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The consistency of the embedding of four-dimensional SOð8Þ gauged N ¼ 8 supergravity into eleven-
dimensional supergravity, where the internal directions are compactified on a seven-sphere, was established
by de Wit and Nicolai in the 1980s. The reduction Ansatz for the eleven-dimensional metric, and for some
of the components of the 4-form field strength, were found at that time, and recently the complete
expression for the 4-form reduction has been obtained. The expressions are quite complicated, and in many
practical applications it would be sufficient to know the Ansatz for a subset of the four-dimensional fields.
In this paper, we obtain explicit expressions for the embedding of the truncation of the full N ¼ 8 gauged
theory to the N ¼ 2 gauged STU supergravity. This corresponds, in the bosonic sector, to a consistent
truncation of theN ¼ 8 supergravity fields to those that are singlets under the Uð1Þ4 Cartan subalgebra of
SOð8Þ. This truncation to STU supergravity, which comprises N ¼ 2 supergravity coupled to three vector
multiplets, suffices, for example, for lifting the general 8-charge asymptotically anti–de Sitter rotating black
holes to eleven dimensions. We also give two distinct further truncations to N ¼ 2 supergravities coupled
to single vector multiplets.
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I. INTRODUCTION

The idea that the four-dimensionalN ¼ 8 gauged SOð8Þ
supergravity of de Wit and Nicolai [1] could be obtained by
means of a dimensional reduction of eleven-dimensional
supergravity on S7 dates back to the early 1980s [2,3].
Originally, this reduction was discussed just at the level of
the linearization of the field equations around the Freund-
Rubin [4] AdS4 × S7 ground state. A reduction in which all
the massive Kaluza-Klein towers as well as the massless
N ¼ 8 supergravity subsector is retained can obviously be
consistently extended, in principle, to the full nonlinear
order. However, one cannot in general expect to be able to
perform a consistent truncation of this full theory in which
the towers of massive multiplets are set to zero, leaving
only the massless four-dimensional gauged N ¼ 8 super-
gravity [5]. The key issue here is that one would generically
expect that in the full theory, nonlinear “currents” built
from powers of the massless fields would act as sources in
the equations of motion of the massive fields that one
wishes to set to zero. Indeed, this is exactly what would
happen in a sphere or coset-space reduction of any generic
theory, and thus a reduction in which just a “massless
sector” (including the gauge bosons of the full isometry
group of the compactifying manifold) was retained would

be inconsistent beyond the linearized level. The first
indication that the S7 reduction of eleven-dimensional
supergravity might be an exception to the general rule
was found in Ref. [6], where it is shown that a crucial
trilinear coupling of two SOð8Þ gauge bosons to a massive
spin-2 multiplet of fields is absent. This satisfies a first,
necessary, condition for the retained gauge bosons to not in
fact act as sources for the massive fields that one wishes to
set to zero. This happens because the gauge bosons enter
not only in the metric uplift Ansatz but also in the uplift
Ansatz for the 4-form field strength of eleven-dimensional
supergravity. This, together with a certain identity obeyed
by the Killing vectors on the 7-sphere, conspires to remove
the trilinear couplings that would otherwise be the first
signal of the inconsistency of the truncated reduction.
The possibility of a dimensional reduction of a higher-

dimensional theory on a sphere, in which a finite number of
lower-dimensional fields including the gauge bosons of the
isometry group were retained, was in fact conceived by
Pauli in 1953 (in the context of an S2 reduction of six-
dimensional Einstein gravity) [7–9], but he recognized that
the consistency problems mentioned above would be an
obstacle to realizing his idea. In fact, the S7 reduction of
eleven-dimensional supergravity was the first nontrivial
example in which the idea of a “Pauli reduction” [10]
actually works.
An indirect, but nevertheless complete, demonstration of

the consistency of the S7 reduction was provided by de Wit
and Nicolai in Ref. [11] (see also [12]). They obtained an
explicit expression for the metric uplift Ansatz, and also
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partial results for the uplift Ansatz for the 4-form field
strength. Their construction, making extensive use of the
supersymmetry of the theory, essentially proves that the
reduction is necessarily a consistent one. Much more
recently, further work has provided more complete expres-
sions for the 4-form uplift Ansatz, and has also provided
further insights into the structure of the reduction [13–16].
Although the consistency of the S7 Pauli reduction of

eleven-dimensional supergravity has now been fully estab-
lished, and the uplift Ansätze for the metric and 4-form field
strength are explicitly known, these expressions are in
practice somewhat unwieldy and complicated to use in full
generality. In many cases, when for example lifting a
solution of the four-dimensional gauged supergravity to
D ¼ 11, it may suffice to have explicit expressions for the
uplift Ansatz for only a subset of the fields in the full four-
dimensional supergravity theory. The uplift Ansatz for such
a truncation of the full gauged supergravity theory may be
much simpler and more manageable. Examples of this kind
that have been obtained previously include the embedding
of four-dimensional SOð4Þ-gauged N ¼ 4 supergravity,
for which the complete and explicit bosonic S7 uplift
Ansatz is given in Ref. [17]. The four-dimensional N ¼4
gauged theory is of course itself a consistent truncation of
the N ¼ 8 gauged theory.
Another example that has proved to be of considerable

utility is given in Ref. [18]. This describes the embedding
of a truncation of the full SOð8Þ gauged theory in which
only the gauge bosons of the Uð1Þ4 Abelian subgroup of
SOð8Þ are retained. The truncation in Ref. [18] retains also
the four-dimensional metric, and three dilatonic scalar
fields. The associated four-dimensional theory in this case
is not a fully consistent truncation ofN ¼ 8 gauged SOð8Þ
supergravity: to be consistent, one should include a total of
six scalar fields rather than just the three that are retained in
Ref. [18], comprising three axions as well as the three
dilatonic scalars. However, if one restricts attention to four-
dimensional solutions in which the Uð1Þ gauge fields are
essentially purely electric or purely magnetic, but not both,
then the three axions can be consistently set to zero and the
Ansatz in Ref. [18] can then be used in order to lift such
solutions to eleven dimensions.1 The uplift Ansatz found in
Ref. [18], with its restricted notion of consistency, is
sufficient for the purposes of lifting the static four-charge
black hole solutions to eleven dimensions.
The purpose of the present paper is to obtain explicit

expressions for the bosonic uplift Ansatz for the embedding
of the fully consistent truncation of the SOð8Þ gauged
supergravity to its Abelian Uð1Þ4 subsector. This theory,
comprising the metric, fourUð1Þ gauge fields, and the three
dilatons and three axions mentioned above, is the bosonic

sector of the N ¼ 2 supersymmetric gauged STU super-
gravity theory. Its field content comprises the N ¼ 2
supergravity multiplet coupled to three vector multiplets.
The inclusion of the additional three axionic scalar fields
makes the uplift Ansatz considerably more complicated
than the restricted uplift Ansatz that was found in Ref. [18].
In fact an attempt to construct the Ansatz for the embedding
of the bosonic sector of the gauged STU supergravity was
made in Ref. [19], but at that time only the partial results for
the 4-form uplift Ansatz that had been obtained in Ref. [11]
were available, and the results in Ref. [19] are for that
reason incomplete. With the recent advances in the con-
struction of the internal 4-form uplift Ansatz for the SOð8Þ
gauged supergravity that have been achieved in
Refs. [13,15,20], we are now in a position to complete
the job that was left unfinished in Ref. [19].
The Ansatz that we shall present in this paper is

considerably more complicated than the restricted one
without the three axionic scalars that was obtained in
ref. [18]. It is, however, still considerably simpler, for
practical purposes, than the complete Ansatz for the
reduction to the full N ¼ 8 gauged SOð8Þ supergravity
theory. Uplifting four-dimensional solutions of N ¼ 2
theories to eleven dimensions has been of recent interest
in the context of AdS=CFT, in particular, the ABJM
proposal [21]. An interesting example has been the study
of flow solutions as a new way of understanding strongly
coupled phases of M2 brane dynamics [22,23]. More
generally, uplifting to eleven dimensions may facilitate a
clearer understanding of the four-dimensional physics, such
as the microscopic counting of black hole solutions in
N ¼ 2 gauged supergravities, which has recently been
studied in Ref. [24]. The Ansatz we obtain allows one to
lift, for example, any black hole solution of gauged N ¼ 8
supergravity carryingAbelian charges to elevendimensions.
Themost general such solution would have four electric and
fourmagnetic charges (although global symmetries could be
used in order to rotate to a duality complexion where a total
of 5 independent nonzero charges remain).

II. GAUGED STU SUPERGRAVITY

The gauged STU supergravity is a consistent truncation
of the N ¼ 8 SOð8Þ gauged theory with N ¼ 2 super-
symmetry and residual gauge group Uð1Þ4, the maximal
Abelian subgroup of SOð8Þ [18,25]. In particular, the
truncation leaves a total of six nontrivial scalars, three
dilatons, and three axions parameterized by λi and σi,
respectively, with i ¼ 1, 2, 3, and fourUð1Þ gauge fields Aα

(α ¼ 1, 2, 3, 4) with associated field strengths Fα. The
bosonic Lagrangian, in the notation of Ref. [19], is

L ¼ R � 1þ LKinS − V � 1þ LKinA þ LCS; ð2:1Þ

where the scalar kinetic terms are simply [19]

1To be more precise, the three axions can be consistently set to
zero if the wedge products Fα ∧ Fβ of the four Uð1Þ field
strengths all vanish.
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LKinS ¼ −
1

2

X
i

ðð∂λiÞ2 þ sinh2λið∂σiÞ2Þ � 1 ð2:2Þ

and the scalar potential2

V ¼ −4g2
X
i

ðY2
i þ ~Y2

i Þ; ð2:3Þ

where [19]

cosh λi ¼
1

2
ðY2

i þ ~Y2
i Þ; cos σi sinh λi ¼

1

2
ðY2

i − ~Y2
i Þ:
ð2:4Þ

In addition, we define [19]

sin σi sinh λi ¼ bi: ð2:5Þ

It will sometimes be more convenient to use an SLð2;RÞ
parameterisation for the scalar fields rather than an
SOð2; 1Þ parameterization, by defining dilaton/axion pairs
ðφi; χiÞ by

eφi ¼ cosh λi þ sinh λi cos σi; χieφi ¼ sinh λi sin σi;

ð2:6Þ

in terms of which the scalar kinetic Lagrangian becomes

LKinS ¼ −
1

2

X
i

ðð∂φiÞ2 þ e2φið∂χiÞ2Þ � 1: ð2:7Þ

The quantities Yi, ~Yi and bi defined above are now given by

Y2
i ¼ eφi ; ~Y2

i ¼ e−φi þ χ2i e
φi ; bi ¼ χieφi : ð2:8Þ

The kinetic terms for the gauge fields LKinA and the
Chern-Simons terms LCS, given by Eqs. (36) and (38) of
Ref. [19], are

LKinA ¼ −
1

2
jWj−2½P0ð ~Y2

1
~Y2
2
~Y2
3 � F1

ð2Þ ∧ F1
ð2Þ

þ ~Y2
1Y2

2Y
2
3 � F2

ð2Þ ∧ F2
ð2Þ

þ Y2
1
~Y2
2Y2

3 � F3
ð2Þ ∧ F3

ð2Þ þ Y2
1Y

2
2
~Y2
3 � F4

ð2Þ ∧ F4
ð2ÞÞ

þ 2P1b2b3ð ~Y2
1 � F1

ð2Þ ∧ F2
ð2Þ − Y2

1 � F3
ð2Þ ∧ F4

ð2ÞÞ
þ 2P2b1b3ð ~Y2

2 � F1
ð2Þ ∧ F3

ð2Þ − Y2
2 � F2

ð2Þ ∧ F4
ð2ÞÞ

þ 2P3b1b2ð ~Y2
3 � F1

ð2Þ ∧ F4
ð2Þ − Y2

3 � F2
ð2Þ ∧ F3

ð2ÞÞ�
ð2:9Þ

and

LCS ¼ −jWj−2½b1b2b3ð ~Y2
1
~Y2
2
~Y2
3F1

ð2Þ ∧ F1
ð2Þ

þ ~Y2
1Y2

2Y
2
3F

2
ð2Þ ∧ F2

ð2Þ

þ Y2
1
~Y2
2Y2

3F
3
ð2Þ ∧ F3

ð2Þ þ Y2
1Y

2
2
~Y2
3F4

ð2Þ ∧ F4
ð2ÞÞ

þ b1ðP0 þ 2b22b
2
3Þð ~Y2

1F1
ð2Þ ∧ F2

ð2Þ − Y2
1F

3
ð2Þ ∧ F4

ð2ÞÞ
þ b2ðP0 þ 2b21b

2
3Þð ~Y2

2F1
ð2Þ ∧ F3

ð2Þ − Y2
2F

2
ð2Þ ∧ F4

ð2ÞÞ
þ b3ðP0 þ 2b21b

2
2Þð ~Y2

3F1
ð2Þ ∧ F4

ð2Þ − Y2
3F

2
ð2Þ ∧ F3

ð2ÞÞ�;
ð2:10Þ

where

P0 ≡ 1þ b21 þ b22 þ b23; W ≡ P0 − 2ib1b2b3;

P1 ≡ 1 − b21 þ b22 þ b23; P2 ≡ 1þ b21 − b22 þ b23;

P3 ≡ 1þ b21 þ b22 − b23: ð2:11Þ

III. COMPLETE ANSÄTZE FOR N = 8 GAUGED
SOð8Þ SUPERGRAVITY

In this section we summarize briefly the uplift Ansätze
for the full N ¼ 8 gauged SOð8Þ supergravity
[13,15,16,20,27].3 We remark that the Ansätze presented
below are not unique, and in fact there are many possible
ways of writing them down [28,29]. Of course, these
Ansätze should all be equivalent and the consistency of
both the D ¼ 11 and N ¼ 8 theories as well as the
reduction will guarantee that this will indeed be the case.
Here, we present the Ansätze in what we believe to be their
simplest known form.
The metric Ansatz [27]

Δ−1gmnðx; yÞ ¼ 1

8
KmIJðyÞKnKLðyÞ½ðuMN

IJ þ vMNIJÞ
× ðuMN

KL þ vMNKLÞ�ðxÞ; ð3:1Þ

where KmIJ are the 28 Killing vectors on the round S7 as
defined in Eq. (4.5), has been known for some time and is
in fact applied in Ref. [19] to determine the internal metric
for the full gauged STU supergravity. The recent progress
concerns uplift Ansätze for components of the field strength
FMNPQ (or equivalently the three form potential AMNP), viz.

Fmnpq; Fμmnp; Fμνmn; Fμνρm; and Fμνρσ: ð3:2Þ

Note that the components as presented above do not
quite correspond in a direct manner to the notation

2Note that this potential is a particular example of the Fayet-
Iliopoulos potentials of four-dimensional gauged N ¼ 2 super-
gravities. See, for example, Ref. [26].

3We simply state the uplift Ansätze here and do not give an
account of how they are derived. For such an account, the reader
is encouraged to consult Refs. [14–16].
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used in Ref. [19]. This is because, in line with the
whole spirit of a Kaluza-Klein reduction, all fields in
Ref. [19] are defined with the Kaluza-Klein gauge fields
included; i.e. the seven-dimensional coordinate differ-
entials dym always appear in the Kaluza-Klein cova-
riantized form

dym → ðdym − KmIJðyÞAIJ
μ ðxÞdxμÞ: ð3:3Þ

The Kaluza-Klein redefinition above is easy to account
for and we shall do so when presenting the full set of
uplift Ansätze (see Sec. V).
The Fmnpq components of the field strength can be

obtained simply from the Ansatz for Amnp [13,15,20]

Amnpðx; yÞ ¼ −
i

ffiffiffi
2

p

96
ΔgpqKIJ

mnðyÞKqKLðyÞ
× ½ðuMN

IJ − vMNIJÞðuMN
KL þ vMNKLÞ�ðxÞ;

ð3:4Þ

where KIJ
mn are defined in Eq. (4.7). In particular,

Fmnpq ¼ 4∂ ½mAnpq�: ð3:5Þ

Similarly,

Fμmnp ¼ ∂μAmnp − 3∂ ½mAjμjnp� ð3:6Þ

with Amnp as determined by Eq. (3.4) and Aμmn given by the
following exact vector Ansatz [15]:

Aμmnðx; yÞ ¼
1

24
Kmn

IJðyÞAμIJðxÞ

−
ffiffiffi
2

p

4
Amnpðx; yÞKpIJðyÞAμ

IJðxÞ: ð3:7Þ

The Ansatz for Fαβab [16] is particularly simple,

eμαeνβemaenbFαβab ¼
ffiffiffi
2

p

8
ðKmn

IJðyÞGμνIJðxÞ
−12Δ−1Amnpðx;yÞKp

IJðyÞHμν
IJðxÞÞ;
ð3:8Þ

where GμνIJ and Hμν
IJ are covariantized field strengths of

the electric and magnetic vectors and eμα and ema are
defined by

EM
A ¼

�
eμα Bμ

pepa

0 ema

�
: ð3:9Þ

The Kaluza-Klein vectors Bμ
m in the STU truncation are

given by the Abelian Uð1Þ4 truncation of KmIJAIJ
μ . In

particular, from the above Ansatz we deduce that Fαβab

vanishes for four-dimensional solutions with vanishing
vector expectation values.
The Ansatz for Fαβγa is perhaps the most involved [16],

eμαeνβeργemaFαβγa ¼ −
ffiffiffi
2

p

48
ημνρ

σKnIJðyÞKmn
KLðyÞ½ðuijIJ þ vijIJÞðuklKL − vklKLÞ�ðxÞ

× ðV̂M
ij∂σV̂Mkl − 2

ffiffiffi
2

p
m7Aσ

MNV̂MP
ijV̂NPkl − 2

ffiffiffi
2

p
m7Aσ

MNV̂MP
klV̂NPijÞðxÞ; ð3:10Þ

where V̂Mij is usual four-dimensional E7ð7Þ=SUð8Þ coset
element parameterizing the 70 scalars.
The Ansatz for the Fμνmn components of the four-

form is

Fμνmn ¼ Eμ
AEν

BEm
CEn

DFABCD

¼ emaenbeμαeνβFαβab þ 2Bν
pFμmnp

− Bμ
pBν

qFmnpq; ð3:11Þ

where the first term is given in Eq. (3.8). Similarly, the
Fμνρm are given by Eq. (3.10) and appropriate contrac-
tions of the Fμνmn, Fμmnp, and Fmnpq components with
the Kaluza-Klein vectors Bμ

m.4

On the other hand, the conjectured Ansatz for the
Freund-Rubin term5 is perhaps the simplest and most
elegant [16],6

fFR ¼ −
i
24

ηαβγδFαβγδ

¼ −
m7

96
ffiffiffi
2

p
g2

�
VðxÞ − g2

6
ðQijklðxÞΣ̂ijklðx; yÞ þ H:c:Þ

�
;

ð3:12Þ

where VðxÞ is the four-dimensional scalar potential,Qijkl is
simply given in terms of the T-tensor

4Note that in Ref. [16], the components on the left-hand
side of Eqs. (3.8) and (3.10) are denoted by Fμνmn and Fμνρm,
respectively.

5There are other established Ansätze for the Freund-Rubin
term (see Ref. [16]). However, it has not yet been possible to
show that those Ansätze have the following simple form.

6In this paper, we use the conventions of Ref. [19], which are
related to the conventions of Ref. [16] as follows: gRef: ½16� ¼ffiffiffi
2

p
gRef: ½19� and VRef: ½16� ¼ 1=2VRef: ½19�.
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Qijkl ¼ 3

4
A2m

n½ijA2n
kl�m − A1

m½iA2m
jkl� ð3:13Þ

and complex self-dual tensor

Σ̂ijklðx;yÞ ¼ ðuijIJuklKL−vijIJvklKLÞðxÞKm½IJðyÞKm
KL�ðyÞ:
ð3:14Þ

Note that the only components of the four-form field
strength for which an Ansatz is not given in Ref. [19] are the
ones related to the internal components Amnp of AMNP,
which, as explained above, are given by the Ansatz in
Eq. (3.4), after including the Kaluza-Klein redefinitions
explained above and in Sec. V.

IV. DERIVATION OF Amnp

In this section, we outline the derivation of the purely
internal (7-sphere) components Amnp using Ansatz (3.4),
which we repeat here for convenience,

Amnp ¼ −
i

ffiffiffi
2

p

96
ΔgpqKIJ

mnKqKLðuMN
IJ − vMNIJÞ

× ðuMN
KL þ vMNKLÞ: ð4:1Þ

As is clear from the Ansatz above, the first step is to
compute the u and v tensors. These tensors have already
been computed in Ref. [19] (see also Ref. [30]), but here we
express them in terms of Uð1Þ4-invariant tensors. In this
way the u and v are expressed more covariantly with
respect to the Uð1Þ4 symmetry.
Without loss of generality, we can choose Uð1Þ4 ⊂

SOð8Þ to act on the index pairs f12g; f34g; f56g, and
f78g, where, for example the first Uð1Þ rotates 1 and 2 into
each other. Introducing

ðXIJKLÞI0J0K0L0 ¼ 4!δIJKLI0J0K0L0 ; ð4:2Þ

we define Ci
� as

C1
� ¼ X1234 � X5678; C2

� ¼ X1256 � X3478;

C3
� ¼ X1278 � X3456: ð4:3Þ

It is clear that Ci
� are the unique rank-4 Uð1Þ4-invariant

tensors, up to redefinitions of the embedding of
Uð1Þ4 ⊂ SOð8Þ. Furthermore, there are also four rank-2
invariant tensors

Fð1Þ
IJ ¼ 2δ12IJ ; Fð2Þ

IJ ¼ 2δ34IJ ; Fð3Þ
IJ ¼ 2δ56IJ ; Fð4Þ

IJ ¼ 2δ78IJ :

ð4:4Þ

The 28 Killing vectors of the SOð8Þ symmetry of the
round S7 are written in the spinor representation, i.e., with

KIJ ¼ 1

2
ðΓabÞIJ

�
xa

∂
∂xb − xb

∂
xa

�
; ð4:5Þ

where xa are the Cartesian coordinates on R8 that are
employed in Eq. (A2). We then define the following vectors
and tensors:

ξðiÞm ¼ 1

16
CðiÞ
þIJKLK

IJ
mnKnKL;

ξðiÞmn ¼ −
1

16
CðiÞ
þIJKLK

IJ
mKKL

n ;

SðiÞmnp ¼ 1

16
CðiÞ
−IJKLK

IJ
mnKKL

p ;

FðαÞ
m ¼ FðαÞ

IJ K
IJ
m ; FðαÞ

mn ¼ FðαÞ
IJ K

IJ
mn; ð4:6Þ

where

Kmn
IJ ¼ K½mn�IJ ¼ −

1

m7

D
∘
mKn

IJ: ð4:7Þ

Indices on Km
IJ and Kmn

IJ as well as all Uð1Þ4-invariant
tensors are raised and lowered with the background

(inverse) metric g
∘mn and g

∘
mn, respectively.

The 56-bein V ¼ V1V2V3, where

Vi ¼
�
uðiÞijIJ vðiÞijKL
vðiÞklIJ uðiÞklKL

�
: ð4:8Þ

In symmetric gauge each 56-bein is expressed as

Vi ¼ exp

�
0 ϕðiÞ

ϕ̄ðiÞ 0

�
; ð4:9Þ

where ϕ̄ðiÞ is the complex conjugate of ϕðiÞ. In terms of
the Uð1Þ4-invariant tensors above, the scalar expectation
values are

ϕðiÞ ¼ −2λiðcos σiCiþ − i sin σiCi
−Þ: ð4:10Þ

Hence by exponentiation,

uðiÞIJKL ¼ δKLIJ þ 1

4

�
cosh

λi
2
− 1

�
ðCiþCiþÞIJKL; ð4:11Þ

vðiÞIJKL ¼ −
1

2
sinh

λi
2
ðcos σiCiþ − i sin σiCi

−ÞIJKL: ð4:12Þ

The u and vmatrices corresponding to the full 56-bein V
can then be found from

uIJKL ¼ uð1ÞIJMNðuð2ÞMN
PQuð3ÞPQKL þ vð2ÞMNPQvð3ÞPQKLÞ

þ vð1ÞIJMNðvð2ÞMNPQuð3ÞPQKL

þ uð2ÞMN
PQvð3ÞPQKLÞ; ð4:13Þ

EMBEDDING OF GAUGED STU SUPERGRAVITY IN … PHYSICAL REVIEW D 94, 066003 (2016)

066003-5



vIJKL ¼ vð1ÞIJMNðuð2ÞMN
PQuð3ÞPQKL þ vð2ÞMNPQvð3ÞPQKLÞ

þ uð1ÞIJMNðvð2ÞMNPQuð3ÞPQKL

þ uð2ÞMN
PQvð3ÞPQKLÞ: ð4:14Þ

Now that we have the u and v tensors, we can
compute Δ−1gpqAmnp by contracting them with KIJ

mn and
KqKL as prescribed by the formula (4.1). In terms of the
Uð1Þ4-invariant vectors and tensors defined in Eq. (4.6),7

Δ−1gpqAmnp ¼
X3
i¼1

biSðiÞqmn þ
1

64

X4
α;β¼1

fαβFðαÞqFðβÞ
mn;

ð4:15Þ

where, defining

y2i ¼ Y2
i − ~Y2

i ; ~y2i ¼ Y2
i þ ~Y2

i ; ð4:16Þ

f11 ¼ y21ðb3y22 þ b2y23Þ þ b1y22y
2
3 − 4b1b2b3; f22 ¼ −y21ðb3y22 þ b2y23Þ þ b1y22y

2
3 − 4b1b2b3;

f33 ¼ −y21ðb3y22 − b2y23Þ − b1y22y
2
3 − 4b1b2b3; f44 ¼ y21ðb3y22 − b2y23Þ − b1y22y

2
3 − 4b1b2b3;

f12 ¼ −~y21ðb3y22 þ b2y23Þ þ b1 ~y22 ~y
2
3 − 4b1; f21 ¼ ~y21ðb3y22 þ b2y23Þ þ b1 ~y22 ~y

2
3 − 4b1;

f13 ¼ −~y22ðb3y21 þ b1y23Þ þ b2 ~y21 ~y
2
3 − 4b2; f31 ¼ ~y22ðb3y21 þ b1y23Þ þ b2 ~y21 ~y

2
3 − 4b2;

f14 ¼ −~y23ðb2y21 þ b1y22Þ þ b3 ~y21 ~y
2
2 − 4b3; f41 ¼ ~y23ðb2y21 þ b1y22Þ þ b3 ~y21 ~y

2
2 − 4b3;

f23 ¼ ~y23ðb2y21 − b1y22Þ − b3 ~y21 ~y
2
2 þ 4b3; f32 ¼ −~y23ðb2y21 − b1y22Þ − b3 ~y21 ~y

2
2 þ 4b3;

f24 ¼ ~y22ðb3y21 − b1y23Þ − b2 ~y21 ~y
2
3 þ 4b2; f42 ¼ −~y22ðb3y21 − b1y23Þ − b2 ~y21 ~y

2
3 þ 4b2;

f34 ¼ ~y21ðb3y22 − b2y23Þ − b1 ~y22 ~y
2
3 þ 4b1; f43 ¼ −~y21ðb3y22 − b2y23Þ − b1 ~y22 ~y

2
3 þ 4b1: ð4:17Þ

The Uð1Þ4-invariant vectors and tensors are given explicitly in terms of a set of adapted coordinates ðμα;ϕρÞ on S7

in the Appendix, where μα are subject to constraint (A1). Thus, all that is left to do in order to find Amnp is to
contract Δgpq, which we know from the metric Ansatz [19], with the expression found above written in adapted
coordinates, i.e.,

Amnp ¼ Δgpq
�X3

i¼1

biSðiÞqmn þ
1

64

X4
α;β¼1

fαβFðαÞqFðβÞ
mn

�
: ð4:18Þ

The resulting expression is8

Aα56dμα ¼
b1

2Ξg3
½μ21W2dðμ22Þ − μ22W1dðμ21Þ − μ21μ

2
2ðY2

2
~Y2
2dα2 þ Y2

3
~Y2
3dα3Þ�;

Aα78dμα ¼
b1

2Ξg3
½μ24W3dðμ23Þ − μ23W4dðμ24Þ þ μ23μ

2
4ðY2

2
~Y2
2dα2 − Y2

3
~Y2
3dα3Þ�;

Aα57dμα ¼
b2

2Ξg3
½μ21W3dðμ23Þ − μ23W1dðμ21Þ − μ21μ

2
3ðY2

1
~Y2
1dα1 þ Y2

3
~Y2
3dα3Þ�;

Aα68dμα ¼
b2

2Ξg3
½μ24W2dðμ22Þ − μ22W4dðμ24Þ þ μ22μ

2
4ðY2

1
~Y2
1dα1 − Y2

3
~Y2
3dα3Þ�;

Aα58dμα ¼
b3

2Ξg3
½μ21W4dðμ24Þ − μ24W1dðμ21Þ − μ21μ

2
4ðY2

1
~Y2
1dα1 þ Y2

2
~Y2
2dα2Þ�;

Aα67dμα ¼
b3

2Ξg3
½μ23W2dðμ22Þ − μ22W3dðμ23Þ þ μ22μ

2
3ðY2

1
~Y2
1dα1 − Y2

2
~Y2
2dα3Þ�; ð4:19Þ

where

7Recall that indices on Uð1Þ4-invariant tensors are raised/lowered using the background (inverse) metric on the round seven-sphere,
g
∘mn=g

∘
mn.

8The factor of g−3 is introduced in the expressions below because we are using dimensionless coordinates on the unit sphere.
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W1 ¼ ~Y2
2
~Y2
3μ

2
2 þ ~Y2

1
~Y2
3μ

2
3 þ ~Y2

1
~Y2
2μ

2
4;

W2 ¼ Y2
2Y

2
3μ

2
1 þ ~Y2

1Y2
2μ

2
3 þ ~Y2

1Y2
3μ

2
4;

W3 ¼ Y2
1Y

2
3μ

2
1 þ Y2

1
~Y2
2μ

2
2 þ ~Y2

2Y2
3μ

2
4;

W4 ¼ Y2
1Y

2
2μ

2
1 þ Y2

1
~Y2
3μ

2
2 þ Y2

2
~Y2
3μ

2
3 ð4:20Þ

and

α1 ¼ μ21 þ μ22; α2 ¼ μ21 þ μ23; α3 ¼ μ21 þ μ24:

ð4:21Þ

Note that theWα defined above are related to the Zα defined
in Ref. [19] as follows:

Wα ¼ Zα − μ2α: ð4:22Þ

The coordinate indices (5,6,7,8) on the Amnp refer to
the directions ðϕ1;ϕ2;ϕ3;ϕ4Þ respectively, so Að3Þ ¼
Aα56dμα ∧ dϕ1 ∧ dϕ2 þ � � �.

The function Ξ is defined in Eq. (21) of Ref. [19] as
follows:

Ξ ¼ Y2
1Y

2
2Y

2
3μ

4
1 þ Y2

1
~Y2
2
~Y2
3μ

4
2 þ ~Y2

1Y2
2
~Y2
3μ

4
3 þ ~Y2

1
~Y2
2Y2

3μ
4
4

þ ðY2
2
~Y2
2 þ Y2

3
~Y2
3ÞðY2

1μ
2
1μ

2
2 þ ~Y2

1μ
2
3μ

2
4Þ

þ ðY2
1
~Y2
1 þ Y2

3
~Y2
3ÞðY2

2μ
2
1μ

2
3 þ ~Y2

2μ
2
2μ

2
4Þ

þ ðY2
1
~Y2
1 þ Y2

2
~Y2
2ÞðY2

3μ
2
1μ

2
4 þ ~Y2

3μ
2
2μ

2
3Þ: ð4:23Þ

V. UPLIFTING GAUGED STU SUPERGRAVITY
TO ELEVEN DIMENSIONS

The uplift Ansatz for Amnp, given in (4.19) in the
previous section, along with the previous results of
Ref. [19], allows us to complete the uplift of gauged
STU supergravity to eleven dimensions. The uplift of the
four-dimensional metric ds24 was obtained in Ref. [19], and
is given by

dŝ211 ¼ Ξ
1
3ds24 þ Ξ

1
3dŝ27

¼ Ξ
1
3ds24 þ g−2Ξ−2

3

�X
α

Zαðdμ2α þ μ2αDϕ2
αÞ þ 2b2b3ðμ21μ22Dϕ1Dϕ2 − μ23μ

2
4Dϕ3Dϕ4Þ

þ 2b1b3ðμ21μ23Dϕ1Dϕ3 − μ22μ
2
4Dϕ2Dϕ4Þ þ 2b1b2ðμ21μ24Dϕ1Dϕ4 − μ22μ

2
3Dϕ2Dϕ3Þ

þ 1

2
b21ððμ1dμ1 þ μ2dμ2Þ2 þ ðμ3dμ3 þ μ4dμ4Þ2Þ

þ 1

2
b22ððμ1dμ1 þ μ3dμ3Þ2 þ ðμ2dμ2 þ μ4dμ4Þ2Þ

þ 1

2
b23ððμ1dμ1 þ μ4dμ4Þ2 þ ðμ2dμ2 þ μ3dμ3Þ2Þ

�
; ð5:1Þ

where ds24 is the four-dimensional metric, the Zα are
defined in (4.20) and (4.22), and Ξ is defined in (4.23).
The 1-forms Dϕα, which are defined by

Dϕα ≡ dϕα − gAα
ð1Þ; ð5:2Þ

manifest the expected Uð1Þ4 gauge invariance
Aα
ð1ÞðxÞ → Aα

ð1ÞðxÞ þ dΛαðxÞ that originates via the subset
ϕα → ϕα þ gΛαðxÞ of the eleven-dimensional coordinate
transformations.
The 4-form field strength is given in Eq. (41) of

Ref. [19], which we reproduce here for convenience,

F̂ð4Þ ¼ −2gUϵð4Þ þ F̂0
ð4Þ þ F̂00

ð4Þ þ Ĝð4Þ; ð5:3Þ

where ϵð4Þ is the volume form in the four-dimensional
spacetime metric ds24. The first term in (5.3) corresponds to
the Freund-Rubin term, with

U ¼ Y2
1ðμ21 þ μ22Þ þ ~Y2

1ðμ23 þ μ24Þ þ Y2
2ðμ21 þ μ23Þ

þ ~Y2
2ðμ22 þ μ24Þ þ Y2

3ðμ21 þ μ24Þ þ ~Y2
3ðμ22 þ μ23Þ: ð5:4Þ

In terms of the components FABCD, this corresponds
to Fαβγδ.
The next term in the expression above is F̂0

ð4Þ ¼ dÂ0
ð3Þ,

where Â0
ð3Þ is obtained by making the replacements

dϕα → Dϕα in the expression for the internal projection
of the 3-form potential (4.19). Thus we have9

Â0
ð3Þ ¼

1

2
Aαβ̂ γ̂dμα ∧ ðdϕβ − gAβ

ð1ÞÞ ∧ ðdϕγ − gAγ
ð1ÞÞ; ð5:5Þ

where the components Aαβ̂ γ̂ are given in (4.19).

9Note that we have introduced the hatted indices α̂ such that
ð1̂; 2̂; 3̂; 4̂Þ ¼ ð5; 6; 7; 8Þ.
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The term F̂00
ð4Þ, which is given in Eq. (43) of Ref. [19], is

F̂00
ð4Þ ¼ −

1

2g2
jWj−2

X
α

dμ2α ∧ ðdϕα − gAα
ð1ÞÞ ∧ Rα; ð5:6Þ

where

R1 ¼ ~Y2
1
~Y2
2
~Y2
3½P0 � F1

ð2Þ þ 2b1b2b3F1
ð2Þ� þ ~Y2

1½P1b2b3 � F2
ð2Þ þ b1ðP0 þ 2b22b

2
3ÞF2

ð2Þ�
þ ~Y2

2½P2b1b3 � F3
ð2Þ þ b2ðP0 þ 2b21b

2
3ÞF3

ð2Þ� þ ~Y2
3½P3b1b2 � F4

ð2Þ þ b3ðP0 þ 2b21b
2
2ÞF4

ð2Þ�;
R2 ¼ ~Y2

1Y2
2Y

2
3½P0 � F2

ð2Þ þ 2b1b2b3F2
ð2Þ� þ ~Y2

1½P1b2b3 � F1
ð2Þ þ b1ðP0 þ 2b22b

2
3ÞF1

ð2Þ�
− Y2

2½P2b1b3 � F4
ð2Þ þ b2ðP0 þ 2b21b

2
3ÞF4

ð2Þ� − Y2
3½P3b1b2 � F3

ð2Þ þ b3ðP0 þ 2b21b
2
2ÞF3

ð2Þ�;
R3 ¼ Y2

1
~Y2
2Y2

3½P0 � F3
ð2Þ þ 2b1b2b3F3

ð2Þ� − Y2
1½P1b2b3 � F4

ð2Þ þ b1ðP0 þ 2b22b
2
3ÞF4

ð2Þ�
þ ~Y2

2½P2b1b3 � F1
ð2Þ þ b2ðP0 þ 2b21b

2
3ÞF1

ð2Þ� − Y2
3½P3b1b2 � F2

ð2Þ þ b3ðP0 þ 2b21b
2
2ÞF2

ð2Þ�;
R4 ¼ Y2

1Y
2
2
~Y2
3½P0 � F4

ð2Þ þ 2b1b2b3F4
ð2Þ� − Y2

1½P1b2b3 � F3
ð2Þ þ b1ðP0 þ 2b22b

2
3ÞF3

ð2Þ�
− Y2

2½P2b1b3 � F2
ð2Þ þ b2ðP0 þ 2b21b

2
3ÞF2

ð2Þ� þ ~Y2
3½P3b1b2 � F1

ð2Þ þ b3ðP0 þ 2b21b
2
2ÞF1

ð2Þ�; ð5:7Þ

and W and Pα are defined in (2.11).
Finally, the remaining term in (5.3) is given by

Ĝð4Þ ¼
1

2g
ð2Y−1

1 � dY1 − χ1Y4
1 � dχ1Þ ∧ dðμ21 þ μ22Þ

þ 1

2g
ð2Y−1

2 � dY2 − χ2Y4
2 � dχ2Þ ∧ dðμ21 þ μ23Þ

þ 1

2g
ð2Y−1

3 � dY3 − χ3Y4
3 � dχ3Þ ∧ dðμ21 þ μ24Þ:

ð5:8Þ

Note that, as observed in Ref. [19], the equations of motion
for the Uð1Þ gauge fields in the STU theory are simply
given by dðjWj−2RαÞ ¼ 0.

A. Consistency of the other uplift formulas
with the general uplift Ansätze

In this section, we revisit the uplift Ansätze for some of
the other components of the 4-form field strength. In
particular, in light of the recent developments [16], we
show that the Ansatz for, in particular, the Freund-Rubin
term takes a simple form.
In Ref. [16], an uplift Ansatz is given for the

Freund-Rubin term and it is, moreover, conjectured that
the term can be expressed in terms of the sum of the
potential and its derivative according to the conjectured
formula (3.12). In order to express the Freund-Rubin term
in this form, we introduce the following paramaterization of
the scalars:

ηi ¼ λi cos σi; ζi ¼ λi sin σi: ð5:9Þ

The scalars ηi are the coefficients of the self-dual tensors
in the parameterization of ϕijkl in the unitary gauge, and ζi
are the coefficients of the anti-self dual-tensors.
It can now be seen that the function U given in (5.4) can

be written as

U ¼ −
1

8g2

�
V þ

X
i

∂V
∂ηi ξi

�
; ð5:10Þ

where

ξ1 ¼ μ21 þ μ22 − μ23 − μ24; ξ2 ¼ μ21 þ μ23 − μ22 − μ24;

ξ3 ¼ μ21 þ μ24 − μ22 − μ23: ð5:11Þ

Note also that, in terms of tensors ξi, Ĝð4Þ given in (5.8)
can be written as

Ĝð4Þ ¼
1

4g

X
i

ðcos σi � dλi − sin σi sinh λi cosh λi � dσiÞ

∧ dξi: ð5:12Þ

The form of this is consistent with the Ansatz for the Fαβγa

component of the field strength proposed in Ref. [16],
Eq. (3.10). Furthermore, it is now straightforward to see
that the Bianchi identity dF̂ð4Þ ¼ 0 is satisfied provided that
the scalar fields satisfy their equations of motion.
The F̂0

ð4Þ term is given by the Kaluza-Klein covarianti-
sation of Fmnpq, Fμmnp and, since F̂0

ð4Þ ¼ dÂ0
ð3Þ with Â0

ð3Þ
given by Eq. (5.5), the second term on the right-hand side
of the expression for Fαβab, (3.8).
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Moreover, the F̂00
ð4Þ is given by the Kaluza-Klein cova-

riantisation of the first term on the right-hand side of the
expression for Fαβab, (3.8).
Thus, we have established the direct, if somewhat

intricate, relationship between the uplift Ansätze of the
gauged STU supergravity with the general Ansätze for the
full N ¼ 8 supergravity, given in Ref. [16].

VI. CONSISTENT TRUNCATIONS
OF THE STU EMBEDDING

There are two inequivalent consistent truncations of STU
supergravity that are sometimes useful in their own right,
and have the merit of being considerably simpler than the
full STU theory. In each case, the bosonic sector of the
truncated supergravity comprises gravity coupled to two
Uð1Þ gauge fields, a dilatonic scalar and an axionic scalar.
The two truncations, which we shall refer to as the 2þ 2
truncation and the 3þ 1 truncation, are implemented by
setting

2þ 2∶ λ1 ¼ λ σ1 ¼ σ; λ2 ¼ λ3 ¼ σ2 ¼ σ3 ¼ 0;

A1
μ ¼ A2

μ ¼ Aμ; A3
μ ¼ A4

μ ¼ ~Aμ; ð6:1Þ

3þ 1∶ λ1 ¼ λ2 ¼ λ3 ¼ λ; σ1 ¼ σ2 ¼ σ3 ¼ σ;

A1
μ ¼ ~Aμ; A2

μ ¼ A3
μ ¼ A4

μ ¼ Aμ: ð6:2Þ

Note that we are not rescaling the gauge potentials in these
truncations, so Aμ and ~Aμ in the 2þ 2 truncation and Aμ in
the 3þ 1 truncation will have noncanonically normalized
kinetic terms. Also, in the 3þ 1 truncation the scalar fields
λ and σ will have noncanonically normalized kinetic terms.
We have chosen not to rescale the truncated fields in order
to avoid the occurrence of many

ffiffiffi
2

p
or

ffiffiffi
3

p
factors. It will

be convenient to parameterize the scalar fields in the
standard SLð2;RÞ form, for which their kinetic terms
are proportional to −∂φ2 − e2φ∂χ2, by introducing φ and
χ that are related to λ and σ by

eφ ¼ cosh λþ sinh λ cos σ; χeφ ¼ sinh λ sin σ; ð6:3Þ

in terms of which we have

Y2 ¼ eφ; ~Y2 ¼ e−φ þ χ2eφ; b ¼ χeφ: ð6:4Þ

A. 2þ 2 truncation

Here, with the fields truncated as in (6.1), we choose an
adapted parameterization for the μα coordinates in which
we take

μ1 ¼ c cos
1

2
θ; μ2 ¼ c sin

1

2
θ;

μ3 ¼ s cos
1

2
~θ; μ4 ¼ s sin

1

2
~θ; ð6:5Þ

where we have also defined

c ¼ cos ξ; s ¼ sin ξ: ð6:6Þ

The four azimuthal angles ϕα will be parameterized by
defining

ϕ1 ¼
1

2
ðψ þ ϕÞ; ϕ2 ¼

1

2
ðψ − ϕÞ;

ϕ3 ¼
1

2
ð ~ψ þ ~ϕÞ; ϕ4 ¼

1

2
ð ~ψ − ~ϕÞ: ð6:7Þ

The unit 7-sphere metric then takes the form

dΩ2
7 ¼

X4
α¼1

ðdμ2α þ μ2αdϕ2
αÞ ¼ dξ2 þ cos2ξdΩ2

3 þ sin2ξd ~Ω2
3;

ð6:8Þ

where

dΩ2
3 ¼

1

4
½dθ2 þ sin2θdϕ2 þ ðdψ þ cos θdϕÞ2�;

d ~Ω2
3 ¼

1

4
½d~θ2 þ sin2 ~θd ~ϕ2 þ ðd ~ψ þ cos ~θd ~ϕÞ2� ð6:9Þ

are the metrics on two unit 3-spheres.
The metric reduction Ansatz (5.1) in the 2þ 2 truncation

thus reduces to

dŝ211 ¼ Ξ
1
3ds24 þ

Ξ
1
3

g2

�
dξ2 þ cos2ξ

4Z3

½dθ2 þ sin2θdϕ2

þ ðdψ þ cos θdϕ − 2gAð1ÞÞ2�

þ sin2ξ
4Z1

½d~θ2 þ sin2 ~θd ~ϕ2

þ ðd ~ψ þ cos ~θd ~ϕ − 2g ~Að1ÞÞ2�
�
; ð6:10Þ

where, from (4.20) and (4.22), we now have

Z1 ¼ Z2 ¼ ~Y2sin2ξþ cos2ξ;

Z3 ¼ Z4 ¼ Y2cos2ξþ sin2ξ; Ξ ¼ Z1Z3: ð6:11Þ

The 4-form reduction Ansatz is now given by
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F̂ð4Þ ¼ −2gUϵð4Þ −
sc
g
ð�dφ − χe2φ � dχÞ ∧ dξþ dÂ0

ð3Þ þ F̂00
ð4Þ;

Â0
ð3Þ ¼

1

g3
χeφ

�
c4

Z3

ΩðAÞ − s4

Z1

~Ωð ~AÞ
�
;

F̂00
ð4Þ ¼

c
2g2Y2

�
sdξ ∧ ðdψ þ cos θdϕ − 2gAð1ÞÞ þ

1

2
c sin θdθ ∧ dϕ

�
∧ ð�Fð2Þ þ χY2Fð2ÞÞ

−
s

2g2 ~Y2

�
cdξ ∧ ðd ~ψ þ cos ~θd ~ϕ − 2g ~Að1ÞÞ −

1

2
s sin ~θd~θ ∧ d ~ϕ

�
∧ ð� ~Fð2Þ − χY2 ~Fð2ÞÞ; ð6:12Þ

where

U ¼ c2Y2 þ s2 ~Y2 þ 2;

ΩðAÞ ¼ 1

8
sin θðdψ þ cos θdϕ − 2gAð1ÞÞ ∧ dθ ∧ dϕ;

~Ωð ~AÞ ¼ 1

8
sin ~θðd ~ψ þ cos ~θd ~ϕ − 2g ~Að1ÞÞ ∧ d~θ ∧ d ~ϕ:

ð6:13Þ

The bosonic sector of the STU supergravity Lagrangian
given in Sec. III reduces under the present 2þ 2 truncation
to

L ¼ R � 1 −
1

2
� dφ ∧ dφ −

1

2
e2φ � dχ ∧ dχ − V � 1

− Y−2�Fð2Þ ∧ Fð2Þ − ~Y−2� ~Fð2Þ ∧ ~Fð2Þ

− χFð2Þ ∧ Fð2Þ þ χY2 ~Y−2 ~Fð2Þ ∧ ~F2; ð6:14Þ

where

V ¼ −4g2ðY2 þ ~Y2 þ 4Þ: ð6:15Þ

It can be verified that the uplift of the 2þ 2 truncation
that we obtained in this subsection agrees with the Abelian
truncation of the uplift of the N ¼ 4 gauged SOð4Þ
supergravity that was obtained in Ref. [17].

B. 3þ 1 truncation

For the 3þ 1 truncation of the fields of STU super-
gravity, given by Eq. (6.2), an appropriate adapted param-
eterization for the μα coordinates is given by taking

μ1 ¼ cos ξ; μa ¼ νa sin ξ; a ¼ 2; 3; 4;X
a

ν2a ¼ 1: ð6:16Þ

The unit S7 metric then takes the form

dΩ2
7 ¼ dξ2 þ cos2ξdϕ2

1 þ sin2ξdΩ2
5; ð6:17Þ

where

dΩ2
5 ¼

X4
a¼2

ðdν2a þ ν2adϕ2
aÞ ¼ dΣ2

2 þ ðdψ þ BÞ2 ð6:18Þ

is the metric on the unit 5-sphere, and dΣ2
2 is the standard

“unit” Fubini-Study metric10 on CP2, with J ¼ 1
2
dB being

the Kähler form on CP2. In terms of νa and ϕa we have

ðdψ þ BÞ ¼
X
a

ν2adϕa: ð6:19Þ

It will be convenient to define the two functions

β ¼ Y2ðY2c2 þ ~Y2s2Þ; γ ¼ Y4c2 þ s2; ð6:20Þ

where, as before, we have defined c ¼ cos ξ and s ¼ sin ξ.
From (4.20), (4.22), and (4.23) we find

Z1 ¼ ~Y4s2 þ c2; Za ¼ β − b2s2ν2a; Ξ ¼ β2Y−2;

ð6:21Þ

where, as before, b ¼ χeφ ¼ χY2. The eleven-dimensional
metric (5.1) now becomes, in the 3þ 1 truncation we are
considering here,

dŝ211 ¼ Ξ
1
3ds24 þ g−2Ξ−2

3

�
β2

Y4
dξ2 þ γs2ððdψ þ B − gAð1ÞÞ

þ b2c2

γ
ðdϕ1 − g ~Að1ÞÞÞ2

þ βs2dΣ2
2 þ

β2c2

γY4
ðdϕ1 − g ~Að1ÞÞ2

�
: ð6:22Þ

Substituting the 3þ 1 truncation into the uplift formula
for the 4-form in STU supergravity given in Sec. V, we now
find

10The Fubini-Study metric is given in terms of the complex
coordinates za¼νaeiϕa on S5 by dΣ2

2¼
P

adz̄adza−j
P

az̄adzaj2.
This “unit” metric is Einstein with Rij ¼ 6gij.
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F̂ð4Þ ¼ −2gUϵð4Þ þ Ĝð4Þ þ dÂ0
ð3Þ þ F̂00

ð4Þ; ð6:23Þ

with

U ¼ 2ðY2c2 þ ~Y2s2Þ þ Y2;

Ĝð4Þ ¼ −
2sc
g

ð�dφ − χe2φ � dχÞ ∧ dξ;

Â0
ð3Þ ¼

scχ
g3

dξ ∧ ðdϕ1 − g ~Að1ÞÞ ∧ ðdψ þ B − gAð1ÞÞ

−
s2c2

βg3
χe2φðdϕ1 − g ~Að1ÞÞ ∧ J

þ s4

βg3
χe2φðdψ þ B − gAð1ÞÞ ∧ J;

F̂00
ð4Þ ¼

sc
g2jWj2 dξ ∧ ~R ∧ ðdϕ1 − g ~Að1ÞÞ

−
sc

g2jWj2 dξ ∧ R ∧ ðdψ þ B − gAð1ÞÞ

−
s2

g2jWj2 R ∧ J; ð6:24Þ

where, from (2.11),

jWj2 ¼ ð1þ 4b2Þð1þ b2Þ2 ð6:25Þ

and from (5.7),

~R ¼ R1; R ¼ R2 ¼ R3 ¼ R4; ð6:26Þ

with

~R ¼ ~Y6½ð1þ 3b2Þ � ~Fð2Þ þ 2b3 ~Fð2Þ�
þ 3bð1þ b2Þ ~Y2½b � Fð2Þ þ ð1þ 2b2ÞFð2Þ�;

R ¼ Y2ð1þ b2Þ2½�Fð2Þ − 2bFð2Þ�
þ bð1þ b2Þ ~Y2½b � ~Fð2Þ þ ð1þ 2b2Þ ~Fð2Þ�: ð6:27Þ

The bosonic sector of the STU supergravity Lagrangian
given in Sec. III reduces, under the 3þ 1 truncation, to

L4 ¼ R � 1 −
3

2
ð�dφ ∧ dφþ e2φ � dχ ∧ dχÞ

− V � 1þ LKinA þ LCS; ð6:28Þ

with

V ¼ −12g2ðY2 þ ~Y2Þ;

LKinA ¼ −
1

2ð1þ 4χ2e2φÞ ½6χ
2eφ � Fð2Þ ∧ ~Fð2Þ

þ e−3φð1þ 3χ2e2φÞð1þ χ2e2φÞ � ~Fð2Þ ∧ ~Fð2Þ

þ 3eφ � Fð2Þ ∧ Fð2Þ�;
LCS ¼ −

χ

ð1þ 4χ2e2φÞ ½−3e
2φFð2Þ ∧ Fð2Þ

þ 3ð1þ 2χ2e2φÞ ~Fð2Þ ∧ Fð2Þ

þ χ2ð1þ χ2e2φÞ ~Fð2Þ ∧ ~Fð2Þ�: ð6:29Þ

VII. CONCLUSIONS

The existence of a consistent reduction of eleven-
dimensional supergravity on S7, to give four-dimensional
N ¼ 8 SOð8Þ gauged supergravity, was first established in
[11]. In that paper, the complete expression for the eleven-
dimensional metric Ansatz was obtained, and partial
expressions also for the four-form field strength. The
complete expressions for the uplifted four-form field
strength were obtained recently [13–16]. Although the
results are now complete, they are not necessarily conven-
ient to use in practice, if, as is commonly the case, one is
interested in uplifting four-dimensional configurations that
involve only a subset of the full set of N ¼ 8 supergravity
fields. In the context, for example, of four-dimensional
black hole solutions, it is almost always the case that only
an Abelian subsector of the SOð8Þ gauge fields is turned
on. Thus for many practical purposes, it suffices to know
the uplift formulas for the truncation of the SOð8Þ gauged
supergravity to its Abelian Uð1Þ4 subsector. The consistent
truncation of the maximal gauged supergravity to this
Abelian subsector corresponds to the gauged N ¼ 2
STU supergravity theory, whose bosonic sector comprises
the metric, the four Abelian Uð1Þ gauge fields, three
dilatonic scalars, and three axionic scalars. This theory
is, for example, sufficient in order to describe the general
class of rotating asymptotically AdS black holes, which can
carry four electric and four magnetic charges.
In this paper, we have carried out the Abelian truncation

of the results for the uplifting of the gauged N ¼ 8 theory,
thereby obtaining fully explicit expressions for the lifting of
the bosonic sector of the four-dimensional gauged STU
supergravity to eleven dimensions. We formulated the
truncation in a notation that is adapted to the Uð1Þ4
isometries in the internal directions on the seven-sphere.
In special cases where the gauge fields are either purely
electric or purely magnetic, one can make a further
consistent truncation (to a nonsupersymmetric theory) in
which the three axionic scalars vanish. This leads to
enormous simplifications in the formulas, and they then
reduce to ones that are given in Ref. [18].
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We also considered two distinct supersymmetric trun-
cations of the STU supergravity, where, in each case, two
gauge fields, a dilatonic scalar and an axionic scalar
survive. The first, which we referred to as the 2þ 2
truncation, is achieved by setting the four original gauge
fields to be pairwise equal. The second, which we call
the 3þ 1 truncation, is achieved instead by setting three
of the original four gauge fields equal. The geometric
structure of the internal seven-sphere becomes particu-
larly simple in these two truncations. In the 2þ 2
truncation, the seven-sphere is described as a foliation
by S3 × S3 factors, with the two surviving gauge fields
being associated with the two Uð1Þ isometries acting on
the Hopf fibers in the two S3 factors, viewed as Uð1Þ
bundles over S2. In the 3þ 1 truncation the seven-sphere
is instead described as a foliation by S5 × S1 factors, with
the two surviving gauge fields being associated with the
Uð1Þ isometry acting on the Hopf fibers of S5 viewed as
a Uð1Þ bundle over CP2, and the Uð1Þ isometry of the S1

factor. Consequently, the uplift formulas are much sim-
pler for these truncations.
We hope that the new uplift Ansätze presented in this

paper for what are particularly interesting truncations of
maximal SOð8Þ gauged supergravity will be of use in
future applications.
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APPENDIX: Uð1Þ4-INVARIANT TENSORS IN
ADAPTED COORDINATES

We shall use an adapted coordinate system ym ¼
ðμα;ϕρÞ for S7, with the direction cosines μα satisfying

X4
α¼1

μ2α ¼ 1: ðA1Þ

These coordinates are related to the R8 coordinates as
follows:

x1 þ ix2 ¼ μ1eiϕ1 ; x3 þ ix4 ¼ μ2eiϕ2 ; x5 þ ix6 ¼ μ3eiϕ3 ; x7 þ ix8 ¼ μ4eiϕ4 : ðA2Þ
The expressions for the various Uð1Þ4-invariant tensors become much more elegant in terms of these coordinates. First of
all, we have the background round S7 metric

dΩ2
7 ¼ g

∘
mndymdyn ¼

X
α

ðdμ2α þ μ2αdϕ2
αÞ: ðA3Þ

Note that the inverse background metric in these coordinates is

∂∘ 27 ¼ g
∘mn∂ym∂yn ¼

X
α<β

ðμα∂μβ − μβ∂μαÞ2 þ
X
α

μ−2α ∂2
ϕα
: ðA4Þ

The vectors ξðiÞm , viewed as 1-forms, are then given by

ξð1Þm dym ¼ 3

2
dðμ21 þ μ22Þ ¼ 3ðμ1dμ1 þ μ2dμ2Þ ¼ −

3

2
dðμ23 þ μ24Þ ¼ −3ðμ3dμ3 þ μ4dμ4Þ;

ξð2Þm dym ¼ 3

2
dðμ21 þ μ23Þ ¼ 3ðμ1dμ1 þ μ3dμ3Þ ¼ −

3

2
dðμ22 þ μ24Þ ¼ −3ðμ2dμ2 þ μ4dμ4Þ;

ξð3Þm dym ¼ 3

2
dðμ21 þ μ24Þ ¼ 3ðμ1dμ1 þ μ4dμ4Þ ¼ −

3

2
dðμ22 þ μ23Þ ¼ −3ðμ2dμ2 þ μ3dμ3Þ: ðA5Þ

The 2-index symmetric tensors ξðiÞmn are given by

ξð1Þmndymdyn ¼ −
1

4
ðμ21 þ μ22Þðdμ21 þ dμ22 þ μ21dϕ

2
1 þ μ22dϕ

2
2Þ þ

1

4
ðμ23 þ μ24Þðdμ23 þ dμ24 þ μ23dϕ

2
3 þ μ24dϕ

2
4Þ;

ξð2Þmndymdyn ¼ −
1

4
ðμ21 þ μ23Þðdμ21 þ dμ23 þ μ21dϕ

2
1 þ μ23dϕ

2
3Þ þ

1

4
ðμ22 þ μ24Þðdμ22 þ dμ24 þ μ22dϕ

2
2 þ μ24dϕ

2
4Þ;

ξð3Þmndymdyn ¼ −
1

4
ðμ21 þ μ24Þðdμ21 þ dμ24 þ μ21dϕ

2
1 þ μ24dϕ

2
4Þ þ

1

4
ðμ22 þ μ23Þðdμ22 þ dμ23 þ μ22dϕ

2
2 þ μ23dϕ

2
3Þ: ðA6Þ
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The vectors FðαÞ
m are given by

Fð1Þ
m dym ¼ μ21dϕ1 þ μ22dϕ2 þ μ23dϕ3 þ μ24dϕ4;

Fð2Þ
m dym ¼ μ21dϕ1 þ μ22dϕ2 − μ23dϕ3 − μ24dϕ4;

Fð3Þ
m dym ¼ μ21dϕ1 − μ22dϕ2 þ μ23dϕ3 − μ24dϕ4;

Fð4Þ
m dym ¼ μ21dϕ1 − μ22dϕ2 − μ23dϕ3 þ μ24dϕ4: ðA7Þ

The 2-forms FðαÞ
ð2Þ ¼ dFðαÞ

ð1Þ are given by

1

2
Fð1Þ
mndym ∧ dyn ¼ 2μ1dμ1 ∧ dϕ1 þ 2μ2dμ2 ∧ dϕ2 þ 2μ3dμ3 ∧ dϕ3 þ 2μ4dμ4 ∧ dϕ4;

1

2
Fð2Þ
mndym ∧ dyn ¼ 2μ1dμ1 ∧ dϕ1 þ 2μ2dμ2 ∧ dϕ2 − 2μ3dμ3 ∧ dϕ3 − 2μ4dμ4 ∧ dϕ4;

1

2
Fð3Þ
mndym ∧ dyn ¼ 2μ1dμ1 ∧ dϕ1 − 2μ2dμ2 ∧ dϕ2 þ 2μ3dμ3 ∧ dϕ3 − 2μ4dμ4 ∧ dϕ4;

1

2
Fð4Þ
mndym ∧ dyn ¼ 2μ1dμ1 ∧ dϕ1 − 2μ2dμ2 ∧ dϕ2 − 2μ3dμ3 ∧ dϕ3 þ 2μ4dμ4 ∧ dϕ4: ðA8Þ

The 3-forms SðiÞ are given by

Sð1Þ ¼ −
1

2
μ1μ2ðμ1dμ2 − μ2dμ1Þ ∧ dϕ1 ∧ dϕ2 þ

1

2
μ3μ4ðμ3dμ4 − μ4dμ3Þ ∧ dϕ3 ∧ dϕ4;

Sð2Þ ¼ −
1

2
μ1μ3ðμ1dμ3 − μ3dμ1Þ ∧ dϕ1 ∧ dϕ3 þ

1

2
μ2μ4ðμ2dμ4 − μ4dμ2Þ ∧ dϕ2 ∧ dϕ4;

Sð3Þ ¼ −
1

2
μ1μ4ðμ1dμ4 − μ4dμ1Þ ∧ dϕ1 ∧ dϕ4 þ

1

2
μ2μ3ðμ2dμ3 − μ3dμ2Þ ∧ dϕ2 ∧ dϕ3: ðA9Þ
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