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Cluster catalogs selected by optical properties are subject to selection biases, primarily arising from
unresolved systems along the line of sight. These biases affect key observables for cluster cosmology, such
as the lensing signal and clustering statistics. In this work, we present a fully predictive forward analytical
model to quantify the impact of optical-selection bias due to projection effects on cluster density profiles.
This is achieved by introducing a scale-dependent parametrization of the optical cluster bias, whose small-
and large-scale behavior is set by the amplitude of projection effects, and by expressing the two-halo
component of the density profile in terms of the contributions from off-axis halos along the line of sight. As
a case study, we consider a DES Y3-like cluster catalog and validate our model against simulated samples.
Our model successfully captures the dependence of the two-halo component on richness boosts induced by
projections, as well as its evolution with richness and redshift. It also recovers the overall bias in the
projected density profile relative to a randomly selected sample with the same mass distribution. The
framework presented here provides a consistent methodology for modeling the impact of line-of-sight
structures on the observed richness and density profiles of optically selected clusters, directly linking
selection biases to the underlying cosmology and survey specifications.

DOI: 10.1103/b3qk-m2np

I. INTRODUCTION

Galaxy clusters are multicomponent systems made of
stars, galaxies, hot plasma (the intracluster medium), and
dark matter. This multicomponent nature allows us to detect
and study these systems at different wavelengths, such as x-
ray, millimeter and optical bands. In photometric surveys,
galaxy clusters are detected as overdensities of galaxies,
and the richness of the system—a weighted sum of the
number of putative member galaxies—is often used as a
mass proxy for sample selection. Therefore, systems with
their main axis aligned along to the line of sight, more
concentrated, and with rich structures in projection have a
larger chance to be detected and included in the catalog

[e.g., [1–3] ]. In particular, projection effects due to the
limited resolution achievable along the line of sight have
been shown to bias high the cluster density profile of
optically selected clusters by 10%–20% on scales relevant
for mass calibration through weak lensing measurements
[e.g. [2,4,5] ]. If not properly modeled these effects can
lead to biases in the cluster mass estimates [e.g. [6] ],
which, in turn, translate into systematic biases in the
cosmological parameters inferred from optical cluster
catalogs [7].
Several approaches have been proposed to model or

calibrate this selection bias: Salcedo et al. [4] used a
simulation-based approach to emulate stacked cluster lens-
ing profiles and infer observable-mass relation parameters
for the DESY1 cluster sample; Sunayama [8] quantified the
large-scale boost of the cluster lensing profile from SDSS
data using cluster-galaxy cross-correlation functions [see
also [9] ]. Conversely, in the cosmological analyses of
Sunayama et al. [10] and DES Collaboration et al. [11]
the authors assumed an analytical template for the selection
bias and marginalized over its model parameters.
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In this paper, we propose an analytical derivation to
estimate the selection bias of optically selected clusters,
without free parameters, which depends upon the assumed
halo occupation distribution, cosmological model, cluster
finder, and survey specifications. We focus on the bias
induced by projection effects, which affect scales relevant
for weak lensing mass calibration. In particular, we aim to
reproduce the optical selection bias on cluster radial density
profiles due to correlated structures as a function of
richness and redshift. To this end, we first model the
clustering bias of a richness-selected sample, and then
derive the corresponding projected density profile. As a
case study, we assume an optically selected cluster catalog
built with the red sequence matched-filter probabilistic
percolation cluster finder algorithm [redMaPPer; [12] ]
using Dark Energy Survey1 (DES) Year 3-like photometric
data [11]. Comparing our model predictions to synthetic
data, we show the capability of our model to reproduce the
scale dependence and amplitude of the bias, as well as its
dependence on the strength of projection effects. Despite its
simplicity—e.g., we neglect orientation and concentration
bias—the model provides a useful tool to estimate the
impact of projection effects on cluster density profiles on
scales relevant for their mass calibration, which can be
tuned to the specifics of the cluster finder and survey data.
The paper is organized as follows. In Sec. II, we present

the model for the optical cluster bias and the projected
density profile. Section III describes the case study and the
construction of the mock cluster catalog. The analysis and
interpretation of the results, together with comparisons to

synthetic data, are provided in Sec. IV. Finally, Sec. V
summarizes our findings and conclusions.

II. MODEL

Our model builds on the observation that the same line-
of-sight structures that contribute to the observed richness
also affect the projected density profile (see e.g., Fig. 1).
Consequently, a larger projection-induced boost in rich-
ness, Δprj, implies a more crowded environment along the
line of sight, which in turn enhances the projected density
profile. Therefore, if we can predict the mean number of
halos projected along the line of sight of a cluster as a
function ofΔprj and angular separation θ from its center, we
can also predict their contribution to the observed density
profile. To this end, we first derive an expression for the
optical cluster bias as a function of Δprj and projected
angular separation (Sec. II A). This relation then allows us
to estimate the mean contribution of correlated structures to
the projected density profile by summing the contributions
of halos projected at different off-axis angles θ (Sec. II B).
The framework developed in this work builds upon the

approach introduced by Costanzi et al. [[13], hereafter
C19]λob, is treated as a noisy measurement of the intrinsic
(true) richness, λtr—i.e. the unobservable true number of
member galaxies satisfying the survey selection criteria—
which depends on cluster mass. Specifically, we assume
λob ¼ λtr þ Δprj, where Δprj accounts for the contribution
from projected structures along the line of sight [e.g.,
[14–16] ], while λtr includes any other source of intrinsic
scatter. The stochastic nature of λob is described by decom-
posing the probability of observing a system of massM and
redshift z with richness λob as the convolution

wz(zi ,z
ob) ob= tr+ prj 

tr 

= 1h+ prj

i 

zi zob 

fA( i , cl )i i , cl cl ) i i i

FIG. 1. Illustration of projection effects on a target cluster with λtr member galaxies at redshift zob. Each ith halo along the line of sight
contributes to the cluster’s observed richness with a fraction of its own richness, which depends on the redshift separation and
overlapping area: ρprji ¼ λiwðzi; zobÞfA;i [see Eqs. (3) and (4)]. The same systems contribute to the observed projected density profile
according to their halo properties and projected angular separation from the target cluster θi [see Eq. (13)].

1https://www.darkenergysurvey.org; DES Year 3 data release:
https://des.ncsa.illinois.edu/releases/y3a2/Y3key-cluster.
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PðλobjM; zÞ ¼
Z

∞

0

dλtrPðλobjλtr; zÞPðλtrjM; zÞ: ð1Þ

HerePðλtrjM; zÞ encodes the intrinsic richness-mass relation,
while Pðλobjλtr; zÞ accounts for the observational scatter,
which depends on the specifics of the survey and cluster-
finding algorithm. The latter has been calibrated in the
literature either through simulation-based approaches [e.g.,
[13,17] ] or via multiwavelength observations [e.g., [18] ].
Throughout this work, we neglect the cluster photo-

metric redshift uncertainty, and set zob equal to the true
cluster redshift. The latter has been shown to be a
subdominant systematic in current cluster cosmology
studies [e.g., [7,19,20] ], but it can be restored in the
following equations at the expense of an additional mar-
ginalization over the distribution PðzobjztrÞdztr. The for-
malism outlined below is general and does not rely on
assumptions specific to a particular optical survey. The
specific model choices and survey-dependent ingredients
adopted for this study are presented in Sec. III.

A. Optical cluster bias

Given two tracers of the matter density field, the mean
number of tracer “1” neighbors that each tracer “2” has
within a volume element dV, separated by a distance r, is

dNðrÞ ¼ n̄1½1þ b1b2ξðrÞ�dV; ð2Þ

where n̄1 is the mean number density of tracer “1,” ξ is the
matter correlation function, and b1 and b2 the biases of the
two tracers. For our purposes—predicting the mean number
of halos in projection onto an optical cluster—b1 is the halo
bias and b2 ¼ bλob , the optical cluster bias, which we aim to
model as a function of observable cluster properties.
To this end, we start by expressing the noise on the

observed richness due to projection effects, Δprj, as the
weighted sum of the foreground and background cluster
galaxies falling within the target cluster area [see also
Appendix A in C19]. Specifically, for clusters at redshift
zob with observed richness λob, and true richness λtr, the
mean Δprj due to projected systems reads

Δprjðλob; λtr; zobÞ

¼ λob − λtr ¼ 2π

Z
dz

dV
dzdΩ

Z
π

0

dθ sin θ

·
Z

dλρprjðλ; z; θjλob; zobÞnprjðλ; z; θjλob; λtr; zobÞ; ð3Þ

where dV=ðdzdΩÞ is the comoving volume element per
unit redshift and solid angle, nprjðλ; z; θjλob; λtr; zobÞ is the
mean number density of halos at redshift z with true
richness λ, at projected angular distance θ from the target
cluster center, while ρprjðλ; z; θjλob; zobÞ is the mean
richness contamination contributed by each halo in

projection.2 This quantity is specific to the cluster finder
and survey data under consideration. We factorize the latter
term as

ρprjðλ; z; θjλob; zobÞ ¼ wzðz; zobÞfAðλ; z; θ; λob; zobÞλ; ð4Þ

where wzðz; zobÞ is the mean fraction of richness that a
cluster will absorb from a halo at redshift z, assuming
perfect alignment of the two systems. The second term in
Eq. (4) accounts for the geometry of the systems, and
corresponds to the mean fraction of galaxies of a halo
falling within the target cluster projected area.
The mean number density of halos in projection is

computed according to the cluster-halo correlation function as

nprjðλ; z; θjλob; λtr; zobÞ

¼
Z

dMnðM; zÞPðλjM; zÞ·

× ½1þ bðM; zÞbλobðλob; λtr; zob; θÞξNLðz; zob; θÞ� ð5Þ

where nðM; zÞ represents the halo mass function, PðλjM; zÞ
the probability distribution of the true richness at fixed halo
mass and redshift, bðM; zÞ is the halo bias, and ξNLðz; zob; θÞ
the nonlinear matter correlation function at zob and comoving
separation

Δχðz; zob; θÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χðzÞ2 þ χðzobÞ2 − 2χðzÞχðzobÞ cos θ

q
:

Finally, bλob is the scale-dependent bias for clusters with
λob, λtr and zob that we seek to predict. To account for
exclusion effects, we include the condition bðM; zÞbλobðλob;
λtr; zob; θÞξNLðz; zob; θÞ ¼ −1 for comoving distances Δχ
smaller than the cluster radius Rλ defined by the detection
algorithm.
Since only structures projected within Rλ contribute to

λob, and since correlated structures are typically distributed
along filaments rather than isotropically around the cluster,
the selection at fixed ðλob; λtrÞ preferentially picks systems
with either denser (λob − λtr ≫ 1) or emptier (λob ≃ λtr)
lines of sight. As a consequence, the modulus of bλob is
expected to decrease with projected distance from the
cluster center, eventually reaching a constant value, b∞

λob
,

beyond Rλ [see also [8,21,22] ]. We therefore propose the
following sigmoid functional form:

2To avoid clutter in the notation, we denote the true richness of
the target cluster as λtr , while using simply λ for the true richness
of projected halos.
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bλobðλob;λtr;zob;θÞ¼ b0
λob
ðλob;λtr;zobÞ

þb∞
λob
ðλob;λtr;zobÞ−b0

λob
ðλob;λtr;zobÞ

1þe−kðθ−θ0Þ
;

ð6Þ

where k controls the steepness of the transition, θ0 defines
its midpoint, while b0

λob
and b∞

λob
represent the asymptotic

values on small- and large-scale, respectively. The model is
motivated by the analysis of the ratio of projected corre-
lation functions measured from our mock cluster catalog
(see Sec. III A) using a richness-selected and a random-
selected sample with the same mass distribution (see
Appendix A for details). In particular, the mock data are
well described by the sigmoid model setting the shape
parameters to k ¼ 2.5=θλ and θ0 ¼ θλ=2, where the cluster
angular size is given by θλ ¼ Rλ=DaðzobÞ. As for the large-
scale bias, b∞

λob
, it is well approximated by the relation

b∞
λob
ðλob; λtr; zobÞ ¼ beffðλob; zobÞ½1þ 0.13δprj�

δprjðλob; λtr; zobÞ ¼ λob − λtr

Δprj
RND−selðλob; zobÞ

− 1 ð7Þ

where δprj corresponds to the excess of Δprj compared to
randomly selected sample with the same mass distribution
(see Fig. 9). The effective bias is computed by weighting
the halo bias by the corresponding mass distribution:
beffðλob; zobÞ ¼

R
dMPðMjλob; zobÞbðM; zobÞ, while the

mean contribution to the richness for an unbiased (mass-
selected) sample, Δprj

RND−sel, is derived from Eqs. (3)–(5), by
replacing bλob with beff .
Using our model for bλob, we can invert Eq. (3) to obtain

an explicit expression for the small-scale bias term
b0
λob
ðλob; λtr; zobÞ

b0
λob
ðλob; λtr; zobÞ ¼ ðλob − λtrÞ − hΔprj

bkgi − b∞
λob
I1

I2 − I1

hΔprj
bkgðλob; zobÞi ¼ P½1�;

I1ðλob; zobÞ ¼ P
�
bðM; zÞ ξNLðz; z

ob; θÞ
1þ e−kðθ−θ0Þ

�
;

I2ðλob; zobÞ ¼ P½bðM; zÞξNLðz; zob; θÞ�; ð8Þ
where we define, for convenience, the operator P½·� as the
line-of-sight integral over the halo population weighted by
the projection kernel ρprj

P½X�≡
Z

dz
dV

dzdΩ

Z
dMnðM;zÞ

Z
dλPðλjM;zÞ

·2π
Z

dθsinθρprjðλ;z;θjλob;zobÞXðM;z;θjzobÞ: ð9Þ

From Eq. (8), it is evident that the bias at small
projected distance, b0

λob
, depends on the richness boost,

Δprj ¼ λob − λtr, relative to the expected contributions
from the background, hΔprj

bkgi, and correlated large-scale

structures, b∞
λob
I1ðλob; zobÞ.

To illustrate the model behavior, we show in Fig. 2 the
optical cluster bias expected for λob ¼ 20 and zob ¼ 0.5
clusters assuming different richness contamination values
(color-coded lines). Depending on the amplitude of Δprj

compared to the average background contribution, the
model predicts either an excess or deficit of correlated
structure around the target cluster line of sight.
Finally, the mean bias for clusters observed with λob can

be derived from Eq. (6) by marginalizing over the λtr

distribution, namely

bλobðλob; zob; θÞ

¼
Z

dλtrbλobðλob; λtr; z; θÞPðλtrjλob; zobÞ

¼ 1

nðλob; zobÞ
Z

dλtrbλobðλob; λtr; z; θÞPðλobjλtr; zobÞ

·
Z

dMPðλtrjM; zobÞnðM; zobÞ: ð10Þ

FIG. 2. Optical cluster bias as a function of radial distance for
different λtr values (color-coded) and fixed λob ¼ 20, zob ¼ 0.5
[Eq. (6)]. For ease of interpretation, we convert the projected
angular separation to the physical distance R ¼ θDAðzobÞ. Larger
Δprj ¼ λob − λtr values correspond to higher bias values within
the projected cluster radius Rλ. For Δprj below the background
contribution (∼2), the bias becomes negative, corresponding to
preferentially underdense lines of sight selected at fixed ðλob; λtrÞ.
The orange line represents the mean optical bias for λob ¼ 20

clusters [Eq. (10)] computed by weighting bλobðλob; λtr; z; θÞ by
the distribution Pðλtrjλob ¼ 20Þ [Eq. (17)] which is displayed in
the inset plot with arbitrary normalization. For comparison, the
expected bias for a randomly selected sample with the same mass
distribution, beff , is shown with a dot-dashed black line. Above
bλob ¼ 10 the y-axis is shown on a logarithmic scale to increase
the displayed dynamical range.
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The resulting mean bias for λob ¼ 20 clusters at zob ¼
0.5 is shown in Fig. 2 with a orange solid line. Compared to
a random-selected sample with the same underlying mass
distribution PðMjλob; zobÞ (black dot-dashed line), the
optical cluster bias at R ¼ 0 is 2.1 times larger, while on
large scales it is boosted by 5%.

B. Projected density profile

Following the same line of thought outlined in Sec. II A
we can construct a model for the mean azimuthally
averaged projected density profile of an optically selected
cluster having λob and zob.
We start by splitting the mean projected density profile

into two contributions [e.g., [23] ]

hΣðRjλob; zobÞi ¼ hΣ1hðRjλob; zobÞi þ hΣprjðRjλob; zobÞi;
ð11Þ

where the first term represents the contribution of the one-
halo term, and can be computed by properly weighting the
projected density profile of halos with massM and redshift
zob, ΣðM; zobÞ, with the underlying mass distribution at
fixed λob

hΣ1hðRjλob; zobÞi ¼
Z

dMPðMjλob; zobÞΣðRjM; zobÞ

¼ 1

nðλob; zobÞ
Z

dMPðλobjM; zobÞ

× nðM; zobÞΣðRjM; zobÞ ð12Þ

The second term—commonly referred to as the two-halo
term—accounts for the contribution from correlated large-
scale structures. In this work, we express it as an integral
over the contributions, at projected distance R, from halos
along the line of sight centered at different angles θ from
the target cluster. Using the cluster bias bλob derived in the
previous section to compute the number of halos in
projection to a target cluster with (λob; zob), the 2-halo
term reads

hΣprjðRjλob;zobÞi¼
Z

dθ sinθ
Z

dz
dV

dzdΩ

Z
dMnðM;zÞ

× ½1þbðM;zÞbλobðλob;zob;θÞ
×ξNLðz;zob;θÞ�ΣmisðRjM;z;θ;zobÞ:

ð13Þ

The term ΣmisðRjM; z; θ; zobÞ is the surface mass density
contributed at the projected distance R from the target
cluster by halos in projection with mass M, at redshift z,
and miscentered by an angle θ relative to the target cluster
center [e.g., [24,25] ]

ΣmisðRjM; z; θ; zobÞ ¼
Z

2π

0

ΣðRhjM; zÞdφ;

Rh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
θ2R þ θ2 − 2θθR cosφ

p
DAðzÞ

; θR ¼ R
DAðzobÞ

; ð14Þ

where the integral over φ accounts for the contributions of
systems at different azimuthal positions. Equation (14)
properly accounts for the different redshifts of the target
cluster and the halos in projection.
For illustrative purposes, we show in Fig. 3 the resulting

mean density profile for clusters with observed richness
λob ¼ 20 at redshift z ¼ 0.5, along with its two compo-
nents, hΣ1hi and hΣprji.

III. CASE STUDY: REDMAPPER DES Y3

To test our model, we assume a DES Y3-like cluster
catalog, built using the redMaPPer cluster finder [12].
redMaPPer is a photometric cluster finding algorithm that
identifies galaxy clusters as overdensities of red-sequence
galaxies and then calculates the richness as the sum of the
membership probabilities of all galaxies in the cluster field.
The sum extends over all red-sequence galaxies above a
fixed luminosity threshold and within an empirically cali-
brated cluster radius Rλ ¼ ðλob=100Þ0.2h−1 Mpc. Without
loss of generality, we make the following model choices:

(i) We use the Tinker halo mass function and halo bias
models [26,27];

(ii) We model the projected density ΣðRjM; zÞ assuming
a spherical NFW profile [28].

(iii) The intrinsic richness-mass relation is modeled
using a conventional halo model parametrization,

FIG. 3. Mean projected density profile for λob ¼ 20 and z ¼ 0.5
(blue line). The black line shows the contribution from the one-
halo term [Eq. (12)], while the red line the contribution from
halos in projection [Eq. (13)]. The contribution of the latter
becomes dominant above R ∼ 1h−1 Mpc. The shaded bands
represent the mean profiles retrieved from the mock catalog with
their 1σ uncertainty (see Sec. III A).
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with λtr ¼ λcen þ λsat where λcen and λsat are the
number of central and satellite galaxies respectively.
λcen is assumed to be a deterministic function of
mass, with λcen ¼ 1 for M ≥ Mmin and λcen ¼ 0
otherwise. λsat is a random variable with an expect-
ation value

hλsatjM; zi ¼
�
M −Mmin

M1 −Mmin

�
α
�
1þ z
1þ z�

�
ϵ

ð15Þ

where M1 is the characteristic mass at which a halo
of mass M has on average one satellite galaxy, and
the pivot redshift is set equal to the mean redshift of
the sample z� ¼ 0.45. To allow for super-Poisson
halo occupancies, we model PðλtrjM; zÞ as the
convolution of a Poisson and a Gaussian distribu-
tion, where the scatter of the latter is given
by σλhλsatjM; zi.

(iv) To mimic the percolation scheme adopted by red-
MaPPer ρprjðλ; zjλtr; zob; θÞ is set to zero if λ ≥ λob,
that is, only lower-ranked clusters can contribute to
the richness of a given object.3 This effectively
corresponds to setting the upper limit of the integral

over richness in Eq. (3) to λob. For the same reason,
only halos at projected separation θ ≲ 2θλ can
contribute to Δprj.

(v) Following C19 we model the redshift weight in
Eq. (4) as

wzðz;zobÞ¼
�
1− ðz−zobÞ2

σzðzÞ2 ; jz− zobj< σzðzÞ
0; otherwise

ð16Þ

where the width of the parabolic kernel, σz—a
measure of the photo-z uncertainty of the data—is
calibrated using DES Y3 data following the method
detailed in C19 (see their Sec. III.2).

(vi) The distribution Pðλobjλtr; zÞ is approximated as the
sum of a delta function and an exponential compo-
nent, following the simulation-based prescription of
C19 [their Eq. (5)]

Pðλobjλtr; zÞ ¼ ð1 − fprjÞδDðλob − λtrÞ
þ fprjτe−τðλob−λtrÞ; ð17Þ

whose parameters fprj and τ are computed, as a
function of λtr and z, according to Eq. (A8) in C19.

(vii) Assuming the cluster galaxies to be uniformly distrib-
utedwithinRλ, thegeometrical termfAðθ; λtr; zob; λ; zÞ
corresponds to the fraction of overlapping area of the
clusters in projection; for the sake of brevity, we report
the analytic expression of this term in Appendix B.

FIG. 4. Scaling relations of the mock DES Y3 cluster catalog in the redshift range 0.2 < z < 0.65: Left panel: λob and λtr-mass
relations; the cyan and hatched orange bands represent the 68, 95 and 97.5 percentile of the λtr and λob distributions, respectively. The
stacked histograms at the bottom shows the mass distributions of the cosmological sample (λob > 20) for the different richness bins
adopted in the analysis. Upper right panel: Probability distribution functions of λob (orange) and λtr (cyan) forM ¼ 1014h−1M⊙ systems.
Lower right panel: PðλobjλtrÞ distributions for λtr ¼ 20 and 40. The solid lines correspond to the model predictions derived from Eq. (17).

3We note that a full implementation of the redMaPPer
percolation scheme would also require accounting for the loss
of member galaxies to higher-ranked systems. Given the small
fraction of clusters affected by this effect [see e.g., Fig. 8 of C19],
and its marginal impact on the PðλobjλtrÞ relation, we defer the
implementation of this contribution to future work.
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We explicitly checked using our mock (see Sec. III A)
that assuming amore realistic radial distribution for the
member galaxies does not significantly affect our
results.

(viii) We neglect photo-z errors in the cluster redshift
estimate and assume that the observed redshift zob is
equal to the true cluster redshift.

(ix) We exclude miscentering effects from the analysis
and set the observed cluster center equal to the true
halo center.

A. Synthetic validation catalogs

To validate our core analytical framework—specifically
the modeling of the small-scale selection bias [Eq. (8)] and
the projected density profile component [Eq. (13)] we
generate a synthetic DES Y3-like cluster catalog according
to the model choices outlined in Sec. III. We start from the
halo catalog derived from theN-body simulation of DeRose
et al. [29] based on a flat-ΛCDM cosmological model with
parameters:Ωm ¼ 0.286, h0 ¼ 0.7,Ωb ¼ 0.047, ns ¼ 0.96,
and σ8 ¼ 0.82. The simulation, which resolves 14003

particles within a cubic volume of ½1050h−1Mpc�3, was
executed using the L-Gadget code, a modified version of
Gadget [30]. A light cone, spanning a quarter of the sky over
redshift 0.1 < z < 0.9, was generated from the simulation.
Halos were identified using the Rockstar halo finder [31]
down to M200m ¼ 1012.5M⊙=h. For this analysis we con-
sider all halos with M200m > 1013h−1M⊙.

4

We assigned an intrinsic richness to each halo according
to its mass and redshift by drawing values from the
probability distribution PðλtrjM; zÞ outlined in Sec. III,
with parameters: Mmin ¼ 1011.4, M1 ¼ 1012.7, α ¼ 0.86,
ϵ ¼ 0.28 and σλ ¼ 0.18.5 Then, to include projection
effects and assign λob we proceed as in C19, and compute
for each halo

λobi ¼ λtri þ Δprj
i ¼ λtri þ

X
j≠i

λtrj f
A
ijwzðzj; ziÞ; ð18Þ

where the sum runs over all the halos in projection with
λtrj < λtri , f

A
ij is the fraction of area of the jth object in

projection which overlaps with the area of the ith target
halo, and wzðzi; zjÞ is the redshift-dependent weight which
accounts for the redshift distance between i and j [see
Eq. (16)]. As mentioned above, this assumes that the
galaxies are uniformly distributed inside the cluster radius;
while a crude approximation, we have explicitly verified
that distributing the galaxies according to a NFW radial
profile does not significantly impact the results. As we neglect the photo-z error on cluster redshift, we set zob of

our mock catalog equal to the true halo redshift. Figure 4
shows the scaling relations between mass, λtr and λob

derived from the mock catalog in the redshift range
0.2 < z < 0.65. The effect of projected structures on the
observed richness can be clearly seen in the various panels.

FIG. 5. Comparison between the model predictions of the
density profiles (solid lines) and the corresponding measurements
from mock data (shaded bands) for λob ¼ 20 and zob ¼ 0.5
clusters. The band width represents the 1σ uncertainty of the
measurements. Upper panel: Two-halo component of the pro-
jected density profile for different λtr values. Larger (lower)
Δprj ¼ λob − λtr values correspond to denser (emptier) lines of
sight. Middle panel: comparison of the hΣprji profile for a
richness-selected sample and a random-selected sample with
the same mass distribution. Lower panel: ratio of the richness-
selected and random-selected total density profiles.

4All masses are defined with respect to an overdensity of 200
relative to the mean.

5These parameter values have been derived by fitting the DES
Y1 cluster counts, assuming the DES Y1 3x2pt cosmology [32].
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To generate mock projected density profiles, we create
Monte Carlo realizations of the projected NFW surface
density profile by sampling dark matter particle positions
around each halo out to a projected radius of 30h−1Mpc. To
ensure well-resolved profiles down to 0.1h−1Mpc we
consider a particle mass of mp ¼ 1010h−1M⊙. Then, for
each system, we compute the mean projected density, in 20
equally log-spaced annuli between 0.1 and 30h−1Mpc,
by considering all the particles in a cylinder of depth
�50h−1Mpc centered on the target halo. The cylinder
depth has been chosen to ensure a proper measurement of
the contribution from correlated structures up to a projected
distance of ∼10h−1 Mpc from the cluster center [see e.g.,
[2,5,33] ]. We explicitly tested that increasing the cylinder
depth to �100h−1Mpc does not affect our results. To
facilitate comparison with our model predictions, we
compute for each cluster, along with the projected density
profile, the contribution to the profile due solely to halos in
projection along the line of sight, i.e. ΣprjðRÞ.

IV. RESULTS

We test our model against the mock catalog considering
the same selection criteria—λob > 20 and zob ∈ ½0.2; 0.65�—
and binning scheme—Δλob ¼ ½20; 30; 45; 60;∞�; Δzob ¼
½0.20; 0.35; 0.50; 0.65�—as those applied to the DESY1 and
Y3 cluster cosmology catalogs [7,11].
We start by assessing the consistency of our model for the

projected component of the density profile,hΣprji, withmock
data. For illustrative purposes, we show in Fig. 5 results for
λob ¼ 20, zob ¼ 0.5—roughly the mean richness and red-
shift of the cosmological sample—although the same results
hold for all the richnesses and redshifts considered in this
work. The upper panel compares model predictions and
mock measurements of hΣprjðRjλob; λtr; zobÞi for different
values of λtr. Themodel predictions (solid lines) are obtained
by substituting bλobðλob; zob; θÞ with bλobðλob; λtr; zob; θÞ in

Eq. (13). Themodel is consistent with the synthetic data and
correctly reproduces the dependence of the cluster environ-
ment onΔprj. Themiddle panel shows the 2-halo component
of the projected density profile for a richness-selected
sample and a random sample sharing the same mass
distribution. The model prediction for the latter is obtained
by replacing bλobðλob; λtr; z; θÞ with beffðλtr; zÞ in Eq. (10).
The bλob model proposed here successfully reproduce the
typical denser environment along the line of sight of
optically selected clusters. Finally, in the lower panel is
shown the ratio of the projected density profiles derived from
a richness-selected and random-selected sample. The optical
density profile bias peaks around ∼1h−1Mpc, correspond-
ing to the transition scale between the one-halo and two-halo
terms. Its bell-shaped form is consistent with findings from
similar studies in the literature [see, e.g., [2,4,5] ], and can be
well described by a double power law with a smooth
transition (see Appendix C). Given the computational cost
of the model, the latter provides a useful approximation to
performcosmological inferencewith optical galaxy clusters.
Second, we study the evolution of the optical cluster bias

and the two-halo component of the density profile with
richness and redshift. The panels in Fig. 6 show the
evolution of these two quantities relative to a random-
selected sample with the same mass and redshift distribu-
tion as the ðλob; zobÞ bin under consideration. Both bλob
(dashed lines) and hΣprji (solid lines) exhibit a mild
evolution with richness and redshift. The redshift trend
can be mainly understood in terms of the evolution of the
photo-z uncertainty, which increases with distance from
the observer, whereas the richness dependence reflects the
denser environments of richer, and therefore on average
more massive, systems.
Finally, we look at the evolution of the overall bias on the

lensing profile as a function of richness and redshift.
Figure 7 shows the ratio of the total density profiles derived
from optically selected and random-selected samples in

FIG. 6. Richness and redshift-evolution of the two-halo component of the density profile, hΣprji, relative to a randomly selected sample
with the same mass and redshift distribution (color-coded solid lines). For comparison, the shaded bands bracket the 1σ statistical
uncertainty of the same quantity measured from the mock catalog. Also shown with dashed lines is the optical cluster bias relative to an
unbiased sample, i.e. the ratio bλobðRÞ=beff .
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different bins. Again, the model (purple solid lines)
reproduces the mock data within the statistical uncertainty
(dashed lines and shaded bands). In this case, there is no
clear trend with richness and redshift as the evolution of the
two-halo term is compensated by the evolution of the one-
halo term to the total density profile. These results can be
qualitatively compared to those presented in Sunayama
et al. [5], Wu et al. [2], Zeng et al. [22] or Salcedo et al. [4];
however, the exact magnitude and evolution of the bias
depend on the specifics of the survey and the cluster finder
under consideration.

V. SUMMARY AND CONCLUSIONS

In this paper, we presented an analytical framework to
predict the selection bias affecting the projected density
profiles of photometric cluster catalogs due to projection
effects. In particular, we modeled the scale-dependent
clustering bias of optically selected clusters, bλob , as a
function of the richness contamination induced by line-of-
sight structures. This relation was then used to compute the
mean contribution of correlated structures to a cluster

projected density profile by integrating the off-axis density
profiles of projected halos.
As a case study, we considered a DES Y3-like photo-

metric cluster sample and generated a synthetic cluster
catalog that self-consistently accounts for projection effects
on both richness and projected density profiles. Motivated
by the analysis of the cluster correlation function of
richness-selected and random-selected mock samples, we
introduced a sigmoid parametrization to describe bλob as a
function of projected angular distance from the cluster
center. We showed that this model successfully reproduces
the dependence of the cluster bias on the magnitude of
projection effects, Δprj ¼ λob − λtr. The distortion induced
by selection effects is strongest at small projected separa-
tions but persists out to scales of R ≃ 10h−1 Mpc. We
further found that the large-scale value of the optical
cluster bias can be well approximated by a linear function
of δprj, the excess of richness bias induced by projection
effects relative to a random sample with the same mass
distribution.
From the model for bλob, we predict the mean number of

halos projected along the line of sight to a target cluster

FIG. 7. Optical selection bias on cluster lensing profiles for different richness and redshift bins (see panels legend). The purple solid
lines correspond to the model predictions, while the dashed blue lines are the mean measurements from the mock catalog along with the
1σ statistical uncertainty (shaded bands).
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with given λob and zob, and thus estimate their contribution
to the projected density profile. Consistent with their
clustering properties, the projected component of the
profile, hΣprji, depends on the magnitude of Δprj, implying
that, on average, λob-selected clusters reside in denser
environments than random-selected samples with the same
mass distribution. All model predictions accurately repro-
duce the corresponding measurements from the synthetic
DES Y3 cluster catalog, including their scale dependence
up to R ∼ 10h−1 Mpc and their evolution with richness and
redshift. In particular, the model captures the characteristic
bell-shaped bias observed in the total density profiles of
optically selected clusters.
The simulation tests performed here were designed to

validate the core analytical equations governing the small-
scale selection bias [Eq. (8)] and the projected component
of the density profile [Eq. (13)]. In general, the magnitude
of bλob and of the projected density bias predicted by the
model depends on the specifics of the cluster finder and
survey, primarily through the projection kernel wzðz; zobÞ
and the conditional probability distribution PðλobjλtrÞ. Both
quantities can be empirically calibrated using simulation-
based approaches or multiwavelength data. The framework
is also readily generalizable to alternative optical mass
proxies, such as the probability-weighted stellar mass μ⋆
[34] or the number of galaxies Ngals used by algorithms like
WaZP [35], provided that the definition of the projection
weight ρprj [Eq. (4)] is adapted accordingly.
Despite its simplicity—for example, the present analysis

neglects cluster miscentering as well as selection effects
related to halo orientation and triaxiality—this work
provides a physically motivated framework to interpret
and predict selection biases in the weak-lensing profiles of
photometric cluster catalogs. In cosmological applications,
it is important to account for systematic uncertainties
associated with the modeling of projection effects, includ-
ing the choice of projection kernel and geometric factor fA,
the calibration of PðλobjλtrÞ, and the assumed functional
form of the optically selected cluster bias bλob . Moreover,
given the large number of nested integrals required to
compute the model predictions, direct implementation in
cosmological parameter-inference pipelines may be com-
putationally expensive. For such applications, we provide
in Appendix C a double power-law fitting function that
approximates the bias in the projected density profile. The
parameters of this fitting function can be assigned priors
calibrated from our model, enabling efficient marginaliza-
tion over systematic uncertainties in the projection model-
ing, as well as over HOD and cosmological parameters in
cosmological analyses.
Finally, although this framework was developed to

describe projected density profiles of optically selected
clusters on scales R≲ 10h−1Mpc, it could in principle be
extended to model their large-scale clustering properties.
We caution, however, that the accuracy of the large-scale

cluster bias prescription, b∞
λob
, has not been tested across

different cosmologies and may require further refinement
for precision clustering analyses.
Software: We gratefully acknowledge the use of the

NUMPY and SCIPY Python libraries [36,37] for numerical
computations and scientific routines, and of MATPLOTLIB

[38] for producing the figures. The linear and nonlinear
matter power spectra were computed using the CAMB

Boltzmann code [39].
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APPENDIX A: ANALYTICAL MODEL FOR bλob

To derive an empirical model for the optical cluster bias,
we consider the ratio of the projected cluster-halo correlation
functions derived from our mock catalog for a richness-
selected sample and a random-selected sample having the
samemass distribution. This ratio corresponds to the ratio of
the cluster biases of the two samples, i.e. bλob=beff , where
beffðλob; zÞ ∝

R
dMPðλobjM; zÞbðM; zÞnðM; zÞ [e.g., [21] ].

Figure 8 shows these measurements along with the best-fit
sigmoid model proposed in this work [Eq. (6)], fixing the
shape parameters to k ¼ 2.5=θλ and θ0 ¼ θλ=2.We note that
To et al. [21] found a qualitatively similar functional form
using a mock redMaPPer catalog obtained by running the
cluster finder directly on synthetic galaxy catalogs
and therefore not relying on our specific assumptions for
wz and fA. To highlight the dependence of bλob on the
magnitude of projection effects, we split the catalog accord-
ing to δprj ¼ Δprj=Δprj

RND−sel − 1, which quantifies the excess
of projection effects compared to a random-selected sample
[color-coded dots and lines in figure; see Eq. (7)]. These
results show that larger (smaller) δprj values correspond to
denser (emptier) environments around the cluster, and that
this effect persists up to large projected distances
[R≳ 10h−1Mpc; see also [5,22] ]. The sigmoid model
provides a good fit to the selection bias measured from
the subsamples, as well as to that inferred from the full
cosmological sample (purple dots and black line).
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To close the system of equations and obtain a predictive
model for bλob, we must constrain one additional degree of
freedom. To this end, we model the boost of the large-scale
bias relative to that of a random-selected sample, b∞

λob
=beff ,

as a function of δprj. As shown in Fig. 9, this quantity
exhibits no clear dependence on richness or redshift
(different colors and markers), and its mean relation (black
dots) is well approximated by a linear function: b∞

λob
=beff ¼

1þ 0.13δprj.
As shown in the main text, this model is sufficiently

accurate to reproduce mock data measurements of the
projected density profiles within their statistical uncertainties.

APPENDIX B: FRACTION OVERLAPPING AREA

Given a model for the normalized projected galaxy radial
distribution, ΣglxðRÞ, and assuming spherical symmetry, the
fraction of member galaxies of a halo in projection that falls
within the area of a target cluster is given by

fAðθ;θλ;θhÞ¼
Z

θλ

0

dϑϑ
Z

φmaxðRÞ

φminðRÞ
dφΣglxðRhÞ

Rh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϑ2þθ2−2ϑθcosðφÞ

p
DAðzÞ

φmaxðRÞ¼−φminðRÞ¼ arccos

�
ϑ2þθ2λ −θ2h

2ϑθλ

�
: ðB1Þ

Here, θ is the angular separation between the two centers,
while θλ ¼ Rλ=DAðzobÞ and θh ¼ Rh=DAðzhÞ denote the
angular sizes of the target cluster and the halo in
projection, respectively. Their projected physical sizes
are computed from the observed cluster and true halo
richness using the empirical calibrated redMaPPer radius
Rλ ¼ ðλ=100Þ0.2h−1Mpc. Assuming that the galaxies are
uniformly distributed within the halo, the fraction sim-
plifies to

fAðθ; θλ; θhÞ ¼
Aovðθ; θλ; θhÞ
πminðθ2λ ; θ2hÞ

ðB2Þ

where Aov is the overlapping area, calculated as

Aov ¼

8><
>:

0; if θ ≥ θλ þ θh;

πminðθ2λ ; θ2hÞ; if θ ≤ jθλ − θhj;
A∩ðθ; θλ; θhÞ; otherwise:

ðB3Þ

with

A∩ðθ;θλ;θhÞ¼θ2λcos
−1
�
θ2þθ2λ−θ2h

2θθλ

�

þθ2hcos
−1
�
θ2þθ2h−θ2λ

2θθh

�
−
1

2
½ð−θþθλþθhÞ

×ðθþθλ−θhÞðθ−θλþθhÞðθþθλþθhÞ�1=2
ðB4Þ

FIG. 8. Ratio of cluster–halo correlation functions of richness-
selected and randomly selected sample with the same mass
distribution. Dots represent measurements from the mock catalog
while the solid lines corresponds to the best-fit sigmoid model
fixing k ¼ 2.5=Rλ andR0 ¼ Rλ=2 [Eq. (6)]. Color-coded lines and
dots correspond to subsamples of the catalogwith different value of
Δprj ¼ λob − λtr normalized to the Δprj value of a mass-selected
sample. The purple dots and black line correspond to the mea-
surements and best-fit model for the whole cosmological sample.

FIG. 9. Large-scale selection bias, b∞
λob
=beff , as a function of

Δprj ¼ λob − λtr normalized to the Δprj value of a random-selected
sample with the same mass distribution. The data points corre-
spond to measurements in different redshift (yellow:
0.2 < z < 0.35; green: 0.35 < z < 0.50; red: 0.50 < z < 0.65)
and richness bins (stars: 20 < λob < 30; crosses: 30 < λob < 45;
triangles: 45 < λob < 60; dots: 60 < λob < ∞) bins. The black
dots with the gray shaded band and solid line represent the mean
measurements (with 1σ uncertainty) over richness and redshift
bins, and the best-fit linear relation, respectively.
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APPENDIX C: ANALYTICAL FITTING
FUNCTION FOR THE SELECTION

BIAS ON PROJECTED
DENSITY PROFILE

For practical purposes, we provide here an analytical
expression to approximate the optical selection bias on the
projected density profile. The bias can be described by a
double power-law with smooth transition, namely

BselðRÞ ¼ A

�
R
R0

�
α
�
1þ

�
R
R0

�
γ
�ðβ−αÞ=γ

þ 1 ðC1Þ

where A sets the amplitude, α controls the slope at small
radii, β the slope in the outer region, R0 defines the
transition scale, and γ determines the smoothness of the
transition. Setting the transition scale R0 to the comoving
cluster radius Rλð1þ zÞ, the best-fit parameters derived
considering the full mock catalog are: A ¼ 0.10, α ¼ 0.92,
β ¼ −0.53, γ ¼ 4.1 (see Fig. 10). For completeness, we
note that the same functional can also approximate the bias
on the excess surface density profile, ΔΣ, a quantity more
directly related to the observable weak-lensing shear
profile.
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