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The consistency of the embedding of four-dimensional SO(8) gauged N/ = 8 supergravity into eleven-
dimensional supergravity, where the internal directions are compactified on a seven-sphere, was established
by de Wit and Nicolai in the 1980s. The reduction Ansatz for the eleven-dimensional metric, and for some
of the components of the 4-form field strength, were found at that time, and recently the complete
expression for the 4-form reduction has been obtained. The expressions are quite complicated, and in many
practical applications it would be sufficient to know the Ansatz for a subset of the four-dimensional fields.
In this paper, we obtain explicit expressions for the embedding of the truncation of the full A" = 8 gauged
theory to the A/ = 2 gauged STU supergravity. This corresponds, in the bosonic sector, to a consistent
truncation of the N = 8 supergravity fields to those that are singlets under the U(1)* Cartan subalgebra of
SO(8). This truncation to STU supergravity, which comprises N = 2 supergravity coupled to three vector
multiplets, suffices, for example, for lifting the general 8-charge asymptotically anti—de Sitter rotating black
holes to eleven dimensions. We also give two distinct further truncations to A = 2 supergravities coupled

to single vector multiplets.
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I. INTRODUCTION

The idea that the four-dimensional N' = 8 gauged SO(8)
supergravity of de Wit and Nicolai [1] could be obtained by
means of a dimensional reduction of eleven-dimensional
supergravity on S’ dates back to the early 1980s [2,3].
Originally, this reduction was discussed just at the level of
the linearization of the field equations around the Freund-
Rubin [4] AdS, x S ground state. A reduction in which all
the massive Kaluza-Klein towers as well as the massless
N = 8 supergravity subsector is retained can obviously be
consistently extended, in principle, to the full nonlinear
order. However, one cannot in general expect to be able to
perform a consistent truncation of this full theory in which
the towers of massive multiplets are set to zero, leaving
only the massless four-dimensional gauged N' = 8 super-
gravity [5]. The key issue here is that one would generically
expect that in the full theory, nonlinear ‘“currents” built
from powers of the massless fields would act as sources in
the equations of motion of the massive fields that one
wishes to set to zero. Indeed, this is exactly what would
happen in a sphere or coset-space reduction of any generic
theory, and thus a reduction in which just a “massless
sector” (including the gauge bosons of the full isometry
group of the compactifying manifold) was retained would
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be inconsistent beyond the linearized level. The first
indication that the S’ reduction of eleven-dimensional
supergravity might be an exception to the general rule
was found in Ref. [6], where it is shown that a crucial
trilinear coupling of two SO(8) gauge bosons to a massive
spin-2 multiplet of fields is absent. This satisfies a first,
necessary, condition for the retained gauge bosons to not in
fact act as sources for the massive fields that one wishes to
set to zero. This happens because the gauge bosons enter
not only in the metric uplift Ansatz but also in the uplift
Ansatz for the 4-form field strength of eleven-dimensional
supergravity. This, together with a certain identity obeyed
by the Killing vectors on the 7-sphere, conspires to remove
the trilinear couplings that would otherwise be the first
signal of the inconsistency of the truncated reduction.

The possibility of a dimensional reduction of a higher-
dimensional theory on a sphere, in which a finite number of
lower-dimensional fields including the gauge bosons of the
isometry group were retained, was in fact conceived by
Pauli in 1953 (in the context of an S? reduction of six-
dimensional Einstein gravity) [7-9], but he recognized that
the consistency problems mentioned above would be an
obstacle to realizing his idea. In fact, the 7 reduction of
eleven-dimensional supergravity was the first nontrivial
example in which the idea of a “Pauli reduction™ [10]
actually works.

An indirect, but nevertheless complete, demonstration of
the consistency of the S7 reduction was provided by de Wit
and Nicolai in Ref. [11] (see also [12]). They obtained an
explicit expression for the metric uplift Ansarz, and also
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partial results for the uplift Ansarz for the 4-form field
strength. Their construction, making extensive use of the
supersymmetry of the theory, essentially proves that the
reduction is necessarily a consistent one. Much more
recently, further work has provided more complete expres-
sions for the 4-form uplift Ansatz, and has also provided
further insights into the structure of the reduction [13-16].

Although the consistency of the S7 Pauli reduction of
eleven-dimensional supergravity has now been fully estab-
lished, and the uplift Anscitze for the metric and 4-form field
strength are explicitly known, these expressions are in
practice somewhat unwieldy and complicated to use in full
generality. In many cases, when for example lifting a
solution of the four-dimensional gauged supergravity to
D = 11, it may suffice to have explicit expressions for the
uplift Ansatz for only a subset of the fields in the full four-
dimensional supergravity theory. The uplift Ansatz for such
a truncation of the full gauged supergravity theory may be
much simpler and more manageable. Examples of this kind
that have been obtained previously include the embedding
of four-dimensional SO(4)-gauged N = 4 supergravity,
for which the complete and explicit bosonic S’ uplift
Ansatz is given in Ref. [17]. The four-dimensional N =4
gauged theory is of course itself a consistent truncation of
the N' = 8 gauged theory.

Another example that has proved to be of considerable
utility is given in Ref. [18]. This describes the embedding
of a truncation of the full SO(8) gauged theory in which
only the gauge bosons of the U(1)* Abelian subgroup of
SO(8) are retained. The truncation in Ref. [18] retains also
the four-dimensional metric, and three dilatonic scalar
fields. The associated four-dimensional theory in this case
is not a fully consistent truncation of N = § gauged SO(8)
supergravity: to be consistent, one should include a total of
six scalar fields rather than just the three that are retained in
Ref. [18], comprising three axions as well as the three
dilatonic scalars. However, if one restricts attention to four-
dimensional solutions in which the U(1) gauge fields are
essentially purely electric or purely magnetic, but not both,
then the three axions can be consistently set to zero and the
Ansatz in Ref. [18] can then be used in order to lift such
solutions to eleven dimensions.' The uplift Ansatz found in
Ref. [18], with its restricted notion of consistency, is
sufficient for the purposes of lifting the static four-charge
black hole solutions to eleven dimensions.

The purpose of the present paper is to obtain explicit
expressions for the bosonic uplift Ansatz for the embedding
of the fully consistent truncation of the SO(8) gauged
supergravity to its Abelian U(1)* subsector. This theory,
comprising the metric, four U(1) gauge fields, and the three
dilatons and three axions mentioned above, is the bosonic

"To be more precise, the three axions can be consistently set to
zero if the wedge products F® A F? of the four U(1) field
strengths all vanish.
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sector of the N' = 2 supersymmetric gauged STU super-
gravity theory. Its field content comprises the A =2
supergravity multiplet coupled to three vector multiplets.
The inclusion of the additional three axionic scalar fields
makes the uplift Ansatz considerably more complicated
than the restricted uplift Ansarz that was found in Ref. [18].
In fact an attempt to construct the Ansatz for the embedding
of the bosonic sector of the gauged STU supergravity was
made in Ref. [19], but at that time only the partial results for
the 4-form uplift Ansatz that had been obtained in Ref. [11]
were available, and the results in Ref. [19] are for that
reason incomplete. With the recent advances in the con-
struction of the internal 4-form uplift Ansarz for the SO(8)
gauged supergravity that have been achieved in
Refs. [13,15,20], we are now in a position to complete
the job that was left unfinished in Ref. [19].

The Ansatz that we shall present in this paper is
considerably more complicated than the restricted one
without the three axionic scalars that was obtained in
ref. [18]. It is, however, still considerably simpler, for
practical purposes, than the complete Ansatz for the
reduction to the full N' =8 gauged SO(8) supergravity
theory. Uplifting four-dimensional solutions of N =2
theories to eleven dimensions has been of recent interest
in the context of AdS/CFT, in particular, the ABJM
proposal [21]. An interesting example has been the study
of flow solutions as a new way of understanding strongly
coupled phases of M2 brane dynamics [22,23]. More
generally, uplifting to eleven dimensions may facilitate a
clearer understanding of the four-dimensional physics, such
as the microscopic counting of black hole solutions in
N =2 gauged supergravities, which has recently been
studied in Ref. [24]. The Ansatz we obtain allows one to
lift, for example, any black hole solution of gauged N = 8
supergravity carrying Abelian charges to eleven dimensions.
The most general such solution would have four electric and
four magnetic charges (although global symmetries could be
used in order to rotate to a duality complexion where a total
of 5 independent nonzero charges remain).

II. GAUGED STU SUPERGRAVITY

The gauged STU supergravity is a consistent truncation
of the N =8 SO(8) gauged theory with N' =2 super-
symmetry and residual gauge group U(1)*, the maximal
Abelian subgroup of SO(8) [18,25]. In particular, the
truncation leaves a total of six nontrivial scalars, three
dilatons, and three axions parameterized by 4; and o;,
respectively, with i = 1, 2, 3, and four U(1) gauge fields A*
(=1, 2, 3, 4) with associated field strengths F*. The
bosonic Lagrangian, in the notation of Ref. [19], is

L=Rx*T1+ Lkjys—V* 1+ Lgjpa + Les. (2.1)

where the scalar kinetic terms are simply [19]
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Licns = -%Z((azi)z b sinh(Bo,)2) + 1 (2.2)
and the scalar potential2
V=423 (¥I +73), (2.3)
where [19]
coshli:%(Y%—f—f/f), cosa,-sinhxli:%(Y?—f/?).
(2.4)
In addition, we define [19]
sing; sinh A; = b;. (2.5)

It will sometimes be more convenient to use an SL(2, R)
parameterisation for the scalar fields rather than an
SO(2, 1) parameterization, by defining dilaton/axion pairs

(@i.xi) by

e? = cosh 4; + sinh 4; cos o;, y:e? = sinh ], sino;,

(2.6)

in terms of which the scalar kinetic Lagrangian becomes

Lkins = (27)

3 (0 + () +

The quantities Y, f/i and b; defined above are now given by

Y? = e¥, Y? = e+ ple?, b; = yie?. (2.8)

The kinetic terms for the gauge fields Lg;,4 and the

Chern-Simons terms Lcg, given by Eqs. (36) and (38) of
Ref. [19], are

A F!

1 i
Lgina = ) (W[ [Po(Y1Y3Y3 * F| 2)

©)

+1?2Y2Y2*F§> A F%)

+Y2Y2Y2*F§) AF§)+Y2Y2Y3 * Fly A FL)
+ 2P, byb5 (Y7 * ng) A F%) Y2« F3 A Fly )
+2P,b by (Y3 * Floy N FY = Y3 Fy AFL)
+2P3b by (Y3 % Fly) AFly =Y Fo A F)]

(2.9)

*Note that this potential is a particular example of the Fayet-
Iliopoulos potentials of four-dimensional gauged N = 2 super-
gravities. See, for example, Ref. [26].
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and
Les = —|W‘_2[blbzb3(?%f/%f/%ng) A F(lz)
v2
+YIY3Y3Fy) A F
2 3 2
+YIYY3F),) A Fly + YiY3Y3Fh A Fly)
+ by (P +2b363) (YF ) A Fly) = YiFl A Fly)
+by(Po +2b163) (Y3F ) A Fly = Y3Fh AFy)
+b3(Pg +2b103) (Y3F ) A Fly) = Y3Fh A F)l,
(2.10)
where
POEl—f—b%—’—b%—’—bz, WEP0—2ib1b2b3,
Py =1-b}+D3+ b3, Py =1+ b} b3+ b3,
Py =1+ b1+ b3 - b3 (2.11)

III. COMPLETE ANSATZE FOR N =8 GAUGED
S0(8) SUPERGRAVITY

In this section we summarize briefly the uplift Ansdtze
for the full N =8 gauged SO(8) supergravity
[13,15,16,20,27].3 We remark that the Ansdtze presented
below are not unique, and in fact there are many possible
ways of writing them down [28,29]. Of course, these
Anscitze should all be equivalent and the consistency of
both the D =11 and N =8 theories as well as the
reduction will guarantee that this will indeed be the case.
Here, we present the Ansditze in what we believe to be their
simplest known form.

The metric Ansatz [27]

1
A—lgmn(x’ y) — gI(ml./(y)l{nl(L (y)[(I/tMN” + UMNIJ)

(3.1)

where K" are the 28 Killing vectors on the round S’ as
defined in Eq. (4.5), has been known for some time and is
in fact applied in Ref. [19] to determine the internal metric
for the full gauged STU supergravity. The recent progress
concerns uplift Ansdtze for components of the field strength
Fuynpo (or equivalently the three form potential Ay p), viz.

X (™ + v )] (x).

F F

umnp>

ywmns  Fuypm» and  F

Hvpec:

mnpgq» (32)
Note that the components as presented above do not
quite correspond in a direct manner to the notation

*We simply state the uplift Ansdrze here and do not give an
account of how they are derived. For such an account, the reader
is encouraged to consult Refs. [14-16].
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used in Ref. [19]. This is because, in line with the
whole spirit of a Kaluza-Klein reduction, all fields in
Ref. [19] are defined with the Kaluza-Klein gauge fields
included; i.e. the seven-dimensional coordinate differ-
entials dy™ always appear in the Kaluza-Klein cova-
riantized form
dy™ — (dy™ — K™ (y) AL (x)dx*). (3.3)

The Kaluza-Klein redefinition above is easy to account
for and we shall do so when presenting the full set of
uplift Ansdtze (see Sec. V).

The F,,,, components of the field strength can be
obtained simply from the Ansatz for A,,,, [13,15,20]

V2

Amnp(x,y) = 92 Agquir{n( )KqKL( )
x (@™ 1y = oM (upn ™+ vpvgs)] (%),
(3.4)
where K/ are defined in Eq. (4.7). In particular,
Frnpg = 48 npql- (3.5)
Similarly,
Eumnp = OuAmnp = 30mAjujnp] (3.6)
J
V2 y
eﬂaebﬂepyemapaﬂm — _ 4_8,1WpaKnIJ <y)KmnKL (y) [(uz/”

X (f}M i jaaVMkl - 2\/5"17A0MN1>MP1‘ jf/NPkl - 2\6m7AnMN]>MPkﬂ>NPi j)(x)v

where Vy; ; is usual four-dimensional E7(7)/SU(8) coset
element parameterizing the 70 scalars.

The Ansatz for the F,,,, components of the four-
form is

F;wmn = E AE BE °E DFABCD
=e,%, e “e, Faﬂab +2B,?
-B,’B,F

Eymnp

(3.11)

mnpq>

where the first term is given in Eq. (3.8). Similarly, the
F,m are given by Eq. (3.10) and appropriate contrac-

2
tions of the F Fumnp» and F,,, ., components with

pvmn>
the Kaluza-Klein vectors B,".

*Note that in Ref. [16], the components on the left-hand
side of Eqgs. (3.8) and (3.10) are denoted by F and F,

pvmn puvpm»
respectively.
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with A,,,, as determined by Eq. (3.4) and A,,,,,, given by the
following exact vector Ansatz [15]:

1
ﬁ KmnIJ(y)AﬂIJ (.X)

V2

- TAmnp ()C, y)KP”(y)A”U(x)_

The Ansatz for F,p,, [16] is particularly simple,

e, e, \/§

b —
n Cv emaen Faﬁab_ )

Aymn(x7 y) =

(3.7)

(Ko™ (3) Gy (x)
- 12A—1Amnp (xvy)KpIJ(y)H;w” ()C)),
(3.8)

where G,,;; and H,,'/ are covariantized field strengths of
the electric and magnetic vectors and ¢,” and e,“ are

defined by
e,* B,e?
E A _ H H =P )
" <0 en’

The Kaluza-Klein vectors B,” in the STU truncation are
given by the Abelian U(1)* truncation of K"™“AL. In
particular, from the above Ansatz we deduce that F g,
vanishes for four-dimensional solutions with vanishing
vector expectation values.

The Ansatz for F 4, is perhaps the most involved [16],

(3.9)

apya

+ Uijlj) (MleL _

,UleL)] (x)
(3.10)

|

On the other hand, the conjectured Ansatz for the
Freund-Rubin term® is perhaps the simplest and most
elegant [16],6

i
frr = —ﬁﬂaﬁ "F apys

_ m 92 . . )
B _967\/7292 <V(x) _E(Q.kl(x)zljkl( »)7) + H.C.)>’

(3.12)

where V/(x) is the four-dimensional scalar potential, Q"7 is
simply given in terms of the 7-tensor

>There are other established Ansdrze for the Freund-Rubin
term (see Ref. [16]). However, it has not yet been possible to
show that those Ansdtze have the following simple form.

®In this paper, we use the conventions of Ref. [19], which are
related to the conventions of Ref. [16] as follows: gRe!-[16] —

gRef [19] apng VRef.[16] — l/zvRet (19]
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- 3 - . .
Ql.]kl _ ZAZmn[l]Aan[]m _ Alm[lAzm]kl] (313)

and complex self-dual tensor

ﬁijkl(xvy) = (uij”MkIKL - UijIJUkIKL)(X)Km[u<y>KmKL] ()’)
(3.14)

Note that the only components of the four-form field
strength for which an Ansatz is not given in Ref. [19] are the
ones related to the internal components A,,,, of Ayyp,
which, as explained above, are given by the Ansatz in
Eq. (3.4), after including the Kaluza-Klein redefinitions
explained above and in Sec. V.

IV. DERIVATION OF 4,,,,

In this section, we outline the derivation of the purely
internal (7-sphere) components A,,,, using Ansatz (3.4),
which we repeat here for convenience,

__iv2
mnp — 96

X (™" + vanie)-

A Agqu,I,{anKL(MMNU _ UMNIJ)

(4.1)

As is clear from the Ansatz above, the first step is to
compute the u and v tensors. These tensors have already
been computed in Ref. [19] (see also Ref. [30]), but here we
express them in terms of U(1)*-invariant tensors. In this
way the u# and v are expressed more covariantly with
respect to the U(1)* symmetry.

Without loss of generality, we can choose U(1)* C
SO(8) to act on the index pairs {12}, {34}, {56}, and
{78}, where, for example the first U(1) rotates 1 and 2 into
each other. Introducing

(XVKLY o = 4!5%1,(11(‘,1‘,, (4.2)
we define C, as
Cl = X124 1+ X5678 C2 = X125 4 X478,
€3 = X1278 4 3456, (4.3)

It is clear that C_ are the unique rank-4 U(1)*-invariant
tensors, up to redefinitions of the embedding of
U(1)* c SO(8). Furthermore, there are also four rank-2
invariant tensors

1 2 3 4
Fi) =285, Fjj =28i. Fj =28, Fj =25},
(4.4)

The 28 Killing vectors of the SO(8) symmetry of the
round S7 are written in the spinor representation, i.e., with

PHYSICAL REVIEW D 94, 066003 (2016)

KN — l(rab)” (x“ i —xP Q) ,

2 Ox? x4 (45)

where x? are the Cartesian coordinates on R3 that are
employed in Eq. (A2). We then define the following vectors
and tensors:

i L -
5() C(+)11KLK£anK KL,

m — E
i L
cffnll = __CQIJKLK%K”KL’
16
i I
S;(n)np - 1_6C(—}JKLK£njnK§L’
R LT B T
where
11 I 1 ° b
Kmn - Kmn = __DmKl’l : (47)
[mn] m
7

Indices on K,,’” and K,,,”’ as well as all U(1)*-invariant
tensors are raised and lowered with the background

(inverse) metric ¢"" and g,,,, respectively.
The 56-bein V = V|V, Vs, where

b <u(z’)ij11 U(i)l.jKL > 43)
! pOKIT (DKL
In symmetric gauge each 56-bein is expressed as
0 ()
V; =exp| _ . ¢ , (4.9)
o0 0

where ¢ is the complex conjugate of ¢). In terms of
the U(1)*-invariant tensors above, the scalar expectation
values are

¢\ = —2);(cos 6;C'. —ising;,CL).  (4.10)

Hence by exponentiation,

. 1 A o
M<'>[JKL = 5;(11‘ —+ 1 (COShE — 1) (Cl-‘rCEF)IJKL’ (411)

. 1 A; 4 4
L ——— —Esinhj(cos 0,C, —ising;CL), k. (4.12)

The u and v matrices corresponding to the full 56-bein V
can then be found from

u KL = u(l)”MN(M(z)MNPQu(3)PQKL + ,U(Z)MNPQU@)PQKL)
+ U(I)UMN(0(2)MNPQM(3)PQKL
+ uCMN , y(BIPOKL). (4.13)
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KL — U(])IJMN(M(Z)MNPQM(3)PQKL + v(Z)MNPQU(S)PQKL) Zb s Z o . qF )
+ u(I)IJMN(U(2)MNPQM(3)PQKL Amnp 64 P ap mn>
+ uDMN oy (IPOKL) (4.14) (4.15)

Now that we have the u and v tensors, we can where, defining
compute A~ gP1A,,,, by contracting them with K%/ and
K9KL as prescribed by the formula (4.1). In terms of the ¥} =YY, J2=Y}+713, (4.16)
U(1)*-invariant vectors and tensors defined in Eq. (4.6),”

F11 = yi(b3y3 + byy3) + byy3y3 — 4bybybs, [ = =Vi(b3y3 + byy3) + byy3y3 — 4b 1 byby,

f33 = =yi(bsy; - bz)’%) - b1)’%)’§ —4bby by, fas = yi(b3y; - bzyﬁ) - bl)’%)’% — 4bbybs,

fia = =31 (b3y3 + byy3) + b13553 — 4by, Ja1 = F1(b3y3 + boy3) + by 3353 — 4by,

f13 = =33(b3yi + b1y3) + by3153 — 4bs, fa1 = 93(b3yt + b1y3) + by3i53 — 4by,

F1a = =33(boyi + b1y3) + b33155 — 4bs, fa1 = 33(boyi + byy3) + 33155 — 4b3,

f23 = $3(bayt — b1y3) — b33155 + 4bs. f32 = =93(bay} — b1y3) — b33193 + 4b3,

Jau = F3(b3yt = b1y3) — by3iy3 + 4by, fa = =93(bsy} — b1y3) — bo3133 + 4bs,

f34 = 31(b3y3 — bay3) — b13353 + 4by, fa3 = =Fi(bsy3 — byy3) — b1 3393 + 4by. (4.17)
The U(1)*-invariant vectors and tensors are given explicitly in terms of a set of adapted coordinates (Hab,) O s7
in the Appendix, where yu, are subject to constraint (Al). Thus, all that is left to do in order to find A,,,, is to

contract Ag,,, which we know from the metric Ansatz [19], with the expression found above written in adapted
coordinates, i.e.,

3
mnp - Agp <Z mn 64 Z fa[}F )4 mr)l> (418)

a,p=1

The resulting expression is®
b - -
Agsedpa = 2:—193 [P‘%Wzd(ﬂ%) - ﬂgwld(ﬂ%) - ﬂ%ﬂ%(Y%Y%daz + Y%Y%da_;)],
b ~ -
Awrgdty = 2:—1; WAW3d(13) — i3Wad(3) + p3p3(Y3¥3da, — Y3V3das)),

Agsrdpy = ——— WIWsd(13) — iI3W,d(12) — p3 (Y2Yiday + Y3Y3das)),

2'“ 3

Aussdy = 2:—23 WaWad(3) — i3Wad(p3) + w33 (Y Viday — Y3V3das)],
b - -

Agsgdpy = 2:—;3 [P‘%Wztd(ﬂ%) - ﬂiwld(ﬂ%) - ,u%/,tﬁ(Y%Y%da] + Y%Y%daz)]’

b ~
Augrdpt, = 2:—;3 W3W,d(13) — i3 W3d(43) + p3p3(Y3Yiday — Y3V3das))], (4.19)

where

7Recall that indices on U(1)*-invariant tensors are raised/lowered using the background (inverse) metric on the round seven-sphere,
omn

g / Gmn-
¥The factor of ¢~3 is introduced in the expressions below because we are using dimensionless coordinates on the unit sphere.
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W, = V3V3d + Viv3ud + Yivad,
W, = Y3v3ud + Vivyud + Yivis,
Wy = Y2v%ld + Y2V3ud + Y3v2l,

Wy = YiYoui + Yi¥3ul + Y3¥343 (4.20)

and

a3 = pi + .
(4.21)

ay =i +u3. a=pt 43,

Note that the W, defined above are related to the Z, defined
in Ref. [19] as follows:

W,=2,- (4.22)
The coordinate indices (5,6,7,8) on the A,,,, refer to
the directions (¢, ,.$3.¢s) respectively, so Ay =
Agsedptq N dpy N dpy + - -

=1
+ Z3d53

PHYSICAL REVIEW D 94, 066003 (2016)

The function = is defined in Eq. (21) of Ref. [19] as
follows:

E = Y3V3Yiul + YIYIY3S + YiYiY3s + YivaYau
+ (Y3Y3 + Y3Y3) (Viuhi3 + Yipdus)
+ (V3T + Y3Y3) (Y3did + Y3udu3)

+ (VYT + V313) (Yiuips + V3u3s3). (4.23)

V. UPLIFTING GAUGED STU SUPERGRAVITY
TO ELEVEN DIMENSIONS

The uplift Ansatz for A,,,, given in (4.19) in the
previous section, along with the previous results of
Ref. [19], allows us to complete the uplift of gauged
STU supergravity to eleven dimensions. The uplift of the
four-dimensional metric dsi was obtained in Ref. [19], and
is given by

= Bids} + g?E [Zz (dpt, + aD@) + 2bybs (i3 Dp1 Dby — 43 D3 Dpy)

+ 2b1b3(uiu3 Dy Dby — p3uzDepr Depy) + 2b1 by (13 Dby Doy — 53Dy Deby)

1
+ 5 bt ((mdpy + podp)? +

1
+ 503 ((midpy + padpy)? +

1
+ 503G dpn + padpa)® +

where dsj is the four-dimensional metric, the Z, are
defined in (4.20) and (4.22), and = is defined in (4.23).
The 1-forms D¢,, which are defined by

D¢(t - d¢(l gAa ) (52)

manifest the expected U(1)* gauge invariance
A?‘l)(x) - A?‘l)(x) + dA“%(x) that originates via the subset
ho = P+ gA%*(x) of the eleven-dimensional coordinate
transformations.
The 4-form field strength is given in Eq. (41) of
Ref. [19], which we reproduce here for convenience,
F() :—ZgUe( +F/()+F/(/4>+G(4), (5.3)
where €4 is the volume form in the four-dimensional

spacetime metric ds3. The first term in (5.3) corresponds to
the Freund-Rubin term, with

(uaduy + pzdus)*) |,

(usdps + padpy)?)

(uadpy + paydpy)?)

(5.1)

[
U=Yiu}+m)+ Y13 +13) + Y3l + 42)

+ V303 + ) + Vil +4d) + V353 +43). (5.4)
In terms of the components F,pcp, this corresponds
to F apys:

The next term in the expression above is F @ = dA’(
where A<_ 3y is obtained by making the replacements

d¢, — D¢, in the expression for the internal projection
of the 3-form potential (4.19). Thus we have’

1
_A(lf)’;?d/’[{l N (d¢ﬂ - gA/} ) (d¢y gAy )’ (55)

I
A =3

where the components A 3,

are given in (4.19).

Note that we have introduced the hatted indices & such that
(1,2,3,4) = (5,6,7,8).
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The term F ’(’4>, which is given in Eq. (43) of Ref. [19], is

where

Fly=- HW*}jwm (dpe — GAT)) A Res

2) (2)]

+ V3[Pabybs # Fly) + by(Py + 20303 FYy | + Y3[Psbi by * Fiy + bs(Pg + 2b103) Y, |,

= Y3[Pybiby x Fly) + by(Po + 2b7103)Fly)| = Y3[P3b1by x F{y) + b3 (Pg + 20103 F, .
Ry = YiV3Y3[Py * Fly) + 2b1bybsFly | = Y3[Pibobs + Fiy + by (Py + 2b3b3) Fy |

+ V3[Pabybs  Fly) + by(Py + 2b103) F (| = Y3[P3byby % Fiy) + by(Po + 26103 FEy |,
Ry = Y3Y3Y3[P, * Fly) +2b1bybsFly] = Yi[Pibobs % Fy) + by(Po + 2b3b3) Fy |

= Y3[Pyby by  Fy) + by(Po + 2b7b3) Fp,) | + Y3[P3b b, * Flyy + b3(Po +2b7b3)F |y,

PHYSICAL REVIEW D 94, 066003 (2016)

(5.6)

(5.7)

and W and P, are defined in (2.11).
Finally, the remaining term in (5.3) is given by

N 1
Gy = z—g(zYl—‘ wdY, — YT dyy) Ad(pd + p3)
1

1
=y (23! % dY3 — y3Y5 * dys) A d(ui + p3).
(5.8)

Note that, as observed in Ref. [19], the equations of motion
for the U(1) gauge fields in the STU theory are simply
given by d(|W|~%R,) = 0.

A. Consistency of the other uplift formulas
with the general uplift Ansditze

In this section, we revisit the uplift Ansdtze for some of
the other components of the 4-form field strength. In
particular, in light of the recent developments [16], we
show that the Ansatz for, in particular, the Freund-Rubin
term takes a simple form.

In Ref. [16], an uplift Ansatz is given for the
Freund-Rubin term and it is, moreover, conjectured that
the term can be expressed in terms of the sum of the
potential and its derivative according to the conjectured
formula (3.12). In order to express the Freund-Rubin term
in this form, we introduce the following paramaterization of
the scalars:

n; :AiCOSUZ‘, Ci :/Ii SinUi. (59)

|
The scalars 5, are the coefficients of the self-dual tensors
in the parameterization of ¢;;; in the unitary gauge, and {;
are the coefficients of the anti-self dual-tensors.

It can now be seen that the function U given in (5.4) can
be written as

U——é(vjuzi:g—lf,»), (5.10)

where

S=uitus—ps—Hy, S = s - -,
& = ui +pd —ud — 13 (5.11)

Note also that, in terms of tensors &;, 6(4)
can be written as

given in (5.8)

N 1
G :—E ; * dA; — sin o; sinh 4; cosh 4; * do;
@) ig2 (coso; * dA; — sino; sinh 4; cosh 4; * do;)
A dE,. (5.12)

The form of this is consistent with the Ansatz for the F4,,
component of the field strength proposed in Ref. [16],
Eq. (3.10). Furthermore, it is now straightforward to see
that the Bianchi identity dF 4) = O1s satisfied provided that
the scalar fields satisfy their equations of motion.

The F ’(4> term is given by the Kaluza-Klein covarianti-
sation of Fpqs Fumnp and, since Fiy) = dA(3) with Afs)
given by Eq. (5.5), the second term on the right-hand side
of the expression for Fz,p, (3.8).

066003-8



EMBEDDING OF GAUGED STU SUPERGRAVITY IN ...

Moreover, the F '('4) is given by the Kaluza-Klein cova-
riantisation of the first term on the right-hand side of the
expression for Fzqp, (3.8).

Thus, we have established the direct, if somewhat
intricate, relationship between the uplift Ansdtze of the
gauged STU supergravity with the general Ansdtze for the
full ' = 8 supergravity, given in Ref. [16].

VI. CONSISTENT TRUNCATIONS
OF THE STU EMBEDDING

There are two inequivalent consistent truncations of STU
supergravity that are sometimes useful in their own right,
and have the merit of being considerably simpler than the
full STU theory. In each case, the bosonic sector of the
truncated supergravity comprises gravity coupled to two
U(1) gauge fields, a dilatonic scalar and an axionic scalar.
The two truncations, which we shall refer to as the 2 + 2
truncation and the 3 + 1 truncation, are implemented by
setting

2+211:l o] = 0, /12213262:63:0,
Ay=Ai=An  A=AI=A, (6.1)

3+1:ﬂlzﬂzzﬂ3:l, 61 =0y, = 03 = 0,
Al=A, A=A =At=A, (6.2)

Note that we are not rescaling the gauge potentials in these
truncations, so A, and ;\,, in the 2 + 2 truncation and A, in
the 3 4 1 truncation will have noncanonically normalized
kinetic terms. Also, in the 3 + 1 truncation the scalar fields
A and ¢ will have noncanonically normalized kinetic terms.
We have chosen not to rescale the truncated fields in order
to avoid the occurrence of many \/§ or \ﬁ factors. It will
be convenient to parameterize the scalar fields in the
standard SL(2,R) form, for which their kinetic terms
are proportional to —d¢* — e*?9y?, by introducing ¢ and
y that are related to 4 and o by

e? = cosh A + sinh Acos o, ye? =sinhisine, (6.3)
in terms of which we have
Y? = e?, V> = e + p2e?, b=ye’. (6.4)

A. 2 + 2 truncation

Here, with the fields truncated as in (6.1), we choose an
adapted parameterization for the yu, coordinates in which
we take

PHYSICAL REVIEW D 94, 066003 (2016)

1 1
I :ccosiﬁ, ﬂzzcsiniﬁ,
cos ! 0 sin ! 0 (6.5)
= scos=0, = ssin=0, .
H3 3 Ha 3
where we have also defined
¢ =cosé, s =siné. (6.6)

The four azimuthal angles ¢, will be parameterized by
defining

¢ =5 (v + @), b =5 —¢),

b= +¢).  di=5—)

NN SR R
N = N =

The unit 7-sphere metric then takes the form

4
dQ% = (i + p3dd2) = dE + cos?EdQ3 + sin’EdQ3,

a=1

(6.8)
where
1
A2 = Z [d6? + sin*0d¢g” + (dy + cos Odp)?],
- 1.~ -~ Py
d$3 = [d6” + sin?0d’ + (dip + cos Odep)’] (6.9)

are the metrics on two unit 3-spheres.
The metric reduction Ansatz (5.1) in the 2 + 2 truncation
thus reduces to

| = cos?é )
ds%l = :3dsi + ? {dfz + 4—Z3 [d92 + sm29d¢2
+ (dy + cos Odep — 2gA1))?]
. 2 ~ ~ ~
+ S;‘;l‘f (A8 + sin8d?
+ (d¢+coséd<7)—2gix(l))2]}, (6.10)
where, from (4.20) and (4.22), we now have
Z, = Z, = Y*sin%& + cos2é,
Zy = Zy = Y?cos?E + sin?é, E=277Z;. (6.11)

The 4-form reduction Ansatz is now given by
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ﬁ( 4 = —29Ue)

, 1 ct

Ay = ;;(e‘/’ [ZQ(A) - Z—]Q(A)}
A/(/4) = 2g 2072

222

where
U=cY?+s2Y* +2,
1
QA) = gsm O(dy + cos 0dp — 2gAy)) A dO A dep,

~ 1
Q(A) = gsm (i + cos Ode — ZgA ) A do A dg.

(6.13)

The bosonic sector of the STU supergravity Lagrangian
given in Sec. III reduces under the present 2 + 2 truncation
to

1 1
EzR*]]—E*dq)/\dgo—iez‘/’*d)(/\d)(—V*ﬂ

— Y_Z*F(2> A\ F(z) — ?_2*1:—‘(2) AN F(z)
—)(F(z) A F(z) +}(Y2?_2F(2) A Fz, (614)
where
V=—4@(Y> + 7Y +4). (6.15)

It can be verified that the uplift of the 2 4 2 truncation
that we obtained in this subsection agrees with the Abelian
truncation of the uplift of the N =4 gauged SO(4)
supergravity that was obtained in Ref. [17].

B. 3 + 1 truncation
For the 3 + 1 truncation of the fields of STU super-
gravity, given by Eq. (6.2), an appropriate adapted param-
eterization for the u, coordinates is given by taking

Hy = cos¢é, Uy =V, 8N, a=2,3,4,
d =1 (6.16)
The unit S7 metric then takes the form
dQ2 = d& + cos’Edg? + sin®EdQ2,  (6.17)

1
sdé A (dy + cosOdgp — 2gA 1)) + Ecsiné’dﬁ A dg

1 - - - - -
cdé A (diyr + cos Odgp — 2gA ) — Essin&d@ A d(ﬁ] A (%F 0y = xY?F ),

PHYSICAL REVIEW D 94, 066003 (2016)

-= (*d(p —xe®? x dy) A dE + dA’ F’(’4),

A (*F(2> —l—)(YzF(z))

(6.12)

|
where

do? = Z(dy§+ugd¢2) d3 + (dw + B)?>  (6.18)

is the metric on the unit 5-sphere, and dZ% is the standard
“unit” Fubini-Study metric'’ on CP?, with J = 1 dB being
the Kihler form on CP?. In terms of v, and ¢, we have

= 12dg,.

It will be convenient to define the two functions

(dy + B) (6.19)

B =Y (Y22 4 Y2s52), y=Y**+s%  (6.20)
where, as before, we have defined ¢ = cos £ and s = siné.
From (4.20), (4.22), and (4.23) we find

Z, = Y452 4 2,

Z,=p—b>s*2, 2 =472,

(6.21)

where, as before, b = ye? = yY?. The eleven-dimensional
metric (5.1) now becomes, in the 3 + 1 truncation we are
considering here,

e[ P
dst, = :3ds4+g 28 { d&® +ys*((dy + B —gAq))

b2c? ~
+ - (dgpy — gAw)))?

ﬂZ 2
+ ps>d=3 + — (dpy - ))2] : (6.22)

Substituting the 3 4 1 truncation into the uplift formula
for the 4-form in STU supergravity given in Sec. V, we now
find

'"The Fubini- Studd?/ metric is given in terms of the complex
coordinates z,=v,e'% on §° by d¥3=>",d7,dz,—|>" Zadz.|*
This “unit” metric is Einstein with R, i = 69;;.
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with

U=2(Y2+1Y%?) + 12,

2sc

Gy = —— (xdgp =y x dy) A dE,
g
. scy
Al = g—dé’ A (dpy — gAx)) A (dy + B — gAy))
s2¢? ~
?)(ezq’(dgbl —gAm) ANJ
4

+%;{e2w(dw +B—gAn) A,

Fly =2 | |2d§/\RA(d¢1 Ag))
2‘W|2
2

Y R
FIw?

A, (6.24)

where, from (2.11),

(W2 = (1 +4b%)(1 + b?)? (6.25)
and from (5.7),
R=R,, R=R,=R;=Ry (6.26)
with
R=Y[(1+3b%) * Fp) + 2b°F )]
+3b(1 + PA)Y [ + (14 2b%)F )],
R =Y*(1+ b*)*[xF 2bF )]
+b(1 +b*)Y? [b x Foy + (14201 F ). (6.27)

The bosonic sector of the STU supergravity Lagrangian
given in Sec. III reduces, under the 3 4 1 truncation, to

3
E4:R*1]—5(*d(p/\dgo—l—e2‘/]*d)(/\d)()

- V * T] + EKinA + ﬁcs, (628)

with
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V=—128(Y*> +Y?),
1 N

Lina = T2 + 42 [6x%¢? % Fo) A Fo
+ €_3¢(1 + 3){262[/))(1 +)(2€2(/}> * F(z) AN F(z)
+ 3e? F(z) AN F(Q)],
X
Les=— [=3€*"F (o) A Fy)

(1 +4y2e%)
+ 3(1 + 2}(262¢)F(2> AN F(z)

+)(2(1 +)(2€2{/))F(2) A ﬁ(Z)} (629)

VII. CONCLUSIONS

The existence of a consistent reduction of eleven-
dimensional supergravity on S7, to give four-dimensional
N = 8 SO(8) gauged supergravity, was first established in
[11]. In that paper, the complete expression for the eleven-
dimensional metric Ansatz was obtained, and partial
expressions also for the four-form field strength. The
complete expressions for the uplifted four-form field
strength were obtained recently [13-16]. Although the
results are now complete, they are not necessarily conven-
ient to use in practice, if, as is commonly the case, one is
interested in uplifting four-dimensional configurations that
involve only a subset of the full set of A/ = 8 supergravity
fields. In the context, for example, of four-dimensional
black hole solutions, it is almost always the case that only
an Abelian subsector of the SO(8) gauge fields is turned
on. Thus for many practical purposes, it suffices to know
the uplift formulas for the truncation of the SO(8) gauged
supergravity to its Abelian U(1)* subsector. The consistent
truncation of the maximal gauged supergravity to this
Abelian subsector corresponds to the gauged A =2
STU supergravity theory, whose bosonic sector comprises
the metric, the four Abelian U(1) gauge fields, three
dilatonic scalars, and three axionic scalars. This theory
is, for example, sufficient in order to describe the general
class of rotating asymptotically AdS black holes, which can
carry four electric and four magnetic charges.

In this paper, we have carried out the Abelian truncation
of the results for the uplifting of the gauged N/ = § theory,
thereby obtaining fully explicit expressions for the lifting of
the bosonic sector of the four-dimensional gauged STU
supergravity to eleven dimensions. We formulated the
truncation in a notation that is adapted to the U(1)*
isometries in the internal directions on the seven-sphere.
In special cases where the gauge fields are either purely
electric or purely magnetic, one can make a further
consistent truncation (to a nonsupersymmetric theory) in
which the three axionic scalars vanish. This leads to
enormous simplifications in the formulas, and they then
reduce to ones that are given in Ref. [18].
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We also considered two distinct supersymmetric trun-
cations of the STU supergravity, where, in each case, two
gauge fields, a dilatonic scalar and an axionic scalar
survive. The first, which we referred to as the 2+ 2
truncation, is achieved by setting the four original gauge
fields to be pairwise equal. The second, which we call
the 3 + 1 truncation, is achieved instead by setting three
of the original four gauge fields equal. The geometric
structure of the internal seven-sphere becomes particu-
larly simple in these two truncations. In the 24 2
truncation, the seven-sphere is described as a foliation
by S x 8% factors, with the two surviving gauge fields
being associated with the two U(1) isometries acting on
the Hopf fibers in the two S® factors, viewed as U(1)
bundles over S%. In the 3 + 1 truncation the seven-sphere
is instead described as a foliation by S x S' factors, with
the two surviving gauge fields being associated with the
U(1) isometry acting on the Hopf fibers of $° viewed as
a U(1) bundle over CP?, and the U(1) isometry of the S!
factor. Consequently, the uplift formulas are much sim-
pler for these truncations.

We hope that the new uplift Ansdtze presented in this
paper for what are particularly interesting truncations of
maximal SO(8) gauged supergravity will be of use in
future applications.

|

x4 ix? = p el x4 ixt = el
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APPENDIX: U(1)*-INVARIANT TENSORS IN
ADAPTED COORDINATES

We shall use an adapted coordinate system y” =
(U #,) for S7, with the direction cosines , satisfying

(A1)

These coordinates are related to the R® coordinates as
follows:

¥ +ix® = pse?s, x4+ ix® = pyelts. (A2)

The expressions for the various U(1)*-invariant tensors become much more elegant in terms of these coordinates. First of

all, we have the background round S metric

A3 = guady™dy" = (dpl + p2de3).

Note that the inverse background metric in these coordinates is

02
a<p

The vectors rf,(q?, viewed as 1-forms, are then given by

Doym 3
g dym = 540t +43) = 3wy + padpy) =

(2)d m
Em'dy )

3 3
& dy" = 2 d(ud +pd) = 3(urdpy + padus) = =S d(u3 + 43) =

The 2-index symmetric tensors 5%),, are given by

1
Emdy"dy" = = (4 + B3 (i} + i3 + 1A} + 13d3) +

4

a7 - émna ma\’” - z(ﬂaaﬂ/j _Mﬁa (1)2 + Zﬂ;zaéa-
a

3
= Sd(ui +p3) = 3(mduy + padps) =

|
2 m n
Emdyndy" = — 7 3+ 43) (At + dpi + pid ot + p3dep3) + 4 (ﬂz + 1) (i + dil + 3de3 + uidg?).

1
Emdy™dy" = _Z(ﬂl + p3)(dut + dug + pidpt + puzdds) + - (ﬂz + u3)(dp5 + dp3 + prdd; + p3dg3).

(A3)
(Ad)
3
=53+ 43) = =3(usdps + padpa),
3
_Ed(ﬂg + 13) = =3(uadpy + paduy),
3 =3(uadpy + p3dus). (A5)
(ﬂ3 + u3)(dp3 + dug + p3dd3 + pidgy),
(A6)
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The vectors F 5,7) are given by

PHYSICAL REVIEW D 94, 066003 (2016)

Fidy" = p3dep, + yi3deps + p3deps + pi3depa.
2) gom

Fildy™ = jikdep, + p3depy — pi3dips — yi3deby.

Fi)dy™ = pld, — p3dep + pideps — pidebs,

4 m __
Fuldy™ = jitdip, — p3depy — pi3dps + i3y

The 2-forms F Eg) =dF E

@)
) )

|y are given by

2
2

2
4

The 3-forms S are given by

1
zFfmidym A dy" = 2uydpy A depy — iy A depy — 2usdps A deps + gy A deps.

(A7)

1
SFohdy™ A dy" = 2uidpy A dpy + 2uadiy A depy + 2usdps A dps + 2pagdiy A depy,
1
SFDdy™ A dy" = 2uiduy A depy + 2y A depy — 2pzdps A depy — 2y A deby,

1
SFady™ A dy" = 2pidpy A dpy — 2padpy A depy + 2uzdps A dips — 2padpy A deby,

(A8)

1 1
SW = =~y (uydpy = padpy)) A depy A depy + 5 pspia(padpy, — padps) A deps A deb,

2

2

2

1 1
5@ = — = s (ydps — pzdpy) A dpy A deps + 5#2#4(#261/44 — padys) A dipy A depy,

1 1
MO —§M1M4(M1dﬂ4 — padpy) A dpy A depy +§M2M3(M2dﬂ3 — padps) A depy A deps.

(A9)
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