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Nonperturbative treatment of the quark-hadron transition at nonzero temperature T and chemical
potential μ in the framework of the field correlator method is generalized to the case of nonzero magnetic
field B. A compact form of the quark pressure for arbitrary B; μ; T is derived. As a result, the transition
temperature is found as a function of B and μ, which depends only on the following parameters: the vacuum
gluonic condensate G2 and the field correlatorDE

1 ðxÞ, which defines the Polyakov loops and is known both
analytically and on the lattice. A moderate (25%) decrease of Tcðμ ¼ 0Þ for eB changing from zero to
1 GeV2 is found. A sequence of transition curves in the ðμ; TÞ plane is obtained for B in the same interval,
monotonically decreasing in scale for growing B.
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I. INTRODUCTION

Strong magnetic fields (m.f.) are now a subject of
numerous studies [1–8], since they can be present in
different physical systems. Namely, in cosmology m.f. of
the order of 1018 Gauss or higher can occur during strong
and electroweak phase transitions [1,2]. In noncentral
heavy ion collisions one can expect m.f. Oð1018 − 1021Þ
Gauss [3–6], while in some classes of neutron stars m.f. can
reach the magnitude of 1014 Gauss, or even more in the
cental regions [7]. All this makes it necessary to study the
effects of strong m.f. in all possible physical situations and
using different methods (for a recent review see [8]).
One of most interesting aspects of strong m.f. is their

influence on the QCD hadron-quark phase transition,
which can occur both in astrophysics (neutron stars) and
heavy ion experiments. On the theoretical side, many
model QCD calculations have predicted the increase of
the critical temperature Tc with growing B [9–35], and only
a few obtained an opposite result [36,37] (see [38,39] for
reviews and additional references). Recently, the lattice
data of [40] with physical pion mass and extrapolated to a
continuum have demonstrated the decreasing critical tem-
perature as a function of B. This phenomenon was called
the inverse magnetic catalysis, and further study of the
dependence on the magnetic fields for the quark condensate
and of its magnetic susceptibility was done in [41] and [42],
respectively. It is our purpose in this paper to exploit the
formalism of field correlators (FC) developed earlier for the
QCD phase transition at zero m.f. [43–49] in order to study
the same problem in the case of arbitrary m.f.
The advantage of the FC method is that it is based only

on the fundamental QCD input: gluonic condensate hG2i,
string tension σ, αsðqÞ, and current quark masses. In
contrast to [36], where the same basic principle [44] was
used except that pions were elementary in CPTh, the FC
method treats all hadrons, including pions, as qq̄ or 3q

systems, which allows us to consider high m.f. with
eB ≫ m2

π , σ. As a result the critical temperature TcðBÞ
decreases with the growing B as in the lattice data of [40].
Recently the FC method was successfully applied to the

study of phase transition in neutron stars [50,51] without
m.f. and to the case of strange quarks and strange matter in
[52]. It is interesting to investigate the role of m.f. in these
transitions, and our results below may be a reasonable
starting point for this analysis.
The paper is organized as follows. In Sec. II the general

FC formalism as applied to the hadron-quark transition is
given, and in Sec. III the contribution of magnetic fields is
explicitly taken into account. In Sec. IV the quark and
hadron thermodynamic potentials are estimated at large
m.f. and the corresponding transition temperature TcðBÞ is
found. In Sec. V the case of nonzero chemical potential is
treated and in Sec. VI a discussion of results and pro-
spectives is presented.

II. GENERAL FORMALISM

We shall follow the ideas of [43–49] (see [53] for a
review) and consider the low-temperature hadron phase as
the hadron gas in the confining background vacuum field.
The total free energy can be represented as

F ¼ εvacV3 þ Fh; (1)

where

εvac ¼
βðαsÞ
16αs

hGa
μνGa

μνi þ
X
q

mqhq̄qi; (2)

and Fh is the hadron free energy, which in the absence of a
magnetic field, and treating hadrons as elementary, can be
written as [54,55] ðβ ¼ 1=TÞ
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−Fh=V3
¼

X
i

PðiÞ
h ¼

X
i

giT
2π2

Z
∞

0

dpp2η ln ð1þ ηe−βEiÞ;

(3)

where η ¼ −1 or þ1 for bosons or fermions, respectively,
and in the relativistic case Ei ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

i

p
, while gi is the

spin-isospin multiplicity of hadron i. Taking the integral in
(3), one can write PðiÞ

h as

PðiÞ
h ¼ giT4

2π2
X∞
n¼1

ð−ηÞnþ1
ðβmiÞ2
n2

K2ðnβmiÞ; (4)

where K2 is the McDonald function. As an example of
another starting point, we present below the derivation of
the quark pressure from the statistical sum in the form of the
generating function with the proper time integration
[45,47–49],

1

T
Fq ¼

1

2
ln detðm2

q − D̂2Þ

¼ − 1

2
tr
Z

∞

0

ξðsÞ ds
s
e−sm2

qþsD̂2

: (5)

The latter expression can be written as a path integral
with the background field containing both electromagnetic
AðeÞ
μ ðxÞ and color potential AμðxÞ, [53,56–58],
1

T
FqðA; AðeÞÞ

¼ − 1

2
tr
Z

∞

0

ξðsÞ ds
s
d4xðDzÞwxxe−K−sm2

qhWσðCnÞi; (6)

where K ¼ 1
4

R
s
0 ðdzμdτ Þ

2dτ,

WσðCnÞ ¼ PFPA exp

�
ig
Z
Cn

Aμdzμ þ ie
Z
Cn

AðeÞ
μ dzμ

�

× exp
Z

s

0

ðgσμνFμν þ eσμνF
ðeÞ
μν Þdτ; (7)

and

ðDzÞwxy ¼
Yn
m¼1

d4ΔzkðmÞ
ð4πεÞ2

×
X

n¼0;�1;�2

ð−Þn d4p
ð2πÞ4 e

ipμðPΔzμðmÞ−ðx−yÞ−nβδμ4Þ:

(8)

It was shown in [48,49], that PðiÞ
q ≡ Pq can be written as

Pq ¼ 2Nc

Z
∞

0

ds
s
e−m2

qs
X∞
n¼1

ð−Þnþ1½SðnÞðsÞ þ Sð−nÞðsÞ�;

(9)

where

SðnÞðsÞ ¼
Z

ðD̄zÞwone−K
1

Nc
trWσðCnÞ; (10)

and in the case when only a one-particle contribution is
retained,

SðnÞðsÞ ¼ 1

16π2s2
e−n2β2

4s −JEn : (11)

JEn defines the Polyakov loop configuration expressed via
the field correlator D1ðxÞ [48,49,59],

JEn ¼ nβ
2

Z
nβ

0

dν

�
1 − ν

nβ

�Z
∞

0

ξdξDE
1 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ ξ2

p
Þ; (12)

where DE
1 ðxÞ is the color-electric correlator, which stays

nonzero above the deconfinement temperature.
The insertion of (11) into (9) yields

1

T4
Pq ¼

Ncnf
4π2

X∞
n¼1

ð−Þnþ1

n4

Z
∞

0

ds
s3

e−m2
qs−n2β2

4s −JEn

¼ 4Ncnf
π2

X∞
n¼1

ð−Þnþ1

n4
φðnÞ
q Ln;

φðnÞ
q ¼ n2m2

q

2T2
K2

�
mqn

T

�
; (13)

where Ln ¼ e−JEn .
At this point it is convenient to give one more repre-

sentation of Pq; namely, using [58] one can extract in z4ðτÞ
the fluctuating part ~z4ðτÞ,

z4ðτÞ ¼ z̄4ðτÞ þ z4ðτÞ; z̄4ðτÞ ¼ 2ωτ ¼ tE;

s ¼ T4

2ω
; T4 ¼ nβ; (14)

Pq ¼ 2Ncnf

Z
∞

0

dω
ω

ffiffiffiffiffiffi
ω

2π

r X∞
n¼1

ð−Þnþ1ffiffiffiffiffiffi
nβ

p
Z

D3ze−KðwÞ−JEn ;

(15)

KðωÞ ¼
Z

nβ

0

dtE

�
ω

2
þm2

2ω
þ ω

2

�
dz
dtE

�
2
�
; mq ≡m:

(16)

In this way we obtain the form, equivalent to (13),

Pq ¼
Ncnf
π2β2

X∞
n¼1

ð−Þnþ1

n2

Z
∞

0

ωdωe−ðm
2

2ωþω
2
Þnβ−JEn : (17)
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Neglecting JEn and for mq ¼ 0, one obtains the standard
result,

Pq ¼
4NcnfT4

π2
X∞
n¼1

ð−Þnþ1

n4
¼ 7Ncnfπ2

180
T4; (18)

where we have used

Z
∞

0

ωdωe−ðm
2

2ωþω
2
Þnβ ¼ 2m2K2ðmnβÞ: (19)

For the following it will be useful to keep in (15) the d3p
integration, contained in D3z, which yields

Pq ¼
nfNcffiffiffi

π
p

Z
d3p
ð2πÞ3

X∞
n¼1

ð−Þnþ1

ffiffiffiffiffiffi
2

nβ

s Z
∞

0

dωffiffiffiffi
ω

p e−ðm
2þp2

2ω þω
2
Þnβ:

(20)

One can see that (20) coincides with (4), when
gi ¼ 4Ncnf. Finally, one obtains from (4) or (18) the
pressure for gluons,

Pg ¼ ðN2
c − 1Þ 2T

4

π2
X∞
n¼1

hΩni þ hΩ�ni
2n4

; (21)

where Ωn ¼ expðig R nβ
0 A4dz4Þ, and Ω is the adjoint

Polyakov loop.

III. QUARK AND HADRON THERMODYNAMICS
IN A MAGNETIC FIELD

We discuss here the one-particle thermodynamics in a
constant homogeneous m.f. B along the z axis, in which
case one should replace Ei in (3) by the well-known
expression [55], which in the relativistic case has the form

Eσ
n⊥ðBÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þ ð2n⊥ þ 1 − σ̄ÞjeqjBþm2

q

q
;

σ̄ ≡ eq
jeqj

σz; σz ¼ �1: (22)

We also take into account that the phase space of an isolated
quark in m.f. is changed as follows [54],

V3d3p
ð2πÞ3 →

dpz

2π

jeqBj
2π

V3; (23)

and hence (3) can be rewritten as P̄qðBÞ ¼
P

qPqðBÞ,

PqðBÞ ¼
X
n⊥;σ

2NcT
jeqBj
2π

1

2
ðχðμÞ þ χð−μÞÞ; (24)

where

χðμÞ≡
Z

dpz

2π
ln

�
1þ exp

�
μ̄ − Eσ

n⊥ðBÞ
T

��
: (25)

We have introduced in (24) the chemical potential μ with
the averaged Polyakov loop factor L̄ ¼ expð−J̄=TÞ, (see
[53] for a corresponding treatment without m.f.),

μ̄ ¼ μ − J̄; L̄μ ¼ exp

�
μ − J̄
T

�
: (26)

Equation (24) can be integrated over dpz with the result

PqðBÞ ¼
NcjeqBjT

π2
X
n⊥;σ

X∞
n¼1

ð−Þnþ1

n
1

2
ðL̄n

μ þ L̄n−μÞεσn⊥

× K1

�
nεσn⊥
T

�
; (27)

where

εσn⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jeqBjð2n⊥ þ 1 − σ̄Þ þm2

q

q
: (28)

The same result for μ ¼ 0 can be obtained. Extending
(20) to the case of nonzero B, using (23) and replacing the
exponent in (20) as

�
m2

q þ p2

2ω
þ ω

2

�
nβ

→

�
m2

q þ p2
z þ ð2n⊥ þ 1 − σ̄ÞjeqBj

2ω
þ ω

2

�
nβ; (29)

Pq ¼ 2Nc
jeqBj
ð2πÞ2

X∞
n¼1

ð−Þnþ1

nβ

Z
∞

0

dωe−ð
ðεσÞ2
2ω þω

2
Þnβ; (30)

and using the equation

Z
∞

0

dωe−ðλ
2

2ωþω
2
Þτ ¼ 2λK1ðλτÞ; (31)

we come to Eq. (27).
We turn now to the thermodynamics of hadrons in m.f.

The difficulty here is that hadrons are not elementary
objects, unlike quarks, and we cannot use for them the
energy expressions like (22). Hadrons in m.f. were studied
analytically in [60–63] and on the lattice in [41,64,65]. We
can use for them an expression such as Eq. (24) or Eq. (27);
however, we should write it in a more general way for the
charged hadrons,
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PðiÞ
H ðBÞ ¼ gi

jeHBjT
2π

Z
dPz

2π

1

2
ðχðμiÞ þ χð−μiÞÞ; (32)

where

χðμiÞ≡
X
n⊥;si

ln

�
1þ exp

�
μi − Esi

N⊥ðBÞ
T

��
; (33)

and we take into account that the total hadron energy
Esi
N⊥ðBÞ depends on the set of two-dimensional oscillator

numbers N⊥ ¼ fn⊥ð1Þ; n⊥ð2Þ;…n⊥ðνÞg for each of ν
constituents and on the set si ¼ fσ1;…σνg of spin projec-
tions of all constituents. For very large m.f. eB ≫ σ(σ is the
string tension) one can approximate Esi

N⊥ðBÞ as an average
of the sum of constituents (2 for mesons and 3 for baryons),

Esi
N⊥ðBÞ ¼

�Xν
k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

qðkÞ þ jekjB
�
2n⊥ðkÞ þ 1 − ekσ̄k

jekj
�
þ p2

zðkÞ
s �

pz

; (34)

where the average is taken with the functions
χðpzð1Þ;…pzðνÞÞ, satisfying

P
ν
k¼1 pzðkÞ ¼ Pz, and taking

into account confining dynamics along the z axis (see
explicit expressions in the Appendix). In the approximation
used in [60–63], when confinement is quadratic, the
functions χ are the oscillator eigenfunctions. For neutral
hadrons one should use the form (4) instead of (32), where
m.f. act on the multiplicity gi and the mass mi, which can
strongly depend on the m.f., as in the case of ρ0 and π0

mesons, see [61,62].
At this point it is useful to compare the systematics

of hadrons without m.f. with that of strong m.f. In the
first case one classifies a hadron, using, e.g., spin S, partly
P isospin I, orbital momentum L, and radial quantum
number nr, or else total angular momentum J. For strong
m.f. neither spin S (or J) nor isospin are conserved, and
one has, e.g., instead of two states ρ0ðSz ¼ 0Þ; π0
linear combinations huþ; ū− j≡ hþ− ju; h−þ ju; hþ− jd;
h−þ jd, and similarly ρ0ðSz ¼ þ1Þ splits into two
states: hþ þ ju; hþ þ jd.
A similar situation occurs in baryons: neutron Sz ¼− 1
2
; ðdduÞ splits into ð− −þÞ; ð−þ −Þ; ðþ − −Þ.
A specific role is played here by the so-called “zero

states,”for which all constituents have factors in (34) equal
to zero,

2n⊥ðkÞ þ 1 − ek
jekj

σ̄k ¼ 0; k ¼ 1; 2;…ν: (35)

Masses of zero states decrease fast with m.f. and for
eB ≈ σ can be ð30 ÷ 40Þ% lower than in the absence of
m.f. [61,62]. Therefore the role of these states in the
forming of PhðBÞ grows exponentially, while energies
Esi
Ni
ðBÞ of all other states according to (34) grow propor-

tionally to
ffiffiffiffiffiffi
eB

p
. Thus in ρ0ðSz ¼ 0Þ; π0 only the states

hþ − ju; h−þ jd are zero states, while for the neutron with
Sz ¼ − 1

2
, the only zero state is ð− −þÞ. In this way most

excited hadron states have energies growing with m.f., and
their contribution is strongly suppressed for eB > σ.
However, the same situation occurs for the system of free
quarks at large m.f., which can be clearly seen comparing
(34) with energies of free quarks; therefore, the main

difference occurs for m.f. that are not large, when
eB < σ and hadron energies change less rapidly than those
of free quarks Hence, Pq may grow faster with eB than Ph,
which finally results in the decreasing TcðBÞ, as we
show below.
Indeed, for each quark the zero states constitute one half

of n⊥ ¼ 0 states, namely the states with σ̄k ¼ 1, and the

corresponding pressure is proportional to jeqjBmqT
n K1ðmqn

T Þ,
tending to jeqjBT2

n at large m.f., thus growing linearly with B.
For hadrons in the same limit, the charged zero states

contribute in (32) the amount jehjBT
2

n , while neutral zero states,

like π0, contribute T4

n4 . Therefore, for B ≥ T2 the growth of
quark pressure with B is faster than that of hadrons, and one
can assert that for B ≥ T2; σ the inequality holds,

ΔPqðB; TÞ≡ PqðB; TÞ − Pqð0; TÞ > ΔPhðB; TÞ
¼ PhðB; TÞ − Phð0; TÞ: (36)

In the next section we shall show that (36) leads to the
decreasing of the deconfinement temperature TcðBÞ with
growing B, independent of the character of this transition.
In particular, the above arguments were based on the single-
line approximation for quarks [48,49], when quarks are
treated as independent and vacuum fields create only
Polyakov line contributions [L̄n in (27)]. A more accurate
treatment, taking into account the qq̄ interaction due to the
D1 correlator [cf. Eq. (12)], shows that the qq̄ pairs can
form bound states in this interaction [59], and with
increasing m.f. the binding energy grows, which lowers
the qq̄ mass, thus leading to the growth of the quark
pressure. Moreover, the introduction of this “intermediate
state of deconfinement,” existing in the narrow region near
Tc and consisting of bound and decaying qq̄ pairs, strongly
affects the nature of the deconfining transition, making it
softer. In addition, the color-electric string tension, which
disappears at Tc, decreases gradually in the same region,
lifting in this way the hadron pressure and making the
transition continuous. This remark, however does not
qualitatively change the considerations of the present paper
and will be treated in detail elsewhere.
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IV. THE QUARK-ANTIQUARK CONTRIBUTION
TO THE PRESSURE AT NONZERO M.F.

As was discussed above, the nonperturbative D1 con-
tribution to a single quark is given by Eqs. (11), (12), where
JEn can also be written as

Lfund ¼ expð−JE1 Þ ¼ exp
�
−V1ð∞Þ

2T

�
; (37)

where V1ðrÞ is the qq̄ nonperturbative (np) color-elecric
interaction generated by the field correlator DE

1 ðxÞ, [59]

V1ðr; TÞ ¼
Z

β

0

ð1 − νTÞdν
Z

r

0

ξdξDE
1 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 þ ξ2

p
Þ: (38)

As was argued in [66], the asymptotics of DE
1 ðxÞ is

expressed via the gluelump massM0 ≈ 1 GeV [67] and can
be written as

DðnpÞ
1 ðxÞ ¼ A1

jxj e
−Mjxj þOðα2sÞ; A1 ¼ 2C2αsσadjM0;

(39)

which leads to

V1ðr; TÞ ¼ V1ð∞; TÞ − A1

M2
0

K1ðM0rÞM0rþO

�
T
M0

�
;

(40)

and

V1ð∞; TÞ ¼ A1

M2
0

�
1 − T

M0

ð1 − e−M0=TÞ
�
;

A1

M2
0

≈
6αsðM0Þσf

M0

≈ 0.5 GeV: (41)

At r ¼ 0; V1ð0; TÞ ¼ 0.
Above Tc the value of V1ð∞; TÞ is decreasing, as seen

from (41), (40). This is in agreement with lattice data on
Polyakov loops in [68]. Recently, the potential V1ðr; TÞ
was studied on the lattice in [69], yielding a behavior
similar for V1ð∞; TÞ at T ¼ 1.2Tc.
We now consider the hadron and quark-gluon pressure in

the single-line (the independent particle) approximations
with the purpose of defining the deconfinement temper-
ature as a function of m.f.
One starts with the total pressure in the confined phase,

phase I, which can be written in the form, generalizing the
results of [43–45] for the case of nonzero m.f.,

PI ¼ jεvacj þ
X
i

PðiÞ
H ðBÞ; (42)

where εvac ¼ εðgÞvac þ εðqÞvac is given in (2), and we assume, that
the gluonic condensate does not depend on m.f. in the first
approximation, while the quark condensate jhq̄qij grows
with m.f., as shown analytically in [70] and on the lattice
[41,42]; however, we neglect this contribution in the first
approximation and discuss its importance at large eB in the
concluding section.
In the deconfined phase (phase II), the pressure can be

written in the form (cf. [43–45,48])

PII ¼
1

2
jεðgÞvacj þ

X
q

PqðBÞ þ Pg; (43)

where PqðBÞ is given in (24)–(26), and we assume that
vacuum color-magnetic fields, retained in the deconfined
phase at T ≈ Tc, create one-half of the vacuum condensate
G2 as it happens for T ¼ 0,

1

2
jεðgÞvacj ≅

ð11 − 2
3
nfÞ

32
ΔG2; ΔG2 ≈

1

2
G2: (44)

Taking into account the chemical potential μ, one can
rewrite (27) as

PqðBÞ ¼
X

q¼u;d;…

NcjeqBjT
π2

×
X

n⊥;σ¼�1

X∞
n¼1

ð−Þnþ1

n
cosh

μn
T

Ln
fundε

σ
n⊥K1

�
nεσn⊥
T

�
:

(45)

Finally, for gluon pressure we neglect the influence of
m.f., which appears in higher OðαsÞ orders, and write

PglðBÞ ≅ Pð0Þ
gl ¼ 2ðN2

c − 1Þ
π2

X∞
n¼1

T4

n4
Ln
adj: (46)

As a result we define the deconfinement temperature
from the equality

PIðT ¼ TcÞ ¼ PIIðT ¼ TcÞ: (47)

The contribution of zero levels of light quarks clearly
dominates in (45), when eB > T2, so that keeping for
simplicity only the n ¼ 1, σ ¼ 1 terms for small μ, one has

P̄qðBÞ ≈ Pð0Þ
q ðBÞ ¼ NcnfjēqBjT2

π2
Lfund cosh

μ

T
; (48)

wherejēqj ¼ e
nf

Pnf
i¼1

jeij
e , ēq ¼ 4

9
e for nf ¼ 3.

Neglecting as a first approximation the hadron pressure

and εðqÞvacin (42), one obtains an equation for Tc,
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1

2
jεðgÞvacj ¼ Pð0Þ

gl þ Pð0Þ
q ðBÞ; (49)

and finally, neglecting the term
P

qmqjhq̄qij, and Pð0Þ
gl for

large B > T2, one obtains the asymptotic expression

T2
c ¼

ð11 − 2
3
nfÞG2π

2

64NcnfjēqjBLfund cosh
μ
T

: (50)

For μ ¼ 0, we take Lfund ¼ exp ð− V1

2Tc
Þ; V1 ≈ 0.5 GeV

[59], nf ¼ 3; ēq ¼ 4
9
e; G2 ¼ 0.006 GeV4 [71], and we

obtain

TcðeB ¼ 1 GeV2Þ ≅ 0.125 GeV: (51)

For the same parameters and B ¼ 0 in [71], one gets
Tcð0Þ ≅ 0.165 GeV. These values are in a reasonable
agreement with the corresponding lattice data in [42],
T lat
c ð1 GeV2Þ ≈ 0.138 GeV, T lat

c ð0Þ ≈ 0.16 GeV.
One can now also take into account at large B the

contribution of gluons, Pgl ¼ 16
π2
exp ð− 9V1

8T Þ, and π0 mes-

ons, Pπ0 ≈ π2

90
T4, since the mass of π0 tends to zero for

eB > σ, while that of πþ; π− grows as
ffiffiffiffiffiffi
eB

p
and does not

contribute appreciably to the pressure. One can check that
solving equation

1

2
jεðgÞvacj þ Pπ0 ¼ Pð0Þ

gl þ Pð0Þ
q ðBÞ; (52)

one obtains TcðeB ¼ 1 GeV2Þ, which is 2% larger than
in (51).
At large eB ≫ T2 and μ ¼ 0; G2 ¼ 0.006 GeV4,

Eq. (50) yields

T2
c ¼

0.00205 GeV2

eB
exp

�
0.25 GeV

Tc

�
; (53)

and one obtains TcðeB ¼ 6 GeV2Þ ≈ 0.08 GeV and a slow
decrease for larger eB, TcðeBÞ ∼ 1

lnðeBÞ.
To investigate the behavior of TcðBÞ at all values of B

and μ ¼ 0, we take into account all Landau levels, as was
done in the Appendix, and write the resulting expression
for PqðBÞ in the case μ ¼ 0 [cf., Eq. (A5)],

PqðBÞ ¼
NceqBT

π2
X∞
n¼1

ð−Þnþ1

n
L̄n

×

�
mqK1

�
nmq

T

�
þ 2T

n

eqBþm2
q

eqB

× K2

�
n
T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eqBþm2

q

q �

− neqB

12T
K0

�
n
T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q þ eqB
q �	

: (54)

In the limiting case of small quark mass,
mq ≪ fT; eqBg, one can rewrite (54) as

PqðBÞ

≈
NceqBT

π2
L̄

�
Tþ 2TK2

� ffiffiffiffiffiffiffiffi
eqB

p
T

�
− eqB

12T
K0

� ffiffiffiffiffiffiffiffi
eqB

p
T

�	
:

(55)

Note that Eq. (55) for small eB tends to the limiting
B-independent form (13), (18). We shall use the forms
(54), (55) at all values of eB, and hence recalculate

(49) with Pð0Þ
q ≡ P̄qðBÞ ¼

P
q¼u;d;sPqðBÞ, and PqðBÞ from

(54), (55).
As a result, from Eq. (49) one obtains the curve TcðBÞ

shown in Fig. 1 together with the points obtained on the
lattice in [40].

V. THE CASE OF NONZERO
CHEMICAL POTENTIAL

We first consider the case of very large eB, when one can
retain only the lowest Landau levels of quarks.
For nonzero μ and eqB ≫ 4T2, one can keep only the

zero Landau level and rewrite (24) in the form

PqðBÞ ¼
Nc

2π2
eqBðϕðμÞ þ ϕð−μÞÞ; (56)

where ϕðμÞ is

FIG. 1. QCD phase diagram in the B − T plane for μ ¼ 0 as
given by (49) in comparison with lattice data [40].
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ϕðμÞ ¼
Z

∞

0

pzdpz

1þ e pz−μ̄
T

; μ̄ ¼ μ − J̄ ≡ μ − V1ð∞Þ
2

:

(57)

At large μ̄
T ≫ 1 one can use the expansion [55]

ϕðμÞ ≈ ðμ − J̄Þ2
2

þ π2

6
T2; (58)

and one obtains in the lowest approximation (neglecting π0

and the gluon contribution at large eB), which yields
(1
2
jεðgÞvacj ¼ PqðBÞÞ the critical value of the chemical poten-

tial μc,

μ̄2c ¼
1.386G2

ēqB
; μc ¼

V1ð∞Þ
2

þ 1.18

ffiffiffiffiffiffi
G2

eB

r
: (59)

For eB → ∞ one has μcðeB → ∞Þ ¼ V1ð∞Þ
2

¼
0.25 GeV, where we have assumed that V1ð∞Þ is indepen-
dent of eB.
Near the critical point the critical curve is easily obtained

from (56), (58),

�
μc − V1ð∞Þ

2

�
2

þ π2

3
T2
c ¼

1.386G2

eB
: (60)

For small μ the lattice data of [72] reveal that V1ð∞Þ
depends on eB and may become negative for large T and B.
However, for small T the behavior of L in [72] is

compatible with our assumption that V1ð∞Þ is weakly
dependent on T and is around 0.5 GeV, which supports our
form of the phase transition curve (60). Also the μ
dependence of the color screening potential V1ð∞; μÞ
was studied in [69] and was found to be rather moderate
for ðμ=TÞ2 ≤ 1 and T=Tc ¼ 1.20 and 1.35. Therefore, we

can assume that the behavior in (60) is qualitatively correct
for large eB, eB > σ ¼ 0.18 GeV2, and should go over for
B → 0 into the form found earlier in [71].
Now we turn to the case of arbitrary m.f. As shown in the

Appendix, one can sum up in (24) over n⊥; σ in the
following way,

PqðBÞ ¼
NceqB

2π2

�
ϕðμÞ þ ϕð−μÞ þ 2

3

ðλðμÞ þ λð−μÞÞ
eqB

− eqB

24
ðτðμÞ þ τð−μÞÞ

	
; (61)

where ϕðμÞ is given in (57), while λðμÞ; τðμÞ are

λðμÞ ¼
Z

∞

0

p4dpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ~m2

q

q 1

expð
ffiffiffiffiffiffiffiffiffiffiffi
p2þ ~m2

q

p −μ̄
T Þ þ 1

; (62)

τðμÞ ¼
Z

∞

0

dpzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ~m2

q

q 1

expð
ffiffiffiffiffiffiffiffiffiffiffi
p2
zþ ~m2

q

p −μ̄
T Þ þ 1

: (63)

Here ~μ2q ¼ m2
q þ eqB. One can see that λðμÞ; τðμÞ decay

exponentially for eqB → ∞, and hence one returns to
Eq. (56) in this limit. In the opposite case, when
eqB → 0, one recovers the form (61) with only λðμÞ þ
λð−μÞ present, which exactly coincides with the one
studied in [71].
One can now calculate the transition curve Tcðμ; BÞ

in the ðT; μÞ plane for different values of eB, using

(61) for P̄qðBÞ ¼
P

qPqðBÞ in the equation 1
2
jεðgÞvacj ¼

Pð0Þ
g þ P̄qðBÞ. The resulting sequence of curves

Tcðμ; eBÞ; 0 ≤ μ ≤ μc, and eB ¼ ð0; 0.2; 0.6; 1Þ GeV2 is
shown in Fig 2. One can see from (59) that asymptotically
for large eB, the limiting curve is a cut of the straight line

Tc ¼ 0; 0 ≤ μ ≤ V1ð∞Þ
2

. Of special importance is the region
of small eB; eB≲ 4T2, where the asymptotic (large eB)
PqðB; μÞ from Eq. (56) turns over into the m.f. independent
form of Eq. (13).
The details of this transition are given in the Appendix.

VI. DISCUSSION OF RESULTS
AND CONCLUSIONS

In this paper we have derived the compact forms of the
quark pressure for zero chemical potential and arbitrary T
and eB in (54) and for nonzero chemical potential in (61),
which take into account higher Landau levels.
Using that, we have calculated TcðeB; μ ¼ 0Þ in Eq. (50)

and Fig. 1 and TcðeB; μÞ in Fig. 2 in the lowest approxi-
mation, neglecting hadron contributions, except for π0, and
neglecting the possible dependence of gluon vacuum

FIG. 2. QCD phase diagram in μ − T plane for different values
of eB.
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energy εðgÞvac and Polyakov loop L̄ on m.f. This approxima-
tion, which can be however a crude one, is supported by
available lattice data on the dependence of the interquark
potential V1ð∞Þ on the magnetic field [69,72].
We have shown that TcðeB; μ ¼ 0Þ is a moderately

decreasing function of eB, tending to zero asymptotically
as 1

ln eB. This fact agrees reasonably well with the realistic
lattice data [40]. Qualitatively, the decreasing pattern was
obtained in [36] and [37]. However, in both cases Tc
dropped much faster, and in [36] Tc passes zero
at eB ≈ 0.7 GeV2.
A common feature of all approaches, resulting in the

decreasing TcðeBÞ, is that they contain a constant piece of
pressure in the confinement phase, which is destructed by
transition to the quark phase: it is the vacuum condensate in
the present paper and [36] and the MIT bag pressure in
[37]. However, the treatment of the hadronic pressure in all
available papers assumes that hadrons are elementary and
their masses are not modified by m.f. In contrast to that, our
approach suggests using the real composite hadrons, with
masses strongly dependent on m.f., as was found in [61]. In
the present paper we have used this notion only marginally,
taking massless π0 (in the limit B → ∞) into account and
neglecting πþ; π−, which have large masses in the limit of
strong fields. However, in the next paper we plan to return
to this problem and to calculate TcðeB; μÞ with the lowest
mass hadrons.
Concerning the μ dependence of Tcðμ; BÞ one can see in

Fig. 2 a smooth decreasing behavior for an increasing B,
with a limiting piece of straight line Tcðμ; B → ∞Þ →
0, μc →

V1ð∞Þ
2

.
It is important to discuss the accuracy of our approach

and possible ways to improve it. The approximations made
concern both the case of zero and nonzero magnetic
fields. We start with the first case. In the present paper

we have used the only parameters of our approach: jεðgÞvacj
and V1ð∞Þ, with the latter defining the Polyakov loop

average L̄ ¼ exp ð− V1ð∞Þ
2T Þ. For jεðgÞvacj we have used

G2 ≡ αs
π hFa

μνFa
μνi ¼ 0.006 GeV4, which was found to give

the realistic Tcðμ ¼ 0; B ¼ 0Þ ≈ 165 MeV, in reasonable
agreement with most lattice data for nf ¼ 3.
The range of values of G2, including G2 ¼ 0.006 GeV4,

was studied in [50,51] and found to give reasonable values
of stable mass configuration for a hybrid star configuration.
From the purely theoretical point of view, the values of G2

are not uniquely defined, and the value 0.006 GeV4 is
within the boundaries of the analysis in [73]. The most
explicit estimate of accuracy can be made for the case
nf ¼ 0, where our resulting deconfinement temperature is
Tc ¼ 270 MeV in a 5% agreement with lattice data (see
Table 1 of [74] for a full list of comparison for different nf).
Our computation of another parameter—the Polyakov
loop—is based on the single quark energy V1ð∞; TÞ,
estimated from the field correlator D1ðxÞ in [59], and

differs from the direct lattice data no more than 10%. Hence
one can expect, that the accuracy of our approach for the
case B ¼ μ ¼ mq ¼ 0 is within 10%–15%, as signalled by
the values of transition temperatures.
We have neglected the dependence of vacuum parameter

jεðgÞvacj onB; μ, since this dependence can occur only in higher
orders of αs expansion. However, we disregarded the

quark component εðqÞvac ≡P
qmqhq̄qi of the vacuum energy,

jεvacj ¼ jεðqÞvacj þ jεðgÞvacj, assuming the limitmq → 0. In reality
the contribution of the strange quark with msð2 GeVÞ ≅
0.1 GeV is significant and grows linearly with eB, which
changes the asymptotics of TcðeBÞ at large eB from
1= lnðeBÞ to a constant one. Thus the results of the present
paper refer to the case of the nf ¼ 3massless quarks. In the
case of nonzero mq, one should take into account the quark
vacuumenergy in (2), aswasdone in [74],which explains the
observed dependence of Tc on mq for mq <

ffiffiffi
σ

p
.

Consider now the case of B > 0 and μ > 0. For large μ
we have the high-density region, where both hadron and
quark interactions are important. In particular, as shown in
[75], confinement is changing due to μq, resulting in the
10% decrease of the nucleon mass for μq ≈ 200 MeV.
Qualitatively the same happens for qq̄ and 3q systems in
the quark phase [59], implying the appearance of white
correlated qq̄; 3q systems. Therefore, the results for any B
and μq > 200 MeV are subjected to serious changes,
whereas one can retain a 10% accuracy of our results
for μq < 200 MeV. The density phase transition might be
accompanied by the creation of multiquark states, which
completely change the structure of the phase transition, and
can be important for the physics of the supernovae
outbursts [76].
The accuracy of our treatment of nonzero B is relatively

less important and can be improved in several directions.
First of all, we have neglected the influence of m.f. on the
gluon vacuum energy. The structure of the latter, as was
shown in [66], is connected to the gluon lumps [67] with
the size r0 ∼ ð2 GeVÞ−1, and the effect is proportional to
αsðr0Þ and hence can be neglected for B≲ 1 GeV2. The
same holds for the confinement effects in hadrons and for
the interaction V1ðr; TÞ due to correlatorD1ðxÞ in the quark
phase. As a result, we expect the same accuracy of ≈10%
of our method for nonzero B and μq < 200 MeV.
We have not analyzed in this paper the character of the

quark-hadron transition, since it needs a careful analysis of
the hadronic phase, and a possible change of parameters
below Tc, which will be published elsewhere.

ACKNOWLEDGMENTS

The authors are grateful to N. O. Agasian, M. A.
Andreichikov, A. M. Badalian, and B. O. Kerbikov for
useful suggestions and discussions. The work is supported
by the RFBR Grant No. 14-02-00395-a.

V. D. ORLOVSKY AND YU. A. SIMONOV PHYSICAL REVIEW D 89, 054012 (2014)

054012-8



APPENDIX A: QUARK THERMODYNAMICS
IN A WEAK MAGNETIC FIELD

We start with the case of μ ¼ 0. Equation (27) can be
rewritten as P̄qðBÞ ¼

P
qPqðBÞ; eq ≡ jeqj,

PqðBÞ ¼
NceqBT

π2
X∞
n¼1

ð−Þnþ1

n
L̄n

X
n⊥;σ

εσn⊥K1

�
nεσn⊥
T

�
; (A1)

where εσn⊥ is given in (28). The sum over n⊥; σ can be
transformed as follows,

X∞
n⊥¼0

X
σ�1

εσn⊥K1ðnεσn⊥TÞ ¼ mqK1

�
nmq

T

�

þ 2
X∞
n⊥¼0

ε̄K1

�
nε̄
T

�
: (A2)

Here ε̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q þ eqBþ 2eqBðn⊥ þ 1
2
Þ

q
.

At this point one can use the well-known approximation
for the summation in the limit of weak m.f. (see §59
of [55]),

X∞
k¼0

F

�
kþ 1

2

�
≈
Z

∞

0

FðxÞdxþ 1

24
F0ð0Þ: (A3)

In the integral in (A3) one can use Eq. (19) and Eq. (31) to
write

Z
∞

0

dx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q þ eqBþ 2eqBx
q

K1

0
B@n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q þ eqBþ 2eqBx
q

T

1
CA

¼ T
2neqB

Z
∞

0

ωdωe−n
Tðω2þ

eqBþm2
q

2ω Þ

¼ T
n

eqBþm2
q

eqB
K2

�
n
T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eqBþm2

q

q �
: (A4)

As a result (A1) can be rewritten as

PqðBÞ ¼
NceqBT

π2
X∞
n¼1

ð−Þnþ1

n
L̄n

�
mqK1

�
nmq

T

�

þ 2T
n

eqBþm2
q

eqB
K2

�
n
T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eqBþm2

q

q �

− neqB

12T
K0

�
n
T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q þ eqB
q �	

: (A5)

One can see in (A5) that the sum over n is well saturated
by the first term with n ¼ 1 (a typical situation for μ ¼ 0),
and for mq → 0 one can write

PqðBÞ ≈
NceqBT

π2
L̄

�
T þ 2TK2

� ffiffiffiffiffiffiffiffi
eqB

p
T

�

− eqB

12T
K0

� ffiffiffiffiffiffiffiffi
eqB

p
T

�	
: (A6)

For large eqB; eqB ≫ T2, the first term in the curly
brackets dominates, and one returns to Eq. (48) (with μ ¼ 0).
In the opposite case, eqB ≪ T2, one can write, expand-

ing KnðzÞ at small z,

PqðBÞ ¼
NcL̄
π2

�
4T4þðeqBÞ2

�
1

6
ln

�
2Tffiffiffiffiffiffiffiffi
eqB

p �
þ 3

16
−C
6

�	
:

(A7)

Here C ¼ 0.577 is the Euler constant.
At the point eqB ¼ T2 one has K2ð1Þ ¼ 1.625;K0ð1Þ ¼

0.421 and the coefficient of NceqBT2L̄
π2

¼ NcT4L̄
π2

is 4.21 instead
of 4 in the limiting form for eqB → 0, which implies that
the weak field asymptotics 4T4 has the 5% accuracy at
eqB ¼ T2, whereas the form (A7) yields at this point the
0.2% accuracy. Therefore, to treat the whole intermediate
region eqB≲ T2 and eqB > T2 with a few percent accu-
racy, one can use Eq. (A6).
For μ > 0 one can rewrite

P
n⊥;σχðμÞ in (24) in the same

way, as was done in (A2),

X
n⊥;σ

χðμÞ ¼
Z

dpz

2π

8<
:ln

0
B@1þ exp

0
B@μ̄−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þm2

q

q
T

1
CA
1
CAþ2

X∞
n⊥¼0

ln

0
B@1þ exp

0
B@μ̄−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þm2

q þ eqBþ 2eqBðn⊥ þ 1
2
Þ

q
T

1
CA
1
CA

¼ I1 þ I2: (A8)

The first term I1 is easily (integrating by parts) transformed to the m.f. independent term ϕðμÞ in (56),

I1 ¼
1

πT
ϕðμÞ: (A9)
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The second term I2 can be rewritten using (A3) as follows,

I2 ¼
1

πT

Z
∞

0

p2
zdpz

eqB

Z
∞

0

dλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þm2

q þ eqBþ λ
q 1

e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2zþm2

qþeqBþλ
p

−μ̄
T þ1

− eqB

24πT

Z
∞

−∞
dpzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
z þm2

q þ eqB
q 1

expð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
zþm2

qþeqB
p −μ̄

T Þ þ 1

≡ I02 þ I002: (A10)

One can estimate the large eB asymptotics of I2, I2 ∼ exp ð−
ffiffiffiffiffiffiffiffiffiffiffiffiffi
eqBþm2

q

p
T Þ, which supports Eq. (56) in this limit. In the

opposite limit, eB → 0, the first term I02 in (A10) behaves as

I02 ≈
2

3πTeqB

Z
∞

0

p4dpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ~m2

q

q 1

expð
ffiffiffiffiffiffiffiffiffiffiffi
p2þ ~m2

q

p −μ̄
T Þ þ 1

; (A11)

where ~m2
q ¼ m2

q þ eqB. One can see that I02ðeqB → 0Þ ensures in (24) the correct limiting form found in [71], namely

Pq ¼
NcT4

3π2

�
ϕν

�
μ − V1

2

T

�
þ ϕν

�
− μþ V1

2

T

��
; P ¼

Xnf
q¼1

Pq; (A12)

with

ϕνðaÞ ¼
Z

∞

0

z4dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ν2

p 1

expð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ν2

p − aÞ þ 1
; (A13)

and ν ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

qþeqB
p

T . At the same time the term I002 has the order OððeqBÞ2T4 Þ, as compared to the leading term (A12).
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