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A relevant perturbation of the entanglement entropy of a sphere is examined holographically near the UV
fixed point. Varying the conformal dimension of the relevant operator, we obtain three different sectors:
(1) the entanglement entropy is stationary and the perturbative expansion is well defined with respect to the
relevant coupling, (2) the entropy is stationary, but the perturbation fails, (3) the entropy is neither
stationary nor perturbative. We compare our holographic results with the numerical calculation for a free
massive scalar field in three dimensions, and find a qualitative agreement between them. We speculate
that these statements hold for any relevant perturbation in any quantum field theory invariant under the
Poincaré symmetry.
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I. INTRODUCTION

Entanglement entropy plays a role of a measure of
degrees of freedom in quantum field theories. In two
dimensions, an alternative proof of the Zamolodchikov’s
c theorem [1] is provided through the entropic c function,
defined by cEðRÞ ¼ 3RS0ðRÞ with the entanglement
entropy SðRÞ of an interval of width R, which is a
monotonically decreasing function [c0EðRÞ ≤ 0] under
any renormalization group (RG) flow [2]. A similar state-
ment in three dimensions, known as the F theorem [3,4],
is also substantiated by the monotonicity [F 0ðRÞ ≤ 0] [5]
of the renormalized entanglement entropy (REE) [6]

F ðRÞ ¼ RS0ðRÞ − SðRÞ; ð1Þ

where SðRÞ is the entanglement entropy of a disk of radius
R. The strong subadditivity [7] and Lorentz invariance are
crucial to prove the inequalities in both cases. Similar
proposals are presented for higher dimensions by replacing
the disk with codimension-two spheres in Refs. [4,6,8] (see
also Refs. [9,10] for the five-dimensional examples).
The importance of the Zamolodchikov’s c function

stems from its stationarity at RG fixed points against a
relevant perturbation

ICFT → ICFT þ λ

Z
ddx

ffiffiffi
g

p
OðxÞ; ð2Þ

where λ is the coupling constant of the operator O with
conformal dimension Δ less than d. The derivative of the c
function with respect to the relevant coupling λ is always
proportional to the beta function that always vanishes at the
fixed point [1]. The question has been raised by Ref. [11] as
to whether the entropic c function and REE have the same
property, namely they are stationary at the fixed points or
not. For a free massive scalar field, the exact and numerical
results are obtained for cE [12] and F [11], respectively,

and both turn out to be nonstationary at the UV fixed
points. It has not been elucidated if it is peculiar to a free
massive scalar theory so far due to the lack of the exact
results of the entanglement entropy for general interacting
field theories (refer to e.g., Ref. [13] for free quantum field
theories).
Recently, general aspects of the perturbation of entan-

glement entropy has been explored in Ref. [14] where the
leading correction of the relevant deformation is shown to
be the second order, δS ¼ Oðλ2Þ [15]. The stationarity
automatically follows at the UV fixed point (λ ¼ 0) as long
as the perturbative expansion is well defined, i.e., the
entropy can be written as a power series of λ with finite
coefficients. The scalar field examples, however, contradict
with this general argument and there remains a puzzle yet.
In this article, we tackle the problem of the stationarity

from the holographic viewpoint [16]. To be concrete, we
study the entanglement entropy SðRÞ of a sphere of radius
R in d dimensions perturbed by a relevant operator as in
Eq. (2). The spherical entangling surface is embedded in a
flat space

ds2 ¼ dt2 þ dr2 þ r2dΩ2
d−2; ð3Þ

at t ¼ 0 and r ¼ R. We shall be interested in how it behaves
near the UV fixed point as we vary the conformal
dimension Δ of the operator. We will see that the pertur-
bation should fail for an operator with Δ ≤ d=2 and the
nonstationarity further appears for Δ ≤ d=3. This resolves
the aforementioned paradox between the general argument
and the scalar examples.
In the following, we begin with the example of a free

massive scalar field in three dimensions and present the
numerical result whose technical details are available in the
Appendix. We confirm that the (renormalized) entangle-
ment entropy is linear to the mass squared, i.e., not
stationary at the UV fixed point. This is a nontrivial and
calculable example that indicates both nonstationarity and a
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failure of the perturbation. Then, we deal with the holo-
graphic entanglement entropy of a sphere under the
relevant perturbation [17,18]. We consider the system
holographically described by the ðdþ 1Þ-dimensional
Einstein gravity coupled to a free massive scalar field.
Depending on the value of the conformal dimensions, there
are two different ways of quantizing the scalar field [19],
one of which was missing in the previous consideration
[11]. We investigate both cases and find a new behavior of
the entanglement entropy for small conformal dimensions.
Indeed, our gravity analysis reveals not only when the
stationarity is lost, but also when the perturbative
calculation of the entropy breaks down.
Before closing the Introduction, we summarize the main

results of this article.
(1) For d

2
<Δ<d, the entanglement entropy of a sphere

is stationary against the relevant deformation at the
UV fixed point. Perturbative calculation works with
respect to the coupling constant.

(2) For d
3
< Δ ≤ d

2
, the entanglement entropy is still

stationary at the UV fixed point, but the perturbative
expansion fails.

(3) For d
2
− 1 < Δ ≤ d

3
, the entanglement entropy is

neither stationary nor perturbative at the UV fixed
point.

We speculate that these statements hold for any relevant
perturbation in any quantum field theory invariant under the
Poincaré symmetry.

II. NUMERICAL CALCULATION FOR FREE
MASSIVE SCALAR IN THREE DIMENSIONS

A free massive scalar theory whose action is given by

I ¼ −
1

2

Z
d3x½ð∂μϕÞ2 þm2ϕ2� ð4Þ

can be regarded as a relevant deformation of a free massless
scalar theory by the operator and the coupling

λ ¼ m2; O ¼ ϕ2; ð5Þ

where the conformal dimension of O is Δ ¼ 1. Although
the analytic computation of the entanglement entropy of
the theory has not been known, the numerical studies are
conducted in Ref. [11] where the REE F ðRÞ defined by
Eq. (1) is shown to be nonstationary at the UV fixed point
m2 ¼ 0 [20].
Here we study the behavior of F ðRÞ more carefully

following the method in Ref. [11] that is reviewed in the
Appendix. Fig. 1 shows the numerical plot of the REE of
the free massive scalar field with respect to the dimensional
coupling ðmRÞ2. It approaches to 0.0638 as m goes

to zero that coincides with the exact result FUV ¼
1
16
ð2 log 2 − 3

ζð3Þ
π2
Þ ≈ 0.0638 obtained by Ref. [4], while

it monotonically decreases to zero as m becomes large in
accord with the F theorem [3–5]. In the lower panel we plot
the UV region of the upper panel. We find the line tangent
to F at m ¼ 0 reads

F ðmRÞ ¼ FUV − 0.133ðmRÞ2: ð6Þ

Thus the (renormalized) entanglement entropy of the free
massive scalar is not stationary at the UV fixed point.
Furthermore, this implies that the perturbative expansion
with respect to λ ¼ m2 fails, otherwise it should start with
Oðλ2Þ due to the general argument. In what follows, we will
study the relevant perturbation of entanglement entropy by
using the AdS/CFT correspondence with the bulk massive
scalar field dual to the relevant operator. We will see the
same linearity as Eq. (6) is obtained for a general operator
with Δ ¼ 1.

III. HOLOGRAPHIC VIEW OF
THE RELEVANT PERTURBATION

We will examine the holographic entanglement entropy
of a sphere of radius R below. We choose the metric of an
asymptotically AdSdþ1 space as

ds2 ¼ L2

z2

�
−dt2 þ dr2 þ r2dΩ2

d−2 þ
dz2

fðzÞ
�
; ð7Þ
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FIG. 1 (color online). The REE of a free massive scalar
field of mass m is shown by the blue solid curve. The
red dashed line is the value at the UV fixed point,
FUV ¼ 1

16
ð2 log 2 − 3

ζð3Þ
π2
Þ ≈ 0.0638. The orange dotted line is

the tangent curve at the UV fixed point given by
F ðmRÞ ¼ FUV − 0.133ðmRÞ2.
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where fðzÞ approaches to one as z goes to zero. The
relevant perturbation of conformal field theory (CFT) can
be holographically described by a free massive scalar field
coupled to the space-time

I ¼ 1

16πGN

Z
ddþ1x

ffiffiffi
g

p �
R −

dðd − 1Þ
L2

�

−
1

2

Z
ddþ1x

ffiffiffi
g

p ½ð∂ΦÞ2 þM2Φ2�: ð8Þ

The AdS/CFT correspondence [21–23] relates the mass M
of the scalar field and the conformal dimension Δ of the
boundary operator O:

Δ� ¼ d
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMLÞ2 þ d2

4

r
: ð9Þ

Both Δ� are possible for − d2
4
≤ ðMLÞ2 ≤ − d2

4
þ 1 while

only Δþ is allowed for − d2
4
þ 1 < ðMLÞ2 [19]. In the

asymptotically AdSdþ1 space, the scalar field approaches to
the boundary z ¼ 0 as

Φðz; ~xÞ → zΔþ½Að~xÞ þ � � �� þ zΔ− ½Bð~xÞ þ � � ��; ð10Þ

where we can chooseΔ to be eitherΔþ orΔ− as long as the
mass of the scalar field is in the range mentioned above.
When Δ ¼ d=2, Δþ and Δ− degenerate and we need to
replace zΔ− with zΔ− log z in Eq. (10).
Depending on which conformal dimensions we use,

there are two ways of quantizations of the bulk scalar field
[19]. For Δ ¼ Δþ (the standard quantization), we regard
Að~xÞ and Bð~xÞ as the vacuum expectation value of the
operator hOi and the source coupling λ, respectively. On
the other hand, for Δ ¼ Δ− (the alternative quantization),
we flip the roles of Að~xÞ and Bð~xÞ, i.e., Að~xÞ is identified
with λ while Bð~xÞ with hOi. Note that we have to use the
alternative quantization if d

2
− 1 ≤ Δ < d

2
.

Since we are interested in varying the coupling λ, we
only consider the source deformation. By solving the
equations of motion, we can take into account the back-
reaction of the scalar field to the metric. For small z, the
function fðzÞ behaves as

fðzÞ ¼ 1þ
� ðμzÞ2α þ � � � ; Δ ≠ d=2;

ðμzÞdðlog μzÞ2 þ � � � ; Δ ¼ d=2;
ð11Þ

where μ is a mass scale determined by the coupling λ
of the relevant operator [24]. For a source deformation,
α ¼ d − Δþ in the standard quantization, and α ¼ Δ− in
the alternative quantization.
Now we consider the variation of the entanglement

entropy of a sphere of radius R by the relevant perturbation,
which is holographically studied in Ref. [6]. The holo-
graphic entanglement entropy of a given entangling surface
dividing space into two pieces can be obtained by the area
of the minimal surface in the asymptotically AdSdþ1 space
(7) whose boundary coincides with the entangling surface
[17,18]. In our case, it is given by minimizing the following
functional:

S ¼ K
Z

zm

0

dz
rðzÞd−2
zd−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r0ðzÞ2 þ 1

fðzÞ

s
;

K ¼ Ld−1

4GN
VolðSd−2Þ; ð12Þ

where VolðSd−2Þ is the volume of the ðd − 2Þ-dimensional
unit sphere, and the boundary conditions are imposed at
z ¼ 0 by rð0Þ ¼ R and at the tip of the minimal surface
z ¼ zm by rðzmÞ ¼ 0; r0ðzmÞ ¼ ∞ [25]. When fðzÞ ¼ 1,
the minimal surface is a half ðd − 1Þ-dimensional sphere of
radius R: r0ðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − z2

p
. The variation of the metric

f ¼ 1þ δf induces a solution r ¼ r0 þ δr with small δr.
Solving the equation of motion for δr with δf ¼ ðμzÞ2α the
variation of the entanglement entropy becomes [6]

δS ¼
8<
:

− Γðdþ1
2
ÞΓð2−dþ2α

2
Þ

4Γð3
2
þαÞ KðμRÞ2α þ KðμRÞd−2

2ð2−dþ2αÞ ðμϵÞ2−dþ2α þOðϵ4−dþ2αÞ; Δ ≠ d=2;

− K
2ðdþ1Þ ðμRÞdlog2ðμRÞ þOðϵ2log2ðμϵÞÞ; Δ ¼ d=2;

ð13Þ

where ϵ is the UV cutoff introduced at z ¼ ϵ and
the expansion is given in terms of the dimensionless
parameter μR. In the standard quantization, the second
term for Δ ≠ d=2 can be divergent that needs to be
renormalized as well as the UV divergent terms of the
unperturbed entropy, while it is finite in the alternative
quantization because of d − 2 < 2α < d.
We introduce a dimensionless coupling by t≡ λRd−Δ to

study how the entanglement entropy varies near the UV

fixed point (t ¼ 0). It follows from Eq. (13) that the first
derivative of the entropy with respect to t is

dS
dt

¼
�
−#t 2α

d−Δ−1 þ � � � ; Δ ≠ d=2;

−#tlog2tþ � � � ; Δ ¼ d=2;
ð14Þ

where # are positive constants we are not interested in. In
the standard quantization (Δ ≥ d=2), the exponent of t is
always one and dS=dt ¼ 0 at t ¼ 0. On the other hand,
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dS=dt can be nonzero in the alternative quantization
(d
2
− 1 < Δ < d=2) when the conformal dimension of the

relevant operator is in the following range:

d
2
− 1 < Δ ≤

d
3
: ð15Þ

It follows that such a relevant operator exists in d ≤ 6
dimensions.
In addition to the stationarity, we remark the condition

for the perturbative expansion being well defined. The
expansion near the UV fixed point Eq. (13) or Eq. (14)
indicates an interesting fact such that the exponent of the
dimensionless coupling t of the leading term of the entropy
is always two for the standard quantization with Δ > d=2,
but it can be nonintegers for the alternative quantization
with Δ ≤ d=2. It implies the failure of the perturbation
theory, and we are led to the statements in the Introduction.
Let us compare our findings with existing examples in

field theories. The numerical observation for a free massive
scalar field in three dimensions yields δS ∼ t with
t ¼ ðmRÞ2 for the relevant operator (5) of Δ ¼ 1. The
gravity result (14) explains the linearity since it saturates
the upper bound of Eq. (15) when d ¼ 3.
Another example of interest is a free massive fermion in

two dimensions [26,27] whose entanglement entropy takes
the form of δS ∼ t2log2t with t ¼ mR near the UV fixed
point. Since the mass deformation has Δ ¼ 1 ¼ d=2, it
agrees with Eq. (14) up to a numerical factor. The non-
analyticity of the entropy emanates from the IR divergence
[27], and leads to the break down of the perturbative
calculation.
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APPENDIX: THE NUMERICS OF
ENTANGLEMENT ENTROPY

In this appendix, we review the numerical computation
of entanglement entropy of a disk of radius R for a free
massive scalar field in three dimensions following
Refs. [11,28–30].
A free scalar field can be Fourier decomposed into

modes with angular momentum n (n ¼ 0; 1; 2;…) in the
polar coordinates (3). To put the theory on a lattice, we
discretize the radial coordinate r to N points labeled by
i ¼ 1;…; N. Then the Hamiltonian on the lattice becomes

H ¼ 1

2

X∞
n¼0

�XN
i¼1

π2n;i þ
XN
i;j¼1

ϕn;iK
i;j
n ϕn;j

�
; ðA1Þ

where πn;i are the nth momentum on the ith site on the
lattice conjugate to the discretized scalar field ϕn;i. For a
free massive scalar field of mass m2, the matrices Ki;j

n are
given by

K1;1
n ¼ 3

2
þ n2 þm2; Ki;i

n ¼ 2þ n2

i2
þm2;

Ki;iþ1
n ¼ Kiþ1;i

n ¼ −
iþ 1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðiþ 1Þp : ðA2Þ

These matrices are related to the two-point functions of the
scalar fields and the conjugate momenta as ðXnÞij ¼
hϕn;iϕn;ji ¼ ðK−1=2

n Þij and ðPnÞij ¼ hπn;iπn;ji ¼ ðK1=2
n Þij,

respectively. Let the radius of the disk be a half-integer in
units of the lattice spacing, R ¼ rþ 1=2 with integer r.
To calculate the entanglement entropy inside the disk, we
take r × r submatrices denoted by ðXr

nÞij and ðPr
nÞij of the

matrices Xn; Pn with the restricted ranges 1 ≤ i; j ≤ r.
Then the entropy is obtained by

SðRÞ ¼ S0 þ 2
X∞
n¼1

Sn; ðA3Þ

where

Sn ¼ tr½ðCn þ 1=2Þ log ðCn þ 1=2Þ
− ðCn − 1=2Þ log ðCn − 1=2Þ�; ðA4Þ

with Cn ≡ ffiffiffiffiffiffiffiffiffiffiffi
Xr
nPr

n
p

. It is positive because the eigenvalues of
Cn are equal or bigger than 1=2.
To evaluate Eq. (A3) numerically, we take a lattice of

N ¼ 200 points and change the radius between
30 < r < 50. The mass parameter is varied as m ¼ 0.002 ·
a with a ¼ 1;…; 20. To treat the finite lattice effects and
the summation over an infinite number of the angular
modes, we carry out the calculation in the following ways:

(i) For 6 ≤ n ≤ 2000, the entropies are summed over n
in the prescribed way.

(ii) For 0 ≤ n ≤ 5, we repeat the calculations by chang-
ing the sizes of the lattice as N ¼ 200þ 10 · b with
b ¼ 0; 1;…; 50. Then we fit the results to [29]

Sn ¼ sn þ
a2
N2

þ b2 logN
N2

þ a4
N4

þ b4 logN
N4

þ a6
N6

þ b6 logN
N6

; ðA5Þ

and read off the term sn as the values of Sn in the
N → ∞ limit.
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(iii) For 2001 ≤ n, we use the large n expansions of Sn derived in Ref. [11]

Sn ¼ cnð1 − log cnÞ þ
ðm2 þ 2Þð2rþ 1Þ2

2n2
cn log cn þOðlog n=n8Þ; ðA6Þ

with cn ¼ r2ðrþ 1Þ2=ð16n4Þ.
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