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Long-term numerical relativity simulations of binary black hole systems in the Spectral Einstein Code
(SpEC) code exhibit an unexpected exponential drift of the center-of-mass (CoM) away from the
simulation’s origin. In our work, we analyze this phenomenon and demonstrate that it is not a physical
effect but rather a manifestation of a gauge artifact. The origin of this drift is the reflection of the gauge
waves off the outer boundary of the computational domain. These reflections are introduced by
inaccuracies in the gauge boundary condition, specifically, the application of the Sommerfeld condition
to the time derivative of the gauge fields. Such an approach fails to completely suppress or correctly absorb
the outgoing modes, thereby generating artificial feedback into the simulation. To mitigate this problem, we
introduce a modified boundary condition that incorporates an explicit CoM correction source term
designed to counteract the CoMmotion. Our numerical experiments, performed with the SpEC code, reveal
that this new boundary treatment reduces the CoM drift by several orders of magnitude compared to the
standard implementation, and does not introduce any unwanted physical artifacts.

DOI: 10.1103/b1cd-qysb

I. INTRODUCTION

Numerical relativity (NR) provides the most accurate
solution for the dynamics and gravitational-wave emission
of binary black holes (BBHs). The first stable BBH
evolutions were obtained by Pretorius [1] in the general-
ized-harmonic formulation, followed soon after by the
moving-puncture breakthroughs of Campanelli et al. [2]
and Baker et al. [3]. These NR results play a crucial role
in understanding the dynamics of these astrophysical
phenomena, and the behavior of gravity in extreme
regimes [4–6].
Despite major successes, long-duration NR simulations

remain sensitive to how the artificial outer boundary is
treated. In generalized-harmonic (GH) evolutions with the
Spectral Einstein Code (SpEC) [7], an exponential drift of
the BBH system’s coordinate center-of-mass (CoM) has
been consistently observed [8]. Figure 1 illustrates this
drift, which is a steadily increasing displacement of the
CoM from the coordinate origin over time. It is unclear
whether this boundary issue would occur for moving-
puncture/Baumgart-Shapiro-Shibata-Nakamura codes;
unlike SpEC, these codes generally place the boundary
very far out so that it is causally disconnected over the
simulation time [9–12].

To uncover the cause of this spurious CoM behavior,
Ref. [8] manipulated the outer boundary radius and observed
that the exponential growth rate, denoted by σ, decreases
monotonically with increasing boundary distance as
σ ∝ 1=R1.45. This sensitivity to the boundary location
strongly indicates that the drift is related to a coupling
between the evolving fields and the computational boundary.
This effect makes it infeasible to conduct long-term NR
simulations with small outer boundary radii. To prevent the
drift from affecting the simulation and waveform extraction,
the outer boundary is typically set at radii on the order of
103M [13],whereM is the totalmass of the system.Although
such large boundaries mitigate the drift, they also comewith
an increase in computational expense. Therefore, it is
imperative to thoroughly investigate and address this issue
to enable more efficient long-term NR simulations.
In our study, we probe this effect and find that the CoM

drift is predominantly a gauge effect arising from the
reflection of gauge waves off the outer boundary. These
reflections are caused by the imperfect non-reflective
Sommerfeld boundary condition applied to the time
derivative of the gauge variables. Essentially, while the
Sommerfeld condition is nonreflective for l ¼ 0 outgoing
radiation modes, any nonzero displacement of the CoM
will generate higher-order outgoing radiation modes that
can be reflected by the Sommerfeld condition. These
reflected waves caused by the Sommerfeld condition then*Contact author: dzsun@caltech.edu
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propel the CoM with exponential acceleration. Since the
Sommerfeld condition is only imposed on the gauge
degrees of freedom of the fields, the physical CoM defined
from global Poincaré charges [14–16] is not affected and
does not exhibit exponential drift, as we will show in
Sec. II.
Motivated by these insights, we propose an improved

boundary treatment that mitigates the CoM drift. We add an
additional CoM correction source term to the boundary
condition. This term is formulated to effectively dampen
the CoM velocity or realign the CoM with the coordinate
origin. Numerical tests using our modified boundary
condition demonstrate a significant reduction in the drift
amplitude, by several orders of magnitude relative to the
original setup. Thus, our modification not only clarifies the
origin of the CoM drift but also provides a practical solution
for performing long-term BBH simulations with smaller
outer boundary radii and reduced computational cost.
In this paper, we use lowercase Latin indices from the

beginning of the alphabet to denote four-dimensional
spacetime quantities, whereas lowercase Latin indices from
the middle of the alphabet are spatial. The coordinate CoM
is defined using the Newtonian formula as

rs ¼
m1r1 þm2r2
m1 þm2

; ð1Þ

where r1 and r2 are the coordinates of the center of the two
black holes, which are defined as the surface-area weighted
average of the location of the apparent horizons [13].
The remainder of this paper is organized as follows. In

Sec. II, we show that the CoM drift is a gauge effect by
inspecting the physical charges. In Sec. III, we review the
Sommerfeld gauge boundary condition that is used in
SpEC, and we discuss why this boundary condition leads
to the exponential drift of the CoM. In Sec. IV, we derive
the equation of motion of the CoM under given gauge

boundary conditions. Following this, we present the new
boundary conditions that significantly damp the CoM drift
in Sec. V. And we show that the gauge boundary conditions
do not affect the resulting gauge-fixed waveform in
Sec. VI. In Sec. VII, we discuss the potential of using
higher-order boundary conditions, gauge constraint damp-
ing boundary condition, NR-post-Minkowskian matching,
or Cauchy-Characteristic matching (CCM) as potential
alternative solutions to address the CoM drift. In
Sec. VIII, we provide a few closing remarks. The BBH
simulations used in this paper are performed by the SpEC
code [7].

II. COM DRIFT AS A GAUGE EFFECT

To identify whether the CoM drift is a physical or gauge
effect, we inspect the Poincaré charges that are associated
with the global conserved physical quantities. These
charges are gauge-invariant up to the well-understood
Bondi-van der Burg-Metzner-Sachs (BMS) group freedom
[17–19]. We will address the BMS frame ambiguity in
Sec. VI. The Poincaré charges are given by the integral of
the Bondi mass aspect mB, the Lorentz aspect N, and the
energy moment aspect E over the celestial two-sphere
(future null infinity Iþ from the source) [19]. These
functions are given in the Moreschi-Boyle convention
[16,20,21] using the Bondi-Sachs coordinates fu; r; θAg as

mBðu; θAÞ≡ −Re½Ψ2 þ σ ˙̄σ�;

Nðu; θAÞ≡ −
�
Ψ1 þ σðσ̄ þ uðmþ 1

2
ððσσ̄Þ

�
;

Eðu; θAÞ≡ N þ uðm

¼ −
�
Ψ1 þ σðσ̄ þ 1

2
ððσσ̄Þ

�
: ð2Þ

Here Ψi are the Weyl scalars, σ is the Newman-Penrose
shear, and an overbar represents complex conjugation. For
a quantity η of spin weight s, the spin-weight raising
operator ð can be written as [22,23]

ðη ¼ −
1ffiffiffi
2

p ðsin θÞs
�
∂

∂θ
þ i
sin θ

∂

∂ϕ

�
ððsin θÞ−sηÞ: ð3Þ

With these functions defined at Iþ, we then have the
energy-momentum charge and complex dipole moment
defined as

Pa ¼ 1

4π

Z
Iþ

namBdΩ;

Da þ iJa ¼ 1

4π

Z
Iþ

ð̄naEdΩ; ð4Þ

FIG. 1. CoM displacement from the origin for different outer
boundary radii. The system is equal mass and nonspinning.
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where na ¼ ð1; sin θ cos ϕ; sin θ cos ϕ; cos θÞ. Here the
real partD defines the gauge-independent mass dipole, and
the imaginary part J defines the angular momentum.
A gauge-independent measurement of the CoM dis-

placement, i.e., the CoM charge, can be defined as the mass
dipole D scaled by the total energy P0 [14–16],

Gi ≡Di

P0
: ð5Þ

To carry out this check, we use Cauchy-characteristic
evolution (CCE) to extract the Weyl scalars and σ at Iþ
[24,25]. The Cauchy evolution parts are performed using
the SpEC code [7], and the CCE computations are
performed using the SpECTRE code [26]. CCE uses a
worldtube from the Cauchy evolution of the Einstein field
equations as the inner boundary to a characteristic evolu-
tion on a null foliation. The gravitational information is
evolved to future null infinity, so one can extract Weyl
scalars there unambiguously from any Cauchy evolution.
Figure 2 shows the evolution of CoM coordinates

alongside the corresponding CoM charges of an equal-
mass and nonspinning system. The CoM charges are
computed using the SCRI package [27]. The CoM charges

in each direction shown in the lower panel are considerably
smaller than the corresponding CoM coordinates shown in
the upper panel, and they do not exhibit exponential
growth. This is strong evidence that the exponential
CoM drift primarily arises as a gauge effect caused by
inaccuracies in the gauge boundary conditions, rather than
a genuine physical motion.

III. SOMMERFELD BOUNDARY CONDITION

In this section, we first review the gauge boundary
condition used in the SpEC code, and then use a propa-
gating scalar wave as a toy model to show how reflections
can be generated by this boundary condition.

A. Gauge boundary condition in SpEC

The gauge boundary condition used in SpEC is the
Sommerfeld nonreflective boundary condition [28,29]. The
Sommerfeld boundary condition acts on a general propa-
gating tensor wave Ψ as

LΨ ≐ 0; ð6Þ

where

L ¼ ∂t þ ∂r þ
1

r
; ð7Þ

and ≐ denotes equality at the boundary.
For gravitational waves, the spacetime metric can be

approximately decomposed as a background part gðBÞab that
changes “adiabatically,” and a propagating wave part hab,

gab ¼ gðBÞab þ hab: ð8Þ

The Sommerfeld boundary condition should then act like

Lhab ≐ 0: ð9Þ

The use of approximations for gðBÞab may introduce inaccur-
acies in the boundary condition, leading to junk reflections
within the simulation domain. To address this issue, we can
further refine the boundary condition by taking a time

derivative, thus removing the ambiguity in gðBÞab , resulting in

∂tðLgabÞ ≐ 0: ð10Þ

In SpEC, the Einstein equations are solved using the GH
formalism, with the gauge condition given by

∇c∇cxa ¼ Ha; ð11Þ

where Ha are the gauge source functions. In the GH
formalism, the Einstein equations can be written in first-
order form [30] by introducing the derivatives of gab as

FIG. 2. Upper panel shows the evolution of CoM coordinates
and the lower panel shows their corresponding CoM charge. The
outer boundary radius is set as 100M.
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additional variables Φiab ≡ ∂igab and Πab ≡ −tc∂cgab,
where tc is the future directed unit normal to the t ¼
constant hypersurfaces. The gauge boundary condition is
imposed on the incoming characteristic field, given by

u1−ab ¼ Πab − niΦiab − γ2gab; ð12Þ

where ni is the outward-pointing spatial normal vector to the
outer boundary, and γ2 is introduced to damp the constraint
violation ∂igab −Φiab. The ingoing and outgoing null
vectors are given by ka ¼ 1ffiffi

2
p ðta−naÞ and la¼ 1ffiffi

2
p ðtaþnaÞ.

In this notation, if we assume the background metric
to be either constant or changes “adiabatically,” i.e.,
∂tgBab ∼

v
c ∂thab, where v is the coordinate velocity of the

BH and v=c ≪ 1, and hab is a spherical wave, then the
Sommerfeld gauge boundary condition reads approximately
as

PGcd
ab dt

�
u1−cd þ

�
γ2 −

1

r

�
gcd

�
≐ 0: ð13Þ

Here PGcd
ab ¼ ½kakblðc þ kaδ

ðc
b þ kbδ

ðc
a �ldÞ is the projection

operator that removes the four constraint-preserving degrees
of freedom corresponding to the incoming constraint fields
and two physical degrees of freedom that correspond to
backscattered gravitational waves. This leaves four degrees
of freedom that correspond to the gauge part of the field,
which determine the lapse and shift (see [29] for more
details). Here dtu is the incoming characteristic projection of
∂tu, as defined in Ref. [30]: If the fundamental fields are uα

and the characteristic fields are uα̂ ≡ eα̂βuβ where Greek
letters label each field and eα̂β are the characteristic eigen-
vectors, then dtuα̂ ≡ eα̂β∂tuβ.

B. Reflection from the boundary condition

To understand how the CoM drift is coupled with the
outer boundary condition, we first consider a scalar wave in
three-dimensional flat space as a toy model,

ψlmkðr; θ;ϕ; tÞ ¼ eikt
�
hð1Þl ðkjr − rsjÞYm

l ðθ;ϕÞ

þ
X
l0;m0

ρll0m0h
ð2Þ
l0 ðkjr − rsjÞYm0

l0 ðθ;ϕÞ
�
;

ð14Þ

where hð1Þ; hð2Þ are spherical Hankel functions that corre-
spond to the outgoing and ingoing waves, ρll0m0 are the
reflection coefficients, and rs is the location of the source.
We impose the Sommerfeld boundary condition Eq. (6)

on this scalar field, and calculate ρll0m0 for 0 ≤ l ≤ 3, l0 ¼
l andm0 ¼ 0. In Fig. 3, we show the results as a function of
the distance of the source from the origin, rs, normalized by

the outer boundary radius R. We can see that the
Sommerfeld boundary condition is only perfectly non-
reflective for the l ¼ 0 mode for a source located at the
origin (rs ¼ 0). When the source is positioned away from
the origin (rs > 0), there will be mode mixing and the
Sommerfeld boundary condition is not nonreflective any-
more. As we shall show below in Sec. IV, this reflection of
the gauge wave leads to the drift of the CoM observed in
BBH simulations.
This leads us to generalize the Sommerfeld boundary

condition in Eq. (6) by introducing a parameter r0. The
radial coordinate r is modified to jr − r0j, in order to
eliminate the reflections of l ≠ 0 modes

Lðr0Þψ ≐ 0; ð15Þ

where

Lðr0Þ ¼ ∂t þ ∂jr−r0j þ
1

jr − r0j
: ð16Þ

Lð0Þψ ≐ 0 corresponds to the original Sommerfeld boun-
dary condition.
To show how the introduced parameter r0 works, we

consider a spherical wave sourced at rs instead of the
origin,

ψðr; tÞ ¼ 1

jr − rsj
ðeikðjr−rsj−tÞ þ ρe−ikðjr−rsjþtÞÞ; ð17Þ

which has nonzero l modes with respect to the origin. In
this case we can adjust the r0 parameter in Eq. (16) to shift
the boundary condition with respect to the source, effec-
tively eliminating reflected waves. Figure 4 illustrates the
reflection coefficient ρ as a function of r0. Notably, when
r0 ¼ rs, the boundary condition becomes nonreflective,
demonstrating its efficacy in preventing wave reflections.

FIG. 3. Reflection coefficient jρll0m0 j for different l. Given
m0 ¼ 0, l0 ¼ l, k ¼ 1, t ¼ 0, θ ¼ ϕ ¼ 0.
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IV. COM DYNAMICS

In this section we will derive the leading-order equation
of motion for the CoM under the interaction with the outer
boundary gauge reflection. The derivation will only focus
on the leading-order effects.
We use the following notation: rs is the location of the

CoM.R is the field point on the outer boundary, and x1 and
x2 are the locations of the black holes. We assume
rs ≪ r12 ¼ jx1 − x2j ≪ R, and rs ≪ 1=k, where k is the
wave number of the metric perturbation. The setup is
shown in the schematic diagram in Fig. 5. The metric
perturbation in the region near the outer boundary
(r ∼ R ≫ r12) can be written as the summation of outgoing
and ingoing waves

habðr; tÞ ¼ houtgoingab ðr; tÞ þ hingoingab ðr; tÞ

¼
�
foutab ðθ;ϕÞ

eikjr−rsj

jr− rsj
þ finabðθ;ϕÞ

X
l0

ρl0h
ð2Þ
l0 ðkrÞ

�

× e−ikt þO

�
1

R2

�
: ð18Þ

Near the outer boundary, the quantity hð2Þl0 ðkrÞ behaves like
e−ikr=rlþ1, so we will only focus on the dominant l ¼ 0

reflected mode. Substituting the Sommerfeld boundary
condition Eq. (9), we obtain

ρ0 ¼
R̂ · rs
2R2

e2ikR þO
�
r2s
R2

�
: ð19Þ

The ingoing perturbation is then given by

hingoingab ðr; tÞ ¼ finabðθ;ϕÞ
r̂ · rs
2R2

eikð2R−r−tÞ

r
þO

�
r2s
R3

�
: ð20Þ

The momentum flux carried by a gravitational perturba-
tion on the outer boundary is given by the integral of the
Landau-Lifshitz pseudotensor on the outer boundary

dPi

dt
¼ −

Z
r¼R

tijLLr̂jr
2dΩ; ð21Þ

where

tijLL ¼ 1

16π
�
−g

� 	∂a� ffiffiffiffiffiffi
−g

p
gij

�
∂b

� ffiffiffiffiffiffi
−g

p
gab

�
− ∂a

� ffiffiffiffiffiffi
−g

p
gia

�
∂b

� ffiffiffiffiffiffi
−g

p
gjb

�

þ 1

2
gijgab∂c

� ffiffiffiffiffiffi
−g

p
gad

�
∂d

� ffiffiffiffiffiffi
−g

p
gbc

�þ gabgcd∂c
� ffiffiffiffiffiffi

−g
p

gia
�
∂d

� ffiffiffiffiffiffi
−g

p
gjb

�
−
�
giagbc∂d

� ffiffiffiffiffiffi
−g

p
gjc

�
∂a

� ffiffiffiffiffiffi
−g

p
gbd

�þ gjagbc∂d
� ffiffiffiffiffiffi

−g
p

gic
�
∂a

� ffiffiffiffiffiffi
−g

p
gbd

��
þ 1

8

�
2giagjb − gijgab

��
2gcdgef − gdegcf

�
∂a

� ffiffiffiffiffiffi
−g

p
gcf

�
∂b

� ffiffiffiffiffiffi
−g

p
gde

�
 ð22Þ

FIG. 4. Reflection coefficient jρj for a spherical wave whose
source is localized at rs=R ¼ 0.15, with k ¼ 1, t ¼ 0, θ ¼ ϕ ¼ 0.

FIG. 5. Schematic diagram showing the domain setup and
symbols.
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is quadratic in the first derivatives of the metric. Using the
decomposition

gab ¼ gðBÞab þ houtgoingab þ hingoingab ; ð23Þ

the terms in the outer boundary integral in Eq. (21) that

involve only gðBÞab and houtgoingab drop out, because they are
even functions with respect to the source when time-
averaged over orbits, while r̂ is odd, therefore their product
is odd and integrates to zero over the boundary. So the
leading-order nonvanishing result of the integral Eq. (21)

comes from terms involving the product of ∂ag
ðBÞ
bc and

∂ah
ingoing
bc . The terms involving the product of ∂ah

outgoing
bc

and ∂ah
ingoing
bc are on the order of Oðh2Þ, so we will ignore

them in the leading-order calculation.
In the region near the outer boundary (r ∼ R ≫ r12), the

background metric can be described using the post-
Newtonian approximation [31,32]

gðBÞ00 ¼ −1þ 2Gm1

c2r1
þO

�
1

c4

�
þ 1 ↔ 2;

gðBÞ0i ¼ −
4m1

c3r1
vi1 þO

�
1

c5

�
þ 1 ↔ 2;

gðBÞij ¼
�
1þ 2Gm1

c2r1

�
δij þO

�
1

c4

�
þ 1 ↔ 2: ð24Þ

So we have ∂ag
ðBÞ
bc ∼ 1=R2 þOðv=R2Þ. And from Eq. (20),

we have ∂ah
ingoing
bc ∼ ðR̂ · rsÞ=R3þOðr2s=R4Þ. Thus Eq. (21)

gives dPi=dt ∼ ris=R3 at leading order. This leads us to the
CoM equation of motion,

̈rsðtÞ −
a
R3

rsðtretÞ ¼ 0; ð25Þ

where a is a dimensionless coefficient that collects the
numerical factors from the leading-order evaluation of the
outer boundary Landau-Lifshitz momentum flux, after
keeping only the dominant ∂gðBÞ∂hingoing contribution.
Here, the momentum flux takes the value at a retarded
time tret ≈ t − 2R. For t ≫ R, the solution is given by

rsðtÞ ¼ A exp

� ffiffiffi
a

p
R3=2 t

�
: ð26Þ

The solution with a positive a is consistent with [8], whose
results showed the exponential growth rate σ ∝ R−1.45, as
shown in Fig. 1. In this leading order model the binary
parameters primarily set the magnitude of the flux rather
than its parity structure, so we do not expect the sign of the
coefficient a to change with binary parameters.
We emphasize that the mechanism underlying Eq. (25)

requires the outer boundary to be causally connected with
the source (i.e., that reflected gauge perturbations can

return on a timescale ∼2R). If instead the outer boundary
is placed sufficiently far out that the evolution time satisfies
tevol ≲ 2R, the feedback loop is effectively absent.

V. MODIFIED BOUNDARY CONDITIONS

Having understood how the Sommerfeld boundary
condition in Eq. (15) leads to exponential drift of the
CoM, we now use Eq. (16) to modify the boundary
condition to control the gauge reflection and the CoM
drift. The parameter r0 is introduced as a source term in the
boundary condition. Following the derivation in Sec. IV, we
obtain the equation of motion for the CoM under Eq. (16)

̈rsðtÞ þ
a
R3

ðr0 − rsÞðtretÞ ¼ 0: ð27Þ

For t ≫ R, the second term can be linearly expanded as

̈rs −
2b
R2

ðṙ0 − ṙsÞ þ
a
R3

ðr0 − rsÞ ¼ 0; ð28Þ

where b ¼ ðt − tretÞ=ð2RÞ.
We approximately treat b as a constant parameter, given

that the location of the outer boundary does not change
significantly during the simulation, i.e., ΔR=R ≪ 1. Then
we can treat the CoM coordinate quantities (i.e., rs, ṙs and
̈rs) as measured at the time when the boundary condition is
imposed, rather than at the retarded time.
One possible approach to control the drift is to allow the

auxiliary parameter r0 above to depend on rs, ṙs and t in a
way that ensures the solution to Eq. (28) does not exhibit
exponential growth. In the following, we consider two
specific forms of such dependence.

A. Example 1

We take a simple case as an example. Consider r0 ¼ λrs,
where λ is a free parameter. Substituting into the CoM
equation of motion Eq. (28), we get

̈rs − 2σṙs þ ω2rs ¼ 0; ð29Þ

where

σ ¼ b
ðλ − 1Þ
R2

; ω ¼ ffiffiffi
a

p ðλ − 1Þ1=2
R1.5 : ð30Þ

For the limit R ≫ rs and t ≫ 1, the equation gives

rs ¼
�
Aejωjt ðλ < 1Þ;
Aeσt sin ðωtþ ϕ0Þ ðλ > 1Þ: ð31Þ

In terms of the incoming characteristic field, the boundary
condition Eq. (16) reads
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PGcd
ab dt

�
u1−cd þ

�
ni −

ri − λris
jr − rsj

�
Φicd

þ
�
γ2 −

1

jr − λrsj
�
gcd

�
≐ 0: ð32Þ

To test the model, we perform simulations of equal-mass
and nonspinning system with different outer boundary radii
R and free parameter λ. The initial separation is 19M and
the merger time is around 11000M. The simulation results
exhibit strong agreement with the model fitting based on
Eq. (31), as shown in Fig. 6. By fitting the growth rate σ and
frequency ω from Eqs. (30) and (31) to the NR results for
different λ, we obtain the parameters a ¼ 0.54 and
b ¼ 0.64, which are independent of λ. The parameter b
is greater than a due to the general relativity time lag.
To further test this model, we consider the growth rate

σ ¼ 0.64ðλ − 1Þ=R2. According to this formulation, when
ðλ − 1Þ ∼ R2, the growth rate is expected to be independent
of R. We plot the CoM drift for different R and λ in Fig. 7.
The observed results indeed agree with the anticipated
behavior.
Equation (31) shows that the growth rate of the solution

is always positive, regardless of the value of the free
parameter λ. One way to decelerate the CoM is to introduce
an additional term involving ṙs in the equation of motion,
Eq. (29), to act as a damping term.
To do this, we introduce an additional velocity term to

Eq. (16),

Lðr0; ṙs; μÞ ¼ ∂t þ ∂jr−r0j þ
1

jr − r0j
þ μn · ṙs; ð33Þ

where n represents the outward-pointing normal vector
to the outer boundary, and μ is a parameter. With this

modification, the boundary condition, expressed in terms of
the incoming characteristic field, becomes,

PGcd
ab dt

�
u1−cd þ

�
ni −

ri − λris
jr − λrsj

�
Φicd

þ
�
γ2 −

1

jr − λrsj
�
gcd − μ

ri − ris
jr − λrsj

ṙis

�
≐ 0: ð34Þ

Here rs and its time derivative are evaluated at the same
coordinate time that the boundary condition is imposed.
The post-Newtonian equation of motion of the CoM under
this new boundary condition is then

ð1 − 2bμRÞ̈rs þ ðμ − 2σÞṙs þ ω2rs ¼ 0; ð35Þ

where b is the dimensionless retarded time parameter
introduced in Eq. (28). For this equation to exhibit damping
behavior, the parameter μ must satisfy the following
conditions:

FIG. 6. Green and blue lines are the results for R ¼ 100M,
λ ¼ 5 and R ¼ 200M, λ ¼ 80, respectively, under gauge boun-
dary condition Eq. (32). The wider gray lines are their fits. The
system is equal mass and nonspinning. The initial separation is
19M and the merger time is around 11000M.

FIG. 7. Different results with similar ðλ − 1Þ=R2 ratio under
gauge boundary condition Eq. (32). The system is equal mass and
nonspinning. The initial separation is 19M and the merger time is
around 11000M.
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ðμ − 2σÞ2 < 4ω2ð1 − 2bμRÞ;

2σ < μ <
1

2bR
: ð36Þ

As a good choice, we can set

μ≡ ωþ 2σ: ð37Þ

Now the only remaining free parameter is λ. As
discussed in Sec. IV, we can set ðλ − 1Þ ∼ R2 so that the
growth or damping rate becomes independent of the outer
boundary radius. For ðλ − 1Þ ¼ ðR=100Þ2, the correspond-
ing results are displayed in Fig. 8. This demonstrates the
effectiveness of the modified boundary condition in damp-
ing the CoM drift.
An alternative way to introduce CoM damping for

Eq. (29) without introducing an additional damping term
like Eq. (33) is to use r0 in the boundary condition only
when the CoM is accelerating. Namely,

r0 ¼
�
λrs ð̈rs · ṙs ≥ 0Þ;
0 ð̈rs · ṙs < 0Þ: ð38Þ

The result for this approach is shown in Fig. 9, where we
increased the initial separation to 29M and the merger time

to around 50000M to show the long term behavior, since
the oscillation time scale is longer than the previous cases.
This approach is more robust than Eq. (33) because it has
fewer parameters.

B. Example 2

Now we consider r0 ¼ rs þ ηRṙs, where η is a free
parameter. The boundary condition expressed in terms of
the incoming characteristic field then reads

PGcd
ab dt

�
u1−cd þ

�
ni −

ri − ris − ηRṙis
jr − rs − ηRṙsj

�
Φicd

þ
�
γ2 −

1

jr − rs − ηRṙsj
�
gcd

�
≐ 0: ð39Þ

Then the CoM equation of motion Eq. (28) becomes

α̈rs þ βṙs ¼ 0; ð40Þ

where

α ¼ 1 −
2bη
R

; β ¼ aη
R2

: ð41Þ

FIG. 8. CoM drift and velocity under the gauge boundary
condition Eq. (34) with λ ¼ 1þ ðR=100Þ2. The upper panel
shows the CoM drift and the lower panel shows the CoM
velocities. The black curves are the results obtained using the
original Sommerfeld boundary condition, and the other curves
are results with the new boundary condition for R ¼
100M; 200M and 400M. The system is equal mass and non-
spinning. The initial separation is 19M and the merger time is
around 11000M.

FIG. 9. CoM drift and velocity under gauge boundary condition
Eq. (32) with r0 specified by Eq. (38), where λ ¼ 1þ ðR=100Þ2.
The upper panel shows the CoM drift and the lower panel shows
the CoM velocities. The black curves are the results obtained
using the original Sommerfeld boundary condition, and other
curves are results under the new boundary condition for R ¼
200M; 400M and 800M. The system is equal mass and non-
spinning. The initial separation is 29M and the merger time is
around 50000M.
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The equation gives

rs ¼ c1 − c2e−αt=β; ð42Þ

where c1 and c2 are constants determined by the initial
conditions. Equation (42) guarantees a damping solution as
long as α > 0. We plot the CoM drift and velocity under
this gauge boundary condition in Fig. 10. This approach
avoids the oscillation of CoM around the coordinate origin,
but the damping rate of the CoM drift is smaller than the
other example.

C. General system

The results obtained so far are specific to equal-mass
nonspinning systems. In more general cases with nonequal
masses and spin precession, the Newtonian measurement of
CoM can exhibit circular motion in addition to the linear
drift, as indicated by the blue curve in Fig. 11. However, in
the new gauge boundary condition, Eqs. (16) or (33), we
require the orbit-averaged drift coordinate and drift velocity
as rs and ṙs, rather than the quantities associated with the
circular motion. So we average the CoM coordinate and
velocity over that last available orbit during the simulation,
and take the averaged quantities hrsi and hṙsi in the

FIG. 10. CoM drift and velocity under gauge boundary con-
dition Eq. (39) with r0 ¼ rs þ ηRṙs, where η ¼ R=4. The upper
panel shows the CoM drift and the lower panel shows the CoM
velocities. The black curves are the results obtained using the
original Sommerfeld boundary condition, and the other curves
are results under the new boundary condition for R ¼
200M; 400M and 800M. The system is equal-mass and non-
spinning. The initial separation is 29M and the merger time is
around 50000M.

FIG. 11. CoM trajectory under gauge boundary condi-
tion Eq. (32) with r0 specified by Eq. (38), where
λ ¼ 1þ ðR=100Þ2, with an enlargement near the origin in the
upper smaller panel. The black curve is obtained using the
original Sommerfeld boundary condition, and the blue curve is
obtained using the new boundary condition. The system has
q ¼ 1, χ1 ¼ ð0.1; 0.2; 0.3Þ, χ2 ¼ ð0.2; 0.4; 0.1Þ, and R ¼ 200M.
The initial separation is 29M and the merger time is around
65000M. The vectorial displacement of the CoM under the new
BC is shown in Fig. 12, and the overall CoM drifting is shown in
Fig. 13.

FIG. 12. x and y coordinates of CoM under the new boundary
condition with the same configuration with Fig. 11.
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boundary condition. Here hfi ¼
R

t

t0
fðt0Þdt0
t−t0

, where t0 is found
by maximizing the dot product r12ðtÞ · r12ðt0Þ over a time
window ½t − 3π=Ω; t − π=Ω�, with Ω being the orbital
angular velocity.
As an illustration, we take the boundary condition

Eq. (16) with Eq. (38). We use a system with mass ratio
q ¼ 1 and dimensionless spin parameters χ1 ¼ ð0.1; 0.2;
0.3Þ and χ2 ¼ ð0.2; 0.4; 0.1Þ. The initial separation is 29M
and the merger time is around 65000M. The resulting
trajectory is shown as the green curve in Fig. 11, the
vectorial displacement of the CoM under the new BC is
shown in Fig. 12, and the overall CoM drifting is shown in
Fig. 13. The surge of the CoM velocity near merger is
expected and physical: it is the kick due to the asymmetry
of the BBH system. Testing shows that this approach is
effective for mass ratio q up to 8 and spin jχ1;2j up to 0.8.

VI. THE EFFECT ON WAVEFORMS

In theory, modification to a gauge boundary condition
should not have any impact on waveforms. However, it is
crucial to check this. The conclusion should be general to
all waveforms, not specific to a single example, since our

boundary condition treatments do not depend on the
intrinsic parameters of the system like masses and spins.
It is worth noting that the BBH system exhibits asymp-

totically flat behavior. Bondi, van der Burg, Metzner, and
Sachs [17–19] demonstrated that the spacetime symmetry
at the asymptotic boundary can be described by the BMS
group. This BMS group characterizes the asymptotic
symmetry of spacetimes that are asymptotically flat at null
infinity. Refs. [16,33] showed the importance of having
both waveforms in the same BMS frame for making
accurate comparisons. We follow their process to map
waveforms obtained using CCE to the same BMS frame
using the SCRI package [27] and the NRPNHybridization

code [34].
After fixing the BMS frame and performing the required

3D rotation and time alignment, we observe that the time-
domain mismatch between the waveforms obtained under
the Sommerfeld gauge boundary condition and our new
gauge boundary condition for the equal-mass and non-
spinning system over a 10000M window is on the order of
10−12, and for the precessing system over a 60000M
window is on the order of 10−7. The residual is depicted
in Fig. 14 for these two cases. This mismatch is much
smaller than the numerical error between different reso-
lutions, since the numerical error is dominated by the grid
spacing, and we are not changing the grids when modifying
the boundary condition. The mismatch is consistent with
the tolerance of BMS frame fixing and rotation alignment.
So there is no evidence suggesting that the modification of
the gauge boundary condition can affect the waveform,
once all the gauge ambiguities are fixed. This is as expected
since we only modify the gauge part of the boundary
conditions.

VII. ALTERNATIVE BOUNDARY CONDITIONS

A. Bayliss-Turkel condition

Since Fig. 3 shows that the Sommerfeld boundary
condition is only non-reflective for the l ¼ 0 mode, a
straightforward idea is to use higher-order boundary con-
ditions that are non-reflective for higher l modes. Such
boundary conditions are known as Bayliss-Turkel boun-
dary conditions [35]. They are given by

Bkψ ≐ 0; ð43Þ

where

Bk ¼ Πk
l

�
∂t þ ∂r þ

2l − 1

r

�
: ð44Þ

However, given the presence of the high order derivatives,
the well posedness of these high-order boundary conditions
when applied to the first order generalized-harmonic
evolution [30] is not yet proven.

FIG. 13. CoM drift and velocity under gauge boundary con-
dition Eq. (32) with r0 specified by Eq. (38), where
λ ¼ 1þ ðR=100Þ2. The upper panel shows the CoM drift and
the lower panel shows the CoM velocities. The black curves are
the results obtained using the original Sommerfeld boundary
condition, and the other curves are results under new boundary
condition for R ¼ 200M; 400M and 800M. The system has
q ¼ 1, χ1 ¼ ð0.1; 0.2; 0.3Þ, and χ2 ¼ ð0.2; 0.4; 0.1Þ. The initial
separation is 29M and the merger time is around 65000M. The
black curves end earlier because the CoM displacement gets so
large that the simulation crashes.
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Here we test the second-order Bayliss-Turkel boundary
condition. In terms of incoming characteristic fields in
SpEC, it can be written as

PGcd
ab

�
∂tu1−cd − ∂t∂rgcd − ∂

2
rðgcd − gbackgroundcd Þ

þ
�
γ2 −

4

r

�
∂tgcd −

4

r
∂rðgcd − gbackgroundcd Þ

−
2

r2
ðgcd − gbackgroundcd Þ

�
≐ 0: ð45Þ

Here the first derivatives of the metric are computed using
the fundamental variables Φ and Π in the first-order GH
system [30], and the second derivatives of the metric are
computed from derivatives of Φ and Π. To approximate
gbackground, we tried using the Minkowski metric, the
Schwarzschild metric, and the metric used in the initial
condition. However, in all cases, there were large junk
reflections that caused discontinuities in both CoM velocity
and CoM drift, and even led to simulation crashes. This
raises concerns about the suitability of the second-order
Bayliss-Turkel boundary conditions for BBH simulations
in SpEC.
An alternative approach to implement the Bayliss-Turkel

type boundary condition without using the background
metric is to introduce auxiliary variables defined on the
outer boundary that evolve via a simple ordinary differential

equation system [36]. These variables represent the residuals
of the Bayliss–Turkel type absorbing operator Eq. (44) for
each l,mmode at each order k. Driving them consistently to
zero enforces the higher-order absorbing condition. In [36],
the higher-order absorbing condition is only imposed on the
physical degrees of freedom, and it is shown that the
coordinate drift of CoM is not reduced. We leave further
investigation of imposing higher-order boundary conditions
on the gauge degrees of freedom for future studies.

B. Gauge constraint damping condition

The gauge constraint damping boundary condition [37]
explicitly drives the incoming characteristic fields on the
outer boundary to satisfy the gauge condition Ca ¼ Ha−∇c∇cxa → 0.
The gauge constraint damping boundary condition can

be written as

dtu1− ≐ −μBðu1− − u1−jBCÞ; ð46Þ

where μB is a freely chosen damping parameter that
exponentially suppresses any constraint violation crossing
the boundary, and u1−ab l

bjBC is chosen so that the incoming
characteristic projection of the constraint fields Ca vanishes.
In terms of the characteristic variables in SpEC, the gauge
constraint damping boundary condition reads

FIG. 14. Waveform differences under modified gauge boundary condition Eq. (32) with r0 specified by Eq. (38), where
λ ¼ 1þ ðR=100Þ2, and original boundary condition Eq. (13) for two systems. We follow the procedure discussed in Sec. IV of
[33] to fix the BMS frame, rotation and time shift between the two waveforms.
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PGcd
ab dtu1−cd ≐ −μBPGcd

ab ðu1−cd − u1−cd jBCÞ
≐

μBffiffiffi
2

p ðkakblc þ kaδcb þ kbδcaÞðδdc − tctdÞCd:

ð47Þ

Please refer to Appendix E of Ref. [37] for details.
The gauge constraint damping boundary condition

should be effective at suppressing violations of the GH
gauge constraints at the outer boundary [37]. Nevertheless,
this condition does not enforce a purely outgoing wave: the
gauge condition Eq. (11) still admits both ingoing and
outgoing gauge modes, so reflections can still occur in
practice. Figure 15 compares the CoM drift and its velocity
for an equal-mass, nonspinning system with an initial
separation of 29M, and the merger time is around
50000M. Evolution that uses the gauge constraint damping
boundary condition (blue curves) exhibits an even larger
drift than the result obtained using the original Sommerfeld
condition (black curves), indicating that the gauge con-
straint damping boundary condition does not reduce the
reflection from the outer boundary and therefore fails to
reduce the CoM drift.

C. Multipolar post-Minkowskian (MPM)

Another potential approach to reduce the CoM drift is
to impose the boundary condition with analytic data
supplied by the multipolar post-Minkowskian (MPM)
expansion [38–41]. Reference [42] gives the multipolar
post-Minkowskian metric in Bondi coordinates, expressed
entirely in terms of the source’s mass and current multipole
moments. By mapping the NR Cauchy coordinates to the
Bondi frame using theCCEprocedure developed in [24], one
can evaluate the MPM solution on the outer boundary and
supply it as time-dependent boundary data for the Cauchy
evolution. Because this analytically matched metric already
satisfies the correct outgoing-radiation behavior, it should
suppress gauge reflections at the boundary and is therefore
expected to reduce the CoM drift. This procedure is signifi-
cantly more complicated than other methods discussed here,
so we leave it for future studies.

D. CCM

Alternatively, CCM [43–46] can also provide accurate
physical boundary conditions for the Cauchy domain by
performing a matching of the internal Cauchy system and
the exterior characteristic system. But currently only the
physical part of the fields is matched for BBH systems
[45,46]. Using CCM for the gauge part of the fields is a
promising approach to reduce the CoM drift, and we leave
this also for future studies.

VIII. CONCLUSIONS

In this paper, we analyze the exponential drift of the
CoM during long NR simulations of BBH systems. We
have demonstrated that this drift is primarily caused by the
reflection due to the gauge outer boundary conditions. To
understand this issue, in the post-Newtonian approximation
we have derived the equation of motion for the CoM under
various versions of the gauge boundary conditions.
To mitigate the drift, we propose a modification of the

boundary conditions by introducing CoM source terms. The
specific form of the source term is not unique, andwe present
two specific examples showing that the CoM drift can be
reduced by several orders of magnitude by incorporating
these source terms into the gauge boundary condition.
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