—— + &t
p-v Z

and

—ﬁ~v> (1+ &) gf(’(é)]

z ! /dQﬁ~v+§tcos6 @
7—p-v dr (1 +Ecos? 0 @+ iD—p-v
[z =W(@.D) - iD]d

W(é, D)~

t
2700, . 1. 9) + ST e o, 1. ) — LE)] (A3)
2 2 2
Combining the above two equations, we get

Oim?
P& .o,1.0) =

mp

2W(C?) I’))[ 0(5)_ZI (5 o, 1, I/)

aTM(E ot
Now, from Eq. (15), we can obtain

(A4)
— TeITi 1~iHij~j
a="Tr —?n n - p,
with

(AS)
TelT = T1

= {ffl (&) +GTO(E d.1.0) + (a e

Dzo.00
1 —Zlog<e
. 1 1 zlogz+1 5 . .
—ZU§I<;+W)IH(§,(!),I,U):|. (A6)
z—1
Now, in Eq. (AS), before obtaining the second term, note that /i’ = AVn/ = n —tp’, and > = 1 — 1>
1 ipiini — M [_Péz ¢ 1 s 270 L e — 20+ 2Tl
i . Fol&) + 2 £1(8) +5 POPTONE i, 1,0) + = 12(ibE — 260 + LED)TI(E, 0, 1,0)
7} 1—1¢ 2 2 2 2
1 (t—l) —zlog?
2 A aR2eANTRI(E A ¢ ) 4t e Bl A 2 1
+5 (Fi(L+ )08 + @ = 2060)TH(E, . 1. D) + 5 61T («S,w,t,V)}+mD =7 5 wlog+
ot ot D — ErPz —iDE(l — 12 t
x [a;fo(f)—wzzf[o](é,é),t,ﬁ)+w e O >Im(5,@,r,a>+%zm<fs,@,z,a> . (A7)
So, Eq. (AS) becomes
2
(&, 1.0) = P

m[@zfo(f) -

x TU(E @,1,D) —

Now, the structure function y(&

ELf1(8) + (1 = 22 = 2)TOUE @, 1,D) + t{E(1 = ) + 200z — &%}
(@ —2Ez)TRI(E @, 1, D) — ErTPI(E, @, 1, D).

(A8)
t,D) can be obtained as
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y(E @, 1,0) = %ﬂil'[ijﬁ-f — (& .1,D)
2
= 52y U+ 0 =021+ P)folE) = a((1= ) = 21+ P)TO . .1.9)
— 1(4dz — 2822 + E(1 = 2)(1 + @2))TMN(&, @, 1,D)
— (4€z =20 — E(1 = 2) (@ + 32)) TP (&, @, 1, D) + 2&TB(E, @, 1, D). (A9)

From Eq. (15), p(&, @, 1, D) can be written as

p:mzﬁiﬁj /dQvl.v’+§(v-n)nl5lj(é)—ﬁ-v)+j71vj+iﬁ aqQ’ v
bp2 dr - (1+&w-n)?)? o+iv—p-v dr &+ iv—p-v

/dQ v+ Ev-n)n! Y (@—p-v)+plv) 1
dr (1 +&(w-n)?)? o+ib-p-v W@,D)

X

=p1+ P2 (A10)

with
S U Ewe (o —pv) + P v)
P = mD 72 4H(I7 )(1—|—§(v~n)2)2 O+ib—p-v
= 2(;"%[5&1’[2] (& @.1,0) — 12T E @, 1,D) + z(@ — &Pz — iDE(1 — 12))

TZW(E @.1.D) + dtzfo(£)] (A11)

and

me/dQ’ p-v /dQ vl E(von)n! 7+ (@ —p-v)+ pl(v-n)
P2 = ~ o a 71 = P
)

1-22) 4z o+ib—-p-v ) 4n(1+Ewv-n)?)? (0+iD—p - v)W(@,D
= mlzjz(A _Z);V((IE .?) 5 + (& — ivE(1 — 12) — &,127)
x TW(E @, 1,0)]. (A12)

[@tf () + &7 (5 o,1,0) — otz (&, d,1,D)

Combining Egs. (A11) and (A12), we get

o om?, R
p(z.fv w, t?”) = 2W(C?) f/)(l _ tz) [C()lfo(f) thI (5 6() t, I/)
Ho(1 + &= &) = ETV(E, @, 1,0) + ETP(E, @, 1,D)). (A13)

Finally, we can get the expression of §(&, @, ¢, ) from Eq. (15) as

J llj o al,j ! /i
zpn[/@ﬂvﬂ&( i i - nypvw w __ v

4r (14+&(v-n)?)?
X/dQ v+ Ewv-n)n! Y (o—-p-v)+plv) 1 ]

az (1+Ew-n)?)?  o+i

2
_omp

=3 (-1 [tz2f (&) — t2TONE @, 1, D) + z(1 = E)TM(E @, 1, D) + ETRN(E @, 1, D). (A14)
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APPENDIX B: TENSOR RELATION

In TAG, the relevant propagator components are the
spatial components A”. The inverse dielectric function and
the fluctuation function are therefore obtained from the
longitudinal projection of the spatial propagator,

A (P) = p'AY(P)p/. (B1)
Accordingly, in the static limit,
e”!(p) = ~lim 0’ p' A (w,p) . (B2)
The spatial components of the basis tensors are
All = §i — pipi, Bl = pipi, Cli = penl
DV = jil pJ, EY = pi/, (B3)
where
2
il = Alind =ni — (n-p)p',  w=1-="LL (B4
The vector 7' is orthogonal to p'.
The useful contraction identities are
AVAT =2, BB = 1, CiCc =1,
DDV = ji?, EVET = i1?, (B5a)
PIAI =0, PBU = pi, piCH =0,
p'DV =0, PIEY =, (B5b)
AT = il ii'Bi = 0, ACl =i,
' DV = ji*pl, n'EY =0 (B5c¢)
For a general tensor decomposed as
MU =MjAY +MgBJ +M-CJ+MpDV+MgEY, (B6)
the longitudinal TAG projection gives
PIMIpI = M. (B7)
Therefore, for the resummed gluon propagator
AV = oAV + fBU +y'CV + 8DV + p'EY,  (B8)
one obtains
pATp =P (B9)

This relation is used in the main text to write

e '(p) = ~lim&?p.

w—0

(B10)

For the Feynman propagator contribution, the required
TAG projection is
AN lj i
[ARHFAAhong =p AIéCH];?IAAJp] (Bll)
Using the tensor decomposition, the leading terms in the
static limit are

[ARTIEAuliong = BrBePs + prlar +yp)84*.  (B12)
Since 7 = p3 /p?, one obtains
2
. pP
il_rf(l)C"Q [ARTTEA A jong = O PrBrPy + @ pi(ap +71F)d) p_é
(B13)

This is the expression used in Sec. III for the calculation of
the fluctuation function in the temporal axial gauge.

APPENDIX C: CALCULATIONS OF STRUCTURE
FUNCTIONS FOR THE SYMMETRIC
PROPAGATOR

The retarded and advanced self-energies derived in
Sec. II are insufficient to fix the imaginary part of the
in-medium potential, which requires the Feynman (sym-
metric) gluon propagator and, in turn, the symmetric self-
energy IT7. In an isotropic plasma, whether in or out of
equilibrium and with or without collisions, the symmetric
self-energy is fixed by the FDT once the retarded self-
energy is known. The FDT fails, however, as soon as the
parton distribution becomes anisotropic, since no single
temperaturelike scale then relates the symmetric and

retarded correlators. In that regime, Hjé must be obtained
directly from the microscopic current-current correlator.
We do so here within the conserving BGK kinetic frame-
work, using the same notation as the main text: P = (w, p)
denotes the external four-momentum, k the parton phase-
space momentum, and v = k/k the corresponding velocity.
The scale A specifies the typical momentum of the plasma
particles and should be understood as the temperature only
in the thermal-equilibrium limit; it sets the overall strength

of the noise correlator and of Hg derived below.

1. Microscopic derivation of the Feynman self-energy
from current correlators

We extend the kinetic theory of Sec. II by promoting the
phase-space fluctuation 6f(x, v, ) to a stochastic variable.
Introducing a local noise source {(x, v, ) that represents
the microscopic fluctuations not captured by the averaged
BGK kernel, the linearized Boltzmann equation (2)
acquires the form
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(6,+v-V+u)5f(x,v,t):1/5 fv) +{(x, v, 1),

(C1)

where f(v) is the anisotropic distribution (1) expressed in
terms of the velocity direction and the conserving subtrac-
tion o 6n/ (1), enforces local particle-number conservation.
The introduction of the stochastic noise source { allows us to

systematically deduce the symmetric self-energy IT; and the
resulting propagator from microscopic fluctuations without
prematurely assuming a FDT relation. Crucially, in the limit
where the anisotropy vanishes (£ — 0), the noise correla-
tions dictate that the stochastic framework naturally reduces
to the expected FDT relation for a collisional isotropic
plasma. For & # 0, it successfully and dynamically captures
the nontrivial, anisotropy-induced modifications to the
symmetric propagator that are inherently missing from a
deterministic transport equation.

(C(P) (P V) g = 20Amp (21)* 64 (P — P')

which is constructed so that [dQ,/(4x)(¢(P,v){*
(P, V') = 0. In the isotropic limit (1), — 1, and with
A— T in thermal equilibrium, the amplitude 2vim?
reduces to the standard Langevin strength 20Tm3, of the
fluctuation-dissipation relation.

b. Solution for: 6f. Fourier transforming Eq. (C1) with
P = (w,p) gives

sto

il(P,v)
w—-v-p+tiv
(C4)

5 (P,v) = iv(—0ofy/0k)

_a)—v~p+i1/<6f(P’v)>‘ng

Applying (---): to both sides and using the conserving
property of the noise, one obtains

o~ omvrra) ) - erra),

(C5)

where the bracket on the left defines the conserving
denominator

which reduces, in the isotropic limit, to the function
W(d,p) of Eq. (9) via D|._, = W. Substituting Eq. (C5)
back into Eq. (C4) gives the closed-form fluctuation

The anisotropic angular average of a velocity-dependent
quantity X is defined, without normalization, as

_[dQ, X(v)
We= | S T e ar

so that (1), is in general different from unity and is kept
explicit in every expression below. The deformation weight
(14 &(v-n)?)~3/? follows from the Jacobian of the sphe-
roidal change of variables kK’ = ky/1 + &(v - n)? that maps
the anisotropic distribution onto an isotropic one; the radial
momentum integral has already been absorbed into m?,
through Eq. (12).

a. Noise correlator: Local conservation requires
[ d®k/(27)3¢ = 0, which forces the noise to be anticorre-
lated with its own angular average. At the effective scale 4,
the conserving two-point function reads

(€2)

(2”)3 afiso [1 +§(U.n)2]—3/2
;> <_ ok )[‘5("—"') - ), } (C3)
[
e e
w1 {(p.v)
D(w.p) <w ~v-p+ iu>§' (C7)

Equation (C7) decomposes the total fluctuation into a direct
noise-driven piece (first term) and a backreaction piece
(second term) required by local conservation; both are
linear and homogeneous in .

c. Color current and symmetric self-energy: The fluc-
tuating color current is the stochastic piece of the induced
current J4 ;. (P) of Eq. (8); it is obtained by inserting
the noise-driven fluctuation (C7) into the same current

functional,

5ji(P) = g A VI[N, 5f9(P. v)

+Nylofa(P.v) - fi(P.v)]}.  (C8)
where [, = [d’k/(2z)? and V* = (1, v). The functional
form of §j' is identical to that of Jé‘nd‘a; the difference is
solely in the input: in the retarded response, §f is sourced
by the gauge field 5A, whereas here it is sourced by the
noise § through Eq. (C7). The retarded self-energy is the
linear response Il = 6J4 ,/5A,, whereas the symmetric
self-energy is the statistical two-point correlator of the same
current, evaluated on the closed Schwinger-Keldysh con-

tour. So, one gets
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I (0,p) = =2i(5j (0,p)8j/ (=0, =P))yo»  (C9)
which is the quantity entering the fluctuation function
®(p,&,v) of Sec. IIL

d. Direct and vertex contributions: It is useful to separate
Eq. (C7) into the two pieces

8f(P,v) = 6f4(P.v) + 8fyer(P,v),  (C10)
where
(P,
o) =S e
5f (P v>:_’/(—afo/ak) 1 < {(P.v) >
ver e w-v-p+ivD(w.p) \o—-v-p+iv/;
(C12)

Correspondingly, the fluctuating current can be written as

57 (P) = 815 (P) + 8ier(P). (C13)
with

8ji(P) = QA v'8f 4i (P, v), (C14)

5jial(P) = g l V5 f (P ). (C15)

Suppressing the common color and degeneracy factors,
which are already absorbed into the definition of m?, the
symmetric self-energy is defined by

|

I}

Y (0.p) = =2i(8j (0.p)6j (~®. —p)),.  (C16)
Therefore,
H;Z = Hg.direcl + Hg,vertex’ (C17)

where the direct contribution is generated by (5;7;.8 jéir>st0,
while the vertex contribution collects the terms induced by
the conserving BGK subtraction,

Hg,vertex = _2i[<5jfiir5j{’er>sto + <5j</6r5j(jiir>sto

+ <5j{/er5j{76r>sto]' (CIS)

Using the noise correlator in Eq. (C3), the direct part
becomes

H;{,direct - _2i<5j£lir(P)éj{iir(_P»sto
vip/
= -2i {2mmg<ﬁ> ] (C19)
(w—v-p)*+v°/;

Here we have used

i i 1

w-vptiv-wtvoptiv (w—-v-p)*+1*
(C20)

and the sign is included in the overall Schwinger-Keldysh
factor —27i in Eq. (C16).
The conserving-subtraction terms give

F vertex = _Zi[<5jﬁir5j{;€r>sto + <6j{/er5j{hr>st0 + <6j{/er5j£er>sto]

i T

The factor 1/(1) ¢ originates from the conserving normali-
zation in the BGK kernel. It is required because the angular
average in Eq. (C2) is not normalized.

Thus, the full symmetric self-energy is

i . v'v!
17 (w.p) = —4ivim, <m>s

1 <a)—v1fp+iu>§<w—vb:11+i’/>§
(1), D(w.p)

(C22)

' p/
21//1m%) Re <{1}—ll1p+il/>§<{1}—l;-p+il/>§

D{w.p) (C21)

I
The first term is the uncorrelated direct fluctuation, while
the second term is the vertex correction required by local
particle-number conservation in the BGK kernel.

2. Form factors of the Feynman self-energy
in the static limit

Projecting Eq. (C22) onto the tensor basis of Sec. II—
the longitudinal projector p =p/p and the ortho-
gonalized anisotropy vector f2=n-— (n-p)p with
i = 1 — > = p% / p>—fixes the Feynman structure func-
tions through the contractions of Eq. (15). In the static limit
@ — 0, the leading nonvanishing pieces are
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dipim3, ) 1 -2
limaF __ wimp < n 2> , (C23)
w—0 p < &

. 4ipam?, < 2A0m” g >
limyp = — ( .

C25

The off-diagonal structure functions satisfy the symmetry
O = pr (a consequence of the symmetric ij structure of

1, in contrast to the asymmetric retarded self-energy), and
are given in the static limit by

linp =~ ()
(vp)?+7/¢
i = limpr
<(v-ﬁ)
_dibdmpe? (1), (vp
T < (vh)® >
P P+vp) /¢

These results demonstrate that, although the retarded self-
energy is asymmetric in i <> j because the BGK kernel
breaks time-reversal symmetry, the Feynman self-energy
retains the symmetric structure II7 =TII; and hence
O = Pr-

3. Collisionless limit

For v — 0, the Lorentzian kernel reduces, via
lim, ozt = 76(x), to a Dirac delta that selects the
resonant velocities v -p = @. The angular integrals then
evaluate in terms of the complete elliptic integrals K (k) and
E(x), with the effective anisotropy ¢ = &(1 — 12) = &ii?
defined as in Sec. III. The principal form factors become

: 4iAm3,
limap = -—~ [E(-¢) —K(=¢)].  (C27)
4idm3® E(—¢)
1 =2 : C28
Ul_r,I(l)’BF p3 1 +c ( )
4iim? 2+¢ }
limyp = ———2|2K(—¢) - ——E(-¢)|, (C29
iy = =272 |ok(-9) - TEE(-0)]. (€
and the off-diagonal functions
iy = iy
4iim3w*t [1 - ]
=— E(=c) — K(-
F-p)i+g 149K
(C30)

(C26)

The fluctuations are nonzero only in the subluminal regime
|| < p, modified by the alignment of p relative to n
through ¢, and reproduce the standard collisionless aniso-
tropic HTL spectral functions.

4. Isotropic limit
As & — 0 the deformation weight collapses to
unity, (1) ¢ — 1, and the angular averages reduce to plain
spherical integrals. With ((v-p)")y =14 /!, dxx" and
(x?/(x* + %))y = 1 — barccot?, the structure functions
become

2iAm?2
limay = — 22D (1 — ) arccotd + 5], (C31)
&-0 p
4iim%? tD
lim f, — — i m3Dco arAcco ) . (C32)
) p 1 — Darccotp
) 2idm3, noan .
%m(} YE=— [30% arccot& — 30 + arccot D). (C33)
The off-diagonal functions vanish identically, &r =

pr = 0, because the anisotropy vector r is no longer
defined and the longitudinal/transverse projections decou-
ple. In this limit the FDT is recovered, fr = (24/w) Im f,
and with 4 — T in thermal equilibrium, the result coincides
with the standard isotropic collisional HTL expression,
providing a nontrivial check on the conserving deriva-
tion above.
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