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Geodesic equations of the vacuum C metric are derived and solved for various cases. The solutions
describe the motion of timelike or null particles with conserved energy and angular momentum. Polar,
nearly circular orbits around weakly accelerated black holes may be regarded as a perturbation of circular
Schwarzschild geodesics. Results indicate that circular Schwarzschild geodesics of radius ry > 6m are
stable under small uniform accelerations along the orbital plane. These stable orbits undergo small
oscillations around r,, behaving like a harmonic oscillator driven by a periodic force plus another
constant force. Circular orbits with axis parallel to the direction of black hole acceleration are also
considered. In this case an algebraic relation expressing the condition of stability is obtained. This refines
the stability analysis done in previous literature. We also present an analysis of radial geodesics along the
poles. There exist a solution where a particle remains at unstable equilibrium at a fixed distance directly
behind the accelerating black hole. Examples of numerical solutions are presented for other more general

cases.
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I. INTRODUCTION

The C metric is a well-known solution to Einstein’s
equation that describes black holes with mass parameter m
under uniform acceleration parametrized by A. The physi-
cal interpretation of the C metric was obtained by, among
others, Kinnersley and Walker [1] and Bonnor [2]. The
uniform acceleration of the black hole is caused by conical
singularities that may be interpreted either as the black hole
being pulled by a cosmic string or pushed by a cosmic strut.

The most familiar form of the metric is perhaps written in
C-metric coordinates [see Eq. (1) below], with structure
functions F(y) and G(x), which are, respectively, poly-
nomials in y and x. In Ref. [3], Hong and Teo presented the
C metric in a new form in which F(y) and G(x) are
factorized, allowing the roots of the functions to be written
in simple forms. In our study of geodesic motion, it is often
convenient to use spherical-type coordinates, for which we
will use the form presented in Refs. [4,5]. One of the
advantages of using spherical-type coordinates is that the
metric directly reduces to the Schwarzschild limit when
A — 0. This will allow direct comparisons between orbits
of the C metric and the Schwarzschild black hole.
Furthermore, as we shall see in this paper, it also allows
us to find approximate solutions for C metrics with small A
as a perturbation of Schwarzschild solutions.

Geodesics of the C metric were earlier studied by Pravda
and Pravdova [6,7] in C-metric coordinates, as well as Weyl
coordinates and coordinates adapted to boost-rotation
symmetry. In [6], they considered an analytical solution
representing circular orbits around the accelerating black
hole and analyzed their stability. It was found that stable
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timelike circular orbits exist for relatively small values of
mA (<4.54 x 1073). A corresponding generalization of this
work to the anti-de Sitter background was considered in
Ref. [8]. In Ref. [9], by using the existence of a conformal
Killing tensor in the C metric, the equations for null
geodesics are separated and studied in the context of
gravitational radiation in the anti-de Sitter C metric.

The vacuum C metric may be viewed as a nonlinear
superposition of Schwarzschild and Rindler spacetimes
[10]. Thus, the geodesics of the C metric should then be
physically interpreted as the motion of test particles under
the gravitational influence of a black hole, in addition to a
uniform constant force. This was denoted as the gravita-
tional Stark effect by Bini et al. [10,11]. The Newtonian
Stark effect'—which is the motion of particles under a
Kepler potential plus a constant force—has been consid-
ered in the context of celestial mechanics in Refs. [12—14].
The equations of motion under a Newtonian Stark potential
are well known to be separable if one uses parabolic
coordinates.” In the case of the C-metric geodesic equa-
tions, the separability of the Hamilton—Jacobi equation for
timelike particles (if any) is not obvious. We will, however,
consider certain special cases in which analytical or
approximate solutions could be found.

This paper is organized as follows. In Sec. II, we review
the properties of the neutral, Ricci-flat C metric. The
geodesic equations and constants of motion are derived
in Sec. III. In Sec. IV the general, qualitative behavior of
the geodesics is considered by studying the effective
potential. Section V follows by studying the geodesics

'Also known as the accelerated Kepler problem or the
classical Stark effect.
2See, e.g., Ref. [15] for a review.
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with zero angular momentum. Here, we shall see that
analytical solutions are possible for radial motion along
the poles. For nonradial motion, we find approximate
solutions describing polar orbits with small A. This is
possible by considering them as perturbations of circular
Schwarzschild orbits of radius r,. We will find that circular
timelike orbits with r, < 6m are unstable, while those with
ro > 6m will have orbits making small oscillations around
ro when a small A is introduced. In Sec. VI, we consider
circular orbits encircling the acceleration axis and analyze
its stability by introducing small displacements to the
circular trajectories. A few examples of numerical solutions
for bound, coaccelerating orbits are presented in Sec. VII.
This paper concludes in Sec. VIII, where a summary and
discussion of possible future work is presented.

It is worth noting that the perturbative analysis of Sec. V
differs from the one in Sec. VI. The perturbative solutions
found in Sec. V correspond to a small A approximation of
the geodesic equations, which may be interpreted as orbits
around the perturbed Schwarzschild spacetime with a small
acceleration along the orbital plane. On the other hand, the
circular geodesics in Sec. VI are considered for any generic
A, which need not be small. The perturbation refers to small
displacements given to the orbiting particle itself.

II. METRIC

We consider the vacuum C metric written in the
factorized form, which is given by [3]

a1 _rond2 +- 25 1 9 Gods
ds _Az(x—y)2< F(y)dz +F(y)+G(x)+G( )d¢ >,
(1)
where
F(y) = =(1=y*)(1 4 2mAy), o
G(x) = (1 = x2)(1 + 2mAx).

The metric is a solution to the vacuum FEinstein equations
with zero cosmological constant, R, = 0. The parameters
m and A are related to the mass and acceleration of the
black hole, respectively. For the metric (1) to have a
Lorentzian signature, the coordinates are restricted to
—l<x<1, and —1/2mA < y < —1, in addition to the
condition 2mA < 1. It is often convenient to introduce
spherical-type coordinates [4] by the transformation

1 3
y=——, i=At 3)

X = cosf,
Ar

Then, the metric becomes
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s o
5 = e (209 g0 Bl
+p(9)rzsin29d¢2>, )
where
P(6) = 1 + 2mA cos,
0(r) = (1 - A7) (1 -27’"> ®

The coordinate ranges are now 2m <r < 1/A and
0 < 0 < x; this only covers the region between the black
hole horizon and the acceleration horizon. The periodicity
of ¢ is —nCy < ¢ < nC,y, where Cy is chosen to eliminate
conical singularities either on the 8 =0 or 8 = 7 axis.
The singularity at & =0 can be eliminated by setting
Co = (1 +2Am)~!. This corresponds to the black hole
being accelerated by a cosmic string. On the other hand,
setting Cy = (1 —2Am)~! eliminates the singularity at
6 = x, which corresponds to the black hole being pushed
by a cosmic strut.

ITII. GEODESIC EQUATIONS

The Lagrangian for geodesic motion in the spacetime (1)
is given by

2L : ( FO)7 + o E +G( )4'52)
= ——— _— y _— _— X
A% (x —y)? F(y) G(x)
=e, (6)
where ¢ = —1 corresponds to timelike geodesics, and € = 0

for null geodesics. The geodesic equations can be derived
using the Euler-Lagrange equation

d oL oL -
w0~ 0g" q¢'(z) = (1(2), y(2), x(z), #(z)), (D)
where 7 is an affine parameter that parametrizes the
trajectory and overdots denote derivatives with respect
to 7. The two Killing vectors /0t and 0/0¢ give rise
to two constants of motion E and ®, which are related to the
first integrals of the 7 and ¢ coordinate by

2 AY(x—y)E .
=T §=

A*(x-y)®

G ®)

The constants E and ® can be physically interpreted as the
energy and angular momentum of the particle. Substituting
Eq. (8) into Eq. (6) gives a constraint,

P2 E? 1 2 x?
20v _ N2 & 2o ) =
A% (x—y) <G F>+A2(x—y)2 <F+G> =e. (9)

104016-2



GEODESIC MOTION IN THE VACUUM C METRIC

The constraint equation can be rewritten in terms of an
effective potential formulation,

F ).62 )')2 ~ B
m <E + f) =E*— V(x,y)%  (10)

where

- F®? F
Veir(x,y) = \/ G _Az(;_y)z (1

is the effective potential for the geodesic motion. We may
find the existence of stationary or bound/unbound orbits
by analyzing the behavior of Ve (x,y). The equations of
motio3n for x and y are obtained by applying Eq. (7), which
gives

. G 1., Gy? 2%y
X= |75+ X7 = -
2G x-—y (x=y)F x-y
E*  [((x—y)G P2
A —y)G | = (222 ) 2 2
+A%(x y)G[F+< 3G )G] (12)
. ﬁ 1 2 Fi? +256)')
Y= \2r xX—y Y (x—y)G x-y
—VF EZ P2
At e—ypp| (BZDE L NE
a-opr| (MR ) -G 0

Here, primes denote derivatives with respect to the argu-
ment of the function. (F' = dF/dy and G’ = dG/dx.) The
solutions to these equations should also obey Eq. (9). This
feature can be used as a consistency check for numerics.

In spherical-type coordinates, the conserved quantities
are

(1+ Arcos6)? (14 Arcos6)?

t=——"F, b= D, 14
0 ¢ Pr’sin’6 14
while the equations of motion are given by
1 1 ' s
¥ = __—+g 72 +L
r r(1+Arcos6) 20 (1+Arcos@)P
2Arsin 670
—%— (1 +Arcos¢9)3Q{ {(1 + Arcos 6)
"o 1] E? P2
X g—— + - ST 5300 (15)
20 r r| QO Pr’sin<0

The equations of motion here also hold for C metrics with a
nonzero cosmological constant as well (de Sitter or Anti-de Sitter
C metrics, e.g., Refs. [9,16-19]) because these metrics have the
same form as Eq. (1) and only differ in the particular forms of the
structure functions F(y), G(y), and an overall constant factor.
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b P Arsing \ ., 2AP sin 0
~ \2P 1+ Arcosf r(1+ Arcos6)Q
270

- —(14+A 0)3Psin@
P(1 4 Arcos@) (14 Arcos)*Psin

8 AE? 14 Arcos@ cos&+ P N A
rQ r sin20  2Psin® r
(I)Z
, 16
x Psin26} (16)

The constraint equation in these coordinates is

d2 E?
1+ Arcos ) [ —m— — =
(1+Arcos6) <Pr2sin29 Q>

1 2R
— =e. 17
+(1+Arcos€)2 (Q+ P ) ¢ {17

When cast into the effective potential formulation, the
constraint equation becomes

1 L, rP0¢
_ +—=") = E2 =V «(r,0)3, 18
(1 + Arcos9)* <r P err (7 6) (18)

where

P2 €
Ve (r,0) = \/Q (Przsinze " (1+ Arcos 9)2>' (9

Equations (15), (16), and (14) can be solved numerically
using the fourth-order Runge—Kutta algorithm. Recalling
that the periodicity of ¢ is —zCy < ¢p < nC, the results
may be visualized in Cartesian-like coordinates with

X:rsinﬁcosi, Y = rsinf@sin—,
Co Co (20)

Z = rcosd.

IV. EFFECTIVE POTENTIAL

A. Timelike geodesics

Before proceeding to solve the equations of motion, we
first make some general observations regarding the behav-
ior of the geodesics by studying the effective potential in
Eq. (19). The typical shapes of equipotential curves of
V2, = constant for timelike particles are shown in Fig. 1.
In this figure, we see that the geodesics can typically reside
in one of three regions, corresponding to three possible
outcomes for the particles, namely, i) falling into the black
hole horizon r = 2m, ii) bound geodesics coaccelerating
with the black hole, and iii) falling into the acceleration
horizon r = 1/A. Typically regions i and ii are small
relative to the full coordinate range 2m < r < 1/A (they
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A typical shape of an equipotential curves of V2, = const. for timelike particles. The shaded areas are regions not accessible to

the particles. The vertical axis represents the 6 coordinate, and the horizontal axis is for r, where the left edge of each plot corresponds to
the horizon r = 2m. The left figure shows the equipotential lines over the entire range 2m < r < 1/A, where regions i and ii are too
small to be visible. These regions are shown more clearly in the right plot focusing on the range of r close to 2m. The dotted horizontal
line shows the equator 0 = /2.

FIG. 1.

are barely visible in the left plot of Fig. 1). The right plot of
Fig. 1 focuses on a range of r close to the black hole such
that 1 and ii are visible.

It is interesting to observe that a large portion of region iii
lies under the § = z/2 line, which brings particles closer to
the 8 = 0 pole. Recalling that the black hole is accelerated

B e e e
|~} ~}~i~
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by the cosmic string/strut in the 8 = & direction, we have
the intuitive notion that the particles tend to get “left
behind” by the accelerating black hole.

In general, the regions i, ii, and iii are not always distinct
from each other. By tuning the values of ®, E, and A, it is
possible that region i becomes connected to ii, region ii

FIG.2. Plots of ngf = E? for timelike geodesics at fixed angular momentum ®? = 13 and various A and E. The first, second, and third
rows, respectively, are plots for A = 0.001, 0.002, and 0.003. The columns from left to right are plots for E? =0.90, 0.91, 0.92, and
0.93. The shaded regions indicate areas not accessible to the particles. The horizontal and vertical axes are r and 6, respectively.
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FIG. 3. Plots of ngf = E2 for null geodesics at fixed angular momentum ®2 = 14, m = 1, and various A and E. The first and second
rows, respectively, are plots for A = 0 and 0.01. The columns from left to right are plots for EZ = 0.4185,0.5185, and 0.6185. The middle
value of E is chosen to be E> = ®2/27m to correspond to energies for which spherical photon orbits are possible in the Schwarzschild
(A = 0) case. The shaded regions indicate areas not accessible to the particles. The horizontal and vertical axes are r and 0, respectively.

connects to iii, or all three regions connect together such
that the particles have possible access to the black hole or
the acceleration horizon. (See Fig. 2.)

B. Null geodesics

For null geodesics, since € =0, it can be seen from
Eq. (17) that the equation 7 = 8 = 0 has three roots for r at
most (one of them is possibly negative). Therefore, curves
of V2; can at most separate into two distinct regions
accessible by null geodesics. (See Fig. 3.) Stable, bound
coaccelerating orbits are not possible, consistent with the
Schwarzschild case, with the particles either falling into the
black hole horizon or through the acceleration horizon.
Circular photon orbits of constant » and @ are possible, and
it was shown analytically in Ref. [6] that such orbits are
unstable. This is analogous to the unstable Schwarzschild
circular photon orbits of r = 3m.

V. GEODESICS WITH ZERO
ANGULAR MOMENTUM

We first consider geodesics with & = 0. In this case, the
equations of motion remain finite at the axes where § = 0
or z. Therefore, we can consider geodesics passing through
the poles. Strictly speaking, geodesics that pass trough both
0 =0 and 8 = = are not possible because the particles
would collide with the cosmic string or strut responsible for
the black hole acceleration. We can, however, assume that it
is indeed possible for the particles to pass arbitrarily close
to the axis, and hence the geodesic equations at 8 =0, x
holds as an approximation.

A. Radial geodesics along the poles

1. Timelike radial geodesics along the north pole
Along the north pole (6 = 0), Eq. (19) reduces to

(r=2m)(1 - Ar)

Veff(r)2 = r(l +Ar)

2

A typical plot of V2 is shown in Fig. 4a. We see that there
exists an unstable equilibrium point at

mA + V2m2A? + mA
r =
A(1 +mA)

: (22)

where d(VZ;)/dr = 0. Therefore, it is possible for a radial
timelike particle to be coaccelerated at a fixed distance
“behind” the accelerating black hole. However, this eqili-
brium is unstable as it can be shown that d*(V?2;)/dr? is
negative. A small perturbation will cause the particle to
either fall into the black hole or fall behind the acceleration
horizon.
At the north pole, Eq. (17) becomes

F = £[(1 +Ar)*?]

5 \/A(l + E2)r2 — (1 — E2 + 2mA)r + 2m
; :

(23)

The turning points of the particle motion are found by
solving 7 = 0, where we find
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FIG. 4 (color online). Plots of radial potential ngf with zero angular momentum at (a) @ = 0 and (b) € = z. The values used for this

figure are m = 1, A = 0.005.

1-E>+2mA+ /(1 - E?)? —4mAQ3E® + 1)r + 4m?A?

ry

At the north pole, . > r_ > 0. The regions accessible by
the particles are either 2m < r < r_or r > r,; for a given
energy E, there is a potential barrier at r_ < r < r, . As
already seen by the analysis of V2; above, a value of E may
be chosen such that the two roots coincide, and the
potential barrier vanishes. The particle sitting at r = r_ =
r, will be at the point of unstable equilibrium.

We can rewrite Eq. (23) in terms of the roots r,. and solve
it for a timelike particle starting at an initial position 7;,;
and obtain

: Vrdr
B . (@5
" ru VAL E?) (LA (r_ = 1) (ry =) 2

where we may set 7(r;,;) = 0. The above integration can be
expressed in terms of various elliptic integrals. However,
the expressions are long and cumbersome, and not par-
ticularly illuminating; so we will not show them here. For
specific values of E and A, this may be calculated easily
with the use of a computer algebra package. As an example,
for A = 0.005 and m = 1, a particle with energy E> = 0.7
will see a potential barrier in the region r_ < r < r . If it
starts from rest at r = r_, it is separated from the black hole
horizon by a potential barrier. It will fall beyond the
acceleration horizon in proper time 7(%) = 193.46. On
the other hand, if it starts from rest at r = r_ instead, it
|

2A(1 + E?)

(24)

falls in the potential well toward the black hole in proper
time 7(2m) = 27.782.

2. Timelike radial geodesics along the south pole
Along the south pole (8 = x), Eq. (19) reduces to
(r=2m)(1 + Ar)

2 _
Var(r) = (1= Ar) . (26)

A plot of this potential is shown in Fig. 4b. The equations
for the case along the south pole can simply be obtained by
replacing A — —A in Eq. (21). For this case, there is no
value of r > 0 that satisfies d(VZ;)/dr = 0. Therefore,
there are no equilibrium points for particles along the south
pole; it is not possible for a timelike particle to be
coaccelerated at a fixed distance “ahead" of the black hole.
Turning to Eq. (17), the equation of motion is

F=+(1-Ar)?
5 \/—A(l + B2 — (1 — EX—2mA)r +2m

;@D

r

we find turning points of the particle motion are found by
solving 7 = 0, where we get

 —(1-E*) +2mA £ /(1 - E?)> + 4mA(3E* + 1)r + 4m?A®

ry =

2A(E2 +1)

(28)
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Here at the south pole, only the upper root r, is positive.
Therefore, the range of allowed motion is 2m < r < r,.
We can rewrite Eq. (27) in terms of the roots r. and solve it
for a timelike particle starting at an initial position r;,; and
obtain

r Vrdr
o(r)= Q9
") ru VAL ED)(1=AF (X =r_)(ry = 7) 9

where we have set 7(ry,;) = 0. As an example, for A =
0.02 and m = 1, a particle with energy E?> = 0.9 initially at
rest at r = r, the proper time for it to fall into the horizon
is given by 7(2m) = 15.647.

3. Radial null geodesics

The analysis of radial null geodesics is much simpler
since for € = 0; in addition to ® = 0, Eq. (17) simplifies
into

F = +E(1 + Aré)2, (30)

where & = cos @. (Therefore, £ = 1 at the north pole, and
& = —1 at the south pole.) The equation is solved by

1

= m -+ const. 31D

+Ez(r)

If we consider the 7 equation (14) to obtain

dr
— =0, 32
- e (32)
the solution is
2m In (r—2m)  In(1+ Ar)
+t(r) =
0= amar T 2a01 3 2mA)
In(1 —Ar)
- t.
24(1 = 2mA) -+ cons (33)

We see from Eq. (31) that radial photons fall into the
horizon in finite proper time, but it takes infinite coordinate
time to reach the black hole horizon or the acceleration
horizon.

B. Polar orbits around weakly accelerated black holes

1. Perturbations around timelike Schwarzschild geodesics

For trajectories with 0 # 0, and constant ¢, we extend
the coordinate range of @ to cover the range 0 € [0, 27] to
describe the regions accessible by a polar orbit. When 6 is

nonconstant, the equations of motion for 0 # 0 are difficult
to solve. However, a possible case we can study is for
small acceleration A, treated as a perturbation of circular
Schwarzschild geodesics. For the case A = 0, the equations

PHYSICAL REVIEW D 89, 104016 (2014)

of motion reduce to that of Schwarzschild. We denote
circular Schwarzschild orbits of energy E as having
constant radius r = ry, and linearly increasing 6y = Lz/r3,
where L is the angular momentum in the 6 direction.
Expressed in terms of ry and m, the energy and angular
momentum are [20,21]

L2 — r%m , E2 — (ro - 3m)2 . (34)
ro —3m ro(ro —3m)
Considering small A, we write
r(7) = ry + Ary(z) + O(A?),
(35

0(r) =t 1 40, (2) + O(A2)
o

and substitute into Egs. (15) and (16). When expanded to
linear order in A, the equations become

. 3rg —2m n 2(rg—2m) .
ri =
YT R(ro=3m) ' rg/ro—3m |
N (rd = Tmro — 2m?)(ro — 2m) vm
cos 7],
r3(ro —3m) rov/ro — 3m
(36)
j 2ym
=
2 _ 2
_fo-mry +m sin( vim 7). (37)
ro(ro —3m) roN/To — 3m

In the above, Eq. (34) has been used to express E and L in
terms of m and r,. Equation (37) can be integrated once

directly; the resulting 91 is

0 2/m
=7
Y RVr—3m !
2 2
4 m mr0+r0)cos< v T>+K, (38)
ron/m(ry —3m) ro\/To — 3m

where K is the integration constant, which may be fixed by
considering the following initial conditions:

r1(0) = 71(0) = 0 = 6,(0). (39)

By the using the same initial conditions on Eq. (17) and
comparing with Eq. (38), the integration constant is fixed as
K = —m3?/rg\/ro — 3m. The resulting expression for 6,
may be substituted into Eq. (36) to give

3(rg —2m) 08 Or — 2(rg — 2m)m?

, (40
o r3(ro —3m) (40)

.7:1 :—w2r1+
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where We see in Eq. (40) that > < 0 for r, < 6m, signalling an
instability of the orbit. (The solution for r| in this case would
be exponentially growing in magnitude.) On the other hand,

w — (ro — 6m)m for ry > 6m, we have w* > 0, and Eq. (40) takes the form a
(ro =3m)ry’ harmonic oscillator of frequency w, driven by a periodic
i force of frequency €2, in addition to a constant force.

Q= 41) Resonance is not possible, since from Eq. (41) we have

N = —
Y I R N O B
0 100 200 300 400 500 600 700
tau
65 T T T T T
N = 7]
O » 1 L1 1 1
6 -4 2 0 2 4 6 0 100 200 300 400 500 600
X tau
8
T T T T T 1
7.15
L ] T T T T T T T 1
L _ 71
2= — 7.05
N |— —
0 N 7
Y ]
6.95
4= -
<L | 6.9
a1 1 1 11 1 eesl—L L 1 1 1 1 1 1 1
-8 -6 -4 -2 0 2 4 6 8 0 100 200 300 400 500 600 700 800 900 1000
X tau

FIG. 5 (color online). Perturbation of Schwarzschild circular orbits under acceleration along the orbital plane. The figures on the left
side are geodesics plotted in (X, Z) coordinates, while the figures on the right shows r vs 7. All geodesics here are with A = 0.0001 and
m = 1. From top to bottom, the unperturbed circular orbits are rq = Sm, 6m, and 7m.
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w 6m
5_”1_70' (42)

Therefore, @ = Q only for ry - c0. We conclude that
perturbed orbits with r, > 6m are stable under a weak
acceleration of the black hole.

The solution to Eq. (40), for ry > 6m satisfying the
initial conditions (39), is

ro(ro — Zm)(rg - 9mr% + 18rgm? + 4m?)
2m?(ry — 6m)

-2 —3m)r3
(ro m)(ry m)roco

ri(7) =

COS wT

2mry(ro —2m)

Q
2m i ro —6m

(43)

and the solution to 6, is

(ro —2m)(ry —9mr§ + 18rgm* + 4m*)/rg .

0,(r) = (10— 6m)" sinwr
3 0 5rm? — dmr 4 13
m’ + drom . mry + ry <inOr
m
m*?(3ry —2m) (44)

+ roN/ro — 3m(ry — 6m)T'

These results can be checked with the numerical solution,
as shown in Fig. 5. It can be seen that the bottom figure with
ro > 6m exhibits a stable oscillation with its natural
frequency @ and driving frequency Q. The other top figure
has an exponentially decaying solution, while the middle
row shows the critical solution where w = 0.

It should be noted that the last term of Eq. (44) increases
linearly in 7; hence, 6, increases linearly as 7 progresses,
eventually taking it beyond the validity of the linearized

10}

10}

FIG. 6 (color online).
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equations (36) and (37). Therefore, the first-order solution
will eventually lose its accuracy as the evolution continues.

2. Perturbations around null Schwarzschild geodesics

Circular null geodesics exist around Schwarzschild black
holes but are unstable. Therefore, we may expect that
perturbing the spacetime with small accelerations should
not yield any stable oscillations around the original circular
orbits. To see this explicitly, we write

r(z) = 3m + Ar(z) + O(A?),
L (45)
6(1’) = —27 + AH] (T) + O(A2>
Om
and substitute into Egs. (15) and (16) and expand to linear
order in A. Similarly to the timelike case, the equation for
0, can be directly integrated to yield an expression for 6
with an integration constant. Again, this integration con-
stant is fixed by comparing the expansion of Eq. (17) (this
time with € = 0). The result is substituted into the equation
of motion for ry, giving

L2 2L%(7 + 12L)

_ _ 46
8Im* ! 81m2 (46)

¥y

The coefficient of r; is always positive, indicating an
instability. This result is perhaps not surprising since
circular photon orbits around a Schwarzschild black hole
(A = 0) are already unstable.

C. Polar orbits for general A

1. Timelike particles

For general values of A that are not necessarily small, we
study the solutions numerically. Typical trajectories are
shown in Fig. 6. Timelike particles circling the black hole

70

60
50
40
30
20
10
0
-10
-20

L1 1 1 1
10 20 30 40 50 60 70
X

(b) E2=10.95

20 -10 0

Timelike trajectories starting from 8 = 0 or 8 = & passing through the poles with & = 0 and A = 0.0005. For

each case, the initial radial coordinate is » = 10. The trajectories in (a) are those with E? = 0.90 and fall into the horizon, while particles
in (b) escape the black hole and fall beyond the acceleration horizon. The solid lines represent particles with initial condition 8 = 0,

while the dashed lines are particles starting from 6 = z.
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(@) E? from 0.9 to 0.997.

FIG. 7 (color online).
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(b) E? ~ 0.994243.

Polar orbits starting from r = 10, A = 0.001, with different values of E. Geodesics are plotted in the constant ¢

plane; therefore, the black hole is accelerated downward (6 = const) in this figure. It can be seen in (a) that (i) orbits of EZ = 0.99 and
below will fall into the black hole and (ii) orbits of EZ = 0.997 and above escape and eventually pass the acceleration horizon. In the
critical point between cases i and ii, the particle oscillates back and forth on the curve shown in (b). The value of energy is found by

fine-tuning to obtain E? = 0.994243.

in the polar direction either fall into the black hole (Fig. 6a)
or get left behind by the accelerating black hole (Fig. 6b).
(Recall that the direction of acceleration in the C metric is
at 0 =rx.)

If we fix the starting position and consider the outcome
of geodesics of different energies, we have three possibil-
ities: (i) particles falling into the black hole horizon,
(ii) particles escaping to the acceleration horizon, and (iii) a
critical point neither falling into the black hole nor escaping
to the acceleration horizon. This latter case may be
considered as a limiting case between i and ii and is shown
in Fig. 7b, where the numerical solution starts at & = 0 and
it appears to oscillate back and forth between two turning
points. This solution was found by fine-tuning, as energies
slightly higher or lower will, respectively, result in the
particle falling into the black hole or beyond the accel-
eration horizon.

VI. STABILITY OF CIRCULAR ORBITS

In this section, we obtain solutions corresponding to
circular orbits in which the orbital plane is perpendicular to
the axis of acceleration. Circular orbits are those with
constant » and 8. When these values are constant, Eq. (14)
implies that ¢ increases linearly in z. Orbits of this kind
trace out a circle in a plane of constant €. Such orbits were
considered in Ref. [6] and were generalized to the case of
anti-de Sitter C metrics in Ref. [8], which we briefly review
in the following.

A. Circular orbit solution

It will be more convenient in this section to revert to
the C-metric coordinates (x,y), which are also constant
for circular orbits. Hence, we denote the x(z) = x, and

y(r) =yo as the solutions corresponding to circular
orbits. We can find these solutions analytically by setting
¥=x=0=3j =y in Egs. (12) and (13), giving

B ((x=0)G \ _
7*(?‘0—0’ @7
(x—y)F' E? 9
(T“)F‘E—O- (“48)

Eliminating ¢ and E from Eqgs. (47) and (48) leaves us with

m2A2(3x(2)y% - x% - y(z) —4xgyg — 1)
+ mA(X() + y())(X()yO — 3) —-1=0. (49)

Particles lying on points on the curve defined by Eq. (49)
with initial conditions x = y = 0 will be in circular orbit
around the black hole. Using either Eq. (47) or (48) in the
first integral (9) gives the corresponding energies and
angular momenta of circular orbits:

E2— 2€F(y0)2 2 2€G(x0)2
0 Az(xo —y0)3G’(x0)'

_Az(xo—)’ofF/(yo)’ 0

(50)

B. Perturbations of circular orbits

In Refs. [6] and [8], the stability of circular orbits was
investigated by looking for the existence of local minima
in the potential V. In this paper, we try a different, but
equivalent, approach by perturbing about the circular
geodesics (xg, yo) and checking to see if the eigenfreque-
cies of the perturbed geodesic equations are real.
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A=0.0045300 — A=0.0045396
A =0.0045500

FIG. 8 (color online). Plot of 1, vs x,. We see that for curves
with A < A, there exists a range of x, with negative 4, thus
having a stable circular orbit. The critical point A = A is given
numerically in Eq. (57), which agrees with the results of Ref. [6].

2.5

0.51— T T T T T T T T T T 1

FIG. 9 (color online).
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We introduce the perturbations by writing

x(7) = xo + x;(r)e + O(&?),

(51)
¥(7) = yo + yi(r)e + O(€?).

We substitute Egs. (51) and (50) into the equations of
motion (12) and (13) and expand up to first order in e.
This gives a linear coupled system,

B ('XO’ Y 0) )

d_2<x1> _ (W(XO’yO)
dz> \ y, B(xo,y0)  W(x0.¥0)
« (’“ ) (52)
Y1

where we have defined

Geodesics around a black hole with A =0.001, m =1, for a massive particle of energy

E? = 0.905 and angular momentum ®> = 13. The top left figure shows the region in the r—@ plane accessible by the particle.
The top right figure shows the geodesics plotted in (X, Y, Z) Cartesian-like coordinates. The bottom left and right are, respectively,

projections to the (X,Y) and (X, Z) plane.
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3
P00 = oy =0
1

PHYSICAL REVIEW D 89, 104016 (2014)

[6m?>A%x) — mA(24mAy, — 1)x}

W(xo,y0) =

(1 = x0)2(mA — xo — 3mAx3)(xo — vo)3(1 + 2mAx)A?

+ 4mA(3mA — yo)xg + (12m>A%yg — 3yo + 18mA)x3 + 2(2 — m*A?)x — yo — 4m> A%y, — 3mA],

W(xo.y0) = W(¥o.X0)-
The characteristic equation for the system is
2= (W+W)i+WW—-B*=0, (54)

which is solved by

(W W)+ 51/ (W + W)+ 4(B2 = W), (55)

FIG. 10 (color online).

(53)

I

The stability of the orbits depends on whether both
normal mode frequencies @ = \/—] are real, or, in other
words, both eigenvalues 4, must be negative. This is
guaranteed if the larger one is negative, i.e., 4, > 0.
Setting m = 1, we obtain a plot of 1, vs x, in Fig. 8. In
the figure, we see that as A increases the range of x,
having stable circular orbits (negative 1,) decreases.
If A exceeds a certain critical value A = A_;;, then

N
RO NWATID

'
-
. O

Geodesics around a black hole with A = 0.001, m = 1, for a massive particle of energy E? = 0.92 and angular

momentum ®> = 14. The starting point is at @ = z/2. The top left figure shows the region in the r—@ plane accessible by the particle.
The top right figure shows the geodesics plotted in (X,Y,Z) Cartesian-like coordinates. The bottom left and right figures are,

respectively, projections to the (X,Y) and (X, Z) plane.
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Ay > 0 for all xj, and there are no more stable circular
orbits.

If we examine Eq. (55), we see that A_;; corresponds to
A, =0 having one real root for x, within the range
—1 < xg < 1. This occurs when the term under the square
root in Eq. (55) equals W + W, which implies

B> =WW. (56)

This can be solved numerically to relatively high accuracy,
giving

Auic = 0.0045396037095. (57)

This agrees with the results of Ref. [6], which were found
using a different method.

VII. NUMERICAL SOLUTIONS
FOR BOUND ORBITS

In this section, we give a few examples of numerical
solutions corresponding to geodesics in region ii of Fig. 1.
These are particles confined to a finite area away from
either horizon. So in principle, they can continue to
evolve within the region indefinitely up to 7 — oo0. We
will not attempt an exhaustive classification of numerical
solutions here, but rather we show some examples of
noncircular bound, coaccelerating orbits. In particular,
numerical results suggest that closed, periodic orbits
may exist.

One such orbit is demonstrated in Fig. 9, where the
geodesics show a mushroomlike profile. It would be
interesting to consider the possibility of classifying such
orbits in a “periodic table” similar to the periodic tables of
Schwarzschild and Kerr geodesics [22,23]. In other cases,
orbits generally do not close exactly. Their trajectories
evolve and possibly fill up the region in the r-6
plane defined bounded by E? — V2. Figure 10 shows a
case with a nonclosed orbit of A =0.001, E? =0.92,
and ®% = 14.

VIII. CONCLUSION

In this paper, we have obtained the geodesic equations
for the Ricci-flat C metric, and analytical solutions for
some special cases have been considered. In the case of
zero angular momentum, we have radial geodesics along
60 =0 and € = #. In the case of § = 0, it is possible for a
timelike particle to remain at unstable equilibrium at a fixed
distance away from the black hole. The same was not

PHYSICAL REVIEW D 89, 104016 (2014)

possible for @ = 7 as there are no local extrema for the
effective potential at the south pole.

The geodesic equations were also used to calculate the
stability of Schwarzschild circular orbits under small
accelerations along the orbital plane. We have found that,
for timelike particles, circular Schwarzschild orbits with
ro < 6m are unstable to small accelerations on the system,
causing the particle to fall into the black hole. The orbits
with ry > 6m are stable as with a small, nonzero A, and the
particle makes small oscillations about r, as the perturba-
tion equations takes the form of a harmonic oscillator of
frequency @ with a constant force plus a periodic driving
force of frequency Q. We see that the “natural frequency” @
is always smaller than Q and equality is only reached in the
limit ry — oo; therefore, we will not see resonance behavior
for this motion.

There are analytical solutions to the full geodesic
equations (A need not be small) representing circular orbits
with axes parallel to the direction of acceleration.
Perturbing around the solutions shows that circular orbits
are stable for mA < 0.00454..., consistent with the numeri-
cal results of Ref. [6] which were found by calculating the
local minima of V.

Coaccelerating orbits that are noncircular were
found using numerical integration. There are indications
showing the existence of closed periodic orbits with a
mushroomlike profile. Analogous periodic orbits in Kerr
and Schwarzschild spacetimes were found in Ref. [22] by
calculating the energies and angular momenta that give
rational ratios of the orbital frequencies. This approach
does not seem possible here as we were not able to separate
the Hamilton—Jacobi equation for timelike particles in the C
metric.* Nevertheless, the Hamilton—Jacobi equations for
Schwarzschild geodesics are indeed separable, and this is
the A = 0 case of the C-metric equations. It might then be
possible to find orbital frequencies for small A by methods
of canonical perturbation [24,25]. This possibility will be
considered in a future work.
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*On the other hand, the Hamilton—Jacobi equation for null
geodesics is easily separable. However, the solutions do not yield
interesting bound orbits as it is already seen in the effective
potential considered in Sec. [IV—they either fall into the black
hole or fall beyond the acceleration horizon.
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