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Lorentzian proper vertex amplitude: Asymptotics
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In previous work, the Lorentzian proper vertex amplitude for a spin-foam model of quantum gravity was
derived. In the present work, the asymptotics of this amplitude are studied in the semiclassical limit. The
starting point of the analysis is an expression for the amplitude as an action integral with action differing
from that in the Engle-Pereira-Rovelli-Livine (EPRL) case by an extra “projector” term. This extra term
scales linearly with spins only in the asymptotic limit, and is discontinuous on a (lower dimensional)
submanifold of the integration domain in the sense that its value at each such point depends on the direction
of approach. New tools are introduced to generalize stationary phase methods to this case. For the case of
boundary data which can be glued to a nondegenerate Lorentzian 4-simplex, the asymptotic limit of the
amplitude is shown to equal the single Feynman term, showing that the extra term in the asymptotics of the

EPRL amplitude has been eliminated.
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I. INTRODUCTION

Spin-foam models [1-4] arise from a covariant formu-
lation of loop quantum gravity [5-8]. These models are
usually developed on a triangulated manifold and defined by
an amplitude associated with the simplices of the triangu-
lation. A crucial tool in understanding the semiclassical
regime of a spin-foam amplitude is the analysis of its
asymptotic behavior. When Ponzano and Regge discovered
that the asymptotics of the 6j-symbol in recoupling theory
contain the discrete Regge action for general relativity [9],
they established the first quantum model for Euclidean
three-dimensional gravity. The Ponzano-Regge model was
generalized in spin-foam models of four-dimensional grav-
ity. In the papers [10—15] Euclidean and Lorentzian versions
of what came to be known as the Engle-Pereira-Rovelli-
Livine (EPRL) model were developed.

The asymptotics of the Euclidean EPRL model were
studied in [16]. It was found that in the semiclassical regime
the EPRL amplitude contains several terms made of
exponentials of the Regge action with different overall
coefficients and different signs, instead of one exponential
term. When dealing with multiple 4-simplices these extra
terms give rise to unphysical equations of motion and
perhaps are a cause of bubble divergences [17]. The
presence of similar problematic terms was discovered for
the Lorentzian EPRL model in [18]. It was shown in
[19,20] that the appearance of these terms is caused by the
presence of different combinations of dynamical
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orientations and Plebanski sectors of solutions to the
simplicity constraint. The combination of Plebanski sectors
and orientations yielding the one Feynman-like term equal
to the exponential of exactly i times the Regge action was
named the Einstein-Hilbert sector. This name arises from
the fact that, in continuum Plebanski theory this is the
sector in which the action reduces to Einstein-Hilbert
action. These observations led to the proposal in [21,22]
to quantize the restriction to the Einstein-Hilbert sector by
inserting an appropriate projector into the amplitude,
thereby eliminating the additional terms.

In [20] this strategy was implemented to modify the
Lorentzian EPRL amplitude and define what is called the
Lorentzian proper vertex amplitude. In this paper we study
the asymptotics of the Lorentzian proper vertex amplitude
and verify that the semiclassical regime of the new
amplitude is indeed dominated by a single term, the
exponential of the Regge action. The analysis is performed
by writing the amplitude in a path-integral form, splitting
the action into a modified EPRL part and a projector action
part, and using stationary phase methods to study the large-
spin limit. However, the projector term in the action
depends on the spins nonlinearly, and has discontinuities
where the parallel transports are degenerate. Thus, it is
necessary to extend the stationary phase method to handle
this case. Specifically, we extend the stationary phase
method to the case of an action which is asymptotically
linear, and which may have a submanifold of points where
the value of the action depends on the direction of
approach, which turns out to be sufficient. The present
analysis restricts consideration to the case of boundary
states for which there are no degenerate critical points.
Thus the present analysis includes, in particular, the most
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physically relevant case of boundary data, namely that of
those which fit onto a nondegenerate Lorentzian 4-simplex.

Note, this paper concerns only verifying the correct
phase of the asymptotics of the proper vertex. This is the
most important part of the asymptotics to check as it is
necessary to ensure that the classical equations of motion
dominate the spin-foam sum in the semiclassical limit. The
other part of the asymptotics—the modulus—determines
the effective measure factor of the path integral, which is
important for determining formal equivalence with canoni-
cal quantization [23,24].

The paper is organized as follows. A brief review of the
key equations and prior results needed for the paper is given
in Sec. II. In Sec. III we formulate the amplitude in integral
form, consider the critical points of the action and calculate
their contribution to asymptotics, which is the main result
of the paper. In Sec. IV, we present the technical argument
justifying the use of stationary phase methods for evalu-
ating the asymptotics. In particular, we derive the asymp-
totic form of the nonlinear part of the action, show that the
usual stationary phase theorem applies to the part of the
vertex integral containing all critical points, and show that
the contribution from the rest of the vertex integral is
suppressed.

I1. PRELIMINARIES
A. EPRL asymptotics

To define a vertex amplitude we consider a single 4-
simplex with tetrahedra labeled a, b = 0...4 and triangles
labeled by unordered pairs (ab). The boundary Hilbert
space is spanned by generalized spin-network states, in
which each triangle is labeled by a spin k,;, and two vectors
Wab» Wpe 10 the corresponding irreducible representation of
SU(2). For the purpose of this paper, we use coherent

boundary states consisting in spin-network states with the
|

egoe 1 12 . .
A,L,(lllg 889) ~ (1) {N+ exp <zﬂy2kdb®ah) + N_exp (—Mkaa,,@ab)} .
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vectors ¥ ., W, chosen to be Perelomov coherent states
([25]) associated to two unit spinors &, &, (for more
details see [18,20]). Each two-spinor £ determines a unit
3-vector via [18,20]

(Elole)
(€.

ng := (2.1)

where 6’ are the usual Pauli matrices. Both the set (k. &)
and the set (k,,,n,;,) which they determined are called
boundary data for the 4-simplex. Given (k,;,n,;,),
(kap» Eap) is uniquely determined up to a phase for each
spinor. The boundary data (k,;, n,;) determine a geometry
for each tetrahedron [20], and are called Reggelike when
these geometries glue together consistently to define a
boundary geometry of a 4-simplex. In this case one can fix

the phase of the boundary state leading to what is called a

Regge state, which we denote w?i%ﬁeb. The boundary data

(kap,m,y,) are called a vector geometry when the deter-
mined tetrahedra can be rotated in R® such that triangle
(ab) in tetrahedron a is parallel to triangle (ab) in
tetrahedron b, with opposite orientation, for all a, b [16].
In [18], the asymptotics of the Lorentzian EPRL vertex
amplitude were analyzed and found to be governed by
critical points of an action. The amplitude of a Regge state
at a critical point depends only on k,, and the dihedral
angle ©,, for which cosh®,, = |N, - N,| if the boundary
glues to a Lorentzian 4-simplex with tetrahedron normals
N,, or cos®F, = |NL - NEJ if it glues to a Buclidean 4-
simplex with normals NZ. We quote the result from [18].
Theorem 1: [EPRL asymptotics] Let B = {1k,;.n,;}
be a set of nondegenerate boundary data satisfying closure.
(1) If B is Reggelike and determines the boundary
geometry of a Lorentzian 4-simplex, then in the

limit A — oo,

(2.2)

a<b

(2) If B is Reggelike and determines the boundary geometry of a Euclidean 4-simplex, then in the limit A — oo,

1\ 12
i)~ () o (st ) vt (a0t |

(2.3)

a<b

(3) If B forms a vector geometry not in the above cases, then

2\ 12
A,~—| N
~(3)

in the limit 4 — oo.

(4) If B is not a vector geometry, then A, falls off faster than any inverse power of A.
The factors N, N_, N, N£ and N are independent of A and given in [18].
As shown in [20], of all the terms above only the first term in (2.2) arises from critical points corresponding to the

Einstein-Hilbert sector.
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B. Proper vertex amplitude

As defined in [20], the proper EPRL vertex for boundary
data {k,p, &, } is given by

A (ks € })

= (=1)% / sXo) [ Tax, [ [a(x,2Ck,
(=1) Lo ( 0)1:[ B E o

a<b

XbIHba({Xa’b’}>Ck"b)-

o (2.5)

Here, ng: is the coherent state in the spin k,;, representa-
tion, associated with spinor £,, as described above and
defined in [20]. Z is the EPRL mapping from the spin &,
representation of SU(2) into the unitary irreducible repre-
sentation of SL(2,C) labeled by the SL(2,C) Casimir
quantum numbers (k. yk,,) (see [14,18,20]). It is in the
mapping Z that the simplicity constraints of the spin-foam
model are encoded. a(,) denotes the SL(2,C)-invariant
bilinear form on the (k,,, yk,;,) representation of SL(2, C)
[18,20]. The sign factor (—1)= depends on the order of the
tetrahedra and can be evaluated by a graphical calculus (see
[18]). Finally, X, := X;'X,, and

Hab({Xa'b/}) = H(O,oo)(ﬂah({Xa'b’})(XabT)iLl)’ (26)
where (X,,7)" = %tr(o',-Xainb) is the spatial part of the
4-vector 7 = (1,0,0,0) rotated by the SO(3, 1) action of
|
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X, L' are the generators of SU(2), IIg(0) denotes the
spectral projector onto the part S C R of the spectrum of
the operator O, and where

ﬁab<{Xa’h’})
= Sgn[eijk(XacT)i(XadT)j(XaeT)k
X €lmn (vacT)l(vadT)m(vaeT)n] .

III. ASYMPTOTICS

The asymptotic analysis of the proper EPRL vertex is
carried out in almost the same manner as in [18]: Using
coherent boundary states, the amplitude is rewritten in
terms of the exponential of an action and then the critical
points are calculated. However, two additional subtleties
appear: (1) The scaling behavior under &, — 1k, of the
new term in the action is not linear in A, but only
asymptotically linear, and (2) the projector (2.6) does
not depend on the norm of the 3-vector defined by
()A(abT ). The projector is, therefore, discontinuous on
the subset where one of these vectors is 0, that is, where
X, € SU(2) for some a < b. These two subtleties prevent
the usual extended stationary phase theorem [26] from
applying directly. For the present section we ignore these,
calculating the critical points and asymptotics in the usual
way. Then, in the next section, we prove in detail that the
above two subtleties do not affect the results.

A. Integral representation

From (2.5), the proper amplitude for a coherent boundary state with data {k,;,&,;} is given by

AS/'+)({ktlb7 l//ab}) = (_1)5 /SL(2,C)5 5<X0)deaHa(XaICabvXbmba({Xa’b’})Cba)a

(3.1)

a<b

where C,;, = Clg: The main idea is to separate the amplitude (3.1) into a part depending on the original action SEPR- for
which the asymptotics is known and a part depending on the newly introduced projector. This can be achieved by inserting a

resolution of the identity in terms of the integral kernel

d
K(z,7) = ;"AP

Q;CE(2)CE(2),

(3.2)

into the amplitude (3.1), where dj = 2k + 1, Q, =% (nodn; — mdny) A (Todif, — 71 diy) is the standard invariant 2-form
on CP!, the space of equivalence classes [;7] of nonzero two spinors 7 modulo rescaling by a complex number, and
i =n/|[n|| so that Q, = Q,/|[[||*. (See Appendix A in [20] for details.) This yields

d

) _ (_1\E / / kap
Ay = (-1 DX Q.
=D SL(2.C) (CP')'OE, A

k(‘) kd ka ka
a(xuzcga:’ s XhICﬁhZ) (Cﬁbf ’ Hha ({Xu/h/ })Cfb:: ) ’

where DX = §(X()][[,dX, and (,) denotes the Hermitian inner product on the irreducible representation of SU(2) to which
its arguments belong. After the (anti-)symmetric inner product « is expanded in integral form using Egs. (15) in [18], and
(3.8) and (3.9) in [20], the amplitude can be rewritten as an exponential expression
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A = (—1)5c/ DX
SL(2.C)’

d
ab N (+)
x/(wl)m <|| . QabQ%) expS,  (3.3)

a<b
14+y2)° an
where ¢ := W, Qab = m, and
O kaps Ean }s {Xas 2aps Mba}]
= SEPRL[{kaln gab’ nba}; {Xav Zab}]
+ Sn[{kabv gba};{Xa’ nba}] (34)
=) S+ S (35)
a<b a<b
with
SEZI;)RL[{Xa’}’ Zabs Wba}
<Zab’€ab>2<']ﬁba’zba> < ba’ >
=k, log + iyk,, log———
b <Zuh»zab><zbaazba> b < Z >
(3.6)
SI{X o} ba] = Tog (C3, Ty ({ Xy })CE). (3.7)

— y-1 — y-1 — 7 =
Here, Zy, = X3 ' 2aps Zpa = X3, Zaps (. B) = QP + 215y
is the Hermitian inner product on C?, and where J denotes
the antilinear structure map

I (fo) L <—_§1)‘
&1 o

Note, the definitions of Z,, and Z,, here differ from those
in [18] by X, > (X7')T, so that the expression in (3.6) also
differs from that in [18] by the same replacement. This
difference is due both to a change in convention regarding
the way the group elements X, are used as well as a change
in convention concerning the family of coherent states
used. The motivation and need for this change of con-
vention is explained in Appendix C of [20].

The proper action S(*) depends on three sets of inde-
pendent variables, {X,}, {zu5 }4<p and {154} ,<,- However,
S™ does not scale linearly under k,;, — Ak, but only
asymptotically linearly, and it is discontinuous everywhere
X, € SU(2) for some a < b, as already noted above.
Later, in Sec. IV, we show that, in spite of these subtleties,
the conclusion of the stationary phase theorem still applies,
thereby justifying the rest of the calculations and con-
clusions in this section.

B. Critical points in the nondegenerate sector

The symmetries of the action S(+) are (1) for each Y in
SL(2,C), a global Lorentz symmetry X, YX,,
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Zap > (Y7) 7'z, and (2) for each vertex a, a spin lift
symmetry sending X, — —X, and leaving all other vari-
ables fixed.' Recall that the critical points of an action § are
the stationary points for which ReS is maximal. The
symmetries of the action obviously map critical points to
critical points. Any two critical points related by such a
symmetry we call equivalent because they yield the same
contribution to the asymptotics. In the following we also
assume that X,,#SU(2) so that the projector is well
defined.

1. Maximality and stationarity with respect to z

From the triangle inequality it follows immediately that

2

|<C - Hba({Xa b’})cgba)
< NG PN ({X s D CE NP < 1

and thus ReS"} < 0. Since ReSEPRL < 0 as well, ReS™) is
maximal if and only if ReS", =0 and ReSEPRE = 0.

According to [18], ReSEPRL = 0 implies
§ ei(/)ub 1 d ei'/)[w 1 (3 8)
=——X, 70, and Jijp,=——X; 'z .
PN Zg TN Zy I

for some set of phases ¢,;, and ¢,,. Note that either of these
determine [z,,] € CP' uniquely. They combine to yield

1Zall s,

& X I bas
1Zgp &0 T

agab (39)
where 0, := ¢, — Ppq- Let 6., be any variation of z,,.
Since S is independent of <z, it follows that
5%5(*) =65, SEPRL which, from [18], vanishes if and
only if

WZapll o vt
(X0) & = 1ot e (X)) e (3.10)
1Z5all
Inserting (3.9) into (3.10) and setting H?HZ = ¢'va, One
obtains the eigenvalue equation
XbaXZa‘]nba = e_rbajnba- (311)
Applying J to both sides then yields
XbaXZar/ba = erha”/ha' (312)

'In addition to these, for each triangle @ < b and each nonzero
K € C, the action is invariant under each of the rescalings z,;,
Kz and n,, — knp,. However, strictly speaking, these are not
symmetries but necessary conditions for the action to be a well-
defined function of each [z,,], [15.] € CP'.
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These two equations uniquely determine X baXZa'
Equation (2.1) implies that ¢ is an eigenvector of n; -6
with eigenvalue 1. Using this, one checks that the following
expression satisfies both (3.11) and (3.12):

Xbaxza — eZir,,,,K,-n;“m .

If r, vanishes then X baX;m must be equal to the identity,
which is excluded in the nondegenerate sector; otherwise

n, = P(sgnry, (X, X} ,60), (3.13)
where P is a positive real number.

Lemma 1: If, for given boundary data {k,, (Sab}a#b,
{X 4. Zaps NI} is a solution to ReS+) = 0 and 6,5 = 0,

then

Hba({Xa’b/}>C]ﬁ<Zi = 8[(Sgnrba)ﬂab({Xa'b/})kab]cli;::’

(3.14)

where @[] is the Heaviside theta function.

Proof: Since S(*) is only defined in the nondegenerate
sector, we have X,,X} #Id. ReS(*) = 0 and 6.5() =0
then imply, by the above argument, that (3.13) holds. But

Cf;:j is an eigenstate of n,’%baﬁ ; with eigenvalue k,,, so that

(3.14) is satisfied. ]

In the same manner one can also derive an eigenvalue
equation for £,, from Egs. (3.9) and (3.10). The resulting
equations are the same as (3.14) except that a and b are
exchanged, and 7, is replaced by &,;,. One then directly
reads off

sgn[tr(XabXZba")néab} = sgn[tr(XbaXZaa")nfvba} = SgNrp,.

(3.15)

This is relevant for the consistency of the following
definition.

Definition 1: In the following we say that a given set
of quantum data {&,;, X, Zap» Nba b o< 1S Oriented if (3.9)
and (3.10) holds. It is additionally proper oriented if

/}ab({Xa’})néabtr(xabXZbdi) >0 (3.16)

for all a, b with a # b.

Lemma 2: Suppose for a given set of boundary data
{kap+&aptagp there exist integration variable values
{Xa,[zab] [Mpal}acpy such that ReS(*) is maximal and
5,8) =0. Then {&£,.X,}.,s oObeys orientation and
proper orientation, and

PHYSICAL REVIEW D 94, 064025 (2016)
[nba] = [é:ba]’ (317)

Proof: As shown above, ReS() = 0 and 5ZS<+> =0
imply (3.9) and (3.10), which, by [18], implies orientation.
Furthermore, by lemma 1, (3.14) holds. Maximality then
precludes the left-hand side of (3.14) from vanishing so that
(3.14) implies also proper orientation, which in turn implies

that IT,, acts as the identity on Czb” whence
ReS!l = log |(C o C )],

But this in turn is maximal if and only if Clr;;i x Cg:: , which
holds if and only if %, and &, are equal up to rescaling by
a complex number. [

2. Stationarity with respect to X and n
We now examine the variation of the action with respect
to the rest of the integration variables, namely the group
variables and the spinors 5. Let 5y be an arbitrary variation
of the group elements. Then

Sy exp(StH) = (8 eXp(SEPRL)) exp(S™)

) (G [5x My ({X i DICED)

a<b

X KC o Hba({Xa b’})cfb )]_1'

+exp(S

According to lemma 1 and lemma 2, Czb” and Ciﬁb" are
eigenstates of I1,, with eigenvalue 1 if (3.9) and (3.10) are
satisfied. Corollary 11 in Appendix C of [21] therefore
implies

(G [x T ({ X DICE?) = 0 (3.18)
for all a, b. Thus, the variation with respect to the group
elements just gives the original condition §ySEPRE =0
which is equivalent to closure of (ku, Eap, 715e) [18], and
hence by (3.17) closure of (k,y, Eup, Epa)- That is, variation
with respect to the group elements again yields only a
condition on the boundary data.

It remains to consider variations § = §,, Wwith respect to
each variable 7,,, a < b,

)

Mba S( )= 5 SEPRL + 5’7ba Sglb

<J5'A7baa Zba>

k(l ai
5nba<c b Hba({Xa b’})cgbb)
<J7A7ba7zba>

(C " Hba({Xa b’})C.fb )
(3.19)

= 2ktlb

At any point p in the integration domain where ReSt) = 0
and 6ZS(+) = 0, we have the further simplification

064025-5
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5,””(C Hba({Xab’})C§b>|
(5'7hac’7::|[7’ (Mp ({ X, ’h’})cg,(:s” )

an kd a a
(5’7ba C’Ib: p’ thz ) '7ba (C . Cfbb)|

= 67/,“ <77ha ) 5ba> 2hap |p’

where lemmas 1 and 2 have been used in the second line,
and Eq. (3.10) from [20] has been used in the last line.
Furthermore, at maximal points of ReS*) Eq. (3.8)
uniquely determines [z,,] € CP' in terms of [n,].
Inserting these identities into (3.19) implies that, when
ReS™) =0 and §,57) =0,

<15'A7bav Jflba> 57“,,, <ﬁba» 5ba>2kub

5, St =2k, S —PL -
e b <‘h7ba’ J'lba> <77baﬂ éba>2kﬂb

, O] a on a> Sba

_ 2k, <’7Aba Mba) Lok, ( ULl Sba)

<’7hav ﬂba> <77ha’ 5ba>

, Of] a on as 7 a
— Zkab <7]Aba ’7b > + 2kab < :,lb 1717 >

<77bav 7717a> <77ba’ 7717a>

= 2kab5<ﬁba7 ﬁba> =0,

whence the last critical point equation, 5,7baS(+) =0,
imposes no further conditions. Let us summarize.

Theorem 2: Given boundary data {k,,, &},
{X,. [zap): [1pa]} is a critical point of S&) in the non-
degenerate sector (i.e. X,,¢SU(2) for all a, b) if and only if
closure, orientation and proper orientation are satisfied,
and, for each a < b, [n,,] = [£p] and [z,,] € CP! is as
uniquely determined by (3.8).

C. Asymptotics of the proper vertex

In order to apply the stationary phase method, the critical
points need to be isolated. There is only one continuous
symmetry of the critical points, which is a global SL(2, C)
symmetry. This symmetry has been broken in the usual way
by the insertion of (X)) in the vertex amplitude integral, so
that all critical points are isolated.

In Sec. III B it was proven that the critical points of the
proper vertex in the nondegenerate sector are a subset of the
critical points of the original EPRL model, specifically
those which additionally satisfy proper orientation (3.16).
In [20] it was shown that proper orientation holds if and
only if the Plebanski 2-form reconstructed from the
quantum data is in the Einstein-Hilbert sector. However,
in the analysis of Plebanski sectors performed in [20] it was
found that the only critical points of the original EPRL
model corresponding to the Einstein-Hilbert sector are
those which give rise to the first term in (2.2). These
critical points exist if and only if the boundary data are
Reggelike and glue to a nondegenerate Lorentzian 4-
simplex. Furthermore, in this case there are no critical
points in the degenerate sector, so that the above analysis

PHYSICAL REVIEW D 94, 064025 (2016)

(and the analysis in the next section) applies. Additionally,
if the boundary data are not a vector geometry, there are no
critical points at all, and hence, in particular, no critical
points in the degenerate sector, so that the above analysis
again applies. Finally, at the critical points of S(*), by
evaluating using the representative 7, = &,, of [m,a] =
(€], one sees that the action S(*) reduces to SEPRL. This
yields the following:

Theorem 3: [Proper EPRL asymptotics] Let

{kap,m,;} be a set of nondegenerate, Reggelike boundary
Regge

data that glues to a Lorentzian 4-simplex and y;,~" the
associated Regge state; then
(+) /. Regge 1\ 12 .
A Wirn,) ™ (5) N exp (zzkaabeaab)
a<b

with

(=1)%2%712 /1 +iy

+) — Haar
N()_ 1_17/ HX |cr1t
detH |cr1t ¢
X H(kczzbgab|critgﬁha|crit) (320)

a<b

and where ®a,, are the dihedral angles defined in Sec. I A.

Here, H*)|; is the Hessian of S(*) and Y™ |crie> Reableries
Q

5. |erie are the measure factors evaluated at any represen-
tative of the unique symmetry equivalence class of critical
points, with ,uHaar being the Haar measure on X,,.

If {k,p, n,, } is not a vector geometry, then the amplitude
decays faster than any inverse power of A with any choice
of phase.

Note, in particular, that in the asymptotics of the proper
vertex, the first term of (2.2) corresponding to the Einstein-
Hilbert sector is isolated. As in [18], the Hessian factor
H™)| 4 and measure factors Qe o, |eie depend on a
choice of coordinates on CP!, a dependence which cancels
in (3.20).

Let us close this section with a few remarks on the
coefficient (1)!2N). In general the coefficient for the large
A expansion of

|crit ’

fQA) = [) dxa(x)e*s™

over an n-dimensional manifold D at a critical point x is

awo(7)" ﬁ” -

By the insertion of the resolution of identity we introduced
ten new CP! variables and thus 20 new dimensions so that
in total we now have 64 dimensions, so that n in the above
formula has changed as compared to the original EPRL
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vertex. The introduction of the auxiliary variables also
contributes further measure factors. These two differences
together yield an extra factor of

)

where the approximation dj; , ~ 21k, was used. Lastly,
the determinant of the Hessian H(*) is different from that in
the EPRL case. The Hessian H(*) and its determinant are
calculated explicitly in the paper [27], where, remarkably, it
is found that the extra factor arising from the change in
Hessian exactly cancels the above factors, so that the
coefficient in the asymptotics of the proper vertex is the
same as the coefficient in front of the Einstein-Hilbert term
in the EPRL case.

2k,
1= @) ere = 22 [ Rar s, e

a<b a<b

IV. TECHNICAL COMPLETION OF THE
ARGUMENT FOR THE ASYMPTOTICS

In this section we give a more mathematically careful
argument for the asymptotics of the proper vertex derived
in the previous section, arriving at the same conclusion. We
begin by deriving the asymptotic form of the integrand of
the proper vertex, showing that the projector part S™ of the
action is asymptotic, in the large-spin limit, to an action
which scales linearly with the spins. The general strategy is
then to express the asymptotic limit of the vertex amplitude
as the integral of this asymptotic integrand, to which the
extended stationary phase theorem and other related argu-
ments can be applied.

Hba({Xa/}) = H(O,OO) VpalX

so that

Z |Vbu

m>0

PHYSICAL REVIEW D 94, 064025 (2016)

A. Asymptotic expression for projector
part of the action

The action S*) for the proper vertex is given by (3.4),

S<+) M’ {kabv gab}; {Xav Zab» nba}]
st ({Akaps San}s {Xas Zabs Mpa }]
_)“SEPRL[{k b> éab ﬂba} {Xav Zab} +Zsab’

a<b

(4.1)

where

Sgb[{ikah’ éba}; {Xm nbaH = lOg (C o Hha({xa b’})Cg,m)

We begin by deriving the asymptotic expression for Sglb.
For each a < b, let vy, be any normalized spinor such that

tr(Xp, X
v,,d ﬁab({X }) Jtr( Xb XI?
ized spinor &, let

[see (2.1)]. For any normal-

(& &
o(&) ( : EO>ESU(2)‘
Then

& kom) <= g(B)[k.m)

is an eigenstate of n; - L, with eigenvalue m in the spin k
representation, and the coherent states C’g introduced earlier

,k). One then has the following explicit
expression for the projector:

kbw ><I/ba [X]’ kbw m|

eSZIh = <7]ba; kabv kab|Hba({Xa'}) |§ba; kab’ kab>

kah

_ana’kab’kablyba[ ] ab> M ><Uba{X];kabﬂm|§ba;kab7kab>

m>0
knh

= Z<kah’ ka|9(1ba) ™" 9(ba X)) [Kaps ) (kap. 1| g(v5a[X]) ™!

m>0

Given unit spinors # and v,

o) g(0) = (<

This, together with Eq. (32.1.5) in [5] yields

(n,v)
Jn,v)

g(&ba”kab! kab>'

(n.Jv) >

{v,n)
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kw1 2k
s Z ab
e~ ab =
<kab +m

) ((Nbas Vpa [ X)) (WpalX], Epa) ) Far

m>0

X ({1a- TVpalX]) (Tvpa[X]. Epa)) .

Let Xab*= <ﬁba’yhu><ybu’§hu> and Yab = <ﬁhuv‘ll/ba>x
(JUpgas Epa)- In the following we temporarily suppress
indices (ab). We then have

k k
2k 2k
A= eSEIb — - xk+myk—m — E (k >yk—mxk+m_
m>0 m m>0 —m
(4.2)

At this point, in order to proceed, we first consider the case
in which k is an integer. Setting i = k — m, the above
equation becomes

L/ 2k k 72k .
12k—i — + 2k _ < > 2k—i i'
( ; )yx (x+y) E R

k—
i=0 i=0

A:

(4.3)

This is a remainder in a kth order Taylor expansion
of the function (y + £x)?* around # = 0 and evaluated at
t = 1. Using the integral formula for the remainder, we
have

— t (Zk)‘ k=1 ,k+1 k
A_AH(kJrl)!(ertx) (1 = )kdr

2k 1
= < L >x"+‘/ (y + (1 = t)x) kit dt.
0

Then changing variables s = **! and introducing z = x/y
we get

2k\  k 1 L
A= < k )m(xy)kZA (1 +(1 —SHI)Z)k ds. (44)

Define

Fils.2) = (14 (1= s71)2)*",

To study asymptotics of the integral we apply the domi-
nated convergence theorem to the sequence of functions
{f«}. This sequence converges pointwise to the function
s~¢. Furthermore, for |z| < 1 we have

Fils. ) < (14 (1= sl

22k,
- (xab + yab) o

exp<Sah) ~ N Gxapyap)tab  xg
[miky,  Yab™Xab

if x4 > |yas| and

if ‘xabl < |yab| or

PHYSICAL REVIEW D 94, 064025 (2016)

Now we make use of the following two inequalities which
can be derived from e* > 1 + x:

k=1
<l + kj— 1) < (ern)kl < e for a > 0;

these give

1 |z|log s

6.2 < (1- B

k-1
) < exp(—|z|logs) = s7F.

Thus we obtain an integrable bound for the function
sequence {f;} when |z| < 1. Using the dominated con-
vergence theorem and applying Stirling’s formula we then
get from (4.4)

(4xy)* k2 (4xy)*  x

Jak k+11-2" gk y—x

If |z| > 1, we can write the second term in (4.3) as a Taylor
remainder,

A= (x4 y)% - <2kk>(xy)%' (1 L —sb%)kds.

In this case we define w = 1/z and consider the sequence
of functions {g;} with |w| < 1,

A

gi(s.w) = (1 + (1 = s)w)".
This function sequence converges pointwise to s™. We can
also obtain an integrable bound s~"! when |w| < 1 by an
argument essentially similar to the above. Hence, we can
again use the dominated convergence theorem and we get
the following asymptotic expression:

(4xy)k 1 (4xy)k x
A~ (x+y)% - el Ty e s .
() Vrk 1—w (x+) Vrk y—x

Thus if |x + y|> > [4xy| we obtain A ~ (x + y)**, and if
|x 4+ y|> < |4xy| we get

If we restore the subscripts and summarize all the cases, we
obtain

|xab + yab|2 2 |4xabyab|

|xab +yab|2 < |4xabyab|

064025-8
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as long as {X,} is not in the degenerate sector, and |x,;| # |[Vap|-
Up until now we have assumed that &, is an integer. In the case when k,, is restricted to be half integer, through exactly
the same sort of argument, we have the following, almost identical asymptotics:

2k
(xab + yab) @
11
exp(Sab) ~ (4xnbyab)ﬂkab (xabyab)l/z
A/ kg, Yab—Xab

The only difference lies in the exponent of a single factor of
Xx,5- Nevertheless, as a consequence of this difference, in
order to have a well-defined asymptotic limit of the
integrand, the asymptotic limits in which certain spins
k,, are integer or half integer must be considered
separately—there are 2'° such different asymptotic limits
to consider, according to whether each of the ten spins k, is
integer or half integer. However, it turns out that in all of
these cases, exactly the same arguments can be applied,

if |xab‘ > ‘yabl and

if |xap| < [ya| or

|xab + yab|2 2 |4xabyab|
4.6
|xab + yab|2 < |4xahyab|' ( )

|
yielding exactly the same final asymptotics for the
vertex amplitude integral. For this reason, it suffices to
restrict consideration to the case in which all of the spins &,
are integer, and we do so for the rest of this paper. At the end
of the subsection we make one final remark on the other
cases.

For the case in which all spins k,, are integer, the above
result (4.5) leads us to define the following functions of the
integration variables.

|
(1) S<Xav Zab> ’/Iba) = SEPRL[{kabv gabv ﬁba}; {Xa’ Zab}] + Za<b§£[b’ where

Swl'[ — { zkah log(xub + yab) if |xah| > |yab| and |xab + yuh|2 > |4xabyah| (4 7)
b= . .
‘ kub log(4xubyab) if |xab| < |yab‘ or |xab +yuh|2 < |4xabyab|'
(i) B(A) = [],-pBu» (%) where
B (/1) — { 1 if |xab| > |yab| and |xab +yab|2 2 |4xabyab| (4 8)
b = _ . .
‘ (ﬂﬂkab) 12 if |xab| < |yab| or |xab +yab|2 < ‘4xabyab|'
(111) ﬁ(xav Zab» nba) = Hu<hﬁab (Xa’v 2d'b ”b’a’) where
N 1 if [xap| > [yl and  |xap + yapl* 2 [4x0pYas|
Hab (Xa’7 Za'b' ’/Ib’a’) = { Xab : 2 (49)
e if |xab| < |yab| or |xab +yab| < |4xabyab|'

Xab—Yab

Define
() My o= SLER, ©)* = {(X,)}, My = (CP') = {(per 20},
(i) M =My x Mi]Z’
(iii) D= {p € Mx|X,,(p) € SU(2) for somea < b}, the degenerate sector,
(iv) M = (My\D) x M,,,
(V) &= {p € A/{||4xa~byab‘ = |xab +yab|2 or |xab| - |yab| for somea < b}’
(vi) F :={p € M|ReSdiverges to — co as pis approached},”
(vii)) @:=(DxM,, ) UEU F.

2Singular points of this type also appear in the original EPRL action [18]; the authors of [18] did not address these points because they
trivially have no effect on the asymptotics. We address them due to the need for more detailed analysis in our case. For clarity, note that,
in our case, even though by definition F contains no points in the degenerate sector, it does seem to contain points in every
neighborhood of every point of the degenerate sector; this prompted us to be especially careful about handling these sets in the argument
that follows.

064025-9



ENGLE, VILENSKY, and ZIPFEL
We then have

exp(S(+) (’“le? 5ab7 'fba; Xa’ Zab» nba)) ~ B(/I)/} exp(/IS')
(4.10)

throughout M, except in the set of measure zero ©.

In the above definitions (4.7)—(4.9), we have extended
the quantities S, B, i to the case where |x,;| = |y,;| for
some a < b. This extension is smooth everywhere except

|

- 1 if |xab’ > ‘yabl
M(lh = (thyth>l/2

Xab=Yab

if |xah| < |yab|

As already noted, if the measure factor (4.9) is replaced
with the above measure factor, every element of the
argument which follows in the rest of this paper continues
to apply, and, in fact, the same answer is found for the
asymptotics of the vertex amplitude. More specifically, the
measure factor above shares all of the same properties
regarding smoothness which is needed for the arguments
which follow, and both measure factors ji,;, evaluate to the
same value at critical points of S™*), namely 1. As a
consequence it suffices to consider only the case in which
all spins k,, are restricted to be integer. We do so from now
on.

B. Setup and separation into two terms

Let u[X,, Npa, zap) denote the measure factor in Eq. (3.3),
so that the proper vertex amplitude takes the form

A(UH(A):///LeSH).
M

The stationary phase theorems in [26]—which we apply

later to this integral with S replaced by its asymptotic
limit—technically require the measure factor in the integral
to have compact support. Here, u does not have compact
support, due to the noncompactness of SL(2,C). This is
also true in the original analysis of the Lorentzian EPRL
asymptotics [18]: The relevant integral is again a non-
compact integral over copies of SL(2, C), yet the theorems
of [26] are applied treating it more or less as a technical
detail. Indeed, in physics, stationary phase methods are
routinely applied to noncompact integrals where the non-
compactness is due to an “infinite” direction in the
integration domain, as is the case here. We assume we
can do the same in the present context. Furthermore, it is
useful to formulate this assumption explicitly due to the
additional subtleties of the present case.

To be precise, we introduce a sequence of bump
functions u;, I € N, such that

PHYSICAL REVIEW D 94, 064025 (2016)

where |4x,,Yap| = |Xap + Yap|* for some a < b. More
importantly, the real part of S is, by construction, continu-
ous even at points where |x,;, + yap|> = [4% 45V ap| for some
a < b, so that ReS is continuous throughout M. This latter
fact is used in Sec. IV E.

Let us close with a final remark on the case in which one
or more of the spins k,;, are half integer. From (4.6), the
only definition above that changes in this case is the
definition of the measure factor fi,;, which becomes

and |xab + yab|2 2 |4xabyab|

or |xab +yab|2 < |4xabyab| .

(1) each u; equals 1 in a neighborhood of each critical
point of S);

each u; is smooth and has compact support in M;
for each p € M, u;(p) is nondecreasing with 7, and
there exists some N, such that u,(p) =1 for
all I > N,

Such a sequence of bump functions has nested supports,
with each u; equal to 1 in a region larger than that in which
uy_; is equal to 1, until, as I — oo, u; = 1 on the entire
manifold M. The proper vertex can then be expressed as

(@)
3

AP () = 1imA7 (1), where A7 (1) = / ugneS”
M

I-

In the rest of this subsection and the next, we study the

()

asymptotics of the integral A,/ (1) for a given I. We prove

that, for every I, A§+>(/1) has the asymptotics derived in

theorem 3. The key assumption is then the following: We

assume that, in the case of ASH, the asymptotic limit 4 —

oo commutes with the limit / — oo. This is our precise
formulation of the assumption that the noncompactness of
SL(2,C) does not interfere with the application of the
stationary phase methods. From this assumption it then

follows that the asymptotics of Aw

theorem 3.

For the rest of this subsection and the next, let I be
arbitrary and fixed. We have the following lemma.

Lemma 3: The set of critical points of S(*) is separated
from @ = (DxM,,) UF UE.

Proof: Denote the set of critical points of S(*) by
Crit(S(*)). That there are no critical points of S™*) in the
degenerate sector or in  is immediate, as S(*) is not even
defined there. To see that there are no critical points in £, note
that the critical point equations of S(*) derived in Sec. III
imply that |x,| =1 and y,, =0 for all a < b, so that
neither |4xabyab‘ = |xab +yab|2 nor |xab’ = |yab| is satis-
fied for any a < b, so that £ is excluded. Furthermore, since

are those derived in
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© and Crit(S™)) are closed sets in M, not only is Crit(S(+))
disjoint from &, it is separated from & in M. (]

This fact makes it possible to separate the integral into
two terms: One which includes all critical points of S(+) and
can be shown to yield the asymptotics given in Sec. III, and
another which covers © and which can be shown to be
subdominant.

We accomplish the separation into two terms using a
partition of unity which we construct with some explicit-
ness for technical reasons relevant in Sec. IV E. For this
purpose, we introduce the following.

Let ¢:R — R be an arbitrary but fixed smooth function
such that

(1) @(x) =1 for x > 3/4, and

(2) @(x) =0 for x < 1/4.

From these properties and smoothness follows furthermore
that all order derivatives of ¢(x) are uniformly bounded.

Because they are disjoint and closed in M, Crit(S*)) and
D x M, are separated in M. It follows that there exists a

smooth function ¢p:M — [0,1] such that gp =1 in an

open neighborhood of Crit(S(*)) and ¢p = 0 in an open
neighborhood of D. We then define p,,p,: M — [0, 1] by

H(p 2 8|yab| (|xab|_|yab|>

a<b
X @(|xap + Yap|* = 4% apYan|*)
pr=(1-py).

p1 = @p - @(ReS + 1)

These two functions have the following properties:

(1) They form a partition of unity over M.

(2) They are smooth throughout M. To see this, recall
that ReS is smooth everywhere except where it
diverges to minus infinity or where |x,, + ya|* =
|4x,5Yap|> and x,;, and y,, are smooth everywhere
except in the degenerate sector. In a neighborhood of
any point where any of these are not smooth, p; = 0,
so that p; is smooth throughout M. Hence p, is also
smooth throughout M.

(3) p;y =1 in an open neighborhood of each critical
point of S*), the support of p, excludes an open
neighborhood of &, and, within the support of
pr v <7/32 < 1/47

(4) Within the support of py, |xu,| > |ye| and
|xab +yab| |4xabyab| so that B(A) = 1’ ﬂ = 1’
and Sab = 2kab IOg( Xap + yab)
region.

(5) The support of p, excludes an open neighborhood of
each critical point of S(+),

throughout this

3so that |yap| is uniformly bounded below and away from 1/4,
which is used later on.

PHYSICAL REVIEW D 94, 064025 (2016)
We then have

A () = /PW],WSHW) —f—/pzumesm(’l). (4.11)

In Sec. IVD, we prove that, for the first term in this
expression, the asymptotic limit commutes with the inte-
gral, allowing the standard stationary phase theorem [26] to
be used. We see that this yields the asymptotics given in the
previous section of the paper, Sec. III. In Sec. IVE, we
make the assumption that, for the second term, the
asymptotic limit again commutes with the integral, and
show that this term falls off faster than the first term. For
both of these sections, it is useful to introduce the notation
o(f(4)), which denotes some function ¢(4) such

that 1im;_.,g(4)/f (1) =

C. Equivalence of critical points of S(*) and S

For analyzing each of the two terms in (4.11), it is
important that the critical points of S(*) and S are the same.
This is established by the following lemma.

Lemma 4: The critical points of S(*) are the same as
the critical points of S.

Proof: We begin by noting that, since S and ST are
both independent of z, for any variation o, with respect to
the z,, variables, one has

5,80t = 6.8. (4.12)
With this we proceed to prove that every critical point of Sisa
critical point of S(*) and vice versa. ~

Suppose p = (X4, 24p.1Mpa) is a critical point of S. It
follows that 0 = ReS = ReSFPRL + ReS. Since both
terms on the right-hand side are nonpositive, it follows
that ReSEPRL = (. Additionally, (4.12) implies 5_SEPRL = 0
for any variation ¢,. As shown in Sec. III B 1, these two
conditions imply that Eq. (3.13) holds, so that n,, =
£n,,[X] whence [17,,] = [Vpa[X]] or [1pa] = [J1p), s0 that
either y,, =0 or x,, = 0. From Eq. (4.7), as x,, — 0,
ReS — —oo, which cannot be the case at p, as we have
assumed p to be a critical point of S. Thus vap = 0 for each
a < b. From (4.7) this implies ¥, = 2k, log(x,,) whence
the maximality of S‘la_[b implies x,, = 1, which implies
[Mpa] = [€pa) for all a < b. But then all of the critical point
equations of S(*) derived in Sec. III are satisfied, so that p
is also a critical point of S(+).

Suppose conversely that p = (X, Zap» Npa) IS @ critical
point of S, Then, from Sec. IIIB 2,

(6ba) = [Mba) = [VbalX]],  so that

and y,;, =0 foralla<b.

Xab = 1
(4.13)

Thus, in a neighborhood of p, for each a < b,
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Sty = 2kap 108(Xap + Yap) = 2k 108((pa- Epa)).  (4.14)
This allows one to prove the following equations:
ReS%,=ReS", =0, (4.15)
P P
(SXSab—(SXS h—O (4.16)
8,50 b=0,San: (4.17)

where = denotes equality at p, and where 6x and 6, are any
P
variations with respect to the X, and 7#,, variables,

respectively. The first follows by plugging Egs. (4.13) into

both sides. The second follows because S" in (4.14) is
independent of X, together with Eq. (3.18). The third
follows from the calculation of & Sab carried out in Sec. IIT

B 2, together with explicit calculation of 5, S from (4.14),
and evaluating on (4.13). Lastly, from (4.12), 5ZSH—5ZS .
P

These four equations imply

ReS=ReS=0,  §.5=5.5"* =0,
p P p
SxS=0x S+ =0, 5,75':5,]S( /=0,
p p p p
so that p is also a critical point of S. L]

D. Evaluation of the first term

Lemma 5: Given any two sequences of complex
numbers a; and a;, i = 1, ...n, we have

Q“" ) Hl“ - Z (ﬁ“f) (kllll ><ai — ),

i= j=1
(4.18)

where, when the upper limit of the product symbol is less
than the lower limit, the product is understood to be 1.

Proof: We proceed by induction in . It is immediate
that the result holds for n = 1. Suppose it holds for
n =N —1. Then

Substituting in (4.18) for n = N — 1 into the second term,
one easily obtains the result for n = N, proving the
inductive step. =

PHYSICAL REVIEW D 94, 064025 (2016)

Theorem 4: For the first term in (4.11), the asymptotic
limit of the integral and the integral of the asymptotic limit
differ by a rapidly decreasing function,

/ prugpe’”’

Proof: Within the support of p;, for each a < b,

= /plul,ue’l:g +o(A™N) forall N. (4.19)

ASH

errab = (xab + yab>2ikah’

so that

elsah - esab - ( Xap + yab)mkab

Iy
N\ ( 22k qp ) Thop=m Ik tm

ab Xab
a0 lkab m

Let us first consider the case where Ak, is an integer. The
above then becomes

j'kab
51 st 27k, 2hkap )\ 2/1kubz
&5 — &% = (xgp + yap) 0 = §j< il e
i=0

2k,

Y ((20kap (Peai

- i yah ab .
i=Akap

Thus,

2k, 2k,
o n 2ﬂkab 2ﬂ’kab E i
|eﬂsab_esub| < E < ; >| ab| = <ﬂk},> |yub|

=Mk, i=Akap

20k, S
= (e > Il
2.k, — [y p [ Mhart1
— ( b) |yab‘ikab|7b
Akab 1- |yab|
32 22k,
<= a Ak g
Z/Ikab Akap
S b
25 Ak 4, 32

where |x,,| < 1and (**«) < (*#)  were used in the first
and second steps, and the fact that |y,,| < 7/32 within the
support of p; was used in the last two steps. Let C > 1 be
arbitrarily chosen. From Stirling’s estimate, there exists 4,
such that A > 4, implies

Wk, s 2%
<C .
lkah \% ”ﬁkab

(4.20)
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(4.20) thus becomes

(28/32)
vV ﬂj‘kab

|5 — eS| < C (4.21)

for C = (32/25)C. The case of 1k, half integer can be
handled through similar means, yielding exactly the same
bound (4.21) for all A > A, for some A, independent of the
integration variables. Thus,

‘ / prugpes” — / prugue®

— ‘ /plu,,ue’{SEPRL (He no_ HEASZ’)’
a<b a<b
/P1“1|/4| He o — e
a<b a<b
/P1”1|/4||e w — XS
a<b
( / | |> 28/32)“%
Pru|p
a<b Ak“b

for all A > max{4,,4,} and where lemma 5 together with

eS| < 1 and |e*5a| < 1 was used in the penultimate step.
Since the right-hand side is rapidly decreasing, the result
follows. (]

Corollary 1: The first term in Eq. (4.11) is asymptotic
to precisely the asymptotics of the proper vertex amplitude
given in Sec. III C.

Proof: This follows by applying the extended sta-
tionary phase theorem [26] to the right-hand side of
(4.19), and using lemma 4, together with the fact that
the Hessian of matrix of S*) is equal to A times the Hessian

matrix of S at critical points, a fact shown in [27]. [ ]

E. Suppression of the second term

1. Partition of unity
We define (pF’A:M — [0,1] by

1
(pF.ﬂ = §0<ERGSH + 1),

so that ¢ ; = 1 in a neighborhood of the maximal points of
ReS" and ¢, = 0 in a neighborhood of each point where
ReS" approaches minus infinity. More specifically, if
@r,# 1, then ReS™ < —14, and if ¢, #0, then

ReST > —7/1 Furthermore, because ¢r; =0 where

PHYSICAL REVIEW D 94, 064025 (2016)

ReS" is nonsmooth, ¢ ; is smooth throughout M. The
integral in the second term of (4.11) becomes®

/ pougues’ ) = / (1 = @ )poupes’ @

+ / orprupes”?. (4.22)

2. Suppression

We next address the two terms in (4.22) in turn, showing
that they are subdominant.

[The (1 —@p,;) term].—In this region ReS" < —11.
Defining y' := (1 — @p,)pouu and noting that 4z is
bounded by construction (denote the bound by M), we

can write
/1 ,ReS()
< [We

< / Me™# < Ae#  (4.23)

‘ / (1- ¢F,A)p2ulﬂe5(+)u>

for some positive constants M and A, where in the last step
we used the compactness of the integration domain (here A
is a positive constant). Therefore, we conclude that this
term is o(4A™") for all N.

[The @, term].—In the following, we assume that this
term is similar to the term evaluated in IV D, in that the
asymptotic limit of the integrand of this term in (4.22)
commutes with its integral. That is, we assume

( - o
/ €0F,,1,02”1/4€S+)u) ~ / B(@(W,a/’z”lﬂﬂem

B(2) is constant in 20 different regions R, of M.
Expressing the right-hand side above as a sum over those
regions, the above becomes

210 B
/ §0F,/1P2”lﬂes(+)u) ~C Z’l_nl/z / Prap2pfie’s,
J=1 Ry

(4.24)

where C and n; >0 are constants independent of A.
Referring to (4.7) we note

*Note that in this integral, the integration over the degenerate
sector has been dropped. This does not matter because it is a set of
measure 0. Strictly speaking, in fact, the degenerate sector was
never included in the integration because S is not defined there.
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Res.n o { Zkab 10g |xab + yab'
b=
‘ kab 10g |4xabyab|

We now show that ReS,,;, is bounded within the support
of @, which is needed in our application of stationary

phase in what follows. Suppose ReSY, — oo at some
point.

(i) If ReST, = 2k, log |x,y, + yap, this implies that
|X46 + Yap| = 0, which together with |x,;, + yap|> >
|4x,4V4p| in turn implies that x,, — 0.

(i) If ReSY =k, log |4x.,Vap|, then we have
|4x.,Var| = 0 meaning that either x,, — 0 or
va» — 0 (or both). However, it is not possible for
Vap — 0 while x,, stays finite because this form of
ReS" only holds when either |x,,|<|y,| or
|xab + yab|2 < |4xahyab|' In  both cases,  Yap
approaching 0 implies that x,;, — 0, so that x,;, — O.

We therefore see that ReS‘E,, — —oo implies x,;, — 0, which
by (4.2) implies that ReS!l — —co V . By contraposition
it follows that if 31 such that ReS', has an infimum in a

given region, then ReS’gb has an infimum in that same
region. In fact, in the support of ¢ ;, ReS™ > — %/1, so that

by the above argument ReS™ has an infimum and hence is
bounded.

At each point in the degenerate sector, one or more of the
normals 7n,,[X], and hence S, is ill defined with no
continuous extension. However, not all of the critical point

equations of S depend on S In particular, ReSEPRL and

SZS’ = 0 do not depend on S™ and hence are independent of
the normals n,;,[X] and so are well defined and continuous
throughout M, including at the degenerate sector. These
critical point equations then select a submanifold of M,
which we hereafter refer to as a critical surface. The rest of
the critical point equations do depend on n,,[X] and so are
well defined at a given point of the degenerate sector only
when approached from a fixed direction. As a consequence,
these remaining critical point equations select a space of
directions of approach to each point in the degenerate
sector, which we hereafter refer to as the space of critical
directions at each such point. As shown in Appendix B, the
asymptotic behavior of the critical point contributions in
this case is affected by the interplay between the restriction
on the set of directions of approach and the dimension of
the critical surface.

To apply the result in B, we begin by evaluating the
dimension of the critical surface in the degenerate sector.
The maximality condition ReSEPRL = 0 and the condition
of 6,5 = 0 yield three equations,

5(1/7 £ chlzabv Jﬁba é Xglzah’ (426)

and (X)) 2 (X)) . (4.27)

if |xab| > |yab| and

if |xab| < |yab| or
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|xab + yab|2 2 |4xabyah|

(4.25)
|xab + yab|2 < |4xabyab|'

As a first step, we consider the critical surface N, in M
defined by these three equations. The dimension of this
critical surface is denoted by n,. The dimension of M is
6 x4 +2x 10+ 2 x 10 = 64. For each of the ten pairs a,
b with a < b, (4.26) and (4.27) yield six real constraints,
unless X, € SU(2), in which case the last two constraints
(4.27) are redundant, leaving only four constraints. Because
of this, the critical surface naturally divides into branches in
which certain of the X, are in SU(2) or not, and the
counting is different for each of these branches. We
consider one such branch at a time. Note that when X, €
SU(2) the two tetrahedra a and b are in the same frame.
Because of this, each branch of the critical surface N, can
be labeled by a partition of the set of the tetrahedra
{0,1,2,3,4}. The order of each set in the partition
corresponds to the number of tetrahedra in the same frame.
The partitions, represented by the order of their elements,
are given in the table below (singleton sets are omitted).

When N tetrahedra are in the same frame we have a
reduction in dimension of 3(N —1) from the fact that
corresponding X,,’s are in SU(2). At the same time,
compared to the nondegenerate case, 2(5) ((}) is a binomial
coefficient) restrictions are removed because the above two
equations are equivalent. Therefore, the total dimension of
Ny in a branch defined by a given partition is
64 — 60 +2>°;(%) —=33";(N; — 1), where sums are per-
formed over elements of the partition, and N, is the order of
the corresponding element.

From this table it follows that the dimension n, of the
critical surface associated with Eqgs. (4.26) and (4.27) falls
between 2 and 12.

Now we use another critical point condition, namely the
maximality of ReS™. Recalling that

=381,

a<b

(4.28)

we have two possibilities for each of the ten pairs (ab).

Partition Dimension
2 3
3 4
4 7
5 12
2,2 2
2, 3) 3
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ey

Sty = 2kap log(Xup + Yab) = 2kap 108({fpas Epa))-
(4.29)

Maximality then implies that 7, = &,,, which
reduces the dimensionality of the critical surface
by 2.

2

Sglb = kab log(4xabyab)' (430)

From Appendix A, maximality then implies
(b Vba)l = [(ba: Eba)| = 5. Note that i1y, # Ep

for this form of S’gb. It follows that in this case the
dimension of the space of critical directions is
reduced by 2.

Let g, be the number of terms in (4.28) of the form (4.29)
and g, be the number of terms of the form (4.30), so that
q1 + g> = 10. If g; = 10, then there are no critical points
in the degenerate sector and the asymptotics are exponen-
tially suppressed. To see that there are no critical points in
this case, note that maximality in this case implies
[Mpa] = [Epa), Which together with (3.8), (3.10), and the
closure of (kab’é:ab7 gba) lmply that (Xa’ Zab’gabvéba)
satisfy the same critical point equations as in [18]. But
by assumption the boundary data (k,, &, &p,) are com-
patible with a nondegenerate Lorentzian 4-simplex, so that
the only critical points are those with (X,) nondegenerate
[18], which are explicitly excluded from the support
of ¢,

If not all terms in (4.28) have the form (4.29) (i.e.
q1 < 10), the dimension n of the critical surface is bounded
from above by ng — 2¢, if 2¢g; < ny and 0 otherwise. The
reduction s in the number of critical directions is deter-
mined by the number of terms of the form (4.30) as
s = 2q,. Hence we derive that for ¢, < 10,

{ 20 — no
s—n> .
2q, otherwise.

when ng > 2q;

This shows that s —n > 0, and applying the theorem in
Appendix B, we can conclude that the contributions from the
critical surface in the degenerate sector are subdominant by a
factor of 177" in the asymptotics. Additional critical point
equations further reduce the number of critical directions
(increasing s) or the dimension of the critical surface
(decreasing n), thus making this term even more subdomi-
nant. Lastly, the extra A~%/? factor present in each term of
(4.24) makes the subdominance even stronger.
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V. CONCLUSION

In this paper, we have studied the asymptotics of the
Lorentzian proper vertex amplitude introduced in [20], in
the semiclassical limit of large spins. Since the path-integral
expression for the amplitude contains a new projector
action term which is only asymptotically linear in spins
and possesses new discontinuities, its asymptotic analysis
presented a technical challenge. New techniques were
developed to generalize stationary phase methods for the
path integral in question. In order to apply these techniques,
we deduced the asymptotic form of the action. Critical
points were found and their contributions were evaluated.
Partitions of unity were introduced in order to handle
separately contributions from regions of the integration
manifold containing discontinuities. In particular, the
degenerate sector where at least one X, is in SU(2) was
considered separately.

We have shown that the Lorentzian proper vertex
amplitude has the correct semiclassical limit for nonde-
generate boundary data, so that the single Feynman term
corresponding to the Einstein-Hilbert sector is isolated.
Thus it avoids the mixing of different Plebanski sectors and
the extra term present in the asymptotics of the EPRL
amplitude is eliminated in this case. Furthermore, the
coefficient of the one remaining term is the same as the
coefficient of the corresponding term in the EPRL asymp-
totics, as is shown in the companion work [27], a work
which also calculates the graviton propagator from the
present vertex.

Let us close with a final remark. Many complications in
the above analysis can be avoided by choosing a stronger
version of the projector. Specifically, if one replaces (2.6)
by

My ({Xaw}) = H((kuh—l)ltha[{Xa’h’}]||s°°)(th[{xa’b’}]iﬁi)
Voa [{Xa’b/}] ’\ )
=Ty — L
(Ko=) (”Vba[{xa’b’}]”
where vy, [{Xup } = Boa({Xuw })tr(6,X 0 X},) then SIL
reduces to 2k, log x,;,. Thus, the modified action scales
linearly in k,, and one does not need to consider two
asymptotic forms as in (4.7). However, such a strong
modification is physically questionable as it inserts by
hand a classical equation of motion, namely

Vpa[{Xap}] xmg , into the quantum theory, and thus
may kill physical quantum fluctuations.
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APPENDIX A: CONSEQUENCE OF
MAXIMALITY OF ONE OF THE ASYMPTOTIC
PROJECTOR ACTIONS

In this appendix, we note an interesting implication of

the maximality condition ReSl;[b =0 in the case when

ReS", = ky, 10g |4, Vap|. This implication is used in

Sec. IVE of the main text. From ReS‘l,;[b =0 it follows

that |4x,,y.,| = 1. Using the definitions of x,,,y,, this
becomes

4|<i/\/bmyba><yba’ gba>||<;\]ba"]yba><‘]yba’ Z.>:ba>| = 1.

Since 7}, is normalized, it implies that

|<ﬁba’~]yba>| = 1- |<ﬁbavyba>|2

and similarly for |(Juv,,, &, )| Therefore, we have

4|<f/ba’yba><yba’§ba>| 1 - |<f]baa1/ba>|2

X \/ 1- |<Uba’ 5ba>|2 =L

Define a function f(a) = aV'1 — a* for a € R*". Then the
previous equation becomes

4f(|<ﬁba’yba>|)f(|<ybm ‘5ba>|) =1

Noting that the maximum of f(a) is } and it is attained only
when a = % we conclude that the above equation implies
that

; _ _ L
|<’7ba71/ba>‘ - |<Vbaa§ba>| - \/Z (Al)

APPENDIX B: STATIONARY PHASE
CONTRIBUTIONS FROM CRITICAL SURFACES
AND CRITICAL DIRECTIONS

In this appendix, we extend the usual stationary phase
argument in two ways: (1) to the case of a submanifold of
critical points,5 and (2) to the case where the critical point

A smooth function with a submanifold of critical points is
called a Morse-Bott function. However, the second assumption
which follows, and which is required for application to the case in
the main text, implies nonsmoothness, and even discontinuity, so
that this notion is not applicable here.
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equations are satisfied only when approached from certain
directions. The latter is of course only possible when the
action in the integral is not smooth at the point or points in
question.

Consider an m-dimensional compact manifold M, and
an n-dimensional submanifold V. Fix a vector space V, <
T, M at each point of p of N such that T,N'ZV, (so that
V , contains at least one direction transverse to N). Assume
the dimension of V, is independent of p and denote this
dimension by m — s, so that n < m — s, which implies

s <m-—n. (B1)
We now consider an integral
I(A) = / eMSdu (B2)
M

with action S: M — C and measure du. Let us assume that
VS and ReS both vanish at each point p of N when
approached from any direction within V,. We refer to N as
a critical surface and V/, as a space of critical directions.

The question the present appendix answers is the
following: In the asymptotic limit of large 4, what does
the presence of this critical surface with the given critical
directions contribute to the integral /(4), and is this
contribution dominant or subdominant as compared to
what would be contributed by an isolated bulk criti-
cal point?

In answering this question, we make a few assumptions.
First, in order to focus on the contribution from the critical
surface V', we assume there are no critical points or critical
directions of S other than those just described. We
furthermore make the usual assumptions used in stationary
phase theorems [26], appropriately adapted to include the
case of a critical surface with critical directions—
namely, that

(1) both p and S are smooth in M\N and are bounded
in M;

(2) along any direction of approach to any point of N, u
has continuous first order derivative, and S has
continuous third order derivative;

(3) ReS is everywhere nonpositive;

(4) in the limit as one approaches any point of N from
any transverse direction, the kernel of the real part of
the Hessian of S is exactly equal to the tangent space
of N.

By breaking up the integral (B2) with partitions of unity
in the usual way, we may reduce the integral to smaller
integrals for which global coordinate charts exist. For this
reason, we may without loss of generality assume that a
global coordinate chart exists. We choose this chart
(X9, ---» X_1) to be adapted to N and the vector spaces
V, in the sense that
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(1) N is the n-dimensional submanifold defined by the
equations xy = x; = ... = X,,_,—1 = 0, so that the
tangent space to N at each point is spanned
by dxi . T

v dxm l

(2) ateach point p € N, V, is spanned by T
Define y by du = ud™x. The 1ntegral (B2) then becomes

_9

1(2) == /eisud’”x. (B3)

Next, we introduce generalized spherical coordinates for
Xg, ---, X,. For this, we first extend the range of integration
for these coordinates as needed so that it becomes a ball in
Rs*+!, without extending the support of u. The new
coordinates are then defined by

i-1
x; = ys<Hcosyj> siny; fori=0,...s—1

J=0

s—1
=0

(B4)

where each product symbol is defined to be 1 when the
upper limit is less than the lower limit, and where y; takes
values in [-7/2, /2] fori =0, ..., s — 2, y,_; takes values
n [-37/2,7/2], and y, > 0.° The volume element for the
first s +1 x coordinates in terms of the above new
coordinates is then

)dﬁ'ly.
(B5)

"t = (y,)*(sin*yo) (sin*"2y, ) - (siny,_y

Define

fori=s+1,...m—1. (B6)

Vi =X

With (B5) and (B6), expression (B3) can then be written as

1(2) = / eMp - (y,)* (sin~lyg ) (sin® "2y, ) - - - (siny,_;)d™y.

(B7)

In terms of the new coordinates y;, the critical points and
directions take a much simpler form, as we prove in the
following.

®These angles are related to the more usual angular coordinates
¢; viay; = /2 — ¢,. This choice has been made so that x; = 0 if
yvi=0fori=0,....,5s — 1.
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Lemma 6: Suppose y(¢) is a curve in M. Then

oS
lir% -(y(r)) =0 foralli and lirrolReS(y(t)) =0
11— X 1=
(B3)
if and only if lim,_qy;(y(t)) =0fori =0,...m —n—1.

Proof: The derivative of Egs. (B4) and (B6) along the
curve y(¢) yields

i—1 i—1
. . d .
X; = ys<| | cosyj) siny; +y“'E Kl | cosyj> smy,]
J=0

=0
fori=0,...s—1 (B9)
s—1
X (Hcosyj> + y,— (H cosy]> (B10)
0
'X?i:)}i fori:S+1,...m—1. (Bll)
(<)
Suppose lim,_y;(y(¢#)) =0 for i=0,....m—n—1.

(B4) then implies lim,_ox;(y(7)) = x;(y(0)) =0 for

i=0,...,m—n=—1, so that y(0) € N/, and from (B10),
X;=0fori=0,....5s — 1, so that 7(0) € V,(, a critical
direction. Thus (B8) follows.

=)

Suppose (B8) holds, so that y(0) € A" and 7(0) € V()
One then has
xi(y(0))=0 fori=0,...,m

—-n—1, and (BI2)

Xi(y(0))=0 fori=0,...,s—1. (B13)

From (B1), s <m —n — 1, so that (B12) gives

limy, (1)) =

t—0

where the continuity of (B12) is used. The i = 0 case of
(B13) then gives lim,_qyo(y(2)) = 0, after which the i = 1
case of (B12) gives lim,_y;(y(¢)) = 0, etc., until one has
shown in the end that lim,_yy; =0 for i =0,...s — 1.
Lastly, for i € [s +1,m —n — 1], (B12) trivially implies
lim, _qy; (1)) = 0. !

It follows that, in the limit of large 4, the only part of the
integral (B7) that is not rapidly decreasing is that in an
arbitrarily small neighborhood of y; = 0 for i < m — n. To
make this precise, for each ¢ > 0, let M, denote the region
of M in which the coordinates y; are restricted to y; €
(—e,¢€) for i < m—n. We then have
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1(2)~ /M eMp- (yy)* (sin~!yg ) (sin*=2yy ) -+« (siny,_y )d™"y
(B14)
for each ¢ > 0.

Consider now Taylor expansions of x4 and § in the
coordinates y; for i < m — n. Specifically, define

~ oS
S(.Y) = S(07y2m—n) + Z a (0 y>m I‘l)yl
82
2”;"8 8 (0 Vem— n)yty]
ﬂ()(y) :ﬂ(o’ yZm—n)'

Taylor’s theorem then gives

SO) = SG) + 0((Yemn)?)
1(y) = mo(y) + o((y<mn)®)-

If we define

Je(4) = / Py - (v,)* (sin*~yg) (sin*2yy) - -

€

X (siny,_y)d™y, (B15)
using m —n > 1, Eq. (B14) becomes
1(A) ~J () + o(e). (B16)

From now on we assume that the o(e) term above, which
can be made arbitrarily small, can be neglected. Note that
the determinant of the Jacobian for the transformation from
y; to x; appears in (BY),

der (0 = v (5 - (s ).
8yj

which is bounded. This fact, together with lemma 6 and

the chain rule, implies that the linear term in S(y)
vanishes, and the constant term is pure imaginary. Thus,
if we define B(ys,,-,) := ImS(0.ys,,-,) and A (ys_p) =

2
%Zl}<m n[);)asy (0 Y>m— n) S(y) becomes
S()“) lB y>m n Z A y>m n yly]
i,j<m-n

We now turn to bounding the integral J,.(4). Using the
triangle inequality, and |siny;| < 1, (B7) yields
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DI < [ Sy (3yany
- / 2R Ay () oamy
- / & 2Ny, amy.

ReA is a symmetric bilinear form, and by assumptions 3
and 4 about S at the start of this appendix, is also negative
definite. Let (vi)j, i=0,....,m—n—1 be any basis of
R”=" which is orthonormal with respect to A in the sense
that )=, ;,,_,A¥ (v"), (v/), = —8". Define new coordinates

Z/<m —n /( ),, so that

(B17)

u, i=0,..m—n—1 by y' =
(B17) becomes

OTEY RG]0 ST
X exp (—z > (u,-)2> d™"u-d'y,  (B18)

i<m—n

where m(y,,_,) takes values in R* and is bounded. To
isolate the 4 dependent part of the integral we perform one
more change of variables to spherical coordinates,

i1
—p(Hcosﬁj) sing; fori=0,..m—n-2,
=0
m—n—2
and um_,,_l—p( H cosﬂj>.
j=0

The range of the f3;’s is the same as the a;’s above, and the
Jacobian is of the same form (B5). Noting (1) that the
measure factor in (B18) depends on p by an overall factor
of p*, (2) that all 4 dependence can be pulled out of the f;
integrals, and (3) that the range of the integration of the j3;
integrals is independent of p, we see that evaluation of the
p; integrals and remaining y; integrals in (B18) gives

11(2)] < (const) A e T

where a is the supremum of the values that p takes in the
support of the integral. To evaluate the above integral, we
need the following lemma.

Lemma 7: For any a >0 and any non-negative
integer ¢,

/ ‘ ple™ dp ~ (const)A72(1+4), (B20)
0

asymptotically for large A.
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Proof: For the case ¢ = 0 we have

a 1 avi
/ e"lpzdp = —/ e dw
0 VaJo

= \}/—1\/;— (erf(aV/A)) ~ \/75/1_%,

matching the right-hand side in this case. Here erf denotes
the error function and we have used that the error function
is asymptotic to 1. The case ¢ =1 can be calculated
explicitly using the change of variables w := u?. To obtain
the rest of cases, note that if f ~ g and lim f = limg = 0,
then by I'Hopital’s rule f' ~ ¢'. Applying this fact to the

PHYSICAL REVIEW D 94, 064025 (2016)

cases ¢ = 0 and g = 1 repeatedly then yields the rest of
the cases. [
Application of this lemma to (B19) yields

Jo(2) = o(am=nt9),
Thus (B16) becomes
1(2) ~ o(A73m=n+9))
which is equivalent to

1

I(2) = o(A2lm=nts)),

[1] J. C. Baez, An Introduction to spin foam models of quantum
gravity and BF theory, Lect. Notes Phys. 543, 25 (2000).

[2] A. Perez, Introduction to loop quantum gravity and spin
foams, The 2nd International Conference on Fundamental
Interactions, Domingos Martins, Espirito Santo, Brazil,
2004 [arXiv:gr-qc/0409061].

[3] A. Perez, The spin-foam approach to quantum gravity,
Living Rev. Relativ. 16, 3 (2013).

[4] C. Rovelli, Zakopane lectures on loop gravity, Proc. Sci.
QGQGS2011 (2011) 003 [arXiv:1102.3660].

[5] T. Thiemann, Modern Canonical Quantum General Rela-
tivity (Cambridge University Press, Cambridge, 2007).

[6] A. Ashtekar and J. Lewandowski, Background independent
quantum gravity: A status report, Classical Quantum Grav-
ity 21, R53 (2004).

[7] C. Rovelli, Quantum Gravity (Cambridge University Press,
Cambridge, 2004).

[8] H. Sahlmann, Loop quantum gravity—a short review,
arXiv:1001.4188.

[9] G. Ponzano and T. Regge, in Spectroscopy and Group
Theoretical Methods in Physics: Racah Memorial Volume,
edited by F. Bloch, S. G. Cohen, A. de Shalit, S. Sambursky,
and I. Talmi (North-Holland, Amsterdam, 1968), pp. 1-58.

[10] J. Engle, R. Pereira, and C. Rovelli, Loop-Quantum-Gravity
Vertex Amplitude, Phys. Rev. Lett. 99, 161301 (2007).

[11] J. Engle, R. Pereira, and C. Rovelli, Flipped spinfoam vertex
and loop gravity, Nucl. Phys. B798, 251 (2008).

[12] L. Freidel and K. Krasnov, A new spin foam model for 4D
gravity, Classical Quantum Gravity 25, 125018 (2008).

[13] R. Pereira, Lorentzian loop quantum gravity vertex ampli-
tude, Classical Quantum Gravity 25, 085013 (2008).

[14] J. Engle, E. Livine, R. Pereira, and C. Rovelli, LQG vertex
with finite Immirzi parameter, Nucl. Phys. B799, 136
(2008).

[15] J. Engle and R. Pereira, Regularization and finiteness of the
Lorentzian loop quantum gravity vertices, Phys. Rev. D 79,
084034 (2009).

[16] J. W. Barrett, R. Dowdall, W. J. Fairbairn, H. Gomes, and F.
Hellmann, Asymptotic analysis of the Engle—Pereira—Ro-
velli-Livine four-simplex amplitude, J. Math. Phys. (N.Y.)
50, 112504 (2009).

[17] M. Christodoulou, M. Langvik, A. Riello, C. Roken, and C.
Rovelli, Divergences and orientation in spinfoams, Classical
Quantum Gravity 30, 055009 (2013).

[18] J. W. Barrett, R. Dowdall, W. J. Fairbairn, F. Hellmann, and
R. Pereira, Lorentzian spin foam amplitudes: graphical
calculus and asymptotics, Classical Quantum Gravity 27,
165009 (2010).

[19] J. Engle, The Plebanski sectors of the EPRL vertex,
Classical Quantum Gravity 28, 225003 (2011); 30,
049501 (2013).

[20] J. Engle and A. Zipfel, preceding paper, Lorentzian proper
vertex amplitude: Classical analysis and quantum deriva-
tion, Phys. Rev. D 94, 064024 (2016).

[21] J.  Engle, Proposed proper Engle-Pereira-Rovelli-
Livine vertex amplitude, Phys. Rev. D 87, 084048
(2013).

[22] J. Engle, A spin-foam vertex amplitude with the correct
semiclassical limit, Phys. Lett. B 724, 333 (2013).

[23] A. Chaharsough Shirazi and J. Engle, Purely geometric path
integral for spin-foams, Classical Quantum Gravity 31,
075010 (2014).

[24] J. Engle, M. Han, and T. Thiemann, Canonical path integral
measures for Holst and Plebanski gravity: I. Reduced phase
space derivation, Classical Quantum Gravity 27, 245014
(2010).

[25] A. Perelomov, Generalized Coherent States and their
Applications (Springer, Berlin, 1986).

[26] L. Hormander, The Analysis of Linear Partial Differential
Operators I: Distribution Theory and Fourier Analysis
(Springer-Verlag, Berlin, 1983).

[27] A. Chaharsough Shirazi, J. Engle, and 1. Vilensky, Hessian
and graviton propagator of the proper vertex, arXiv:
1511.03644.

064025-19


http://dx.doi.org/10.1007/3-540-46552-9
http://arXiv.org/abs/gr-qc/0409061
http://dx.doi.org/10.12942/lrr-2013-3
http://arXiv.org/abs/1102.3660
http://dx.doi.org/10.1088/0264-9381/21/15/R01
http://dx.doi.org/10.1088/0264-9381/21/15/R01
http://arXiv.org/abs/1001.4188
http://dx.doi.org/10.1103/PhysRevLett.99.161301
http://dx.doi.org/10.1016/j.nuclphysb.2008.02.002
http://dx.doi.org/10.1088/0264-9381/25/12/125018
http://dx.doi.org/10.1088/0264-9381/25/8/085013
http://dx.doi.org/10.1016/j.nuclphysb.2008.02.018
http://dx.doi.org/10.1016/j.nuclphysb.2008.02.018
http://dx.doi.org/10.1103/PhysRevD.79.084034
http://dx.doi.org/10.1103/PhysRevD.79.084034
http://dx.doi.org/10.1063/1.3244218
http://dx.doi.org/10.1063/1.3244218
http://dx.doi.org/10.1088/0264-9381/30/5/055009
http://dx.doi.org/10.1088/0264-9381/30/5/055009
http://dx.doi.org/10.1088/0264-9381/27/16/165009
http://dx.doi.org/10.1088/0264-9381/27/16/165009
http://dx.doi.org/10.1088/0264-9381/28/22/225003
http://dx.doi.org/10.1088/0264-9381/30/4/049501
http://dx.doi.org/10.1088/0264-9381/30/4/049501
http://dx.doi.org/10.1103/PhysRevD.87.084048
http://dx.doi.org/10.1103/PhysRevD.87.084048
http://dx.doi.org/10.1016/j.physletb.2013.06.024
http://dx.doi.org/10.1088/0264-9381/31/7/075010
http://dx.doi.org/10.1088/0264-9381/31/7/075010
http://dx.doi.org/10.1088/0264-9381/27/24/245014
http://dx.doi.org/10.1088/0264-9381/27/24/245014
http://arXiv.org/abs/1511.03644
http://arXiv.org/abs/1511.03644

