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We compute the complex heavy-quark potential in an anisotropic quark-gluon plasma (QGP) using kinetic
theory with a Bhatnagar-Gross-Krook collision kernel. By incorporating momentum anisotropy and a finite
collision rate into the medium dielectric response, we derive both the real and the imaginary parts of the in-
medium potential. The real part of the inverse dielectric function is obtained from the retarded/advanced
gluon propagator, while the imaginary part is determined from the Feynman (symmetric) propagator. We find
that collisions have only a minimal impact on the real part of the potential, suggesting a similarly weak effect
on the binding energy. In an anisotropic plasma, the Weibel instability induces a pinch singularity that can
render the imaginary part of the potential ill-defined; we show that sufficiently large collision rates regularize
this singularity, yielding a well-defined imaginary potential in the corresponding region of parameter space. In
this well-defined regime, collisions significantly enhance the magnitude of the imaginary part and modify the
effect of anisotropy. This enhancement leads to larger quarkonium thermal widths and dissociation rates in a
nonequilibrium QGP, providing further insight into quarkonium suppression mechanisms.
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I. INTRODUCTION

The study of the quark-gluon plasma (QGP) remains a
primary objective of high-energy nuclear physics, driven by
the experimental programs at the Relativistic Heavy Ion
Collider (RHIC) at Brookhaven National Laboratory (BNL)
and the ongoing Large Hadron Collider (LHC) at CERN.
These experimental programs aim to characterize the proper-
ties of theQGP,which is a deconfined state ofmatter expected
to emerge at extremely high temperatures. In this regime, the
QGP exhibits the behavior of a weakly interacting system, a
feature that can be theoretically investigated using hard
thermal loop (HTL) resummation techniques [1–6].
Heavy quarkonium suppression is widely regarded as a

signature of QGP formation [7]. In a vacuum, quarkonium
states are well-described by nonrelativistic potential models
characterized by Coulombic behavior at short distances and
linear confinement at larger separations [8–13]. However,
within a hot medium, this potential is significantly modified
by Debye screening, leading to the dissociation of bound

states above a critical crossover temperature [7]. Since the
binding energies of different quarkonium states range from
several mega-electron volts (MeV) to a few giga-electron
volts (GeV), they are expected to undergo sequential
suppression [14]. In this process, weakly bound states
melt near the transition temperature while more tightly
bound states persist until higher temperatures. This phe-
nomenon has been observed at RHIC and the LHC, where
higher-mass states of bottomonia and charmonia [15,16]
exhibit systematically stronger suppression.
While earlier studies of heavy quarkonium typically

assumed an isotropic medium [17], it is now understood
that the early stages of heavy-ion collisions are charac-
terized by momentum-space anisotropies resulting from
rapid longitudinal expansion [18–20]. Noncentral colli-
sions, in particular, generate anisotropic momentum dis-
tributions that lead to differential pressures and kinetic
instabilities [21]. Such instabilities significantly influence
the system’s evolution and accelerate isotropization
[21,22]. Furthermore, these anisotropies modify the
collective gluon modes [18,23,24], which in turn alter
the heavy-quark potential [23,25–31]. In addition to
anisotropy, collisions among plasma constituents become
essential to consider as the system cools [32], even though
they are often ignored at very high temperatures due to the
separation of timescales between hard and soft momentum
exchanges.
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The study of gluon collective modes in collisional QGP
has evolved significantly. Initial work utilized the
Bhatnagar-Gross-Krook (BGK) collision kernel for iso-
tropic thermal media [33], which was later extended to
anisotropic plasmas for modes propagating parallel to the
anisotropy vector [34]. Subsequent research considered
modes propagating in all directions relative to a small
anisotropy vector within an effective quasiparticle model
[35]. Recently, Ref. [32] provided a more general frame-
work by incorporating the full angular dependence of gluon
propagation across arbitrary anisotropy strengths.
Despite these advancements, most investigations into

quarkonium properties in anisotropic QGP have remained
restricted to collisionless scenarios [23,25,28,36–38]. In this
work, we bridge this gap by systematically deriving the
complex heavy-quark potential in a momentum-anisotropic
QGP with finite collisional rates. While the collective modes
derived in Ref. [32] allow for the determination of the real
part of the potential, evaluating the imaginary component
requires the Feynman (symmetric) propagator within the
real-time formalism. Since the derivation of this propagator
for an anisotropic collisional medium is currently absent in
the literature, we establish it here for the first time and utilize
it to compute the imaginary potential, accounting for both
general anisotropy and the BGK collision kernel.
Calculating the imaginary potential in this context

necessitates careful treatment of the integrand. In the
collisionless limit with small anisotropy (ξ), the imaginary
potential can be determined through a first-order expansion
in ξ [36]. However, for general anisotropy strengths,
performing such an expansion is not appropriate, and
one must evaluate the full expression. In this case, a
singularity appears in the denominator of the integrand,
which is associated with the Weibel instability [37]. We
address this challenge by identifying parameter regimes in
which finite collisional effects regularize the singularity,
thereby ensuring a well-defined imaginary potential. Our
analysis elucidates how the interplay of collisions and
anisotropy influences quarkonium thermal widths and
dissociation rates, providing critical insights into the
suppression mechanisms relevant to relativistic heavy-ion
collisions.
Beyond anisotropies and collisions, quarkonium proper-

ties are also influenced by other nontrivial environmental
factors. These include the strong magnetic fields generated
in noncentral collisions [39,40], the relative motion
between the medium and the quarkonium bound state
[41,42], bulk viscous effects [43–45], and modifications
arising from the Gribov-Zwanziger action [46].
The paper is organized as follows. Section II discusses

the gluon propagator in a collisional anisotropic QGP.
Section III details the dielectric permittivity of the medium.
In Sec. IV, we derive the complex heavy-quark potential
and analyze the impacts of collisions and anisotropy.
Section V focuses on the thermal width of the charmonium

ground state. Finally, we summarize our results and discuss
their implications in Sec. VI.

II. GLUON PROPAGATOR IN A COLLISIONAL
ANISOTROPIC MEDIUM

In this section, we discuss the gluon self-energy and
propagator in the presence of a collisional anisotropic QGP
medium, which we later use to compute the permittivity of
the medium and eventually use that to determine the in-
medium heavy quark-antiquark potential.
The momentum-space anisotropic correction is intro-

duced by deforming the distribution functions of constitu-
ent particles [18]. The deformed distribution function is
parametrized in the following spheroidal form:

fðkÞ ¼ fiso

�
1

λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2T þ ð1þ ξÞk2L

q �

¼ fiso

�
1

λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ξðk · nÞ2

q �
; ð1Þ

where fðkÞ is derived from fisoðkÞ by filtering out particles
with a large momentum component along the anisotropic
direction, n [18]. Here, kT and kL denote the components of
momentum transverse and longitudinal to a given anisotropy
axis n with k ¼ jkj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2T þ k2L

p
. Here, in Eq. (1), the

parameter ξ quantitatively measures the strength of momen-
tum-space anisotropy. The scale λ denotes the characteristic
hard momentum scale of the plasma particles. It coincides
with the temperature only in the thermal-equilibrium limit.
For the spheroidal deformation considered here, the system
is characterized by a single anisotropy direction. As a result,
the modes of the gluon polarization tensor depend on the
propagation angle relative to n. We first calculate the gluon
self-energy and propagators in a collisional anisotropic QGP
medium. Subsequently, we determine the inverse dielectric
permittivity of the anisotropic medium with collision, which
will be used to compute the real and imaginary parts of the
quarkonium static potential.

A. Gluon self-energy and resummed propagator

In the collisionless case, the gluon self-energy is typi-
cally obtained by the HTL resummation technique from the
Feynman diagrams. However, for the collisional QGP, the
gluon self-energy is usually obtained using kinetic theory
[32–34]. Within the framework of kinetic theory, the phase-
space distribution of partons (i.e., gluons, quarks, and
antiquarks) in the QCD plasma is characterized using
gauge-covariant Wigner functions, Wiðk; XÞ with
i∈ fg; q; q̄g, and where k and X denote the three-momen-
tum and four-position, respectively. These particles are
treated as massless and satisfy the mass-shell constraint. To
obtain the linearized transport equation, we expand
Wiðk; XÞ ¼ WiðkÞ þ δWiðk; XÞ. After applying a gauge-
covariant gradient expansion, the generalized Boltzmann
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equation governing quarks and gluons takes the form

V · ∂Xδfiaðk; XÞ þ gθiVμF
μν
a ∂

ðKÞ
ν fiðkÞ ¼ Ciaðk; XÞ; ð2Þ

where V ¼ ð1;vÞwith v≡ k=k and θg ¼ θq ¼ 1; θq̄ ¼ −1.
In Eq. (2), the weak-coupling limit is taken, and higher-order
terms of coupling g are neglected. Thus, the field tensor
becomes Fμν ¼ ∂μAν − ∂νAμ þOðgÞ. In this limit, the
theory becomes effectively Abelian, and one may consider
that there is no coupling between different color channels.
The distribution function fiðkÞ and its color fluctuations
δfiaðk; XÞ are related via the Wigner function as

fq=q̄ðkÞ ¼ 1

Nc
Tr½Wq=q̄ðk; XÞ�;

fgðkÞ ¼ 1

N2
c − 1

Tr½Wgðk; XÞ�; ð3Þ

and

δfq=q̄a ðk; XÞ ¼ 2Tr½taδWq=q̄ðk; XÞ�;

δfgaðk; XÞ ¼ 1

Nc
Tr½TaδWgðk; XÞ�; ð4Þ

where ta are the SUðNcÞ generators in the fundamental
representation and Ta are the corresponding adjoint-repre-
sentation generators. Now, for the collisionless case, the
right-hand side of Eq. (2) is simply zero, that is,
Ciaðk; XÞ ¼ 0. When collisions are included, Ciaðk; XÞ is
given by a BGK-type collision kernel

Ciaðk; XÞ ¼ −ν
�
fiaðk; XÞ −

Ni
aðXÞ
Ni

eq
fieqðkÞ

�
; ð5Þ

with fiaðk; XÞ ¼ fiðkÞ þ δfiaðk; XÞ, and

Ni
aðXÞ ¼

Z
k
fiaðk; XÞ; Ni

eq ¼
Z
k
fieqðkÞ: ð6Þ

The BGK-type collision term in Eq. (5) characterizes the
equilibration of the system through collisions, occurring over
a timescale inversely proportional to ν. In this work, the
collision rate ν is treated as a constant free parameter,
independent of particle momentum and species. An

advantage of the BGK kernel is that it ensures local
particle-number conservation; that is,

Z
k
Ciaðk; XÞ ¼ 0: ð7Þ

In Ref. [34], it is estimated that ν lies in the range
ν ∼ 0.1mD − 0.2mD, but it is possible that the collision rate
could even be larger than this.1 The induced current for each
color channel is given by

Jμind;a¼g
Z
k
Vμf2Ncδf

g
aðk;XÞþNf½δfqaðk;XÞ−δfq̄aðk;XÞ�g:

ð8Þ

The gluon self-energy for the collisional case can be
obtained following Refs. [32,34] as

Πμν
abðPÞ¼

δJμind;aðPÞ
δAb

νðPÞ

¼g2δab

Z
k
Vμ

∂
k
l fðkÞ

glνðω̂− p̂ ·vÞ− P̂lVν

ω̂− p̂ ·vþ iν̂

þg2δabðiν̂Þ
Z

dΩ
4π

Vμ

ω̂− p̂ ·vþ iν̂

×
Z
k0
∂
ðk0Þ
l fðk0Þg

lνðω̂− p̂ ·v0Þ− P̂lV 0ν

ω̂− p̂ ·v0 þ iν̂
W−1ðω̂; ν̂Þ;

ð9Þ

where
R
k ≡

R
d3k=ð2πÞ3. For convenience, we define the

dimensionless collision rate ν̂ ¼ ν=p. P̂ ¼ ðω̂; p̂Þ with ω̂ ¼
ω=p and p̂ ¼ p=p. The function Wðω̂; ν̂Þ is defined as

Wðω̂; ν̂Þ ¼ 1 −
iν̂
2

Z
1

−1

dy
ω̂ − yþ iν̂

¼ 1 −
iν̂
2
ln
ω̂þ iν̂þ 1

ω̂þ iν̂ − 1
:

ð10Þ

In Eq. (9), fðkÞ ¼ Nf½fqðkÞ þ fq̄ðkÞ� þ NcfgðkÞ, where
the distribution function of partons is anisotropic as defined
in Eq. (1). The gluon self-energy still satisfies the trans-
versality condition even after the introduction of the colli-
sional term. The spatial component of gluon self-energy can
be obtained after substituting Eq. (1) into Eq. (9) as

ΠijðPÞ ¼ m2
D

Z
dΩ
4π

vi
vl þ ξðv · nÞnl
ð1þ ξðv · nÞ2Þ2

δljðω̂ − p̂ · vÞ þ p̂lvj

ω̂ − p̂ · vþ iν̂
þ iν̂m2

D

Z
dΩ0

4π

v0i

ω̂ − p̂ · v0 þ iν̂

×
Z

dΩ
4π

vl þ ξðv · nÞnl
ð1þ ξðv · nÞ2Þ2

δljðω̂ − p̂ · vÞ þ p̂lvj

ω̂ − p̂ · vþ iν̂
Wðω̂; ν̂Þ−1; ð11Þ

1For the imaginary part of the potential, we restrict to ν∈ ½0.25mD; 0.45mD�, where the imaginary part is well defined, because a
singular region persists up to ν ∼ 0.24mD near ξ ∼ 10. See Fig. 2.
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where

m2
D ¼ −

g2

2π2

Z
∞

0

dkk2
dfisoðkÞ

dk
: ð12Þ

The gluon self-energy given in Eq. (11) is asymmetric in
the Lorentz indices due to the presence of a collision term
of BGK-type. This asymmetry is also seen in magnetized
plasma because of the lack of time-reversal symmetry [47].

Therefore, the symmetric tensor basis for anisotropic
systems in the collisionless limit is unsuitable for the
decomposition in Eq. (11). Instead, we adopt a more
general tensor basis with five structure functions to decom-
pose the gluon self-energy,

ΠijðPÞ ¼ αAij þ βBij þ γCij þ δDij þ ρEij; ð13Þ

with the tensor basis defined as

Aμν ¼ −ημν þ PμPν

P2
þ m̃μm̃ν

m̃2
;

Bμν ¼ −
P2

ðm · PÞ2
m̃μm̃ν

m̃2
;

Cμν ¼ m̃2P2

m̃2P2 þ ðn · PÞ2
�
ñμñν −

m̃ · ñ
m̃2

ðm̃μñν þ m̃νñμÞ þ ðm̃ · ñÞ2
m̃4

m̃μm̃ν

�
;

Dμν ¼ m̃ · ñ
m̃2

m̃μm̃ν − ñμm̃ν;

Eμν ¼ m̃ · ñ
m̃2

m̃μm̃ν − m̃μñν: ð14Þ

Here, mμ is the heat-bath four-velocity, which in the local
rest frame is given by mμ ¼ ð1; 0; 0; 0Þ, and

m̃μ ¼ mμ −
m · P
P2

Pμ

is the component of mμ orthogonal to pμ. The direction of
anisotropy in momentum space is determined by the vector

nμ ¼ ð0; nÞ;
where n is a three-dimensional unit vector. Likewise,

ñμ ¼ nμ −
n · P
P2

Pμ

is the component of nμ orthogonal to Pμ. The gluon dressed
propagators can also be expanded in terms of the tensors
defined in Eq. (14).
Using the orthonormal properties of the tensor basis, the

five structure functions can be determined from Eq. (13)
based on the following contraction as

p̂iΠijp̂j ¼ β; ð15aÞ

ñiΠijñj ¼ ñ2ðαþ γÞ; ð15bÞ

ñiΠijp̂j ¼ ñ2δ; ð15cÞ

p̂iΠijñj ¼ ñ2ρ; ð15dÞ

TrΠij ¼ 2αþ β þ γ: ð15eÞ

Using gluon self-energy expression, the inverse of the
resummed gluon propagator ΔijðPÞ can be computed in
temporal axial gauge (TAG) using the Dyson-Schwinger
equation as

ðΔ−1ÞijðPÞ ¼ ðp2 − ω2 þ αÞAij þ ðβ − ω2ÞBij

þ γCij þ δDij þ ρEij: ð16Þ

Upon inversion, the resummed gluon propagator becomes

ΔijðPÞ ¼ ΔA½Aij − Cij� þ ΔG½ðp2 − ω2 þ αþ γÞBij

þ ðβ − ω2ÞCij − δDij − ρEij�; ð17Þ

with

ΔA ¼ 1

p2 − ω2 þ α
;

ΔG ¼ 1

ðp2 − ω2 þ αþ γÞðβ − ω2Þ − δρp2⊥=p2
: ð18Þ

Here, p⊥ ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
¼ jp − ðp · nÞnj is the component of

the gluon momentum transverse to the anisotropy direction.
The gluon propagator in Eq. (17) can be rewritten as

ΔijðPÞ ¼ α0Aij þ β0Bij þ γ0Cij þ δ0Dij þ ρ0Eij; ð19Þ

with

α0 ¼ ΔA; ð20aÞ
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β0 ¼ ΔGðp2 − ω2 þ αþ γÞ; ð20bÞ

γ0 ¼ ΔGðβ − ω2Þ − ΔA; ð20cÞ

δ0 ¼ −ΔGδ; ð20dÞ

ρ0 ¼ −ΔGρ: ð20eÞ

The dispersion relation can be determined by finding the
poles of the propagator ΔijðPÞ, namely,

Δ−1
A ¼ p2 − ω2 þ α ¼ 0;

Δ−1
G ¼ ðp2 − ω2 þ αþ γÞðβ − ω2Þ − ñ2δρ

¼ ðω2 −Ω2þÞðω2 −Ω2
−Þ ¼ 0; ð21Þ

where

2Ω2
� ¼ Ω̄2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω̄4 − 4½ðαþ γ þ p2Þβ − ñ2δρ�

q
; ð22Þ

with

Ω̄2 ¼ αþ β þ γ þ p2: ð23Þ

From Eq. (15), the structure functions [32] are obtained in
Appendix A as

αðξ; ω̂; t; ν̂Þ ¼ m2
D

2ð1 − t2Þ ½ω̂zf0ðξÞ − ξt2f1ðξÞ þ ω̂ð1 − t2 − z2ÞI ½0�ðξ; ω̂; t; ν̂Þ

þ tfξð1 − t2Þ þ zð2ω̂ − ξzÞgI ½1�ðξ; ω̂; t; ν̂Þ − ðω̂ − 2ξzt2ÞI ½2�ðξ; ω̂; t; ν̂Þ − ξtI ½3�ðξ; ω̂; t; ν̂Þ�; ð24aÞ

βðξ; ω̂; t; ν̂Þ ¼ −
ω̂2m2

D

2Wðω̂; ν̂Þ ½f0ðξÞ − zI ½0�ðξ; ω̂; t; ν̂Þ − ξtI ½1�ðξ; ω̂; t; ν̂Þ�; ð24bÞ

γðξ; ω̂; t; ν̂Þ ¼ m2
D

2ð1 − t2Þ ½ξð1þ t2Þf1ðξÞ − ω̂zð1þ t2Þf0ðξÞ − ω̂fð1 − t2Þ − z2ð1þ t2ÞgI ½0�ðξ; ω̂; t; ν̂Þ;

− tf4ω̂z − 2ξz2 þ ξð1 − t2Þð1þ ω̂zÞgI ½1�ðξ; ω̂; t; ν̂Þ
− f4ξz − 2ω̂ − ξð1 − t2Þðω̂þ 3zÞgI ½2�ðξ; ω̂; t; ν̂Þ þ 2ξtI ½3�ðξ; ω̂; t; ν̂Þ�; ð24cÞ

δðξ; ω̂; t; ν̂Þ ¼ ω̂m2
D

2ð1 − t2Þ ½tzf0ðξÞ − tz2I ½0�ðξ; ω̂; t; ν̂Þ þ zð1 − ξt2ÞI ½1�ðξ; ω̂; t; ν̂Þ þ ξtI ½2�ðξ; ω̂; t; ν̂Þ�; ð24dÞ

ρðξ; ω̂; t; ν̂Þ ¼ ω̂m2
D

2Wðω̂; ν̂Þð1 − t2Þ ½ω̂tf0ðξÞ − ω̂tzI ½0�ðξ; ω̂; t; ν̂Þ þ fω̂ð1þ ξ − ξt2Þ − ξzgI ½1�ðξ; ω̂; t; ν̂Þ

þ ξtI ½2�ðξ; ω̂; t; ν̂Þ�; ð24eÞ

where z ¼ ω̂þ iν̂. The master integral, I ½n�ðξ; ω̂; t; ν̂Þ has the form

I ½n�ðξ; ω̂; t; ν̂Þ ¼
Z

1

−1
dy

yn

ð1þ ξy2Þ2
Z

2π

0

dϕ
2π

1

ω̂ − p̂ · vþ iν̂

¼
Z

1

−1
dy

yn

ð1þ ξy2Þ2
signðRe½ω̂� − p̂zyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðω̂ − p̂zyþ iν̂Þ2 − p̂2
yð1 − y2Þ

q

¼
Z

1

−1
dy

yn

ð1þ ξy2Þ2
signðRe½ω̂� − tyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðω̂ − tyþ iν̂Þ2 − ð1 − t2Þð1 − y2Þ
p ; ð25Þ

where n ¼ 0, 1, 2, 3 and t ¼ cos θ, with θ being the angle between p and n. It is assumed that p lies in the y-z plane, while n
is parallel to the z-axis. The frequency ω is generally complex, and the integration variable y represents the cosine of the
polar angle between k and n. The functions f0ðξÞ and f1ðξÞ are defined as
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f0ðξÞ ¼
Z

1

0

2

ð1þ ξy2Þ2 dy ¼ 1

1þ ξ
þ arctan

ffiffiffi
ξ

p
ffiffiffi
ξ

p ; ð26aÞ

f1ðξÞ¼
Z

1

0

2y2

ð1þξy2Þ2dy¼−
1

ξþξ2
þarctan

ffiffiffi
ξ

p
ffiffiffiffiffi
ξ3

p : ð26bÞ

Note that, in the collisionless limit, that is, when the
collision parameter ν ¼ 0, Wðω̂; 0Þ ¼ 1 and z ¼ ω̂. Then,

ρðξ; ω̂; t; 0Þ ¼ δðξ; ω̂; t; 0Þ: ð27Þ

The above relation implies that in the collisionless limit, we
have only four structure functions, and the self-energy is
symmetric, i.e., Πij ¼ Πji.
As the dielectric permittivity of the medium is defined in

the static limit (ω → 0), we can define various mass scales
corresponding to the structure functions as

αR=A ≈m2
α � iω̂m2

α;1 þOðω̂2Þ; ð28aÞ

βR=A ≈ −ω̂2½m2
β � iω̂m2

β;1� þOðω̂4Þ; ð28bÞ

γR=A ≈m2
γ � iω̂m2

γ;1 þOðω̂2Þ; ð28cÞ

δR=A ≈
ω̂

ñ
½�im2

δ þ ω̂m2
δ;1� þOðω̂3Þ; ð28dÞ

ρR=A ≈
ω̂

ñ
½�im2

ρ þ ω̂m2
ρ;1� þOðω̂3Þ: ð28eÞ

In the small ω limit, the retarded (advanced) master integral

I ½n�
R=Aðξ; ω̂; t; ν̂Þ can be expanded as

I ½n�
R=Aðξ; ω̂; t; ν̂Þ ≈ I

∼ ½n�ðξ; t; ν̂Þ � ω̂I
∼ ½n�
1 ðξ; t; ν̂Þ þOðω̂2Þ;

ð29Þ

where

I
∼ ½n�ðξ; t; ν̂Þ ¼ −

Z
1

0

dy
2

ð1þ ξy2Þ2 f
½n�ðy; t; ν̂Þ;

I
∼ ½n�
1 ðξ; t; ν̂Þ ¼

Z
1

−1
dy

yn

ð1þ ξy2Þ2
ðty − iν̂Þsignð−tyÞ

½ðty − iν̂Þ2 − ð1 − t2Þð1 − y2Þ�3=2 ; ð30Þ

J
∼
ðξ; t; ν̂Þ ¼

Z
1

−1
dy

ðν̂þ ityÞðiν̂þ tyξÞ
ð1þ ξy2Þ2

signð−tyÞ
½ðty − iν̂Þ2 − ð1 − t2Þð1 − y2Þ�3=2 : ð31Þ

Here,

f½n�ðy; t; ν̂Þ ¼

8>><
>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðy;t;ν̂Þþy2−ν̂2þt2−1

p ffiffi
2

p
sðy;t;ν̂Þ yn; n is odd

i
ffiffi
2

p
ν̂t=sðy;t;ν̂Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sðy;t;ν̂Þþy2−ν̂2þt2−1
p ynþ1; n is even

; ð32Þ

where sðy; t; ν̂Þ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy2 − ν̂2 þ t2 − 1Þ2 þ 4y2ν̂2t2

p
. So the mass scales become [32]

m2
α ¼ −

ξtm2
D

2ð1 − t2Þ
h
tf1ðξÞ − ð1 − t2 þ ν̂2ÞI

∼ ½1�ðξ; t; νÞ − 2iν̂tI
∼ ½2�ðξ; t; ν̂Þ þ I

∼ ½3�ðξ; t; ν̂Þ
i
; ð33aÞ

m2
β ¼

m2
D

2Wð0; ν̂Þ
h
f0ðξÞ − iν̂I

∼ ½0�ðξ; t; ν̂Þ − ξtI
∼ ½1�ðξ; t; ν̂Þ

i
; ð33bÞ

m2
γ ¼

ξm2
D

2ð1 − t2Þ
h
ð1þ t2Þf1ðξÞ − tð1 − t2 þ 2ν̂2ÞI

∼ ½1�ðξ; t; ν̂Þ − iν̂ð1þ 3t2ÞI
∼ ½2�ðξ; t; ν̂Þ þ 2tI

∼ ½3�ðξ; t; ν̂Þ
i
; ð33cÞ

m2
δ ¼

m2
D

2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
h
ν̂tf0ðξÞ − iν̂2tI

∼ ½0�ðξ; t; ν̂Þ þ ν̂ð1 − ξt2ÞI
∼ ½1�ðξ; t; ν̂Þ − iξtI

∼ ½2�ðξ; t; ν̂Þ
i
; ð33dÞ

m2
ρ ¼ −

m2
D

2Wð0; ν̂Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
h
ξν̂I

∼ ½1�ðξ; t; ν̂Þ þ iξtI
∼ ½2�ðξ; t; ν̂Þ

i
; ð33eÞ
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where the factorWð0; ν̂Þ ¼ ð1 − ν̂ arccot ν̂Þ is real-valued, and hence, all mass scales are real-valued. Additionally, the first-
order correction of the mass scales in the static limit is obtained as

m2
α;1 ¼

m2
D

2ð1 − t2Þ ½ν̂f0ðξÞ þ iðt2 − 1 − ν̂2ÞI
∼ ½0�ðξ; t; ν̂Þ þ ν̂tð2 − ξÞI

∼ ½1�ðξ; t; ν̂Þ þ ið1 − t2ξÞI
∼ ½2�ðξ; t; ν̂Þ�; ð34aÞ

m2
β;1 ¼

1

Wð0; ν̂Þ
�

ν̂

1þ ν̂2
m2

β þ
m2

D

2
fJ
∼
ðξ; t; ν̂Þ þ iI

∼ ½0�ðξ; t; ν̂Þg
�
; ð34bÞ

m2
γ;1 ¼

m2
D

2ð1 − t2Þ
h
−ν̂ð1þ t2Þf0ðξÞ þ ið1 − t2 þ ν̂2ð1þ t2ÞÞĨ ½0� − ν̂tð4 − 3ξ − ξt2ÞĨ ½1� ð34cÞ

þ iξtð1 − t2ÞĨ ½1�
1 − 2ið1 − 2ξt2ÞĨ ½2� − ν̂ξð1þ 3t2ÞĨ ½2�

1 − 2iξtĨ ½3�
1

i
; ð34dÞ

m2
δ;1 ¼

m2
D

2ð1 − t2Þ
h
tf0 − 2iν̂tĨ ½0� þ ν̂2tĨ ½0�

1 þ ð1 − ξt2ÞĨ ½1� þ iν̂ð1 − ξt2ÞĨ ½1�
1 þ ξtĨ ½2�

1

i
; ð34eÞ

m2
ρ;1 ¼

1

2Wð0; ν̂Þð1 − t2Þ
�
tf0ðξÞ − iν̂tĨ ½0� þ ð1 − ξt2ÞĨ ½1� − iν̂ξĨ ½1�

1 þ ξtĨ ½2�
1 þ ν̂ðν̂ξĨ ½1� þ itξĨ ½2�Þ

Wð0; ν̂Þð1þ ν̂2Þ
�
: ð34fÞ

It is useful to note that the master integrals can be evaluated analytically in the collisionless limit, and the mass scales at
ν ¼ 0 become

m2
αjν¼0 ¼ −

m2
Dt

2

2ð1 − t2Þ
�
f0ðξÞ −

1

1þ ξð1 − t2Þ f0
�

ξt2

1þ ξð1 − t2Þ
��

; ð35aÞ

m2
βjν¼0

¼ m2
D

2

�
f0ðξÞ þ

ξt2

ð1þ ξð1 − t2ÞÞ2 f0
�

ξt2

1þ ξð1 − t2Þ
��

; ð35bÞ

m2
γ jν¼0

¼ −
m2

D

2ð1 − t2Þ
�
2ð1 − t2Þ
1þ ξ

− ð1þ t2Þf0ðξÞ þ
�
3 −

1

1þ ξð1 − t2Þ
�

t2

1þ ξð1 − t2Þ f0
�

ξt2

1þ ξð1 − t2Þ
��

; ð35cÞ

m2
δjν¼0 ¼ m2

ρjν¼0
¼ −

π

4

m2
Dξt

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p

½1þ ξð1 − t2Þ�3=2 ; ð35dÞ

and

m2
α;1jν¼0

¼ −
m2

D

2

ð1þ ξÞ
2ð1þ ξð1 − t2ÞÞ3=2 ; ð36aÞ

m2
β;1jν¼0

¼ −
m2

D

2

2þ ð3 − t2Þξþ ð1 − t2Þð1 − 2t2Þξ2
2½1þ ξð1 − t2Þ�5=2 ; ð36bÞ

m2
γ;1jν¼0

¼ πm2
D

2

ξð1 − t2Þð1þ ξð1þ 2t2ÞÞ
2ð1þ ξð1 − t2ÞÞ5=2 ; ð36cÞ

m2
δ;1jν¼0

¼ m2
ρ;1jν¼0

¼ m2
D

2ð1 − t2Þ
�

3tð1 − t2Þξ
½1þ ξð1 − t2Þ�2 þ

tffiffiffi
ξ

p arctan
ffiffiffi
ξ

p

−
1þ ξð1 − t2Þ − 3ξ2t2ð1 − t2Þffiffiffi

ξ
p ð1þ ξð1 − t2ÞÞ5=2 arctan

t
ffiffiffi
ξ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξð1 − t2Þ

p
�
: ð36dÞ
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III. DIELECTRIC PERMITTIVITY AND
FLUCTUATION FUNCTION

In this section, we deduce the complex color dielectric
response in a collisional anisotropic quark-gluon plasma
medium, which is later used to determine the in-medium
heavy-quark potential. In the temporal axial gauge, the
inverse permittivity is computed from the spatial compo-
nents of the gluon propagator in the static limit as

ϵ−1ðpÞ ¼ −lim
ω→0

ω2
pipj

p2
Δijðω; pÞ: ð37Þ

The real part of this response, Reϵ−1, describes the causal

screening of the potential and is obtained by taking the
retarded propagator Δ ¼ ΔR. In the isotropic case, the
imaginary part is directly related to medium fluctuations
through the fluctuation-dissipation theorem. However, in
an anisotropic medium, this relationship is more complex,
which motivates the definition of the fluctuation function
Φðp; ξ; νÞ directly from the Feynman propagator ΔF to
capture the statistical field correlations.

A. The real part of the inverse dielectric constant

The real part of the inverse dielectric constant is obtained
from the longitudinal projection of the retarded structure
functions as

Reϵ−1ðpÞ ¼ −lim
ω→0

ω2
pipj

p2
ReΔR

ijðω; pÞ ¼ −lim
ω→0

ω2β0R ¼ −lim
ω→0

ω2
ðp2 − ω2 þ αR þ γRÞ
ðω2 −Ω2þÞðω2 −Ω2

−Þ
: ð38Þ

In the static limit, the real part of the dielectric permittivity can be written in terms of the mass scales:

Reϵ−1ðpÞ ¼ p2ðp2 þm2
α þm2

γÞ
p4 þ p2ðm2

α þm2
β þm2

γÞ þm2
αm2

β þm2
βm

2
γ −m2

δm
2
ρ
¼ p2ðp2 þm2

α þm2
γÞ

ðp2 þm2þÞðp2 þm2
−Þ

; ð39Þ

where the effective mass scales m� are defined by

2m2
� ¼ ðm2

α þm2
β þm2

γÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

α þm2
β þm2

γÞ2 − 4fm2
βðm2

α þm2
γÞ −m2

δm
2
ρg

q
: ð40Þ

In the collisionless limit, the form of Reϵ−1ðpÞ remains the
same with mδ ¼ mρ. In the isotropic collisional case where
mα ¼ mγ ¼ mδ ¼ mρ ¼ 0 and mβ ¼ mD, we obtain

lim
ξ→0

Re ϵ−1ðp; νÞ ¼ p2

p2 þm2
D
: ð41Þ

B. The fluctuation function from the Feynman
propagator

The fluctuation function Φðp; ξ; νÞ is defined from the
static limit of the longitudinal component of the Feynman
propagator in the temporal axial gauge:

Φðp; ξ; νÞ≡ p2

2
Im

�
lim
ω→0

ω2
pipj

p2
ΔF

ijðω; p; ξ; νÞ
�
: ð42Þ

It is important to emphasize the physical justification for
defining the fluctuation functionΦðp; ξ; νÞ directly through
the Feynman propagator. While the fluctuation-dissipation
theorem (FDT) relating the symmetric and retarded/
advanced propagators remains robustly valid for an iso-
tropic collisional plasma (ξ ¼ 0), it breaks down once
momentum anisotropy (ξ ≠ 0) is introduced. Because the
system is inherently out of equilibrium due to this direc-
tional anisotropy, evaluating the imaginary component of

the heavy-quark potential requires a direct, first-principles
calculation of the out-of-equilibrium Feynman (symmetric)
propagator in the real-time formalism. We achieve this by
employing the stochastic transport framework detailed in
Appendix C, thereby completely bypassing the limitations
of the standard equilibrium spectral function approach in
the anisotropic regime.
This definition in Eq. (42) is written in TAG, where the

relevant quantity is the longitudinal projection of the spatial
Feynman propagator, p̂iΔij

F p̂
j. Now, the one-loop effective

Feynman propagator Δij
F is given by

Δij
FðPÞ ¼ ð1þ 2fBðωÞÞsgnðωÞ½Δij

RðPÞ − Δij
A ðPÞ�

þ Δik
R ðPÞfΠkl

F ðPÞ − ð1þ 2fBðωÞÞsgnðωÞ
× ½Πkl

R ðPÞ − Πkl
A ðPÞ�gΔlj

A ðPÞ: ð43Þ

As a vital analytical check of our formulation, we note that
the full Feynman propagator in Eq. (43) and its corre-
sponding form factors smoothly reproduce well-established
limiting cases in the literature:
(1) In the collisionless anisotropic limit (ξ ≠ 0, ν ¼ 0),

the second term simplifies appropriately, and our
formulation perfectly reduces to the real-time aniso-
tropic propagator results derived in Ref. [37].
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(2) In the isotropic collisional limit (ξ ¼ 0, ν ≠ 0), the
second term vanishes identically, and our expression
cleanly reduces to the collisional Feynman propa-
gator obtained via the FDT from the retarded
response calculated in Ref. [33].

This successful cross-limital benchmarking reinforces the
structural reliability and physical consistency of our

generalized out-of-equilibrium framework across the entire
parameter space.
We denote the longitudinal projection p̂ip̂jMij of any

tensor M with the subscript long. Projecting Eq. (43) onto
the longitudinal direction and multiplying by ω2, the first
term in the static limit becomes

lim
ω→0

½1þ 2fBðωÞ�sgnðωÞω2ðβ0R − β0AÞ

¼ 4ipλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξðv · nÞ2

p ðm2
α;1 þm2

γ;1Þm2
δm

2
ρ þ ðp2 þm2

α þm2
γÞfm2

β;1ðp2 þm2
α þm2

γÞ þ ðm2
δm

2
ρ;1 þm2

ρm2
δ;1Þg

½ðp2 þm2
βÞðp2 þm2

α þm2
γÞ −m2

δm
2
ρ�2

: ð44Þ

Similarly, evaluating the last term of Eq. (43) in the static limit yields

lim
ω→0

ð1þ 2fBðωÞÞsgnðωÞω2½ΔRðΠR − ΠAÞΔA�long

¼ 4ipλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξðv · nÞ2

p ðm2
α;1 þm2

γ;1Þm2
δm

2
ρ þ ðp2 þm2

α þm2
γÞfm2

β;1ðp2 þm2
α þm2

γÞ þ ðm2
δm

2
ρ;1 þm2

ρm2
δ;1Þg

½ðp2 þm2
βÞðp2 þm2

α þm2
γÞ −m2

δm
2
ρ�2

: ð45Þ

Comparing these results shows that the first and last terms
cancel each other in the static limit. The remaining
contribution of ω2p̂iΔij

F p̂
j in the static limit can be obtained

using the Eq. (B13) of Appendix B as

lim
ω→0

ω2½ΔRΠFΔA�long ¼ ω2β0RβFβ
0
A þω2ρ0RðαF þ γFÞδ0A

p2⊥
p2

:

ð46Þ
The Feynman structure functions αF, βF, and γF are
discussed in Appendix C. In the static limit, we have

lim
ω→0

βF ¼ −
4iλm2

Dω
2

p3

h1iξ
D

ν̂
ðv·p̂Þ2þν̂2

E
ξD

ðv·p̂Þ2
ðv·p̂Þ2þν̂2

E
ξ

; ð47Þ

lim
ω→0

ðαF þ γFÞ ¼ −
4iλm2

D

pñ2

�
ν̂ðv · ñÞ2

ðv · p̂Þ2 þ ν̂2

�
ξ

: ð48Þ

Collecting these contributions, the fluctuation function is
evaluated in two distinct regimes:

1. Collisionless limit

When ν ¼ 0, the fluctuation function is expressed in
terms of complete elliptic integrals:

Φðp; ξ; ν ¼ 0Þ ¼ 2λm2
Dp

ς½ðp2 þm2
βÞðp2 þm2

α þm2
γÞ −m2

δm
2
ρ�2

�
m2

δm
2
ρ − ςðp2 þm2

α þm2
γÞ2

1þ ς
Eð−ςÞ −m2

δm
2
ρKð−ςÞ

�
: ð49Þ

Here, the variable ς ¼ ξð1 − t2Þ represents the effective anisotropy strength projected onto the transverse plane, and
t ¼ cos θ is the cosine of the propagation angle.

2. Collisional case

For a finite collision rate ν ≠ 0, the fluctuation function takes the form

Φðp; ξ; νÞ ¼ −
2λm2

Dp
½ðp2 þm2

βÞðp2 þm2
α þm2

γÞ −m2
δm

2
ρ�2

×

2
64ðp2 þm2

α þm2
γÞ2

h1iξ
D

ν̂
ðv·p̂Þ2þν̂2

E
ξD

ðv·p̂Þ2
ðv·p̂Þ2þν̂2

E
ξ

þ p2m2
δm

2
ρ

p2⊥

�
ν̂ðv · ñÞ2

ðv · p̂Þ2 þ ν̂2

�
ξ

3
75: ð50Þ
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C. Response and fluctuation in the isotropic limit

In an isotropic plasma with collisions where ξ ¼ 0 and
ν ≠ 0, the mass scales mα, mγ, mδ, and mρ vanish. The real
part of the inverse permittivity reduces to

Reϵ−1ðp; ξ ¼ 0; νÞ ¼ p2

p2 þm2
D
: ð51Þ

Similarly, the fluctuation function is obtained fromEq. (50) as

Φðp; ξ ¼ 0; νÞ ¼ −
2Tpm2

D

ðp2 þm2
DÞ2

arccotðν̂Þ
1 − ν̂arccotðν̂Þ : ð52Þ

This expression can be verified through the fluctuation-
dissipation theorem. In the isotropic collisional plasma, the
retarded structure function βR is given by

βRðω; p; ξ ¼ 0; νÞ ¼ −m2
D
ω2

p2

�
1 −

ωþ iν
2p

ln
ωþ pþ iν
ω − pþ iν

�

×

�
1 −

iν
2p

ln
ωþ pþ iν
ω − pþ iν

�
−1
: ð53Þ

In the small frequency limit, this structure function
expands as

βRðω; p; ξ ¼ 0; νÞ ≈ −ω̂2m2
D

�
1þ iω̂

arccotðν̂Þ
1 − ν̂arccotðν̂Þ

�

þOðω4Þ: ð54Þ

The inverse permittivity then behaves as

ϵ−1ðp;ξ¼ 0;νÞ≈ p2

p2þm2
D
− iω

pm2
D

ðp2þm2
DÞ2

arccotðν̂Þ
1− ν̂arccotðν̂Þ :

ð55Þ
Applying the fluctuation dissipation theorem in the static
limit, we relate the fluctuation function to the imaginary part

of the permittivity as

Φ ¼ lim
ω→0

2T
ω

Im½ϵ−1�: ð56Þ

This recovers the same result and validates our derivation of
the fluctuation function using the Feynman propagator.

IV. IN-MEDIUM HEAVY QUARK-ANTIQUARK
POTENTIAL

In this section, we investigate the effect of a collisional
anisotropic medium on the in-medium heavy-quark poten-
tial. We compute the in-medium heavy quark-antiquark
potential by correcting the Cornell potential in momentum
space using the dielectric permittivity [Eq. (37)], which
accounts for the effects of the collisional anisotropic
thermal medium [17,36,41]

Vðr; ξ; νÞ ¼
Z

d3p

ð2πÞ3=2 ðe
ip·r − 1Þ VCðpÞ

ϵðp; ξ; νÞ ; ð57Þ

where VCðpÞ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffið2=πÞp ðα=p2 þ 2σ=p4Þ [17] is the

Fourier transform of the vacuum Cornell potential
VCðrÞ ¼ −α=rþ σr. Here α ¼ CFαs with CF ¼ 4=3 is
the quadratic Casimir of the fundamental representation
and αs is the strong coupling constant [5]

αsðΛ2Þ ¼ 12π

ð11Nc − 2NfÞ ln
	

Λ2

Λ2

MS


 ; ð58Þ

In Eq. (58), Nc ¼ 3 and ΛMS ¼ 0.176 GeV for Nf ¼ 3 and
Λ ¼ 2πλ. Here the string tension, σ, is taken as
ð0.44Þ2 GeV2. After substituting Eq. (39) into Eq. (57),
we obtain the medium-modified complex heavy-quark
potential in an anisotropic medium, whose real part reads

ℜVðr; ξ; νÞ ¼
Z

d3p

ð2πÞ3=2 ðe
ip·r − 1ÞVCðpÞReϵ−1ðp; ξ; νÞ

¼ −
1

2π2

Z
d3pðeip·r − 1Þ ðp2 þm2

α þm2
γÞ

ðp2 þm2þÞðp2 þm2
−Þ

�
αþ 2σ

p2

�
: ð59Þ

For a general orientation of r relative to the anisotropy direction n̂, we will have p · r ¼ rp½sin θ sinΘ cosðϕ −ΦÞþ
cos θ cosΘ�, where θðΘÞ and ϕðΦÞ are the polar and the azimuthal angles in momentum (coordinate) space with the
anisotropy direction, respectively, since we take n̂ ¼ ẑ. After integration over the azimuthal angle of ðexp ðip · rÞ − 1Þ,
Eq. (59) becomes

ℜVðr; ξ; ν; λÞ ¼ −
1

π

Z
∞

p¼0

Z
π

θ¼0

p2dp sin θdθ½eipr cos θ cosΘJ0ðpr sin θ sinΘÞ − 1� ðp2 þm2
α þm2

γÞ
ðp2 þm2þÞðp2 þm2

−Þ
�
αþ 2σ

p2

�
;

¼ −
2

π

Z
∞

p¼0

Z
1

t¼0

p2dpdt
�
eiprt cosΘJ0

�
pr

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
sinΘ



− 1

� ðp2 þm2
α þm2

γÞ
ðp2 þm2þÞðp2 þm2

−Þ
�
αþ 2σ

p2

�
; ð60Þ
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where J0 is the Bessel function of the first kind. The Coulomb part of Eq. (60) contains a λ ¼ 0 UV divergence, which we
subtract, giving

ℜVðr; ξ; ν; λÞ ¼ − lim
ΛUV→∞

2

π

Z
ΛUV

p¼0

Z
1

t¼0

p2dpdt
h
eiprt cosΘJ0

�
pr

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
sinΘ



− 1

i

×
ðp2 þm2

α þm2
γÞ

ðp2 þm2þÞðp2 þm2
−Þ

�
αþ 2σ

p2

�
−
2

π

Z
ΛUV

p¼0

dpα: ð61Þ

Here, ΛUV is the UV cutoff scale and Eq. (61) is independent of the scale for a large value of ΛUV. Note that for a
collisionless, isotropic plasma, the real part of the quarkonium potential is

ℜVHTLðr; TÞ ¼ −αmD

�
1þ e−mDr

mDr

�
þ 2σ

mD

�
1þ e−mDr − 1

mDr

�
: ð62Þ

In Fig. 1, we plot the real part of the potential [Eq. (61)] as a function of the separation distance (r) at temperature
λ ¼ 0.2 GeV. The left panel illustrates the results for various values of the collision parameter, ν, and anisotropy parameter,
ξ, when theQQ̄ dipole axis is aligned parallel to the anisotropy axis, while the right panel shows the results when the dipole
is aligned transverse to the anisotropy axis. Here, the solid black line shows the real part of the potential for the isotropic
collisionless plasma [Eq. (62)] when ξ ¼ 0 and ν ¼ 0, while different colors denote the various values of the collision
parameter, ν. We find that the collisional parameter ν has only a nominal effect on the real part of the potential. Notably, the
impact of ν on the real part of the potential remains nearly consistent for both parallel and transverse alignments. It is also
worth mentioning here that for an isotropic plasma (ξ ¼ 0), there is no effect of the collision on the real part of the
quarkonium potential, as can be understood from Eq. (51).
The imaginary part of the potential is written as

ℑVðr; ξ; ν; TÞ ¼
Z

d3p

ð2πÞ3=2 ðe
ip·r − 1ÞVCðpÞ Im ϵ−1ðp; ξ; νÞ

¼ −
1

π

Z
∞

p¼0

Z
π

θ¼0

p2dp sin θdθ½eipr cos θ cosΘJ0ðpr sin θ sinΘÞ − 1� 1
p2

�
αþ 2σ

p2

�
Im ϵ−1ðp; ξ; νÞ

¼ −
2

π

Z
∞

p¼0

Z
1

t¼0

p2dpdt
�
cos ðprt cosΘÞJ0

�
pr

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
sinΘ



− 1

� 1

p2

�
αþ 2σ

p2

�

×
−2λm2

Dp
ðp2 þm2þÞ2ðp2 þm2

−Þ2

2
64ðp2 þm2

α þm2
γÞ2

h1iξ
D

ν̂
ðv·p̂Þ2þν̂2

E
ξD

ðv·p̂Þ2
ðv·p̂Þ2þν̂2

E
ξ

þ p2m2
δm

2
ρ

p2⊥

�
ν̂ðv · ñÞ2

ðv · p̂Þ2 þ ν̂2

�
ξ

3
75; ð63Þ

FIG. 1. The real part of the potential as a function of separation distance r for various values of ν and ξ when QQ̄ is aligned parallel
(Θ ¼ 0) (left) and aligned transverse (Θ ¼ π=2) (right) to the direction of anisotropy at T ¼ 0.2 GeV. In both the figures, the dashed
lines represent the ξ ¼ 1 case, whereas dot-dashed lines represent the ξ ¼ 10 case.
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where t ¼ cos θ. Note that for the isotropic case, the imaginary potential reduces to

ImVðr; TÞjξ→0 ¼ −2Tm2
D

Z
pdp

ðp2 þm2
DÞ2

�
αþ 2σ

p2

��
1 −

sinpr
pr

�
2 arccot ν̂

πð1 − ν̂ arccot ν̂Þ : ð64Þ

Equation (64) further reduces to the collisionless case as

ImVHTLðr; TÞ ¼ −2Tm2
D

Z
pdp

ðp2 þm2
DÞ2

�
αþ 2σ

p2

��
1 −

sinpr
pr

�
: ð65Þ

In Eq. (63), the integral has a pinch singularity. This
singularity arises from the term ðp2 þm2

−Þ2 in the denom-
inator of the integrand, which makes the imaginary part of
the potential ill-defined. The ðp2 þm2

−Þ term also appears
in the integral of real potential in Eq. (59), where it is a
simple pole and can be integrated using the principal-value
prescription. But for the imaginary potential, ðp2 þm2

−Þ2
appears as a double pole; hence, it cannot be integrated out
using the principal-value prescription. The issue of the
pinch singularity was previously discussed in [37] in the
collisionless case, that is, when ν ¼ 0. In Fig. 2, we
illustrate the region where this singularity occurs for the

finite collisional effect, which certainly includes the ν ¼ 0
axis as mentioned in [37] for the collisionless case. In this
way, we identify the region of anisotropic collisional
plasma, where the imaginary potential is calculable, and
the Weibel instability is absent. In our numerical observa-
tion, we found that the region of singularity is extended
approximately from ν ¼ 0 up to ν ∼ 0.24mD for anisotropy
parameter ξ ∼ 10. In this article, we show the imaginary
part of the potential only for the region where the Weibel
instability is absent, i.e., for the white colored region in
Fig. 2. In Fig. 2, the right edge can be obtained by reaching
closer to p → 0 and t → 1. As the p-value increases and the
t-value decreases, the singularities move toward ν → 0, and
ultimately all singularities accumulate on the ν ¼ 0 axis. In
Fig. 3, we plot the imaginary part of the potential in
Eq. (63) as a function of separation distance r at temper-
ature T ¼ 0.2 GeV when the dipole axis QQ̄ is aligned
parallel to the direction of anisotropy. The left panel shows
the results for various values of ν while keeping ξ ¼ 1. We
find that the imaginary part of the potential increases in
magnitude as ν increases. The right panel presents the
results for the different values of ξ. The dash-dotted lines
correspond to ν ¼ 0.4mD. In this case, the imaginary part
of the potential increases in magnitude with the increase in
ξ. The solid black line shows the imaginary part of the
potential for the isotropic collisionless plasma (65). Figure 4
shows a similar plot of the imaginary part of the potential

FIG. 2. Region in the anisotropy-collision-parameter plane
where the integral in Eq. (63) develops a singularity.

FIG. 3. The imaginary part of the potential as a function of separation distance r for different values of ν (left) and ξ (right) at
λ ¼ 0.2 GeV and Θ ¼ 0.
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for the perpendicular orientation of the QQ̄ dipole axis
relative to the direction of anisotropy. The effect of ν on the
imaginary part of the potential is similar for both the
parallel and perpendicular orientations. Notably, the impact
of ν is more pronounced on the imaginary part of the
potential compared to the real part, where its effect is
minimal.

V. DECAY WIDTH

In this section, we determine the decay width of
quarkonium states based on the imaginary part of the
potential obtained earlier. Treating this imaginary compo-
nent as a perturbation to the vacuum potential allows us to
estimate the thermal width, Γ, of the quarkonium states as

Γðξ; ν; λÞ ¼ −
Z

d3rjψðr; λÞj2 ImVðr; ξ; ν; λÞ

¼ −2π
Z

∞

r¼0

drr2
Z

π

Θ¼0

dΘ sinðΘÞjψðr; λÞj2 ImVðr;Θ; ξ; ν; λÞ

¼ −
2

a30

Z
∞

r¼0

drr2
Z

π

Θ¼0

dΘ sinðΘÞe−2r=a0ðλÞ ImVðr;Θ; ξ; ν; λÞ

¼ 4

πa30

Z
∞

r¼0

drr2
Z

π

Θ¼0

dΘ sinðΘÞe−2r=a0ðλÞ
Z

∞

p¼0

Z
1

t¼0

dpdt

× ½cos ðprt cosΘÞJ0ðpr
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
sinΘÞ − 1�

�
αþ 2σ

p2

�
Φðp; ξ; ν; tÞ; ð66Þ

where we have used the Coulombic ground state wave
function

ψðr;λÞ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa0ðλÞ3

p e−r=a0ðλÞ; and a0ðλÞ¼
2

m0αðλÞ
ð67Þ

is the Bohr radius of the heavy quarkonium system, andm0

is the heavy-quark mass. In the MS scheme, the charm and
bottom quark masses are taken as 1.275 GeVand 4.18 GeV,
respectively. The primary contribution to the imaginary
potential for a deeply bound state involving heavy quarks is

Coulombic in nature. This supports the use of Coulomb
wave functions for calculating the decay width.
The r-integration in Eq. (66) can be computed using the

integral

Z
∞

0

r2e−arJ0ðcrÞdr ¼
2a2 − c2

ða2 þ c2Þ5=2 : ð68Þ

The integral relation in Eq. (68) can be used to perform the
following integration as

Z
∞

0

r2e−ar cosðbrÞJ0ðcrÞdr ¼
1

2

�
2ðaþ ibÞ2 − c2

ððaþ ibÞ2 þ c2Þ5=2 þ
2ða − ibÞ2 − c2

ðða − ibÞ2 þ c2Þ5=2
�
: ð69Þ

FIG. 4. The imaginary part of the potential as a function of r for different values of ν (left) and ξ (right) at λ ¼ 0.2 GeV and Θ ¼ π=2.
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In Eq. (66),

a ¼ 2

a0
; ð70aÞ

b ¼ pt cosΘ; ð70bÞ

c ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p
sinΘ: ð70cÞ

So, Eq. (66) becomes

Γðξ; ν; λÞ ¼
Z

∞

p¼0

Z
1

t¼0

Z
π

Θ¼0

4 sinΘ
πa30

� �
2
a0
− ipt cosΘ



2 − 1

2
p2ð1 − t2Þsin2Θ��

2
a0
− ipt cosΘ



2 þ p2ð1 − t2Þsin2Θg5=2

þ
�
2
a0
þ ipt cosΘ



2 − 1

2
p2ð1 − t2Þsin2Θ��

2
a0
þ ipt cosΘ



2 þ p2ð1 − t2Þsin2Θ�5=2 −

a30
4

��
αþ 2σ

p2

�
Φðp; ξ; ν; tÞdpdtdΘ

¼ 2

π

Z
∞

p¼0

Z
1

t¼0

�
16

ða20p2 þ 4Þ2 − 1

��
αþ 2σ

p2

�
Φðp; ξ; ν; tÞdpdt: ð71Þ

For an isotropic, collisionless medium, the decay width of quarkonium can be obtained analytically as

ΓHTL ¼ 2

π

Z
∞

p¼0

Z
1

t¼0

�
16

ða20p2 þ 4Þ2 − 1

��
αþ 2σ

p2

�
−πTpm2

D

ðp2 þm2
DÞ2

dpdt

¼ αm2
Da

2
0T

ða20m2
D − 4Þ

�
1 −

8

ða20m2
D − 4Þ þ

64

ða20m2
D − 4Þ2 log

mDa0
2

�

þ 4σa20T
ða20m2

D − 4Þ2
�
4þ a20m

2
Dða20m2

D − 12Þ
ða20m2

D − 4Þ log
mDa0
2

�
: ð72Þ

InFig. 5,wepresent the thermal decaywidthΓ as a functionof
the temperaturelike scale λ for the ground states of charmo-
nium (left panel) and bottomonium (right panel), focusing on
theparameter spacewhere the imaginarypotential is free from
Weibel instabilities. The solid black line in both panels
denotes the decay width calculated for an isotropic and
collisionless medium, which serves as a baseline for our
analysis. We observe that the decay width increases mono-

tonically with both the temperature and the collisional
parameter ν, and the magnitude of the thermal width is
further enhanced as the anisotropyparameter ξ increases. This
behavior is consistentwith the characteristics of the imaginary
part of the potential discussed previously, in which the
interplay between collisions and anisotropy significantly
modifies the thermal fluctuations within the medium.
Quantitatively, the J=ψ state exhibits a significantly

FIG. 5. Temperature variation of decay width for the ground state of charmonium (left) and bottomonium (right).
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larger decay width compared to theϒ state because the more
tightly bound bottomonium system is more resilient to the
screening and collisional effects of the plasma. These results
suggest that charmonium dissociates more rapidly in a
collisional, anisotropic environment, thereby supporting the
experimental observation of sequential suppression in rela-
tivistic heavy-ion collisions.

VI. SUMMARY AND DISCUSSION

In thiswork,wehave investigated the complexheavy-quark
potential within a quark-gluon plasma characterized by
momentum-space anisotropy and finite collisional effects.
We incorporated the anisotropic correction using the
Romatschke-Strickland distribution function for thermal par-
tons. The gluon self-energy was subsequently rederived by
solving the linearized Boltzmann-Vlasov kinetic equations,
including a Bhatnagar-Gross-Krook collision kernel. By
computing the resummed gluon propagator, we determined
the real and imaginary components of the dielectric permit-
tivity in the static limit, which provided the necessary frame-
work to derive the complex potential for heavy quarkonia.
Our results indicate that the momentum-space anisotropy,

parametrized by ξ, reduces the overall screening effect in the
medium. This anisotropy also introduces a directional
dependence in the potential, which varies according to the
angle Θ between the QQ̄ dipole axis and the anisotropy
vector. While the anisotropy significantly modifies the
screening behavior, we observed that the impact of collisions
on the real part of the potential is nominal. This suggests that
the binding energy of the quarkonium states is primarily
sensitive to the anisotropy rather than the collisional rate.
In contrast, the imaginary component of the potential is

significantly influenced by the collisional parameter ν. We
found that in an anisotropic medium, the imaginary
potential can become ill-defined for certain ranges of the
collision parameter due to the presence of a pinch singu-
larity. However, within the well-defined regimes, the

magnitude of the imaginary part increases with increasing
collision frequency. This enhancement directly affects the
thermal properties of the bound states.
Furthermore, we calculated the thermal decay width of

the J=ψ and of the ϒ state. Our qualitative study, using a
Coulombic wave function, demonstrates that the decay
width increases with both the anisotropy and the collision
rate among plasma constituents. These results imply that
charmonium states undergo faster dissociation in a colli-
sional plasma than in a collisionless one.
To improve the quantitative accuracy of these results,

future work could involve solving the Schrödinger equation
with the full complex heavy-quark potential to obtain the
modified wave functions and more precise decay widths.
Additionally, further research is needed to explore more
sophisticated nonequilibrium distribution functions and
their consequences for the real and imaginary dielectric
permittivity of the medium.
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APPENDIX A: CALCULATIONS OF STRUCTURE
FUNCTIONS

We take anisotropy direction n ¼ ẑ and assume p lies in
the ðyzÞ plane, i.e., p ¼ ð0; py; pzÞ. In general, py should be
replaced by p⊥:

β ¼ p̂ip̂jm2
D

Z
dΩ
4π

vi
vl þ ξðv · nÞnl
ð1þ ξðv · nÞ2Þ2

δljðω̂ − k̂ · vÞ þ k̂lvj

ω̂ − k̂ · vþ iν̂

þ p̂ip̂jm2
Dðiν̂Þ

Z
dΩ0

4π

v0i

ω̂ − k̂ · v0 þ iν̂

Z
dΩ
4π

vl þ ξðv · nÞnl
ð1þ ξðv · nÞ2Þ2

δljðω̂ − k̂ · vÞ þ k̂lvj

ω̂ − k̂ · vþ iν̂
Wðω̂; ν̂Þ−1

¼ m2
D

Z
dΩ
4π

ðp̂ · vÞ vl þ ξ cos θnl

ð1þ ξ cos2 θÞ2
p̂lðω̂ − p̂ · vÞ þ p̂lðp̂ · vÞ

ω̂ − p̂ · vþ iν̂
þm2

D

Z
dΩ0

4π

p̂ · v0ðiν̂Þ
ω̂ − p̂ · v0 þ iν̂

×
Z

dΩ
4π

vl þ ξ cos θnl

ð1þ ξ cos2 θÞ2
p̂lðω̂ − p̂ · vÞ þ p̂lðp̂ · vÞ

ω̂ − p̂ · vþ iν̂
Wðω̂; ν̂Þ−1

¼ m2
D

Z
dΩ
4π

ω̂

�
ω̂þ iν̂

ω̂þ iν̂ − p̂ · v
− 1

�
p̂ · vþ ξt cos θ
ð1þ ξ cos2 θÞ2 þ ðiν̂Þm2

D

Z
dΩ0

4π

�
ω̂þ iν̂

ω̂þ iν̂ − p̂ · v0 − 1

�

×
Z

dΩ
4π

p̂ · vþ ξt cos θ
ð1þ ξ cos2 θÞ2

ω̂

ω̂þ iν̂ − p̂ · v
Wðω̂; ν̂Þ−1

¼ β1 þ β2: ðA1Þ
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Here,

β1 ¼ m2
D

Z
dΩ
4π

ω̂

�
ω̂þ iν̂

ω̂þ iν̂ − p̂ · v
− 1
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dx
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dx
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�
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�
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z
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f0ðξÞ

�
ðA2Þ

and

β2 ¼ iν̂m2
D

Z
dΩ0

4π

�
z

z − p̂ · v0 − 1

�Z
dΩ
4π

p̂ · vþ ξt cos θ
ð1þ ξ cos2 θÞ2

ω̂

ω̂þ iν̂ − p̂ · v
Wðω̂; ν̂Þ−1

¼ ½z − zWðω̂; ν̂Þ − iν̂�ω̂
Wðω̂; ν̂Þ

�
z
2
I ½0�ðξ; ω̂; t; ν̂Þ þ ξt

2
I ½1�ðξ; ω̂; t; ν̂Þ − f0ðξÞ

2

�
: ðA3Þ

Combining the above two equations, we get

βðξ; ω̂; t; ν̂Þ ¼ −
ω̂2m2

D

2Wðω̂; ν̂Þ ½f0ðξÞ − zI ½0�ðξ; ω̂; t; ν̂Þ − ξtI ½1�ðξ; ω̂; t; ν̂Þ�: ðA4Þ

Now, from Eq. (15), we can obtain

α ¼ TrΠij −
1

ñ2
ñiΠijñj − β; ðA5Þ

with

TrΠij ¼ Πii

¼ m2
D

2

�
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2
log zþ1

z−1

�
I ½2�ðξ; ω̂; t; ν̂Þ

�
: ðA6Þ

Now, in Eq. (A5), before obtaining the second term, note that ñi ¼ Aijnj ¼ ni − tp̂i, and ñ2 ¼ 1 − t2.

1

ñ2
ñiΠijñj ¼ m2

D

1 − t2
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2
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2
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2
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2
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�
þm2

D
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1 − t2

2 − z log zþ1
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2 − iν̂ log zþ1
z−1

×

�
ω̂t
2
f0ðξÞ −

ω̂tz
2

I ½0�ðξ; ω̂; t; ν̂Þ þ ω̂ − ξt2z − iν̂ξð1 − t2Þ
2

I ½1�ðξ; ω̂; t; ν̂Þ þ ξt
2
I ½2�ðξ; ω̂; t; ν̂Þ

�
: ðA7Þ

So, Eq. (A5) becomes

αðξ; ω̂; t; ν̂Þ ¼ m2
D

2ð1 − t2Þ ½ω̂zf0ðξÞ − ξt2f1ðξÞ þ ω̂ð1 − t2 − z2ÞI ½0�ðξ; ω̂; t; ν̂Þ þ tfξð1 − t2Þ þ 2ω̂z − ξz2g

× I ½1�ðξ; ω̂; t; ν̂Þ − ðω̂ − 2ξzt2ÞI ½2�ðξ; ω̂; t; ν̂Þ − ξtI ½3�ðξ; ω̂; t; ν̂Þ�: ðA8Þ

Now, the structure function γðξ; ω̂; t; ν̂Þ can be obtained as
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γðξ; ω̂; t; ν̂Þ ¼ 1

ñ2
ñiΠijñj − αðξ; ω̂; t; ν̂Þ

¼ m2
D
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From Eq. (15), ρðξ; ω̂; t; ν̂Þ can be written as

ρ ¼ m2
D
p̂iñj
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1
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�

¼ ρ1 þ ρ2; ðA10Þ

with

ρ1 ¼ m2
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ñlðω̂ − p̂ · vÞ þ p̂lðn∼ · vÞ
ω̂þ iν̂ − p̂ · v

¼ m2
D

2ð1 − t2Þ ½ξtzI
½2�ðξ; ω̂; t; ν̂Þ − ω̂tz2I ½0�ðξ; ω̂; t; ν̂Þ þ zðω̂ − ξt2z − iν̂ξð1 − t2ÞÞ

× I ½1�ðξ; ω̂; t; ν̂Þ þ ω̂tzf0ðξÞ� ðA11Þ

and

ρ2 ¼
iν̂m2

D

1 − t2

Z
dΩ0

4π

p̂ · v0

ω̂þ iν̂ − p̂ · v0

Z
dΩ
4π

vl þ ξðv · nÞnl
ð1þ ξðv · nÞ2Þ2

ñl þ ðω̂ − p̂ · vÞ þ p̂lðv · n
∼Þ

ðω̂þ iν̂ − p̂ · vÞWðω̂; ν̂Þ

¼ m2
D

ω̂ − zWðω̂; ν̂Þ
2ð1 − t2ÞWðω̂; ν̂Þ ½ω̂tf0ðξÞ þ ξtI ½2�ðξ; ω̂; t; ν̂Þ − ω̂tzI ½0�ðξ; ω̂; t; ν̂Þ þ ðω̂ − iν̂ξð1 − t2Þ − ξ; t2zÞ

× I ½1�ðξ; ω̂; t; ν̂Þ�: ðA12Þ

Combining Eqs. (A11) and (A12), we get

ρðξ; ω̂; t; ν̂Þ ¼ ω̂m2
D

2Wðω̂; ν̂Þð1 − t2Þ ½ω̂tf0ðξÞ − ω̂tzI ½0�ðξ; ω̂; t; ν̂Þ

þfω̂ð1þ ξ − ξt2Þ − ξzgI ½1�ðξ; ω̂; t; ν̂Þ þ ξtI ½2�ðξ; ω̂; t; ν̂Þ�: ðA13Þ

Finally, we can get the expression of δðξ; ω̂; t; ν̂Þ from Eq. (15) as

δ ¼ m2
D
p̂jñi

ñ2

�Z
dΩ
4π

vi
vl þ ξðv · nÞnl
ð1þ ξðv · nÞ2Þ2

δljðω̂ − p̂ · vÞ þ p̂lvj

ω̂þ iν̂ − p̂ · v
þ iν̂

Z
dΩ0

4π

v0i

ω̂þ iν̂ − p̂ · v0

×
Z

dΩ
4π

vl þ ξðv · nÞnl
ð1þ ξðv · nÞ2Þ2

δljðω̂ − p̂ · vÞ þ p̂lvj

ω̂þ iν̂ − p̂ · v
1

Wðω̂; ν̂Þ
�

¼ ω̂m2
D

2ð1 − t2Þ ½tzf0ðξÞ − tz2I ½0�ðξ; ω̂; t; ν̂Þ þ zð1 − ξt2ÞI ½1�ðξ; ω̂; t; ν̂Þ þ ξtI ½2�ðξ; ω̂; t; ν̂Þ�: ðA14Þ

COMPLEX HEAVY QUARKONIUM POTENTIAL IN AN … PHYS. REV. D 114, 034052 (2026)

034052-17



APPENDIX B: TENSOR RELATION

In TAG, the relevant propagator components are the
spatial components Δij. The inverse dielectric function and
the fluctuation function are therefore obtained from the
longitudinal projection of the spatial propagator,

ΔLðPÞ≡ p̂iΔijðPÞp̂j: ðB1Þ

Accordingly, in the static limit,

ϵ−1ðpÞ ¼ −lim
ω→0

ω2p̂iΔijðω; pÞp̂j: ðB2Þ

The spatial components of the basis tensors are

Aij ¼ δij − p̂ip̂j; Bij ¼ p̂ip̂j; Cij ¼ ñiñj

ñ2
;

Dij ¼ ñip̂j; Eij ¼ p̂iñj; ðB3Þ

where

ñi ≡ Aijnj ¼ ni − ðn · p̂Þp̂i; ñ2 ¼ 1 − t2 ¼ p2⊥
p2

: ðB4Þ

The vector ñi is orthogonal to p̂i.
The useful contraction identities are

AijAij ¼ 2; BijBij ¼ 1; CijCij ¼ 1;

DijDij ¼ ñ2; EijEij ¼ ñ2; ðB5aÞ

p̂iAij ¼ 0; p̂iBij ¼ p̂j; p̂iCij ¼ 0;

p̂iDij ¼ 0; p̂iEij ¼ ñj; ðB5bÞ

ñiAij ¼ ñj; ñiBij ¼ 0; ñiCij ¼ ñj;

ñiDij ¼ ñ2p̂j; ñiEij ¼ 0: ðB5cÞ

For a general tensor decomposed as

Mij¼MAAijþMBBijþMCCijþMDDijþMEEij; ðB6Þ

the longitudinal TAG projection gives

p̂iMijp̂j ¼ MB: ðB7Þ

Therefore, for the resummed gluon propagator

Δij ¼ α0Aij þ β0Bij þ γ0Cij þ δ0Dij þ ρ0Eij; ðB8Þ

one obtains

p̂iΔijp̂j ¼ β0: ðB9Þ

This relation is used in the main text to write

ϵ−1ðpÞ ¼ −lim
ω→0

ω2β0: ðB10Þ

For the Feynman propagator contribution, the required
TAG projection is

½ΔRΠFΔA�long ≡ p̂iΔik
RΠkl

FΔ
lj
A p̂

j: ðB11Þ

Using the tensor decomposition, the leading terms in the
static limit are

½ΔRΠFΔA�long ¼ β0RβFβ
0
A þ ρ0RðαF þ γFÞδ0Añ2: ðB12Þ

Since ñ2 ¼ p2⊥=p2, one obtains

lim
ω→0

ω2½ΔRΠFΔA�long ¼ω2β0RβFβ
0
Aþω2ρ0RðαF þ γFÞδ0A

p2⊥
p2

:

ðB13Þ

This is the expression used in Sec. III for the calculation of
the fluctuation function in the temporal axial gauge.

APPENDIX C: CALCULATIONS OF STRUCTURE
FUNCTIONS FOR THE SYMMETRIC

PROPAGATOR

The retarded and advanced self-energies derived in
Sec. II are insufficient to fix the imaginary part of the
in-medium potential, which requires the Feynman (sym-
metric) gluon propagator and, in turn, the symmetric self-
energy Πij

F. In an isotropic plasma, whether in or out of
equilibrium and with or without collisions, the symmetric
self-energy is fixed by the FDT once the retarded self-
energy is known. The FDT fails, however, as soon as the
parton distribution becomes anisotropic, since no single
temperaturelike scale then relates the symmetric and
retarded correlators. In that regime, Πij

F must be obtained
directly from the microscopic current-current correlator.
We do so here within the conserving BGK kinetic frame-
work, using the same notation as the main text: P ¼ ðω; pÞ
denotes the external four-momentum, k the parton phase-
space momentum, and v ¼ k=k the corresponding velocity.
The scale λ specifies the typical momentum of the plasma
particles and should be understood as the temperature only
in the thermal-equilibrium limit; it sets the overall strength
of the noise correlator and of Πij

F derived below.

1. Microscopic derivation of the Feynman self-energy
from current correlators

We extend the kinetic theory of Sec. II by promoting the
phase-space fluctuation δfðx;v; tÞ to a stochastic variable.
Introducing a local noise source ζðx;v; tÞ that represents
the microscopic fluctuations not captured by the averaged
BGK kernel, the linearized Boltzmann equation (2)
acquires the form
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ð∂t þ v · ∇þ νÞδfðx;v; tÞ ¼ ν
δnðx; tÞ
h1iξ

fðvÞ þ ζðx;v; tÞ;

ðC1Þ

where fðvÞ is the anisotropic distribution (1) expressed in
terms of the velocity direction and the conserving subtrac-
tion∝ δn=h1iξ enforces local particle-number conservation.
The introduction of the stochastic noise source ζ allows us to
systematically deduce the symmetric self-energyΠij

F and the
resulting propagator from microscopic fluctuations without
prematurely assuming a FDT relation. Crucially, in the limit
where the anisotropy vanishes (ξ → 0), the noise correla-
tions dictate that the stochastic framework naturally reduces
to the expected FDT relation for a collisional isotropic
plasma. For ξ ≠ 0, it successfully and dynamically captures
the nontrivial, anisotropy-induced modifications to the
symmetric propagator that are inherently missing from a
deterministic transport equation.

The anisotropic angular average of a velocity-dependent
quantity X is defined, without normalization, as

hXiξ ≡
Z

dΩv

4π

XðvÞ
½1þ ξðv · nÞ2�3=2 ; ðC2Þ

so that h1iξ is in general different from unity and is kept
explicit in every expression below. The deformation weight
ð1þ ξðv · nÞ2Þ−3=2 follows from the Jacobian of the sphe-
roidal change of variables k0 ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξðv · nÞ2

p
that maps

the anisotropic distribution onto an isotropic one; the radial
momentum integral has already been absorbed into m2

D
through Eq. (12).
a. Noise correlator: Local conservation requiresR
d3k=ð2πÞ3ζ ¼ 0, which forces the noise to be anticorre-

lated with its own angular average. At the effective scale λ,
the conserving two-point function reads

hζðP;vÞζ�ðP0;v0Þisto ¼ 2νλm2
Dð2πÞ4δð4ÞðP − P0Þ ð2πÞ

3

k2

�
−
∂fiso
∂k

��
δðv − v0Þ − ½1þ ξðv · nÞ2�−3=2

h1iξ

�
; ðC3Þ

which is constructed so that
R
dΩv=ð4πÞhζðP;vÞζ�

ðP0;v0Þisto ¼ 0. In the isotropic limit h1iξ → 1, and with
λ → T in thermal equilibrium, the amplitude 2νλm2

D
reduces to the standard Langevin strength 2νTm2

D of the
fluctuation-dissipation relation.
b. Solution for: δf. Fourier transforming Eq. (C1) with

P ¼ ðω; pÞ gives

δfðP;vÞ ¼ iνð−∂f0=∂kÞ
ω − v · pþ iν

hδfðP;vÞiξ þ
iζðP;vÞ

ω − v · pþ iν
:

ðC4Þ

Applying h� � �iξ to both sides and using the conserving
property of the noise, one obtains

hδfiξ
�
1 −

iν
h1iξ

�
1

ω − v · pþ iν

�
ξ

�
¼ i

�
ζ

ω − v · pþ iν

�
ξ

;

ðC5Þ

where the bracket on the left defines the conserving
denominator

Dðω; pÞ≡ 1 −
iν
h1iξ

�
1

ω − v · pþ iν

�
ξ

; ðC6Þ

which reduces, in the isotropic limit, to the function
Wðω̂; ν̂Þ of Eq. (9) via Djξ→0 ¼ W. Substituting Eq. (C5)
back into Eq. (C4) gives the closed-form fluctuation

δfðP;vÞ ¼ iζðP;vÞ
ω − v · pþ iν

−
νð−∂f0=∂kÞ
ω − v · pþ iν

×
1

Dðω; pÞ
�

ζðP;vÞ
ω − v · pþ iν

�
ξ

: ðC7Þ

Equation (C7) decomposes the total fluctuation into a direct
noise-driven piece (first term) and a backreaction piece
(second term) required by local conservation; both are
linear and homogeneous in ζ.
c. Color current and symmetric self-energy: The fluc-

tuating color current is the stochastic piece of the induced
current Jμind;aðPÞ of Eq. (8); it is obtained by inserting
the noise-driven fluctuation (C7) into the same current
functional,

δjiðPÞ≡ g
Z
k
Vif2Ncδf

g
aðP;vÞ

þ Nf½δfqaðP;vÞ − δfq̄aðP;vÞ�g; ðC8Þ

where
R
k≡

R
d3k=ð2πÞ3 and Vμ ¼ ð1;vÞ. The functional

form of δji is identical to that of Jμind;a; the difference is
solely in the input: in the retarded response, δf is sourced
by the gauge field δA, whereas here it is sourced by the
noise ζ through Eq. (C7). The retarded self-energy is the
linear response Πμν

R ¼ δJμind=δAν, whereas the symmetric
self-energy is the statistical two-point correlator of the same
current, evaluated on the closed Schwinger-Keldysh con-
tour. So, one gets
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Πij
Fðω; pÞ≡ −2ihδjiðω; pÞδjjð−ω;−pÞisto; ðC9Þ

which is the quantity entering the fluctuation function
Φðp; ξ; νÞ of Sec. III.
d. Direct and vertex contributions: It is useful to separate

Eq. (C7) into the two pieces

δfðP;vÞ ¼ δfdirðP;vÞ þ δfverðP;vÞ; ðC10Þ

where

δfdirðP;vÞ ¼
iζðP;vÞ

ω − v · pþ iν
; ðC11Þ

δfverðP;vÞ ¼ −
νð−∂f0=∂kÞ
ω − v · pþ iν

1

Dðω; pÞ
�

ζðP;vÞ
ω − v · pþ iν

�
ξ

:

ðC12Þ

Correspondingly, the fluctuating current can be written as

δjiðPÞ ¼ δjidirðPÞ þ δjiverðPÞ; ðC13Þ

with

δjidirðPÞ ¼ g
Z
k
viδfdirðP;vÞ; ðC14Þ

δjiverðPÞ ¼ g
Z
k
viδfverðP;vÞ: ðC15Þ

Suppressing the common color and degeneracy factors,
which are already absorbed into the definition of m2

D, the
symmetric self-energy is defined by

Πij
Fðω; pÞ ¼ −2ihδjiðω; pÞδjjð−ω;−pÞisto: ðC16Þ

Therefore,

Πij
F ¼ Πij

F;direct þ Πij
F;vertex; ðC17Þ

where the direct contribution is generated by hδjidirδjjdiristo,
while the vertex contribution collects the terms induced by
the conserving BGK subtraction,

Πij
F;vertex ≡ −2i½hδjidirδjjveristo þ hδjiverδjjdiristo

þ hδjiverδjjveristo�: ðC18Þ

Using the noise correlator in Eq. (C3), the direct part
becomes

Πij
F;direct ¼ −2ihδjidirðPÞδjjdirð−PÞisto

¼ −2i
�
2νλm2

D

�
vivj

ðω − v · pÞ2 þ ν2

�
ξ

�
: ðC19Þ

Here we have used

i
ω − v · pþ iν

i
−ωþ v · pþ iν

¼ −
1

ðω − v · pÞ2 þ ν2
;

ðC20Þ

and the sign is included in the overall Schwinger-Keldysh
factor −2πi in Eq. (C16).
The conserving-subtraction terms give

Πij
F;vertex ¼ −2i½hδjidirδjjveristo þ hδjiverδjjdiristo þ hδjiverδjjveristo�

¼ −2i

2
64− 2νλm2

D

h1iξ
Re

8<
:
h vi
ω−v·pþiνiξh vj

ω−v·pþiνiξ
Dðω; pÞ

9=
;
3
75: ðC21Þ

The factor 1=h1iξ originates from the conserving normali-
zation in the BGK kernel. It is required because the angular
average in Eq. (C2) is not normalized.
Thus, the full symmetric self-energy is

Πij
Fðω; pÞ ¼ −4iνλm2

D

2
64
�

vivj

ðω − v · pÞ2 þ ν2

�
ξ

−
1

h1iξ
Re

8<
:
h vi
ω−v·pþiνiξh vj

ω−v·pþiνiξ
Dðω; pÞ

9=
;
3
75: ðC22Þ

The first term is the uncorrelated direct fluctuation, while
the second term is the vertex correction required by local
particle-number conservation in the BGK kernel.

2. Form factors of the Feynman self-energy
in the static limit

Projecting Eq. (C22) onto the tensor basis of Sec. II—
the longitudinal projector p̂ ¼ p=p and the ortho-
gonalized anisotropy vector ñ ¼ n − ðn · p̂Þp̂ with
ñ2 ¼ 1 − t2 ¼ p2⊥=p2—fixes the Feynman structure func-
tions through the contractions of Eq. (15). In the static limit
ω → 0, the leading nonvanishing pieces are
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lim
ω→0

αF ¼ −
4iν̂λm2

D

p

�
1 − ðv·ñÞ2

ñ2

ðv · p̂Þ2 þ ν̂2

�
ξ

; ðC23Þ

lim
ω→0

βF ¼ −
4iλm2

Dω
2

p3

h1iξh ν̂
ðv·p̂Þ2þν̂2

iξ
h ðv·p̂Þ2
ðv·p̂Þ2þν̂2

iξ
; ðC24Þ

lim
ω→0

γF ¼ −
4iν̂λm2

D

p

� 2ðv·ñÞ2
ñ2 − 1

ðv · p̂Þ2 þ ν̂2

�
ξ

: ðC25Þ

The off-diagonal structure functions satisfy the symmetry
δF ¼ ρF (a consequence of the symmetric ij structure of
ΠF, in contrast to the asymmetric retarded self-energy), and
are given in the static limit by

lim
ω→0

δF ¼ lim
ω→0

ρF

¼ −
4iν̂λm2

Dω
2

p3ñ2
h1iξD
ðv·p̂Þ2

ν̂2þðv·p̂Þ2
E
ξ

2
64
D
ðv·ñÞðv·p̂Þ
ðv·p̂Þ2þν̂2

E
ξ

D
ν̂2−ðv·p̂Þ2

ðν̂2þðv·p̂Þ2Þ2
E
ξD

ðv·p̂Þ2
ν̂2þðv·p̂Þ2

E
ξ

þ 2

� ðv · ñÞðv · p̂Þ
½ðv · p̂Þ2 þ ν̂2�2

�
ξ

3
75: ðC26Þ

These results demonstrate that, although the retarded self-
energy is asymmetric in i ↔ j because the BGK kernel
breaks time-reversal symmetry, the Feynman self-energy
retains the symmetric structure Πij

F ¼ Πji
F and hence

δF ¼ ρF.

3. Collisionless limit

For ν → 0, the Lorentzian kernel reduces, via
limν→0

ν
x2þν2

¼ πδðxÞ, to a Dirac delta that selects the
resonant velocities v · p̂ ¼ ω̂. The angular integrals then
evaluate in terms of the complete elliptic integrals KðκÞ and
EðκÞ, with the effective anisotropy ς≡ ξð1 − t2Þ ¼ ξñ2

defined as in Sec. III. The principal form factors become

lim
ν→0

αF ¼ −
4iλm2

D

pς
½Eð−ςÞ − Kð−ςÞ�; ðC27Þ

lim
ν→0

βF ¼ −
4iλm2

Dω
2

p3

Eð−ςÞ
1þ ς

; ðC28Þ

lim
ν→0

γF ¼ −
4iλm2

D

pς

�
2Kð−ςÞ − 2þ ς

1þ ς
Eð−ςÞ

�
; ðC29Þ

and the off-diagonal functions

lim
ν→0

δF ¼ lim
ν→0

ρF

¼ −
4iλm2

Dω
2t

p3ð1 − t2Þð1þ ςÞ
�
1 − ς

1þ ς
Eð−ςÞ − Kð−ςÞ

�
:

ðC30Þ

The fluctuations are nonzero only in the subluminal regime
jωj < p, modified by the alignment of p relative to n
through ς, and reproduce the standard collisionless aniso-
tropic HTL spectral functions.

4. Isotropic limit

As ξ → 0 the deformation weight collapses to
unity, h1iξ → 1, and the angular averages reduce to plain
spherical integrals. With hðv · p̂Þni0 ¼ 1

2

R
1
−1 dxx

n and
hx2=ðx2 þ ν̂2Þi0 ¼ 1 − ν̂ arccot ν̂, the structure functions
become

lim
ξ→0

αF ¼ −
2iλm2

D

p
½ð1 − ν̂2Þ arccot ν̂þ ν̂�; ðC31Þ

lim
ξ→0

βF ¼ −
4iλm2

Dω
2

p3

arccot ν̂
1 − ν̂ arccot ν̂

; ðC32Þ

lim
ξ→0

γF ¼ −
2iλm2

D

p
½3ν̂2 arccot ν̂ − 3ν̂þ arccot ν̂�: ðC33Þ

The off-diagonal functions vanish identically, δF ¼
ρF ¼ 0, because the anisotropy vector n is no longer
defined and the longitudinal/transverse projections decou-
ple. In this limit the FDT is recovered, βF ¼ ð2λ=ωÞ Im βR,
and with λ → T in thermal equilibrium, the result coincides
with the standard isotropic collisional HTL expression,
providing a nontrivial check on the conserving deriva-
tion above.
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