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We study the nature of constraints and count the number of degrees of freedom in the nonprojectable
version of the U(1) extension of Hofava-Lifshitz gravity, using the standard method of Hamiltonian
analysis in the classical field theory. This makes it possible for us to investigate the condition under which
the scalar graviton is absent at a fully nonlinear level. We show that the scalar graviton does not exist at the
classical level if and only if two specific coupling constants are exactly zero. The operators corresponding
to these two coupling constants are marginal for any values of the dynamical critical exponent of the
Lifshitz scaling and thus should be generated by quantum corrections even if they are eliminated from the
bare action. We thus conclude that the theory in general contains the scalar graviton.
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I. INTRODUCTION

Hotava [1] proposed a power-counting renormalizable
theory of gravity in 2009. What renders the theory
renormalizable in the power-counting sense is the aniso-
tropic scaling, or Lifshitz scaling,

t — b, X — bXx, (1)
with the dynamical critical exponent z > d at high energy,
where d is the number of spatial dimensions. Because of
this scaling, the theory is often called Horava-Lifshitz
gravity. The basic quantities are the lapse N, the shift N’
and the three-dimensional spatial metric g;;. In the minimal
theory called the projectable theory, the lapse is set to be a
function of time only. Hence, the basic quantities in the
projectable theory are

N=N(t), N =Ni(tX),

i = 9;(£.%), (projectable). (2)

On the other hand, in the nonprojectable theory the lapse
may depend on the spatial coordinates as well as the time,

and thus the basic quantities yield
N = N(1,%), N' = Ni(1,%),
gij = (1. %), (nonprojectable). (3)

The fundamental symmetry of the theory is the
invariance under the so-called foliation-preserving
diffeomorphism,
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t— (1), X — X' (t,%). (4)
Since the theory enjoys less symmetries than general
relativity (GR), the number of propagating degrees of
freedom 1is larger. It contains not only a tensor graviton
but also a scalar graviton. The properties of the scalar
graviton at the linearized level crucially depend on a
parameter commonly denoted as A. The positivity of the
(time) kinetic term of the scalar graviton on a flat back-
ground requires that

1

/1<§ or 1<A4. (5)

On the other hand, the dispersion relation of the scalar
graviton in the projectable theory is

. )2 )3
w? = c?k2 + o (MZ + a3 (M‘)‘ .
N .
== (projectable), (6)

where M is amass scale, a;, 3 are dimensionless constants and
¢, is the speed of gravitational waves. Short-wavelength
perturbations are stable, provided that a,; are positive.
However, for the range of 4 shown in Eq. (5), the “sound
speed squared” ¢? is negative and thus the flat background is
unstable against long-wavelength perturbations.

One way to tame the instability in the infrared (IR) is to
relax the projectability condition and thus to consider the
nonprojectable theory (3). In this case the lapse can depend
on spatial coordinates, and thus terms depending on spatial
derivatives of the lapse may enter the action. This signifi-
cantly increases the number of independent coupling
constants in the theory but allows for a stable regime of
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parameters in the IR. The “sound speed squared” is now
given by

5 l—lZcf,—r;z

ST g, @

(nonprojectable), (7)

where 7 is the coefficient of the new term ¢"/9; InN9; In N.
(The formula for 2 in the projectable theory is recovered in
the limit 7 — oo0.) Thus the scalar graviton is stable in the
IR if the condition (5) is satisfied and if

0<n<2c. (8)

Another way out is to keep the projectability condition
and to impose the condition [2]

lcs| < max[\/|®|,HL] for
L > max[0.01 mm, 1/M],

(projectable), (9)

where H is the Hubble expansion rate of the background
universe, L is the length scale of interest and ® ~ —GypL?
is the Newtonian potential. This and the condition (5) imply
that A must approach 1 from above under the renormaliza-
tion group (RG) flow as the Hubble expansion rate
decreases. This would pose a nontrivial phenomenological
constraint on properties of the RG flow.

In the projectable theory, in the limit A — 1 deep inside
the condition (9), the solution to the momentum constraint
equation for scalar-type perturbations around a flat back-
ground becomes singular. Due to this behavior, the per-
turbative expansion of the action for the scalar graviton
breaks down as A approaches 1 from above: there is an
infinite series of terms in which the coefficients of terms of
higher order in perturbative expansion have more negative
powers of (4 — 1) and thus are more singular in the limit.
However, all those singular terms are kinetic terms, i.e.
terms with two time derivatives, and terms without time
derivatives are always independent of A. For this reason, if
the sum of kinetic terms can in principle be canonically
normalized, then the potential terms written in terms of the
canonically normalized field have only positive powers of
(A—=1) and should be regular in the 2 — 1 limit. In this
sense, the canonically normalized scalar graviton is weakly
coupled and expected to be decoupled from the rest of the
world in the 4 — 1 limit. Indeed, it has been shown for
simple cases such as static, spherically symmetric configu-
rations [2] and superhorizon perturbations in the expanding
universe [3,4] that GR (plus dark matter [5]) is smoothly
recovered in the limit if (and only if) nonlinearity is fully
taken into account. For this reason the behavior of the
scalar graviton in the 4 — 1 limit does not necessarily pose
a conceptual problem at least in principle. Nonetheless, it is
fair to say that the breakdown of perturbative expansion
leads to technical difficulties as fully nonlinear behavior is
not easy to analyze in general, beyond the above-mentioned
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explicit examples. As pointed out in Ref. [2], the situation
is similar to the Vainshtein screening mechanism in
massive gravity and other modified gravity theories [6,7].

Even in the nonprojectable theory, if we impose obser-
vational constraints on 4, 7 and cg then one of the following
two should happen: the perturbative expansion breaks
down at a scale considerably lower than the Planck scale
[8], or higher derivative corrections to the dispersion
relation must kick in at an even lower scale [9]. The latter
case may be in conflict with observation [10]. Therefore,
one might have to consider the former case in which the
perturbative expansion breaks down at a certain scale. As in
the case of the projectable theory, since the perturbative
expansion breaks down only in the kinetic terms of the
scalar graviton, this is not necessarily a problem at least in
principle. This situation is again similar to the Vainshtein
screening mechanism.

As the third possibility to get around the issue of the
scalar graviton, Hofava and Melby-Thompson [11] pro-
posed a U(1) extension of the projectable version of
Horava-Lifshitz gravity in which the scalar graviton is
claimed to be absent. In the context of the U(1) extension
of Hotava-Lifshitz gravity it was originally claimed that the
symmetry of the theory automatically fixes the parameter 1
to 1 and that the scalar graviton is absent because of this
value of 4. Later it was however shown that the theory with
any value of 1 can be constructed without spoiling the
symmetry [12]. Nonetheless, at the level of linear pertur-
bations it was shown that the scalar graviton is still absent
for any 4. The proof of the absence of the scalar graviton
was later extended to a fully nonlinear level [13].

While the original theory with the U(1) symmetry is
projectable, it is possible to extend it to a nonprojectable
theory [14,15]. At linear perturbations around the
Minkowski background it is known that the nonprojectable
U(1) extension has a scalar graviton for a generic choice
of coupling constants [16]. On the other hand, if one of the
parameters in the IR action (which is denoted as 7, in the
present paper) is set to zero, then linear perturbations in
the theory do not contain the scalar graviton [14].

The purpose of the present paper is to perform the
Hamiltonian analysis and to count the number of degrees of
freedom in the nonprojectable version of the U(1) exten-
sion. This makes it possible for us to investigate the
condition under which the scalar graviton disappears at a
fully nonlinear level. We shall show that the theory
generically contains the scalar graviton: the scalar graviton
does not exist if and only if two coupling constants are
exactly zero. The terms corresponding to these two specific
coupling constants are marginal for any values of the
critical exponent z and the spatial dimension d, and thus
should be generated by quantum corrections even if they
are eliminated from the bare action by hand.

The rest of the present paper is organized as follows. In
Sec. IT we review the construction of the U(1) extension of
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Hoftava-Lifshitz gravity. In Sec. III we adopt the method of
Hamiltonian analysis in the classical field theory to study
the nature of constraints in the theory. We then count the
number of degrees of freedom in Sec. IV. Section V is
devoted to a summary of this paper and to some discus-
sions. As supporting materials, we show a useful technique
to ease calculations by using the symmetry of spatial
diffeomorphism in Appendix A, and briefly discuss the
case of the projectable version of the theory in Appendix B.

Il. NONPROJECTABLE HORAVA-LIFSHITZ
GRAVITY WITH U(1) SYMMETRY

In this section we provide a brief review of the construction
of the U(1) extension of Hofava-Lifshitz gravity, following
the derivation presented in Appendix A of Ref. [16]. For
details of the theory we refer readers to, e.g. Refs. [14,15].

The basic quantities of the theory are the lapse N(z,X),
the shift N'(z,X) and the spatial metric g,;(7,X), supple-
mented by the gauge field A(7,X) and an auxiliary scalar
v(1,X), often called the Newtonian prepotential. The trans-
formations of these quantities under the infinitesimal
foliation-preserving diffeomorphism,

ot = f(1), oxl = Ei(t,X), (10)

are defined as
09;j = f0,9i; + Legij» SN' = 0,(N'f) + 0,& + L:N',

SN = 0,(Nf) + EO;N, SA = 0,(Af) + E'0,A,

v = fou+ Edu, (11)
where L; is the Lie derivative along &. On top of the
symmetry under the transformation (11), we further intro-
duce an Abelian symmetry, which is thus called the U(1)
symmetry, such that the action of the theory is invariant
under the infinitesimal local transformation parametrized

by the gauge parameter a(z,x). The basic quantities trans-
form as,

5N,~ = Naia,
6911 = 0,

OA = Nala,
5N = 0, (12)

ov = «a,

where 9, = (1/N)(9, — N'9;). Spatial indices are raised
and lowered by g¢” and g;;, respectively. The scaling
dimensions are then assigned to coordinates and variables
as follows:

0,]=1, [P]=z  [ddX]=-z-d, [0,]=z
l9;]=0.  [N]=[N]=z-1, [N]=0,
[ =z-2, [A]=2z-2, []=2z-2 (13)

where d is the number of spatial dimensions, and z > d is
the dynamical critical exponent, which determines the
scaling (1) in the UV regime.
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In order to construct a U(1)-invariant action, it is con-
venient to define the following U(1)-invariant ingredients:

1 - -
(azgij - DiNj - DjNi),

K =—
Y 2N
N'=N'-ND'v,
A I .
o — N— 8LU—§DIVDZ'I/, (14)

where D; is the spatial covariant derivative compatible with
gij- The scaling dimensions of K;; and ¢ are

[Kjl=z.  [o]=2z-2. (15)

The kinetic action for g;; is then constructed from K ij as

M?> . -
7"‘ / ded?x,/gN[K"K;; — AK*], (16)

where Mp is a constant corresponding to the Planck scale at
low energy, 4 is a dimensionless constant, g = det(g;;) and

K = ¢VK;;. The scaling dimension of the kinetic terms is
[f(iji(ij] = [kz] =2z, (17)

and thus the power-counting renormalizability requires that
the other terms in the action should have scaling dimensions
equal to or less than 2z. In particular, it is required that the
dependence of the action on ¢ be at most linear. This is
because

") =2n(z=1)>2z, forn>2, z>d>3,  (18)

and because derivatives and all other fundamental variables
have non-negative scaling dimensions in z > d > 3. On the
other hand, the linear term, o, is always power-counting
renormalizable (relevant) since [6] =2z — 2 < 2z. Other terms
linear in o, that is Ro, a'a;o, and D'a;c, are marginal, i.c.,

[Ro] = [a'a;o] = [D'a;6] = 2z, (19)

where R is the Ricci scalar of g;; and @; = D; In N. We do not
include in the action the time derivatives of N, N’ or A, since
no relevant/marginal terms that are invariant under both the
foliation-preserving diffeomorphism and the U(1) transfor-
mation can be constructed.

The gravity action which respects foliation-preserving
diffeomorphism, the U(1) symmetry and the power-count-
ing renormalizability in UV thus reads

M3 i -
1= TPI / dtd?x\/gN[KVK;; — AK* — Ly

+ (2Q —noR + md'a; +nyD'a;)o), (20)

where Q and 7, are constants, and the potential term
Ly|g;;» N] is constructed from a;, g;;, D; and the Riemann
tensor of g;;, including all the terms that contain up to 2z
spatial derivatives and are invariant under the diffeomor-
phism. One of the coupling constants #,;, is in fact
redundant and one can, for example, set
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Mo = 17 (21)

by a redefinition of A and Q.

III. HAMILTONIAN ANALYSIS

It has been shown that the projectable version, i.e. the
lapse N being a function only of time ¢, of the U(1)
extension of Horava-Lifshitz gravity has the same number
of degrees of freedom as GR, or equivalently one less
degree of freedom than the original version of Horava-
Lifshitz theory [11-13]. However, once the nonprojectable
version, i.e. N = N(t,X), is considered with all the terms
consistent with the symmetry included, an additional scalar
degree of freedom, dubbed a scalar graviton, reappears
already at the level of linearized perturbations [16]. In this
section, in order to understand the complete structure of the
theory, we perform the Hamiltonian analysis and count the
number of degrees of freedom at the fully nonlinear order.
Since we are interested in the physical degrees of freedom
contained in the gravity sector, we shall omit matter fields.

We start with the (d?+ 3d + 6)-dimensional phase
space (g;j, 7/, N', 7y N, g, A, my, v, m,) at each point
in spacetime, where 7", z;, 7y, 74 and z, are the canonical
momenta conjugate to g; s NI N,Aandv, respectively. The
Poisson bracket is defined in the standard way as

oF oG oF oG
F.Gl,= | d - — __ -
{F.Gle / x[ég,-,m 521() T NT(R) o, (%)

oF oG oF  6G
T SNG) srn@) T SAG) A (R)
n oF oG oF oG

ou(x) om, (%) om(X) bg;;(%)

3 oF oG 3 OoF  6G

ori(X) SN (X)  Smy(X)SN(X)

oF oG oF oG
}m®m®_m@w®} (22)

The canonical momenta are found as

T = 0, TNy = 0, A = 0, Ty, = _JA’ (23)

. M Lo i i i M| K
il — TPI V|5 (g%e" +g"g") - ﬂg”g’d} Ky, (24)
where
M3 ; ~
JAETH\/E(2Q—770R+'7101611'+'72D’ai>- (25)

Notice that Eq. (23) constitutes the primary constraints of
the system. We can invert the relation (24) to express K;; in
terms of z'/ as
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~ 2
Kij=-——Giur", (26)
! Ml%l\/g ’

where for notational brevity we have defined

gljk = (glkg/l + gllgjk) lgljgkl (27)

A
di —

| —

As is clear from Eq. (23), such an inversion cannot be done
for 9,N', O,N, 9,A and 9,v. While the action (20) does not
contain 9,N’, 9,N or 0,A and so there is no need for the
inversion, 0,v does not enter the Hamiltonian either once
the constraint 7, = —J, in Eq. (23) is imposed. One can
thus see that the (d + 3) primary constraints 7z; & 7y &
7wy~ m,+ J, =~ 0 are all independent.

To proceed, we first inspect the algebra of the primary
constraints. The Poisson brackets of z; and 7, with all the
constraints trivially vanish:

{mi(®).2()}p =0.  {m(¥).2()}p =0. (28)

where ® stands for {z;, 74,7y, 7, +J4}. The Poisson
brackets between z and z, + J, are, on the other hand,

{an(3), 2y (3) }p = {7, (X) + T4 (%), 7, (3) +Ta (V) }p =
(29)
{7Znle). n, + Jalol}e
= {7nlt]. Jalol}e
== [ ataapln0? + 2D . (30)
where the over-bar denotes
EME/Mm@m@ (31

where ® is any constraint of scalar type and y is an arbitrary
function. Hereafter we assume that the arbitrary functions
corresponding to y(X) are independent of the canonical
variables; otherwise, some of the strong equalities (=)
should be replaced by the weak ones (=).

The Hamiltonian of the system is now constructed as

HE/ddX[ﬂ[jatg[j“rﬂ'iatNi+JTN8,N+7IAatA+7ZD8,U—£]

oo

N : )
+—JAD1'I/D!Z/+N[(H,'—JAD1'I/) —AJA:|, (32)

M2 .
Pl Lv> —NHl'Dll/

2

where L is the Lagrangian density and we have defined
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2,/gD <ﬂji>
=-2/gD:| — ).
J \/?]

Because of the presence of the constraints, the time evolution
in the phase space is not completely determined by this
Hamiltonian. Including the terms corresponding to the
primary constraints, we thus redefine the Hamiltonian as

(33)

ﬁI:H+/ddx[/1"n,»+,1AnA +Ayay +A,(z, +J4)],  (34)

where A, 14, Ay, 4, are Lagrange multipliers.

Now we need to impose the consistency conditions for
the primary constraints against time evolution with respect
to H to determine the secondary constraints. However, we
observe from Eq. (30) that the constraint structure differs
depending on whether the right-hand side of the equation
vanishes identically or not. We therefore separate the
analysis into the following two subsections, one corre-
sponding to the generic case where the right-hand side of
Eq. (30) is nonvanishing, and the other to the special case
where it is identically zero.

A. Generic case

In this subsection we consider the case where the right-
hand side of Eq. (30) does not vanish identically, namely
the case with (1;,7,) # (0,0). We call it generic since even
if , and 7, are zero at the classical level, they generically
become nonzero when quantum corrections to the action
are taken into account.

The consistency conditions of the primary constraints
with the time evolution are

d N
O:—(ﬂD—FJA)z{ﬂ'D—FJA,H}P

dr
= {ﬂu+JA’H}P+{7[u+JA’WMN]}P’

d N
0=—nay~{ny.H}p

dr
={ay.H}p+ {7y, 7, +Ts[A)]}p, (35)
and
d N oH
O:EﬂAz{ﬂA’H}P:{”A’H}P:_Q_JA’
d N 5H
O_E”tN{”i’H}P:{”hH}P: SN —Hi+JaDv,
(36)

where =~ denotes an equality in the weak sense, i.e. with all
the constraints imposed. The first two equations (35) do not
lead to additional constraints but are simply considered as
equations to determine the multipliers Ay and 4;,
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Ay e
712D2N+2’1161D N M%I\[{”D+JA’H}Pv
. 2N
’12D2/11 —=2mD'(a;d;) ® —5——{7zy, H}p. (37)
M3/g

On the other hand, the last two equations (36) give
secondary constraints, J4 &~ 0 and H; ~ 0.

The set of constraints that we obtained so far is (x;, 7,4,
7,, H;, my, J4). Let us calculate the Poisson brackets
among them. The Poisson brackets of z;, 7, and 7, with all
the constraints trivially vanish:

{zi(%). 2(y)}p = 0.
{74 (%), 2()}e = O,
{7, (x). 2(3)}p = 0. (38)

where ® = {nj, mp, 7y, Hj, 7y, J4}. On the other hand, the
Poisson bracket between H; and J4 can be calculated by
using the formula

. re = [es(Srass L), o)

where F = F|g;;, '/, s(scalar), V! (vector)] is a functional
invariant under time-independent spatial diffeomorphism
and [f,V]' = fiD;V' = VID,f" (see Appendix A for the
proof). The result is

{HIf). Tale)} = TalF o) + / dix _[ )

~ —{ﬂ[fﬁN],E[w]}p, (40)

AP vig N

and this does not vanish weakly, where

Hif|= [arr. fop=rop. @)
Similarly to the comment made after Eq. (31), we assume
that the functions fi(X) are independent of the canonical
variables; otherwise, the strong equality in the first line of
Eq. (40) should be replaced by the weak one, and the same
applies to the following calculations. We thus define the
linear combination

HY =H,; + ayD;N, (42)
so that the Poisson bracket of HY with J, vanishes weakly.

Actually, the Poisson brackets of HY with all the con-
straints vanish weakly:

=HY[[f. gl ~0 for Vfi, Vg,
{HV[f], Blg]}p = Blfg) ~ 0 for Vi, Ve, (43)
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where ® = {zy, J4}. The remaining Poisson brackets are
those among 7 and J, and are

{zn(X).2y(¥)}p =0 {J4(%). 74

and Eq. (30).

Hereafter we consider (r;, 4, 7,, HY, zy, J4) as the
basis for the set of constraints. Adding the terms corre-
sponding to the secondary constraints, we thus redefine the
Hamiltonian as

(M}p=0. (44)

H=H-+ /ddx[/liﬂi + Mg + A7,
+ A MY 4 Ayzy + A0 4], (45)

where A', A4, Ay, Ay, Ay, Ay are Lagrange multipliers.
The consistency conditions of J,, 7y with the time

evolution with respect to the Hamiltonian H are

d
0=—Jy~x{Js.H}p+

a {Ja, Tn[An] e

d
0=—ny~{ny.H
3™y {nn. H}p +
They yield no additional constraint but equations to
determine the multipliers 1y and A; as Eq. (37). The
consistency conditions of 74, 7;, 7, and HY with the time
evolution are

{my. Talas] - (46)

OZ%EA“{”A,H}P:_%:]A,
OZ%ﬂiN{ﬂ,, H}p = - 6N’__Hi+JADiU’
0= in ~{m, H}p = —‘Z—IZ = —0;(NH! + N'J,),
0= SHV) ~ (V1) Hy

_ / dlx[—(NH + N'J)0,(fo) - J o fOA

+ (M = Ja0)[f NI, (47)
where we have used the formula (39) to derive the last
equality. They vanish weakly and thus do not give any
additional constraints.

In summary, (r;, 74, 7,, HY, 7y, J4) forms the set of all
constraints for the generic case studied in this subsection.
Among them, (2d + 2) constraints (z;, Hf’ , Ty, 7r,) are first
class and two constraints (zy, J,) are second class.

B. Special case with ; =7, =0

In this subsection we consider the special case where the
right-hand side of Eq. (30) vanishes identically, namely the
case with 7; = 1, = 0. We consider that this is not generic
but rather exceptional. Indeed, the choice of parameters
n =n, = 0 is not stable under radiative corrections. We
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nonetheless investigate this case for completeness. Also,
the study of this special case sheds some light on important
roles of Eq. (37) for the structure of the theory: with (and
only with) n; =n, =0, Eq. (37) leads to secondary
constraints instead of yielding equations to determine the
Lagrange multipliers.

The consistency conditions of the primary constraints
with the time evolution are

d oH
OZEﬂAN{ﬂA’H}P* a:JA,
d OoH
Ozgﬂ'iz{ﬂ'i,H}P:—W:—H +JADI/
d O0H
O_EﬂNN{ﬂNaH}P—_ﬁ__HL"—HDV
1 )
—EJADIUD,'U,
d oH
02&(%4'1/&)%—54'{1/411‘1}13
—0;(NH'+ N'J,) + pa + 22 g’ gzjkzﬂ'klj—A
Mg, V9
_ T4
+ ng'(Nl—>, 48
Vo NG (48)
where
2 M3 5
J_EMIZDI\/_ jg,jklﬂkl+ 3 5N dd.x\/gNﬁv, (49)
A—1 V3 , prad
=2 —_D* =N RYG; iy —N
Pa ’70\/5[61’1_1 <\/§ >+ quz\@
DD (”U N)] (50)
i~ \/5—] )

with 7 = g;;z"/. They give secondary constraints J, ~ 0,
H;~0, H, ~0and ¢, ~0

The set of constraints that we obtained so far is (x;, 74,
7, Hiswty, Ja, H 1, ¢4). Following the same logic as that in
the generic case studied in the previous subsection, we
define the linear combination HY shown in Eq. (42). While
the original constraint H; has (weakly) nonvanishing
Poisson brackets with H | and ¢, as

HL[ ]

(HI] HL o]} = L 0] + / ORI fig

o [as o] o
(FUF). Balole = BalfOw] + / 0 200l0] i

z/ 5¢A[ ]f’aN (51)
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the Poisson brackets of HY with all the constraints vanish
weakly:

{HN[f]. H [g)}p = HY([[f. g &0 for Yfi. Vg,

{HN[f]. @lol}p = [fOp] ~0  for "f'. Vg, (52)
where ® = {zy,Ja, H ,pa}. Here, the formula (39)
has been used to simplify the calculation of the
Poisson brackets shown in Egs. (51) and (52). The
Poisson brackets of z;, 7, and z, with all the constraints
vanish:

{7i(x). 2(y)}p = 0.
{ma(x). 2(¥)}p = 0.
{m.(X). 2(3)}p = 0. (53)

where ® = {ﬂj,ﬂA,ﬂ'y,ij,ﬂN,JA,HJ_,(bA}. Finally, while
the Poisson brackets between zy and J, vanish,

{”N(;C)’”NG;)}P = {”NGC)
= {Ja(x),J

A()}e

A} = (54)

some of the Poisson brackets among 7, J4, H | and ¢, are
nonvanishing:

{znll. Hilol}p
= _%/ddx)(% ddy(p% d?z\/gNLy, (55)
|
{mnle). anlelte  {7nl]. Jalol}e
M= Ualrl. wnlolte Tl Jalol}e
{(Hill wnlelte {HLW] Jalol}p
{Daldl. anlol}e  {dalx]. Talo)}e

With Eq. (54), M can be partitioned with 2 x 2 matrices
B,C,D as

0 B
E(C D), (61)
where
_ (e
{(Tal Holelye  {Tale) dalol}e )
C=—(BT with y< ¢), (62)

and 0 is the 2 x 2 matrix with all vanishing components.
We thus have
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{7nlx]. dalol}e
p

:—2;70/dd <d/1_1ﬂD2+R’ng]kln' —ﬂ']DD>(ﬂ,
(56)

{Talxl. Hilgl}p
~ +2n / ddX(p (;/1__11 aD? + Rijgijk[ﬂ'kl - ﬂijDiD]))(,
(57)

{Talx]. dalol}e

~ M, / d‘x\/gN[RYy + (¢ D* — D'D/)y]

X Giiu[R¥p + (¢"'D* — DD ). (58)

Hereafter we consider (z;, 74, 7, Hf’, N, Jas Hi, pa)
as the basis for the set of constraints. Adding the terms
corresponding to the secondary constraints, we thus
redefine the Hamiltonian as

H=H+ / dix(Xm; + Aamg + Ay,

+ A HY + Ayay + A da + A HL + Aga).  (59)

where A, A4, 4,, A, Ay, A7, A1, Ay are Lagrange multipliers.

The consistency conditions of zy, J,, H, and ¢, with
the time evolution yield no additional constraint but
equations to determine the Lagrange multipliers 44, 4,
A; and Ay if the determinant of the following matrix does
not vanish weakly [17]:

(vl Hilelte  {7nle]. alel}te

Tl Fllolye {Tal)- Galole )
{Hild Hilelle {HLX]. dalel}e

{Bal. Hilolte  {@alr]. dalol}te

|

det M = (det B)(detC) = (detB)(detB with y <> ¢).

(63)

Equations (55)—(58) show that each component of the 2 x 2
matrix B is weakly nonvanishing and that only Eq. (55)
among them depends on the potential term Ly [g;;, a;],
which is a linear combination of a'a;, RVa;a;, D*a'D?a;

and so forth. This means that the component (55) hnearly
depends on the coefficients of those potential terms but that
other components are independent of them. Moreover,
det B % 0 when all coefficients in Ly[g;;, a;] are set to

zero. Inspecting Egs. (55)—-(58), we thus conclude that
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det B # 0, for any choices of the coupling constants in L.
Hence Eq. (63) leads to detM % 0 and the consistency
conditions of =y, J4, H, and ¢, do not yield any
additional constraints. The consistency conditions of 7,
n;, w, and HY with the time evolution are

d 6H
0=—ma~ {ms, Hlp =

dt oA
0= %ﬂ.’i ~{r, H}p = —551[\—/{ =—-H;+JsD,
0= S (o HYp = =0 = —,(NH! + ),
0= SHI) ~ (FV 1] 1,

= / dix[—(NH' + N'J )0;(fOv) — J o fOA

+ (H; = J40)[f, NI, (64)
They do not give any additional constraints since the right-
hand sides are weakly vanishing.

Therefore, (r;, n4, 7,, HY, 7y, J4s Hy, ¢y) forms
the set of all constraints for the special case with
n =1, = 0. Among them, (2d + 2) constraints (z;, H;',
7y, ) are first class and 4 constraints (zy, J4, H |, ¢p4) are
second class.

IV. NUMBER OF DEGREES OF FREEDOM

A. Generic case

Our analysis in Sec. III on the nonprojectable Hotava-
Lifshitz theory with the U(1) symmetry shows that we have
C, = 2d + 2 first-class constraints and C, = 2 second-
class constraints in the generic case (Sec. [Il A) and C, =
in the special case (Sec. III B) in the phase-space dimension
dimP = d” + 3d + 6. Hence the number of degrees of
freedom, N, is

N = (dlmP 2C, - ):—(d2 d+2-C,). (65)

2
In the special case with C, =4, N = (d-2)(d+1)/2
counts the same as the number of transverse traceless
polarizations of a massless graviton in (d + 1)-dimensional
spacetime, which shows the absence of the scalar graviton,
the mode present in the original version of Hotava-Lifshitz
gravity. On the other hand, in the generic nonprojectable
case with C, =2, there exists an additional degree of
freedom in the theory, corresponding to a scalar graviton.
One thus observes that despite an additional U(1) sym-
metry, the scalar graviton generically remains present due
to the lack of two second-class constraints, and the number
of the propagating degrees of freedom is the same as that in
the original Hotava-Lifshitz theory.
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Since the first-class constraints 7; ¥ HY ~ 74 ~ 7, ~ 0
are related to the generators of the gauge transformations
under which the theory is invariant, the motion of the
canonical variables is not completely determined by the
Hamiltonian H due to the unfixed multipliers A°, 1}/, 1, and
A,. In order to remove this subtlety, one can in general fix
the gauge by imposing additional constraints

G~0,F ~0,G,~0,G,~0, (i=12 ..d). (66)

such that the determinant

50/ (3) ' 8G'(X)  8G'(%)
sviy; WGEH O e 56
e PO, TR

e 7 Cwp mp| ©
g G- HIO) HE S
56,5 - 5G,(%) 5gv ()
v GO RO R S

does not vanish weakly. For the generic case

(71,m2) # (0,0), we define the total Hamiltonian by
including these gauge-fixing conditions as

Hiy = /ddx[C—i— N{(H; = JsDiv) — AJ g + A'm; + Ay

+/1y72'l, +/1;_1va + )“N”N + /IJJA + Vligi
L AEF 4 Gy + 0] (68)

where (ni,/ll-f ,ny,n,) are Lagrange multipliers, and we
have defined

2 ﬂ’/ P M2
C= N[ < Gijri—= Plﬁ )
Vo\ats e gt
. 1 .
- Hl'DlI/ + 2JADI‘I/DII/:| . (69)

The set of all Lagrange multipliers (A', A4, A,, /1%, 1, Aris
ny, n,, Ay, A7) would be fully determined by imposing the
consistency conditions on the constraints, which are now
all second class, with H,, instead of H.

As an explicit example of the gauge fixing, let us
consider the following gauge:

G = NI, fi:]-""[gij,N,l/,ﬂliTN,”u],
gA == A7 gy = gv[gijaNs v, ﬂklsﬂN’ﬂU]’ (70)

for which the constraints ' and G, satisfy

8G, (%)
ou(y)

In this case, the consistency conditions

{F/(®). 1Y ()}, # 0. #0. (71
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— A ~0

dt

d
— ;X O,

d _.
— G =0,
dtg dt

d
— G, =~0,
7 Ga

(72)

tell us that the 2d+-2 multipliers (/li ,Aa,1,ny) are determined
as

/?,i:(), ni:—Hi—l-JAD,-I/, Aa =0, ny =Jy.

(73)

Then the total Hamiltonian in this gauge is

Hyy = / dx[C + Az, + A HY + 2] F' 4 n,G, + Aymy
+ 270 4). (74)

From the absence of (N, A, ;, 74) in this gauge-fixed total
Hamiltonian, we can see that we have excluded the canonical
pairs (N',z;) and (A,7n,) from the phase space in this
gauge. The dimension of the reduced phase space
(9ij. N.v. 7", zy, m,) is d* + d + 4. As usual with second-
class constraints, all the remaining Lagrange multipliers
(Ay, Ao AT m,, Ay, Ay) are fully determined by imposing

{7, (X), Ho}p %0,  {G,(X), Ho}p~0,
{H?](}), Hyy Jp ~ 0, {F'(X), Ho }p = 0,
{”N(})’Htot}P NO, {JA(;C)’Htot}P ~ 0. (75)

There remains the following set of 2d + 4 second-class
constraints acting on the (d? + d + 4)-dimensional reduced
phase space:

g, ~0,
JANO,

HY ~0,
(i=1.2...d) (76)

7z, =0,
JTNR’/O,

Hence, in the generic case (171,17,) # (0,0), we end up with a
(d* — d)-dimensional physical phase space, and the number
of propagating degrees of freedom is d(d — 1)/2, which
shows that there exists a scalar graviton in the system.

B. Special case with ; =7, =0

The constraint structure and the number of degrees of
freedom differ in a nontrivial way in the special case
described in Sec. III B, i.e. the case with (17;,7,) = (0,0).
Since J, is now independent of N, the time consistency
conditions of 7 and J 4 introduce two additional secondary
constraints H | and ¢4, shown in Eq. (48), which are absent
in the generic case. The total Hamiltonian contains these
new constraint terms, and formally, we simply need to add
two terms

/ dx(H L + dghy) (77)

to Eq. (68). We can fix the gauge and eliminate the
canonical pairs (N, z;) and (A, z,) from the phase space
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by the same procedure as in the generic case. In this special
case, however, we have two additional second-class con-
straints, H | = 0 and ¢, = 0. They reduce the dimension of
the phase space by two, and the total number of propa-
gating degrees of freedom becomes (d?> —d —2)/2, the
same as the number of transverse traceless polarizations of
a graviton. Hence this shows that the scalar graviton
disappears in this special case, at least classically.

An apparent absence of the scalar graviton may arise in
the perturbation theory even in the generic case. For
example, if one sets 7, =0 in Eq. (25) and considers
the vanishing background of ¢ and the background of N
independent of the spatial coordinates, then the constraint
structure appears to be the same as the special case up to the
level of linear perturbations. This apparent behavior at the
linear order is, however, only an artifact of the perturbative
expansion around a specific background and does not mean
that the system is free from a scalar graviton. In the
situations of this sort, care must be taken, and one needs
to consider the nonlinear orders of perturbations, at which
the scalar graviton becomes dynamical.

C. Projectable theory

For completeness, we briefly discuss the projectable
case, in which the lapse N is a function only of time ¢. This
restriction implies that the lapse is no longer a local degree
of freedom, and thus we can consistently take it out of the
phase space of the theory. As summarized in Appendix B,
the phase space consists of (g;;, N',A,v,7",7;, 74, 7,)
with 2d + 2 first-class and 2 second-class constraints,
leading to (d — 2)(d + 1)/2 dynamical degrees of freedom.
This equals the number of traceless transverse polarizations
of a graviton, exhibiting the absence of the scalar graviton
in the projectable case, in sharp contrast to the generic
nonprojectable version of the theory (see Sec. IVA).

The total action, including the gauge-fixing conditions,
of the projectable version of the U(1) Hofava-Lifshitz
theory is, from Egs. (32) and (B3),

HE? = [ ataiC 4 N (3, = 1,D) - A+

+ Aamp + Ay, + A Hi 4 A d 4 + Apha
+ G+ A Fi 4+ naGa +n,G,), (78)

where G', Fi, G, and G, are the gauge-fixing terms as in
Eq. (66), and CP™ is the projectable counterpart of C, defined
in Eq. (69). Note that the potential term £y, and the constraint
J 4 now depend only on g;;, since 9; In N = 0 and all of their
dependence on N vanishes in the projectable case.

Performing the gauge fixing in the same manner as in the
previous subsection, we choose

gi:Ni
gA :A7

Fi=Filgijv.a" m,),
gv = gl/[giﬁy’]zkl’ﬂu]’ (79)
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imposing the conditions

56, (%)
ov(y)

similar to Eq. (71). Then the time consistency conditions
for G, m, G4 and &, determine the multipliers
(A1, A4, n;,ny) in exactly the same way as in Eq. (73).
After this gauge fixing, we can completely eliminate the
gauge modes N', A, n; and 7, from the phase space,
resulting in the Hamiltonian

{F(®).H,(3)} #0. #0,  (80)

HY = / d9x[CPl + A1, + A Hi + Apd 4 + Apha
+ A7 Fi+n,G,). (81)

The evolution of the system with the reduced phase space
(9ij, v, 7", 7*) is governed by this Hamiltonian. Due to
the conditions in Eq. (80), all of the constraints (z,, H;,
Jar s, F',G,) ~ 0 are now second class. Imposing them
then reduces the phase-space dimension from d(d + 1) + 2
to (d—2)(d+1), or equivalently (d—2)(d+1)/2
degrees of freedom, as desired. Similarly to Eq. (75), the
Lagrange multipliers are determined by the time consis-
tency conditions for the constraints.

The Hamiltonian structure of the projectable case is
closely similar to the special version of the nonprojectable
case, described in Sec. IV B. The only differences at the
classical level are that the former excludes the lapse N from
the local degrees of freedom (and thus the corresponding
second-class constraints are absent) and that £y, and J, in
the former have no dependence on N. However, quantum
effects are expected to detune such a special choice of
parameters as in the special nonprojectable case, and fine-
tunings would be required to keep those quantum correc-
tions from arising. Thus even if one starts from the classical
action without a scalar graviton in the nonprojectable
theory, it would generically reappear at the quantum level.
On the other hand, the projectable case is constructed in
such a way that N is constant at any constant-time hyper-
surface, and the absence of a scalar graviton is consistently
guaranteed at the full order. The number of propagating
degrees of freedom in the gravity sector is thus the same as
that of a massless spin-2 graviton in GR.

V. DISCUSSION

In this paper we have applied the standard method of
Hamiltonian analysis in the classical field theory to the
U(1) extension of Hofava-Lifshitz gravity without the
projectability condition. We have studied the nature of
constraints and counted the number of physical degrees of
freedom. In particular, we have shown that the theory
contains the scalar graviton unless the coefficients of a’a;c
and D'a;c, which we denoted as 7, and 7,, are set to zero
exactly.
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It is known that the scalar graviton is absent in linear
perturbations around a flat background even if ; # 0, as
far as n, = 0. Actually, on a flat background the term a'a;c
is of the cubic order in perturbation and thus does not
contribute to the equations of motion for linear perturba-
tions. This is the reason why the linear perturbation analysis
is insensitive to the value of 7,. On the other hand, the
absence of the scalar graviton at the fully nonlinear level
requires not only 7, = 0 but also #; = 0.

The reason why 5, and 7, determine the presence/
absence of the scalar graviton is understood as follows.
The Poisson bracket between two constraints, that we
denoted as zy and J,, vanishes identically if and only if
n1 =1, = 0. Thus, only in this special case, the consis-
tency of the two constraints with the time evolution does
not determine Lagrange multipliers but instead yields two
secondary constraints. These secondary constraints are
responsible for the elimination of the canonical pair
corresponding to the scalar graviton.

We have identified the condition under which the scalar
graviton is absent, i.e 77, = 17, = 0. However, the operators
corresponding to the two coupling constants are a'a;o and
Dia;c, and both of them are marginal for any values of the
dynamical critical exponent z. Therefore, even if #; and 7,
are set to zero by hand, they should be generated by quantum
corrections. In this sense the condition n; =7, =0 is
unstable under radiative corrections. We thus conclude that
the scalar graviton is generically present in the theory.

Contrary to the generic nonprojectable theory, the
projectable version of the U(1) extension of Hofava-
Lifshitz gravity does not contain the scalar graviton (see
Sec. IV C). An important point is that, unlike the above-
mentioned condition 7; =#, = 0 in the nonprojectable
theory, the projectability condition provides a consistent
truncation and thus is expected to be stable under radiative
corrections. Hence, the number of physical degrees of
freedom in the projectable theory is the same as in GR.'
Nonetheless, physical properties of the propagating degrees
of freedom, e.g. the dispersion relation, are different from
those in GR. It would certainly be of theoretical interest to
determine whether there are any other such theories.

ACKNOWLEDGMENTS

The authors thank C.M. Melby-Thompson and T.
Sotiriou for useful discussions. S. M. was supported in
part by Grant-in-Aid for Scientific Research 24540256, and
Y. W. was supported by the Program for Leading Graduate
Schools, MEXT, Japan. The authors acknowledge support
by the WPI Initiative, MEXT Japan. Part of this work has
been done within the Labex ILP (reference ANR-10-
LABX-63) part of the Idex SUPER, and received financial
state aid managed by the Agence Nationale de Ila

'Lovelock’s theorem [18] is evaded because of the presence of
auxiliary fields and nontrivial constraints.

024005-10



HAMILTONIAN ANALYSIS OF NONPROJECTABLE ...

Recherche, as part of the programme Investissements
d’avenir under the reference ANR-11-IDEX-0004-02.
The authors are thankful to Institut Astrophysique de
Paris for warm hospitality during their stay.

APPENDIX A: CALCULATION OF {H[f]. F}»

In this appendix we calculate the Poisson bracket
{H[f]. F}p, where F = Fl[g,;,x'/, s, V'] is a functional of
the spatial metric g;;, its canonical momenta 7"/, a scalar s
and a vector V' on a constant-¢ surface and we assume
that F' is invariant under time-independent spatial diffeo-
morphism. We do not require the invariance of F under a
time-dependent spatial diffeomorphism nor assume any
properties of s and V' under the time-dependent spatial
diffeomorphism.
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We consider the time-independent spatial diffeomor-
phism,

¥ - X+ &%), (A1)

where E(?c) is a time-independent d-dimensional spatial

vector. Under this infinitesimal transformation, the spatial

metric g;;, its canonical momenta 7'/, a scalar s and a vector
V! transform as

9ij = 9ij + Di&; + D&,

il e ik kj

— > —+&Dy <H—U> % pei - p,é.
VI VI V9 V9 V9
s = 5+ O,

Vi Vig ED,Vi— VED £ (A2)

where Dy is the spatial covariant derivative compatible with g;; and we have used the fact that ) /9 1s atensor. The variation

0

of a functional F of these variables is thus calculated as
/\/9

s [ (2
5gij
1

ol o]

()
59kj

1 SF /!

-2 (Gt ga)

F
8(x"//9)

OoF
os

OoF
os

oF

SV
ol
)
D;s +

5(””) 5
— | + s +
V9

oF

W CING

v

WJ o (ﬁ)
oF 1 OF

F
D,-Vf+\/§Dj<—

: . A3
5V SISV (A3)

v}

where the subscript 7/ /g in (6F/3¢;;), ; indicates that the functional derivative is taken with 7" /,/g (instead of ') fixed.
Therefore, the diffeomorphism invariance of F, i.e. 6F = 0 for VE, implies that

1 F 1 F e . 1 F 7l
VINGii) w5l VIOE/G) \Va V987 /\/9) /9
1 6F . 1 6F . . . 1 6F _ .
——Dis+——D'V/ + ¢g*D . ——V/ |. A4
+\/§5s s+\/§5w o j(\@évk ) "

For practical purposes, it is convenient to express (6F/dg;;)

in terms of (6F/dg;;),,» where the subscript 7 indicates

7/\/9
that the functional derivative is taken with z*/ (instead of 7"/, /g) fixed. By writing down the variation §F in two different
ways as
oF oF .. OF oF __ . oF OoF xi OF oF __ .
O gy s+ 55+ i(sv'—( ) 5g,~+i.—5<—>+—5s+ SVi. (A5
(5glj> z / or/ o8 oV 591] /G J 6(77.' ]/\/g) \/g s oV ( )
and equating the coefficients of 5g,; and 67"/, we obtain
oF oF 1 6F - OoF oF
_ + o2k, = i (A6)
591] ﬂ/\/_[_] (Sg” u 257[ 5(77.' ]/\/g) o'/

By substituting Eq. (A6) into Eq. (A4), we thus obtain
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1 [(6F SF M 5F e
Djl— =-D'( D'\ 7
VI \99ij/ , o /g on V9

o (OF '\ 1 6F
+2g*D; (—”—) 2 Dis

okl /g \/—5s
1 6F 1 6F .
+——D'VI+¢*"D;| —=—V/ ).
NG VISV
(A7)

This formula will be used below.

For the calculation of {H[f],F}p, we first need to
calculate the functional derivatives of H[f]. A straightfor-
ward calculation leads to

L‘Sﬂm ﬂ.zk _k l <ﬂij k>
V9 69i _\/§ fj+\/§Dkf \/gf ’
5;1[,{] =D;f;+D,f;. (A8)
Hence, we obtain
_ B SH|f] 6F SHIf] ( 6F
{(HfL Fle = /ddx{ 8g;; ox'  bml (&h/),j
ik ki
/ddxf{ L/_Dkfj—f-%Dkfl
ri S5F
(5 )] ae
1 [ 6F
v () I} A

By using Eq. (A7), we thus obtain

(. re = [ atx(Sros+ 21 ). (a0)

Here, f' is assumed to be independent of canonical
variables. If f' depends on canonical variables then we
instead obtain

(AL Py =FI Y+ [ 005 r0s 4201707

oF .
« [on(% st i)

(Al1)

APPENDIX B: HAMILTONIAN ANALYSIS
OF THE PROJECTABLE THEORY

In order to compare the analysis in the present paper with
that under the projectable condition N = N(¢), i.e. a; = 0,
performed in Ref. [13], in this appendix we sketch the
analysis for the projectable theory using our notation. In the
projectable case, the lapse N is not a local degree of
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freedom and the Hamiltonian constraint, i.e. the equation of
motion for N(t), is not a local equation but an equation
integrated over the whole space. Since the whole space here
includes not only our patch of the universe but also many
other patches, the Hamiltonian constraint of this form does
not restrict the behavior of local degrees of freedom [5]. We
thus do not have to impose the Hamiltonian constraint to
count the number of degrees of freedom. In the following,
we thus simply consider N(7) as a fixed positive function of
¢ and we do not vary it. The phase space (g;;, © 7, N, m;, A,

Zas U, my) is (d* + 3d + 4) dimensional.

The primary constraints are

z; =0, w4 =0, w,+J4 =0, (B1)

whose Poisson brackets all vanish. The consistency con-
ditions of the primary constraints are

0= (;itﬂA ~{7a Hp = (;H =J4
0=~ {m HYp = = o = =M, + JuDw,
0 :%(ﬂu +Ja) R —(;—H"‘ {JAvH}P
—0;(NH + N'J ) 4 ¢y +——— M12>1\/— 947G jum NI 4
+VIDi(N'J4/\/9)- (B2)

So far the constraints are (7;, 74, 7, H;, J4, ¢4). Only the
Poisson bracket between J4 and ¢, does not vanish weakly
[Eq. (58)] among them. We redefine the Hamiltonian as

H=H+ / d9x(Am; + Aamy + Aym, + A/ H;

+ Apd 4 + Aypa). (B3)

where A’ A4, A,, A}, 4;, 4, are Lagrange multipliers.

The consistency conditions of J4 and ¢4 with the time
evolution do not yield additional constraints but simply
result in equations to determine the Lagrange multipliers 4;
and Ay. The consistency conditions of z;, 74, 7, and H,
with the time evolution are

OZ%EAN{EA,H}]::—?S—IZ:JA,
0:%7ziz{ﬂi,H}P:—§]l\Z:—H,»—i—JAD,»u,
0= in’ ~{m, HYp = —% = —0;(NH! + N'J,),
0= S HIfI~ (R H,

_ / dlx[~(NH + N'J,)0;(fow)

— JufOA + (H; — J40w)[f. NJ']. (B4)
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They weakly vanish and thus do not give any additional
constraints. Therefore (z;, H;, n4, 7,) are (2d + 2) first-
class constraints and J, and ¢, are two second-class
constraints. The number degrees of freedom N is

PHYSICAL REVIEW D 92, 024005 (2015)

N ==[(d®+3d+4)-2(2d +2) - 2] :%(dz—d—2),

| =

(B5)
which implies the absence of the scalar graviton.
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