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The nonperturbative quark gap equation under the rainbow truncation and with two versions of a
phenomenological one-gluon exchange interaction is studied in the presence of a uniform external
magnetic field, with emphasis on the small field limit. The chiral quark condensate, magnetic moment,
and susceptibility are calculated and compared to recent lattice data.
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I. INTRODUCTION

Dynamical chiral symmetry breaking is one of the most
important facets of QCD in the low-energy regime. It dic-
tates (among other things) the pattern of light meson spec-
troscopy, and its continued study is of crucial relevance to
our understanding of hadrons and their interactions. At high
energies, where the QCD dynamics are dominated by
asymptotic freedom and the interaction is small, a massless
(chiral) quark remains massless (and when calculated in
perturbation theory, this applies at all orders). However,
at low energies where the coupling is large and perturbation
theory no longer applies, chiral symmetry is dynamically
broken, and quarks attain a sizeable mass.
Alongside dynamical chiral symmetry breaking in QCD,

it is also known that the presence of a strong constant mag-
netic field leads to chiral symmetry breaking for fermions
when treated nonperturbatively (see Ref. [1] for a recent
review of the topic and its applications). Where dynamical
chiral symmetry breaking is enhanced by themagnetic field,
the effect is known asmagnetic catalysis. This effect appears
even for weakly interacting fermions [2–4], e.g., electrons in
QED. Fermion mass generation for QED in the presence of
magnetic fields has been studied in the context of nonpertur-
bative Dyson–Schwinger equations (see, for example,
Refs. [5–9]1) using techniques based on theRitus eigenfunc-
tion method [10] (see also Ref. [11]). In the case of QCD,
there have been studies performed recently which looked
at the limit of strong magnetic fields [12,13].
In this work, the nonperturbative Dyson–Schwinger

(gap) equation for strongly interacting quarks in an external
magnetic field will be considered, with emphasis on the
small magnetic field limit. Unlike for electrons in QED,
quark dynamical chiral symmetry breaking in QCD occurs
(at least for physical values of the coupling) even in the
absence of the magnetic field, and it is of theoretical impor-
tance that the known limit of vanishing magnetic field be
respected. Also, the magnetic susceptibility, a quantity of

phenomenological interest, is derived in the limit of vanish-
ing magnetic field (for recent studies see, for example,
Refs. [14,15]). Further, while there do exist physically
interesting systems involving extremely large magnetic
fields (see Ref. [1] and references therein), there are
obviously many systems for which the scale of the strong
interaction is dominant. For example, estimates of the mag-
nitudes of magnetic fields present in noncentral heavy-ion
collisions [16] indicate that they are associated with scales
at most comparable to those of the strong interaction. It is
thus clear that calculations for the case of small and mod-
erate magnetic fields (relative to QCD scales) should be
included for a complete description of such systems.
As will be discussed later, the Ritus eigenfunction

method, whereby an expansion in Landau levels is made
[5–7,10,12,13], is not directly applicable to the case of
small magnetic fields (relative to the strong interaction)
when applied to the nonperturbative quark gap equation.
Using results for the summation of Landau levels in the
tree-level fermion two-point functions [17,18], a nonpertur-
bative approximation to the quark propagator, suitable for
small magnetic fields, is proposed and applied in this study.
The degree of dynamical chiral symmetry breaking is quan-
tified by the quark condensate, and this will be numerically
evaluated in the presence of an external magnetic field. The
magnetic moment and susceptibility [14,15] provide a more
detailed picture of the system and will also be calculated.
The results will be compared to recent lattice data (see later
for details).
The paper is organized as follows. In the next section, the

tree-level quark two-point functions in the presence of a
magnetic field are discussed. The truncated gap equation
is introduced in Sec. III. Section IV then goes on to formu-
late the nonperturbative form of the quark two-point
functions. Numerical results are presented in Sec. V. A
summary and conclusions are given in Sec. VI.

II. TREE-LEVEL TWO-POINT FUNCTIONS

Let us begin by laying out our conventions. We work in
Minkowski space (until the equations are to be numerically

1The reader is referred to Ref. [1] and references therein for a
discussion of the many other techniques applied to this problem.
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evaluated, whereupon we Wick rotate to Euclidean space)
with metric gμν ¼ diagð1;−1⃗Þ and Dirac matrices,
γμ ¼ ðγ0; γ⃗Þ, obeying the Clifford algebra: fγμ;γνg¼2gμν.
It is useful to introduce the following (Dirac) projection
matrices:

Σ� ¼ 1

2
½1� Σ3�; Σ3 ¼ {γ1γ2: (2.1)

Lorentz indiceswill be denotedwithGreek symbols,μ; ν;….
Whenworkingwith the components of 4-vectors, we explic-
itly extract the minus signs associated with the metric and
label the components (excepting the Dirac matrices) with
a subscript to avoid confusionwith squares. Further, we shall
use the following notation to denote various collections of
momentum components:

pμ ¼ ðp0; p⃗Þ; ~pμ ¼ ðp0; 0; p2; p3Þ;
p̄μ ¼ ðp0; 0; 0; p3Þ; p⃗t ¼ ðp1; p2; 0Þ:

(2.2)

We shall consider quarks in the presence of a uniform mag-
netic field oriented along the 3-axis, B⃗ ¼ Bê3, and for clarity,
restrict to the case where h≡QB ≥ 0 (with Q being the
electromagnetic charge of the quark in question). To imple-
ment the magnetic field, a minimal coupling of the quark
fields to the electromagnetic gauge potential,
Aμ ¼ ðA0; A⃗Þ, is made, i.e., ∂μ → ∂μ − {QAμ in the quark
component of the action. The electromagnetic gauge poten-
tial is chosen as

A0 ¼ 0; A⃗ ¼ Bx1ê2: (2.3)

With theminimal coupling, the tree-level (bywhichwemean
free from QCD interactions) quark component of the action
in the presence of the magnetic field reads

S ¼
Z

d4xq̄x½{γ0∂0x þ {γ⃗ · ∇⃗x − hγ2x1 −m�qx; (2.4)

where (q̄) qx is the (conjugate) quark field at position x andm
is the bare quark mass.Where possible, color and Dirac indi-
ces will be suppressed, and we need consider only a single
flavor of quark (later on, the approximations used in the gap
equation correspond to a quenched system, and for the
numerical results, we will consider only the chiral case,
m ¼ 0). The Dirac operator may be written as

Dx −m ¼ {γ0∂0x þ {γ⃗ · ∇⃗x − hγ2x1 −m: (2.5)

The tree-level proper two-point function, Γð0Þ, is defined by

Γð0Þðx; yÞ ¼ {½Dx −m�δðx − yÞ; (2.6)

and the corresponding tree-level propagator, Sð0Þ, is the
solution of

{½Dx −m�Sð0Þðx; yÞ ¼ δðx − yÞ: (2.7)

Beyond tree level, the two-point functions are also related by

Z
d4zΓðx; zÞSðz; yÞ ¼ δðx − yÞ: (2.8)

The tree-level two-point functions for a fermion in the
presence of a uniform magnetic field were studied exten-
sively by Ritus using eigenfunction methods [10] (see also
Ref. [11]). Let us briefly review some of the pertinent
results that will be of use in this study. The tree-level proper
two-point function can be written in the form

Γð0Þðx; yÞ ¼
X∞
n¼0

Z
d3 ~p
ð2πÞ3 Eðx; ~p; nÞΓ

ð0Þðp̄; nÞĒðy; ~p; nÞ;

(2.9)

where E and Ē are the so-called Ritus matrices:

Eðx; ~p; nÞ ¼ h1=4e−{ ~p·x½ψn−1ðεÞΣþ þ ψnðεÞΣ−�;
Ēðy; ~p; nÞ ¼ h1=4e{ ~p·y½ψn−1ðτÞΣþ þ ψnðτÞΣ−�:

(2.10)

In the above, the ψn are Hermite functions (see
Appendix A) with discrete index n and arguments

ε ¼
ffiffiffi
h

p
x1 þ

p2ffiffiffi
h

p ; τ ¼
ffiffiffi
h

p
y1 þ

p2ffiffiffi
h

p : (2.11)

The Ritus matrices are orthonormal and form a complete
set,

Z
d4xĒðx; ~p; nÞEðx; ~q;mÞ ¼ δnmð2πÞ3δð ~p − ~qÞ ~1n;

X∞
n¼0

Z
d3 ~p
ð2πÞ3 Eðx; ~p; nÞĒðy; ~p; nÞ ¼ δðx − yÞ; (2.12)

where for the orthonormality, we take into account the fact
that ψ−1 ¼ 0 with the factor

~1n ¼
�
Σ−; n ¼ 0

1; n > 0
: (2.13)

The function Γð0Þðp̄; nÞ is the analog of the usual momen-
tum space proper two-point function and reads

−{Γð0Þðp̄; nÞ ¼ p̄μγ
μ − ffiffiffiffiffiffiffiffi

2nh
p

γ2 −m: (2.14)

The tree-level propagator can be written in similar fashion,

Sð0Þðx; yÞ ¼
X∞
n¼0

Z
d3 ~p
ð2πÞ3 Eðx; ~p; nÞS

ð0Þðp̄; nÞĒðy; ~p; nÞ;

(2.15)

with
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{Sð0Þðp̄; nÞ ¼ ½p̄μγ
μ − ffiffiffiffiffiffiffiffi

2nh
p

γ2 þm�
½p̄2 − 2nh −m2 þ {0þ�

: (2.16)

Some explanation is in order. As is well understood in
quantum mechanics, the minimal coupling of a uniform
magnetic field to the Dirac equation gives rise to discrete
Landau levels for the energy eigenvalues (leading to the
summation over the discrete index n above and the
form of the denominator factor in the propagator) with
Hermite functions as eigenfunctions (see, for example,
Ref. [19]). The characteristic combinations ψn−1Σþ and
ψnΣ− in the Ritus matrices, Eq. (2.10), arise from the fact
that in the Dirac equation, the additional term of the Dirac
operator, −hγ2x1, acts differently on the various spin com-
ponents. The importance of the separation of the Σþ and Σ−
projected components of the quark propagator will become
clear later on.
The idea behind the Ritus method is to use the (ortho-

normal and complete) matrices E and Ē, Eq. (2.10), as a
substitute for the usual Fourier exponential factors e−{p·x.
After projection, the two momentum components of p̄
and the index n then replace the standard four-dimensional
momentum space. This method was applied to the gap
equation for the two-point fermionic functions of QED
(see, e.g., Refs. [5,6]).
Let us now briefly review how the tree-level two-point

functions reduce to their standard counterparts in the limit
h → 0 [17,18]. This involves the identification of the
Schwinger phase and the summation of the Landau levels.
Taking the expression for Γð0Þ, Eq. (2.9), expanding out the
Ritus matrices, and writing

Īa;b ¼
Z

∞

−∞
dp2

2π
e{p2ðx2−y2ÞψaðεÞψbðτÞ; (2.17)

one obtains the expression

Γð0Þðx; yÞ ¼
ffiffiffi
h

p X∞
n¼0

Z
d2p̄
ð2πÞ2 e

−{p̄·ðx−yÞ

× fΣþΓð0Þðp̄; nÞΣþĪn−1;n−1
þΣþΓð0Þðp̄; nÞΣ−Īn−1;n
þΣ−Γð0Þðp̄; nÞΣþĪn;n−1
þΣ−Γð0Þðp̄; nÞΣ−Īn;ng; (2.18)

where, with the explicit form for Γð0Þðp̄; nÞ, Eq. (2.14), the
spin projections are given by

−{ΣþΓð0Þðp̄; nÞΣþ ¼ Σþðp̄μγ
μ −mÞ;

−{ΣþΓð0Þðp̄; nÞΣ− ¼ −
ffiffiffiffiffiffiffiffi
2nh

p
Σþγ2;

−{Σ−Γð0Þðp̄; nÞΣþ ¼ −
ffiffiffiffiffiffiffiffi
2nh

p
Σ−γ2;

−{Σ−Γð0Þðp̄; nÞΣ− ¼ Σ−ðp̄μγ
μ −mÞ: (2.19)

Now, using the known properties of the Hermite and
Laguerre polynomials, Lα

n, (see Appendix A), it is possible
to rewrite the integral Ī, Eq. (2.17), in the following way
[17,18]:

Īa;b ¼ e{Φðx;yÞ
Z

d2pt

ð2πÞ2 e
{p⃗t·ðx⃗−y⃗Þ−p2

t =h
2ffiffiffi
h

p ð−{Þaþb

�
2

h

�jb−aj=2
8<
:
ða!b!Þ1=2ð{p2 − p1Þjb−ajLjb−aj

a ð2h p2
t Þ; a ≤ b

ðb!a!Þ1=2ð{p2 þ p1Þjb−ajLjb−aj
b ð2h p2

t Þ; a > b
: (2.20)

The factor Φ is the Schwinger phase and is given here by

Φðx; yÞ ¼ −h
2
ðx2 − y2Þðx1 þ y1Þ: (2.21)

As emphasized in Refs. [17,18], the Schwinger phase encodes the information about the deviations from translational
invariance inherent to the fermion propagator in the presence of the uniform magnetic field. The remaining factors of
Ī are written in the form of a standard Fourier integral in terms of the transverse momentum components p1 and p2.
Collecting the terms together, the tree-level proper two-point function reads

−{Γð0Þðx; yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞe−p2
t =h

×
X∞
n¼0

2ð−1Þn
��

−ΣþLn−1
�
2

h
p2
t

�
þ Σ−Ln

�
2

h
p2
t

��
ðp̄μγ

μ −mÞ þ 2L1
n−1

�
2

h
p2
t

�
p⃗t · γ⃗

�
; (2.22)

where the identity
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{ðΣþ − Σ−Þγ2 ¼ γ1 (2.23)

is used in the last term. Repeating the above steps for the tree-level propagator, one obtains

{Sð0Þðx;yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞe−p2
t =h

×
X∞
n¼0

2ð−1Þn
½p̄2− 2nh−m2þ {0þ�

��
−ΣþLn−1

�
2

h
p2
t

�
þΣ−Ln

�
2

h
p2
t

��
ðp̄μγ

μþmÞþ2L1
n−1

�
2

h
p2
t

�
p⃗t · γ⃗

�
: (2.24)

In the case of Γð0Þ, the sum over n is known (see Appendix A) and is such that

X∞
n¼0

2ð−1ÞnLn

�
2

h
p2
t

�
¼

X∞
n¼0

2ð−1Þn−1Ln−1
�
2

h
p2
t

�
¼

X∞
n¼0

4ð−1Þn−1L1
n−1

�
2

h
p2
t

�
¼ exp

�
p2
t

h

�
: (2.25)

This gives the surprisingly simple result [17,18]

−{Γð0Þðx; yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞ½pμγ
μ −m�: (2.26)

The only effect of the magnetic field on the tree-level proper two-point function is the introduction of the Schwinger phase.
In the limit h → 0, Φ → 0, and one recovers the standard (translationally invariant) tree-level expression for the quark
proper two-point function. To obtain the propagator, one needs the following results [20]:

e−α
X∞
n¼0

2ð−1Þn
½ρþ 2n�Lnð2αÞ ¼ {

Z
∞

0

dω exp f−{ðρωþ α tan ωÞg½1þ { tan ω�;

e−α
X∞
n¼0

2ð−1Þn−1
½ρþ 2n� Ln−1ð2αÞ ¼ {

Z
∞

0

dω exp f−{ðρωþ α tan ωÞg½1 − { tan ω�;

e−α
X∞
n¼0

4ð−1Þn−1
½ρþ 2n� L

1
n−1ð2αÞ ¼ {

Z
∞

0

dω exp f−{ðρωþ α tan ωÞg½1þ tan2 ω�: (2.27)

With the substitutions

ρ ¼ − p̄2 −m2 þ {0þ
h

; α ¼ p2
t

h
; ω ¼ sh; (2.28)

one arrives at the following parametric form for the tree-level propagator in the presence of the magnetic field [17]:

{Sð0Þðx; yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞð−{Þ
Z

∞

0

ds exp

�
{sðp̄2 −m2 þ {0þÞ − {

p2
t

h
tan ðshÞ

�

× fpμγ
μ þmþ γ1γ2ðp̄μγ

μ þmÞ tan ðshÞ − p⃗t · γ⃗ tan2ðshÞg: (2.29)

In particular, for small h,

{Sð0Þðx; yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞ
� ½pμγ

μ þm�
½p2 −m2 þ {0þ�

þ {hγ1γ2½p̄μγ
μ þm�

½p2 −m2 þ {0þ�2
þOðh2Þ

�
: (2.30)

The standard tree-level quark propagator thus emerges as the h ¼ 0 case, as it should. Crucial to this is, of course, the
infinite summation over the Landau levels—any finite truncation of the sum would not recover this limit. We notice that,
comparing the two-point functions in the presence of the magnetic field, Eqs. (2.26) and (2.29), after extracting the
Schwinger phase, it is not obvious that one is the inverse of the other and satisfies Eq. (2.8). This means that nonpertur-
batively it will prove more expedient to use the Ritus decomposition to connect the propagator to the proper two-point
function and then sum (albeit under approximation). We shall investigate this shortly.
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III. TRUNCATED GAP EQUATION

Let us now introduce the rainbow-truncated gap equation
along with the phenomenological form for the gluon
interaction and show how the Schwinger phase factorizes
nonperturbatively. The rainbow-truncated gap (or quark
Dyson–Schwinger) equation is characterized by the
replacement of the fully dressed quark-gluon vertex occur-
ring in the nonperturbative self-energy integral with its tree-
level counterpart, while the quark propagator and its inverse
are dynamically dressed. The equation reads (in configura-
tion space and after resolving the color factors)

Γðx; yÞ ¼ Γð0Þðx; yÞ þ g2CFγ
μSðx; yÞγκWκμðy; xÞ; (3.1)

where g is the QCD coupling and CF ¼ 4=3 is the color
factor associated with Nc ¼ 3 colors. W is the dressed
gluon propagator for which we take the Landau gauge form

{Wκμðy; xÞ ¼
Z

d4q
ð2πÞ4 e

−{q·ðy−xÞGðq2Þ
q2

tκμðqÞ; (3.2)

where G is the gluon dressing function and tκμðqÞ ¼ gκμ −
qκqμ=q2 is the transverse momentum projector. Later on,
we shall use the following two phenomenological forms
for the gluon dressing (with two parameters ω and d):

g2
Gðq2Þ
q2

¼ 4π2d exp

�
q2

ω2

�
×

�
q2

ω2 ; type I
−1; type II

: (3.3)

The first of these forms corresponds to a simple interaction
used previously to study dynamical chiral symmetry break-
ing and light meson phenomenology [21]. The second is a
variation of this (and resembles an interaction kernel con-
structed from lattice components [22]) that will provide a
useful comparison. The parameters ω and d will be chosen
so as to reproduce the quark condensate in the absence of
the magnetic field (see later). Notice that the interaction is
exponentially suppressed for large spacelike momenta and
does not include the perturbative component. At the tech-
nical level, this results in the simplification that one does
not need to renormalize. Comparing the results of Ref. [21]
with those of Ref. [23], where the perturbative contribu-
tions are included, the main results are not significantly dif-
ferent; i.e., the perturbative components are not important
when considering nonperturbative meson properties such
as the masses and leptonic decay constants and, by exten-
sion, the chiral condensate.
Assuming the following nonperturbative forms for the

quark proper two-point function and propagator in the pres-
ence of a magnetic field,

Γðx; yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞΓ̄ðpÞ;

Sðx; yÞ ¼ e{Φðx;yÞ
Z

d4k
ð2πÞ4 e

−{k·ðx−yÞS̄ðkÞ;
(3.4)

it is clear that they reduce to the tree-level expressions,
Eqs. (2.26) and (2.29). Inserting into the gap equation,
Eq. (3.1), the Schwinger phase is simply an overall factor
that can be removed, and one obtains (q ¼ k − p)

Γ̄ðpÞ¼ {½pμγ
μ−m�− {g2CF

Z
d4k
ð2πÞ4

Gðq2Þ
q2

tκμðqÞγμS̄ðkÞγκ:
(3.5)

The absence of explicit information about the magnetic
field in the gap equation arises because, at this level of trun-
cation, the gluon interaction is not coupled to the magnetic
field. The magnetic field dependence is in the connection
between the configuration space functions Γðx; yÞ, Sðx; yÞ
and their momentum space counterparts Γ̄ðpÞ, S̄ðpÞ via
Eqs. (3.4) and (2.8). Since Eq. (2.8) makes no explicit refer-
ence to the dynamical dressing of the functions, one can see
that the Schwinger phase and the deviations from transla-
tional invariance inherent to the magnetic field are not
affected by the dynamics of the theory, such that the
Ansatz, Eq. (3.4), is self-consistent. The decoupling of
the deviations from translational invariance and the dynam-
ics will become of importance below.

IV. NONPERTURBATIVE DECOMPOSITION

To nonperturbatively solve the gap equation in the
presence of the magnetic field, we must decompose the
quark proper two-point function and propagator such that
Eq. (2.8) is fulfilled. In the absence of the magnetic field,
one has the standard Landau gauge expressions

−{Γðx;yÞ¼
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞ½ALðpÞpμγ
μ−BLðpÞ�;

{Sðx;yÞ¼
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞ ½ALðpÞpμγ
μþBLðpÞ�

½p2ALðpÞ2−BLðpÞ2þ {0þ�
;

(4.1)

where the dressing functions AL and BL are both dependent
on p2. At tree-level, Að0Þ

L ðpÞ ¼ 1, Bð0Þ
L ðpÞ ¼ m. As men-

tioned previously, one might hope to take the assumed
forms for the two-point functions in the presence of
the magnetic field as given by Eq. (3.4) (where the
Schwinger phase has been extracted) and use Eq. (2.8)
to find one, given an explicit Ansatz for the other.
However, a quick glance at the respective tree-level expres-
sions, Eqs. (2.26) and (2.29), shows that this is far from
trivial. In contrast, by inserting general Ansätze for the
functions with a Ritus decomposition into Landau levels,
Eq. (2.8) can be resolved.
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The general form for the quark proper two-point func-
tion, in terms of the Ritus matrices, is

Γðx;yÞ¼
X
n;l

Z
d3 ~p
ð2πÞ3

d3 ~k
ð2πÞ3Eðx; ~p;nÞΓð ~p;

~k;n;lÞĒðy; ~k;lÞ:

(4.2)

At tree-level,

−{Γð0Þð ~p; ~k;n;lÞ¼ δnlð2πÞ3δð ~p− ~kÞ½p̄μγ
μ− ffiffiffiffiffiffiffiffi

2nh
p

γ2−m�:
(4.3)

As argued previously, the deviations from translational
invariance encoded in the Schwinger phase factorize from
the dynamical content of the dressed two-point function
(at least under the truncation scheme considered here).
In terms of the above expressions, this entails that we
may assume that such deviations are only present in the
Ritus matrices, which are not modified by the gluon inter-
action. To ensure this, one may write

Γð ~p; ~k; n; lÞ ¼ δnlð2πÞ3δð ~p − ~kÞΓðp̄; nÞ; (4.4)

such that

Γðx; yÞ ¼
X∞
n¼0

Z
d3 ~p
ð2πÞ3 Eðx; ~p; nÞΓðp̄; nÞĒðy; ~p; nÞ: (4.5)

In Eq. (4.4), the factor δð ~p − ~kÞ corresponds to momentum
conservation for these components [with the electromag-
netic potential Eq. (2.3), the deviations from translational
invariance only affect the ê1 components]. The restriction,
δnl, on the indices is such that the integrals Ī, Eq. (2.17),
(from which the Schwinger phase emerges) are unaltered.
A suitable Ansatz for the Dirac structure of Γðp̄; nÞ is

− {Γðp̄;nÞ¼Σþp̄μγ
μA−ΣþBþΣ−p̄μγ

μC−Σ−D

− ffiffiffiffiffiffiffiffi
2nh

p
γ2Eþ

ffiffiffiffiffiffiffiffi
2nh

p
½Σþ−Σ−�p̄μγ

μγ2F; (4.6)

where the dressing functions A-F are functions of p̄2 and n
(where no confusion arises, we shall omit the functional
dependencies of the dressing functions for clarity). The above
Ansatz contains the minimal set of Dirac structures that self-
consistently reproduce themselves when one expands the
rainbow-truncated self-energy expression (in Landau gauge)
using the techniques ofRef. [6], i.e., applying theRitus eigen-
function method. Notice that if one were to use the so-called
lowest Landau level approximation whereby only the n ¼ 0
mode is included (as, for example, Ref. [6] does), the char-
acteristic Ritus matrix structures ψn−1Σþ and ψnΣ− reduce
to the projection ψ0Σ−, and only the functions C and D in
the above Ansatz, Eq. (4.6), contribute. At tree-level,

Að0Þ ¼Cð0Þ ¼Eð0Þ ¼ 1; Bð0Þ ¼Dð0Þ ¼m; Fð0Þ ¼ 0.

(4.7)

Making the analogous Ansatz for the propagator, we have

Sðx; yÞ ¼
X∞
n¼0

Z
d3 ~p
ð2πÞ3 Eðx; ~p; nÞSðp̄; nÞĒðy; ~p; nÞ: (4.8)

The Dirac structure of Sðp̄; nÞ in terms of the dressing func-
tions is given via Eq. (2.8). Using the orthonormality and
completeness properties, Eq. (2.12), of the Ritus matrices,
Eq. (2.8) can be written as

0¼
X∞
n¼0

Z
d ~p

ð2πÞ3Eðx; ~p;nÞfΓðp̄;nÞSðp̄;nÞ−1gĒðy; ~p;nÞ:

(4.9)

In the above, we need not include the ~1n factor of the ortho-
normality relation because the functions are diagonal in the
indices (i.e.,∼δnl), andwe explicitly include the external pro-
jection matrices which reduce in the special case n ¼ 0. The
solution to this equation can readily be found and reads (the
dressing functions, WA-WF, are functions of p̄2 and n)

{Sðp̄; nÞ ¼ Σþp̄μγ
μWA þ ΣþWB þ Σ−p̄μγ

μWC þ Σ−WD

− ffiffiffiffiffiffiffiffi
2nh

p
γ2WE þ

ffiffiffiffiffiffiffiffi
2nh

p
½Σþ − Σ−�p̄μγ

μγ2WF;

(4.10)

where, given the combinations (we neglect the Feynman
prescription for now)

Δ1 ¼ p̄2AC − BD − 2nhE2 − 2nhp̄2F2;

Δ2 ¼ 4nhEF þ AD − BC; Δ ¼ Δ2
1 − p̄2Δ2

2;
(4.11)

we have

WA ¼ Δ1C − Δ2D
Δ

; WB ¼ Δ1D − p̄2Δ2C
Δ

;

WC ¼ Δ1Aþ Δ2B
Δ

; WD ¼ Δ1Bþ p̄2Δ2A
Δ

;

WE ¼ Δ1Eþ p̄2Δ2F
Δ

; WF ¼ Δ1F þ Δ2E
Δ

: (4.12)

We shall return to the specific form of the propagator (and the
Feynman prescription) shortly.
With the general form for the propagator, it is now pos-

sible to demonstrate why we do not directly use the usual
Ritus decomposition into Landau levels for this study. As
discussed in the introduction, we are interested in the small
h (relative to QCD scales) behavior of the quark gap equa-
tion. Let us consider the quark condensate, defined as (trace
over Dirac indices)

hq̄qi ¼ NcTrdSðx; xÞ: (4.13)

Expanding the propagator in terms of the Ritus matrices
with Eq. (4.8) gives

hq̄qi ¼ Nc

X∞
n¼0

Z
d3 ~p
ð2πÞ3 TrdEðx; ~p; nÞSðp̄; nÞĒðx; ~p; nÞ:

(4.14)

Further, using the definition of the Ritus matrices,
Eq. (2.10), we have
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hq̄qi ¼ Nc

ffiffiffi
h

p X∞
n¼0

Z
d3 ~p
ð2πÞ3 Trd½Σþψ2

n−1ðεÞ þ Σ−ψ2
nðεÞ�Sðp̄; nÞ: (4.15)

Given that ε ¼ ffiffiffi
h

p
x1 þ p2=

ffiffiffi
h

p
, the integral over p2 may be performed (it reduces to the normalization integral of the

Hermite functions; see Appendix A), remembering that ψ−1 ¼ 0:

hq̄qi ¼ Nc
h
2π

X∞
n¼0

Z
d2p̄
ð2πÞ2 dεTrd½Σ

þψ2
n−1ðεÞ þ Σ−ψ2

nðεÞ�Sðp̄; nÞ

¼ Nc
h
2π

Z
d2p̄
ð2πÞ2 Trd

�
Σ−Sðp̄; n ¼ 0Þ þ

X∞
n¼1

Sðp̄; nÞ
�
: (4.16)

Comparing to the standard expression for the condensate in
the absence of the magnetic field,

hq̄qih¼0 ¼ Nc

Z
d4p
ð2πÞ4 TrdSðpÞ; (4.17)

the differences are made clear. The Ritus decomposition
generically results in the replacement

Z
d4p
ð2πÞ4 →

h
2π

X∞
n¼0

Z
d2p̄
ð2πÞ2 ; (4.18)

whereby the four-dimensional momentum space integra-
tion measure is replaced by a two-dimensional integral
over the longitudinal components p̄ and a sum over
the Landau levels (these degrees of freedom being rel-
evant for the dynamical content of the nonperturbative
propagator in the presence of the magnetic field).
Crucially, though, in order to maintain the dimensions,
a prefactor h appears. This prefactor also occurs in the
loop integrals associated with the self-energy when
expanded in terms of the Ritus decomposition (see, for
example, Refs. [5,6]). Naively, all components of the
self-energy and the condensate integrals would vanish
in the limit h → 0. Clearly, in the context of the
quark gap equation where we know that the gluon

interaction results in a nontrivial condensate, the Ritus
decomposition must be regarded in the sense of an asymp-
totic series expansion in Landau levels labelled by n (valid
for large values of h). In the limit of vanishing magnetic
field, the Landau levels must first be summed in order to
obtain a correct result.
To sum the Landau levels, it is necessary to make some

assumptions and approximations. The initial aim is to re-
cover the h → 0 limit where we know that the standard
Landau gauge two-point functions apply. In the previous
section, the tree-level case was presented and will serve
as a template for the nonperturbative case. The first approxi-
mation is to set the dressing functions F andWF, occurring
in Eqs. (4.6) and (4.10), respectively, to zero:

F ¼ WF ¼ 0. (4.19)

The justification for this is that both vanish in the
absence of the magnetic field and do not appear at tree level.
Recalling that the Ansätze for Γ and S, Eqs. (4.6) and (4.10),
respectively, were made such that they were functions
of ðp̄; nÞ so as not to hinder the appearance of the
Schwinger phase via the integrals Ī, Eq. (2.17) (the
interaction not modifying the deviations from translational
invariance), we can immediately write down the
following expressions in analogy to the tree-level case,
Eqs. (2.22) and (2.24):

−{Γðx; yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞe−p2
t =h

×
X∞
n¼0

2ð−1Þn
�
−Σþðp̄μγ

μA − BÞLn−1
�
2

h
p2
t

�
þ Σ−ðp̄μγ

μC −DÞLn

�
2

h
p2
t

�
þ 2L1

n−1
�
2

h
p2
t

�
p⃗t · γ⃗E

�
;

{Sðx; yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞe−p2
t =h

×
X∞
n¼0

2ð−1Þn
�
−Σþðp̄μγ

μWA þWBÞLn−1
�
2

h
p2
t

�
þ Σ−ðp̄μγ

μWC þWDÞLn

�
2

h
p2
t

�
þ2L1

n−1
�
2

h
p2
t

�
p⃗t · γ⃗WE

�
:

(4.20)

Concentrating for now on the proper two-point function, Γ, we make the following identifications for the summations
involving the dressing functions:
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e−p2
t =h

X∞
n¼0

2ð−1Þn−1Aðp̄; nÞLn−1
�
2

h
p2
t

�
¼ Âðp̄2; p2

t Þ;

e−p2
t =h

X∞
n¼0

2ð−1Þn−1Bðp̄; nÞLn−1
�
2

h
p2
t

�
¼ B̂ðp̄2; p2

t Þ;

e−p2
t =h

X∞
n¼0

2ð−1ÞnCðp̄; nÞLn

�
2

h
p2
t

�
¼ Ĉðp̄2; p2

t Þ;

e−p2
t =h

X∞
n¼0

2ð−1ÞnDðp̄; nÞLn

�
2

h
p2
t

�
¼ D̂ðp̄2; p2

t Þ;

e−p2
t =h

X∞
n¼0

4ð−1Þn−1Eðp̄; nÞL1
n−1

�
2

h
p2
t

�
¼ Êðp̄2; p2

t Þ:

(4.21)

At tree-level,

Âð0Þðp̄2; p2
t Þ ¼ Ĉð0Þðp̄2; p2

t Þ ¼ Êð0Þðp̄2; p2
t Þ ¼ 1;

B̂ð0Þðp̄2; p2
t Þ ¼ D̂ð0Þðp̄2; p2

t Þ ¼ m; (4.22)

as before. Further, when h ¼ 0, the functions should reduce
to the Landau gauge case, i.e.,

Âh¼0ðp̄2; p2
t Þ ¼ Ĉh¼0ðp̄2; p2

t Þ ¼ Êh¼0ðp̄2; p2
t Þ ¼ ALðpÞ;

B̂h¼0ðp̄2; p2
t Þ ¼ D̂h¼0ðp̄2; p2

t Þ ¼ BLðpÞ: (4.23)

The proper two-point function thus reads

−{Γðx; yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞfΣþðp̄μγ
μÂ − B̂Þ

þΣ−ðp̄μγ
μĈ − D̂Þ − p⃗t · γ⃗Êg; (4.24)

where the dressing functions are now functions of p̄2 and
p2
t (implicitly, they are also dependent on h). The dressing

functions will be determined by the gap equation.
The situation for the propagator is somewhat less

straightforward. We notice that in Eq. (4.21), if we were
to replace Aðp̄; nÞ with Âðp̄2; p2

t Þ (similarly for the func-
tions B-E) before summing over n, the summations reduce
to the earlier forms in Eq. (2.25) such that the above result,
Eq. (4.24), and in particular its Dirac structure, would be
unchanged. Let us assume for now that this is also true
for the summations involving the propagator, at least for
small h (we will justify this later). In effect, the approxima-
tion retains the explicit factors of n in the expressions and
neglects any implicit functional dependence on n in order
to perform the summation. Further, knowing that the func-
tions should reduce to their Landau gauge counterparts in
the limit h → 0, let us assume that we may expand around
h ¼ 0. Having set F ¼ 0, the denominator structure inher-
ent to the propagator functions WA-WF, Eq. (4.11), reads

Δ ¼ Δ2
1 − p̄2Δ2

2; (4.25)

with

Δ1 ¼ p̄2Â Ĉ−B̂D̂−2nhÊ2; Δ2¼ ÂD̂−B̂Ĉ : (4.26)

Under the above assumptions, the factor Δ2 will vanish as
h → 0. Expanding in Δ2, we then have that

1

Δ
¼ 1

Δ2
1

þOðΔ2
2Þ: (4.27)

To first order in Δ2, the propagator functions, Eq. (4.12),
are now

WA ¼ Ĉ
Δ1

− Δ2D̂
Δ2

1

; WB ¼ D̂
Δ1

− p̄2Δ2Ĉ
Δ2

1

; WC ¼ Â
Δ1

þ Δ2B̂
Δ2

1

; WD ¼ B̂
Δ1

þ p̄2Δ2Â
Δ2

1

; WE ¼ Ê
Δ1

: (4.28)

The Feynman prescription for the denominator factor may be assigned (so as to agree with the tree-level result), and we
write

Δ1 ¼ p̄2Â Ĉ−B̂ D̂−2nhÊ2 þ {0þ ¼ −hÊ2½ρþ 2n�; α ¼ p2
t

h
; (4.29)

redefining ρ from the earlier expression, Eq. (2.28). The propagator now reads

{Sðx; yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞ ×
�
e−α

X∞
n¼0

2ð−1Þn
ð−hÊ2Þ½ρþ 2n�

× ½−Σþðp̄μγ
μĈþ D̂ÞLn−1ð2αÞ þ Σ−ðp̄μγ

μÂþ B̂ÞLnð2αÞ þ 2p⃗t · γ⃗ÊL1
n−1ð2αÞ�

þe−α
X∞
n¼0

2ð−1ÞnðÂ D̂−B̂ ĈÞ
ð−hÊ2Þ2½ρþ 2n�2 ½Σþðp̄μγ

μD̂þ p̂2ĈÞLn−1ð2αÞ þ Σ−ðp̄μγ
μB̂þ p̄2ÂÞLnð2αÞ�

�
: (4.30)
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Applying the results for the summations using Eq. (2.27) (for the double denominator factors, one must differentiate with
respect to ρ), one arrives at the parametric form for the propagator:

{Sðx; yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞð−{Þ
Z

∞

0

ds exp
�
{
�
s
½p̄2Â Ĉ−B̂ D̂þ{0þ�

Ê2
− p2

t

h
tan ðshÞ

��

×

�
1

Ê2
ð½1 − { tan ðshÞ�Σþðp̄μγ

μĈþ D̂Þ þ ½1þ { tan ðshÞ�Σ−ðp̄μγ
μÂþ B̂Þ − ½1þ tan2ðshÞ�p⃗t · γ⃗ÊÞ

þ ð−{sÞðÂ D̂−B̂ ĈÞ
Ê4

ð−½1 − { tan ðshÞ�Σþðp̄μγ
μD̂þ p̄2ĈÞ þ ½1þ { tan ðshÞ�Σ−ðp̄μγ

μB̂þ p̄2ÂÞÞ
�
: (4.31)

In the absence of the coupling to the gluons, this expression explicitly reduces to the tree-level case from earlier, Eq. (2.29),
for an arbitrary magnetic field. Expanding (to first order) in h and evaluating the parametric integrals, we arrive at the
following expression for the dressed quark propagator:

{Sðx; yÞ ¼ e{Φðx;yÞ
Z

d4p
ð2πÞ4 e

−{p·ðx−yÞ
�

1

½p̄2Â Ĉ−p2
t Ê

2 − B̂ D̂þ{0þ�
½Σþðp̄μγ

μĈþ D̂Þ þ Σ−ðp̄μγ
μÂþ B̂Þ − p⃗t · γ⃗Ê�

þ hÊ2

½p̄2Â Ĉ−p2
t Ê

2 − B̂ D̂þ{0þ�2
½Σþðp̄μγ

μĈþ D̂Þ − Σ−ðp̄μγ
μÂþ B̂Þ�

þ ðÂ D̂−B̂ ĈÞ
½p̄2Â Ĉ−p2

t Ê
2 − B̂ D̂þ{0þ�2

½−Σþðp̄μγ
μD̂þ p̄2ĈÞ þ Σ−ðp̄μγ

μB̂þ p̄2ÂÞ�
�
: (4.32)

One can see that, as h → 0, the propagator reduces to its
Landau gauge form if Eq. (4.23) holds. Further, both the non-
perturbative propagator above, Eq. (4.32), and the proper
two-point function, Eq. (4.24), have the assumed form of
Eq. (3.4) such that the gap equation has the form of Eq. (3.5).
The nature of the approximations used to derive Eq. (4.32)

are now clear. By neglecting the n dependence of the dress-
ing functions and focusing on the smallh limit, we are able to
perform the summation over the Landau levels. The result-
ing expression reduces to both its tree-level form (in the
absence of the gluon interaction) and its standard Landau
gauge form (in the absence of the magnetic field). The omis-
sion of the n dependence within the summation is mitigated
because it is the gap equation (i.e., the dynamics) that
will ultimately decide on the p2

t dependence of the dressing
functions (Â-Ê) that replaces the n dependence. The Ritus
decomposition is useful because it relates the Dirac struc-
tures of the proper two-point function to those of the
propagator in the presence of the magnetic field—the
approximation is such that the connection between these
Dirac structures is maintained, at least to leading order.
Moreover, if one considers previous expressions, such as
the denominator structure of the tree-level propagator under
the Ritus decomposition, ðp̄2 − 2nh −m2Þ, one sees that for
dimensional reasons, the n dependence is accompanied by a
factor of h, or is otherwise connected to the explicit indices
of the Hermite or Laguerre polynomials (which are included
in the summation). Within the (scalar) dressing functions,
this would presumably mean that, for small h, the effect
of any n dependence is suppressed.

The expression for the chiral condensate, Eq. (4.13),
arising from the propagator, Eq. (4.32), is

hq̄qi¼−2{Nc

Z
d4p
ð2πÞ4

�
B̂þ D̂

½p̄2Â Ĉ−p2
t Ê

2− B̂D̂þ{0þ�

þhÊ2ðD̂− B̂Þþ p̄2ðÂD̂−B̂ĈÞðÂ− ĈÞ
½p̄2Â Ĉ−p2

t Ê
2− B̂D̂þ{0þ�2

�
: (4.33)

Associated with the chiral condensate is the magnetic
moment [14,15], which we define as

hq̄Σ12qi ¼ −NcTrdΣ12Sðx; xÞ; (4.34)

where

Σ12 ¼ 1

2{
ðγ1γ2 − γ2γ1Þ ¼ −ðΣþ − Σ−Þ: (4.35)

Written in terms of Σ�, it is clear that the magnetic moment
is a measure of the asymmetry between the Σþ- and Σ−-
projected Dirac components induced by the presence of
the magnetic field. As h → 0, the magnetic moment will
vanish. The explicit expression reads

hq̄Σ12qi ¼ 2{Nc

Z
d4p
ð2πÞ4

�
B̂ − D̂

½p̄2Â Ĉ−p2
t Ê

2 − B̂ D̂þ{0þ�

− hÊ2ðD̂þ B̂Þ − p̄2ðÂ D̂−B̂ ĈÞðÂþ ĈÞ
½p̄2Â Ĉ−p2

t Ê
2 − B̂ D̂þ{0þ�2

�
;

(4.36)
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and one notices that this is equivalent to the expression for
the condensate, up to certain minus sign factors. The mag-
netic polarization, μ (which is a function of h), is the ratio
of the magnetic moment to the condensate:

μðhÞ ¼
���� hq̄Σ

12qi
hq̄qi

����: (4.37)

Further defining the function χðhÞ with

χðhÞ ¼ hq̄Σ12qi
hhq̄qi ; (4.38)

the magnetic susceptibility is given by the limit

χ ¼ lim
h→0

χðhÞ: (4.39)

V. NUMERICAL RESULTS

The gap equation, Eq. (3.5), is solved with the two phe-
nomenological interactions, Eq. (3.3), using the nonpertur-
bative decompositions for the proper two-point function Γ,
Eq. (4.24), and the propagator S, Eq. (4.32), via Eq. (3.4).
We consider the chiral quark case,m ¼ 0. As discussed, the
Schwinger phase is an overall factor and can be dropped
from the expressions. After Wick rotating to Euclidean
space (p0 → {p4), the dressing functions are all functions
of (longitudinal) p2

l ¼ p2
3 þ p2

4 and (transverse) p
2
t ¼ p2

1 þ
p2
2 momenta squared. The gap equation is decomposed into

a set of coupled scalar equations for the dressing functions
(presented in Appendix B for completeness), which are
solved iteratively using standard numerical techniques.
Notice that the exponential character of the phenomeno-
logical interaction means that all integrals are explicitly
ultraviolet finite and there is no need for renormalization.
As mentioned previously, the type I interaction given in

Eq. (3.3) corresponds to that used in a phenomenological
study of dynamical chiral symmetry breaking and the light
meson spectrum [21] (and is a simplified version of the
interaction used in the earlier study of Ref. [23]). For
the type I interaction, the parameter d sets the overall ampli-
tude of the interaction while ω gives the position of its
maximum. In Ref. [21], a range of ω values was considered

and the values of d and the quark masses fitted to reproduce
the physical pseudoscalar meson masses and leptonic decay
constants. It was seen that, once the parameter sets were
fixed, the predicted vector, scalar, and 1þþ axialvector
meson masses were relatively stable for varying ω, with
only the 1þ− axialvector channel showing significant ω
dependence (the 1þ− meson mass increasing with ω). In
this study, we consider various values of ω, and using
the parameter set ω ¼ 0.5 GeV, d ¼ 16 GeV−2 from
Ref. [21] as a basis, we then fix d so as to approximately
keep the quark chiral condensate fixed (for both interaction
types). This gives the parameter sets shown in Table I. It
was verified that the numerical solutions for the equations
in this study with h ¼ 0 match those for the equations in
Ref. [21] (for both interaction types).
To illustrate the effect of the magnetic field on the propa-

gator, the dressing functions Â-Ê, evaluated at p2
l ¼ p2

t ¼ 0
and for the ω ¼ 0.5 GeV parameter sets, are plotted as a
function of h for both types of interaction in Fig. 1. It is
in the infrared that the effects of h on the dressing functions
are most prominent—the dressing functions reduce to their
tree-level forms in the ultraviolet. The results for the differ-
ent ω parameter sets are similar. One can see quite clearly,
that as h → 0, the functions Â, Ĉ, and Ê approach the same
value, as do B̂ and D̂. In the case of the type I interaction,
the numerical values at h ¼ 0 can be explicitly compared
with those presented in Ref. [21], showing that the standard
Landau gauge results emerge as the magnetic field vanishes
and Eq. (4.23) is verified. Comparing the two interactions,
it is noticeable that the dressing functions show qualita-
tively the same pattern for varying values of h, although
the numerical values for the dressing functions are rather
different for the two types of interaction (the type I inter-
action vanishes, whereas the type II interaction is constant
in the infrared). This is to be expected, since the interaction
is independent of the magnetic field under the truncation
scheme considered in this study.
The chiral condensate in the presence of the magnetic

field can be expressed in the form of the so-called relative
increment, rðhÞ, defined via the dimensionless ratio

rðhÞ ¼ hq̄qih
hq̄qih¼0

− 1. (5.1)

TABLE I. Interaction parameters and results for the quark chiral condensate, hq̄qih¼0 (evaluated in the absence of the magnetic field),
and associated magnetic susceptibility χ. See the text for details.

ω d hq̄qih¼0 χ χhq̄qih¼0

Type I 0.4 GeV 48 GeV−2 ð−251 MeVÞ3 −1.77 GeV−2 28.0 MeV
0.5 GeV 16 GeV−2 ð−251 MeVÞ3 −1.93 GeV−2 30.6 MeV
0.6 GeV 7.6 GeV−2 ð−251 MeVÞ3 −2.07 GeV−2 32.7 MeV
0.7 GeV 4.67 GeV−2 ð−251 MeVÞ3 −2.09 GeV−2 32.9 MeV

Type II 0.4 GeV 119 GeV−2 ð−252 MeVÞ3 −1.66 GeV−2 26.5 MeV
0.5 GeV 41 GeV−2 ð−251 MeVÞ3 −1.75 GeV−2 27.8 MeV
0.6 GeV 17:4 GeV−2 ð−251 MeVÞ3 −1.84 GeV−2 29.2 MeV
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rðhÞ is plotted for both types of interaction and varyingω in
Fig. 2. Recent lattice calculations, e.g., Refs. [24–28], indi-
cate that, for small values of h (< 0.3 GeV2), this ratio
should rise quadratically with increasing h and for large h
linearly.2 This behavior is qualitatively well reproduced
by the results here. We notice that rðhÞ is larger for the
type I interaction and increases with the parameter ω. In
the lattice calculation of Ref. [24], it was shown that
unquenching effects are significant when considering the
condensate in the presence of the magnetic field—the
dynamical quark contribution was of the order of 40%.
Since the truncated gap equation studied here corresponds
to a quenched system (although the parameter sets used
stem from those fitted to physical observables in
Ref. [21]), it makes sense to compare our results to those
of Ref. [24] that only include the valence quark contribu-
tions, and we choose the up quark for concreteness (this
function is labelled rvalu in Ref. [24]). To make the compari-
son, we have to convert the argument h ¼ QB ð> 0Þ with
the factor Q ¼ 2e=3 for the up-quark electric charge. This
is most easily done by fitting the curves for rðhÞ with the
formula (suggested in Ref. [24])

rðhÞ ¼ a0h arctanða1hÞ: (5.2)

The up-quark relative increment function is then given by

ruðjeBjÞ ¼
2

3
a0jeBjarctan

�
2

3
a1jeBj

�
: (5.3)

It is found that the type I interaction with ω ¼ 0.7 GeV (for
which a0 ≈ 1.18 GeV−2 and a1 ≈ 2.99 GeV−2) best com-
pares to the lattice results. The comparison is shown in
Fig. 3 (the data for rvalu are extracted from Table I of
Ref. [24] using the value jeBj ¼ bð180 MeVÞ2 to convert
to physical units). For small jeBj, the agreement is rather
striking, whereas for large jeBj, the linear rise in ru has a
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FIG. 1 (color online). Plot of the dressing functions Â-Ê evaluated at p2
l ¼ p2

t ¼ 0 as a function of h for the type I (left panel) and type
II (right panel) interactions with ω ¼ 0.5 GeV used for both. See the text for details.
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FIG. 2 (color online). Plot of the (dimensionless) ratio rðhÞ, Eq. (5.1), as a function of h for type I (left panel) and type II (right panel)
interactions. See the text for details.
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FIG. 3. Comparison of the up-quark relative increment (as a
function of jeBj) for the type I, ω ¼ 0.7 GeV curve with the lat-
tice results of Ref. [24]. See the text for details.

2We should point out that, in contrast, the lattice study of
Ref. [29] found that the smallh behavior is linear in the chiral limit,
in accordance with the chiral perturbation theory result [30].
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larger coefficient than for the lattice result. (Notice that, in
the lattice calculation of Ref. [24], the finite lattice spacing
leads to saturation effects for very large magnetic fields,
and these tend to suppress rvalu in this region, as shown
in Ref. [25].) Recalling that the approximations used to
derive the quark propagator in the presence of the magnetic
field, Eq. (4.32), were tailored to the h → 0 limit, it is
tempting to conclude from Fig. 3 that the type I, ω ¼
0.7 GeV curve is the preferred parametrization of the
model interaction. However, we urge some caution here.
In this study, the chiral quark condensate is considered,
whereas the lattice simulation of Ref. [24] has finite bare
quark masses corresponding to mπ ≈ 200 MeV and it may
be that the direct comparison is not appropriate without
taking this into account. Additionally, the various param-
eter sets used in this study are chosen so as to keep the
condensate (in the absence of the magnetic field) fixed,
using the type I, ω ¼ 0.5 GeV interaction from Ref. [21]
as a basis. If one were to, for example, fix the parameters
via a recalculation of the meson masses and leptonic decay
constants, the parameter sets may change such that a con-
siderably more detailed analysis would be required. What is
clear from Fig. 3, though, is that the small h quadratic
behavior and the scale of the transition between the quad-
ratic and linear regimes is well reproduced. It is worth
pointing out that the upper estimate for the magnitude of
magnetic fields in noncentral heavy-ion collisions [16] is

jeBj ∼ 0.3 GeV2, which coincidentally lies roughly at
the transition scale between the small and large h behaviors
of the curves in Fig. 3.
The magnetic moment, hq̄Σ12qi, Eq. (4.36), is plotted as

a function of h in Fig. 4. It is seen that hq̄Σ12qi is approx-
imately linear for small h (and vanishes for h ¼ 0, as it
should) and that it follows much the same pattern of param-
eter dependence as for rðhÞ in Fig. 2. The related function
χðhÞ, Eq. (4.38), is plotted in Fig. 5. The interesting part of
this plot is the limit h → 0, from which the magnetic sus-
ceptibility, χ, can be extracted. It is seen that χðhÞ
approaches a constant for small values of h, the lowest val-
ues calculated (numerically h ¼ 0.001 GeV2 is the lowest
nonzero value of h considered) approximating χ and pre-
sented in Table I. It is apparent that, trying to extrapolate χ
from χðhÞ with, for example, only data for h ≥ 0.2 GeV2,
the resulting values for χ would be rather inaccurate
because of the bend in the curves around h ∼ 0.1 GeV2,
underscoring the need for studying the small h behavior
emphasized in this study. One other noticeable feature of
Fig. 5 is that the type I interaction, ω ¼ 0.7 GeV curve
appears outside the pattern of parameter dependence that
one might have expected from the other curves. The
explanation for this is quite straightforward. Both the mag-
netic moment, hq̄Σ12qi, plotted in Fig. 4 and the conden-
sate, via the relative increment function, rðhÞ, plotted in
Fig. 2 have a clear pattern of parameter dependence.
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FIG. 4 (color online). Plot of the magnetic moment hq̄Σ12qi (“mom,” in units of GeV3) for the type I (left panel) and type II (right
panel) interactions. See the text for details.
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However, their ratio, the absolute value of which is the
magnetic polarization, μðhÞ, given by Eq. (4.37) and plot-
ted in Fig. 6, shows evidence for a turning point in μðhÞ for
increasing ω (at least for the type I interaction). Given that
jχðhÞj ¼ μðhÞ=h, the ω ¼ 0.7 GeV curve seen from this
perspective no longer appears out of place.
The results for the magnetic susceptibility, χ, given in

Table I can be compared with those presented in
Refs. [14,15,27]. The (quenched, chiral limit) lattice calcu-
lation of Ref. [15] gives χ ¼ −1.547ð6Þ GeV−2, and the
(unquenched, finite bare quark mass) lattice results pre-
sented in Ref. [27] have χ ¼ −ð2.08� 0.08Þ GeV−2 (for
the up-quark), whereas the calculations carried out in
Ref. [14] give χ ¼ −4.3 GeV−2 (Nambu–Jona-Lasinio
model) and χ ¼ −5.25 GeV−2 (quark-meson model).
Our results with χ ≈ −ð1.7 − 2.1Þ GeV−2 lie roughly
between the lattice results but are not inconsistent with
the other calculations. Related to the susceptibility, χ,
the product χhq̄qih¼0 is also of phenomenological interest.
In Ref. [14], various estimates for this quantity were
reviewed, with the numerical values χhq̄qih¼0 ¼
40 − 70 MeV. Our results, shown in Table I, lie in the
range χhq̄qih¼0 ≈ 28 − 33 MeV and are somewhat smaller
than this, although not dramatically so.
The magnetic polarization, μðhÞ, defined in Eq. (4.37),

is plotted in Fig. 6. In the lattice study of Ref. [15],
it was shown that, for large h, there is a saturation, and

μðhÞ → 1 as h → ∞. The explanation for this is based
on the expected dominance of the lowest Landau level
for large magnetic fields. For the lowest Landau level,
the propagator is projected with Σ− (as discussed earlier),
and one has the analytic result hq̄qi ¼ hq̄Σ12qi. This
behavior is not reproduced here, and the reason is
clear—the approximations made in order to sum the
Landau levels of the nonperturbative propagator were tail-
ored to the opposite limit (h → 0) and are not suitable for
determining the large h behavior. (Recall that this was also
seen for the comparison of rðhÞ to the lattice data in Fig. 3.)
Interestingly though, we do see indirect evidence for the
dominance of the lowest Landau level. Having performed
a summation in this study, there is no direct access to the
lowest Landau level contributions. However, we can look at
the different spin projected dressing functions, noting that
only Ĉ and D̂ contribute to the lowest Landau level. Now,
the dressing functions do not individually contain much
direct information: for example, the dressing functions have
different numerical values but the same condensate when
comparing the two interaction types and various parameter
sets of this study. Combinations of the dressing functions,
though, e.g., the condensate or the mass function, do form
physically meaningful quantities which one may compare.
Let us thus consider the mass function that would arise
from the lowest Landau level spin structure (the self-energy
terms proportional to Σ−), the ratio D̂=Ĉ evaluated at
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p2
l ¼ p2

t ¼ 0, and compare it to the ratio B̂=Â (associated
with the Σþ component). This is plotted in Fig. 7 for both
types of interaction and with ω ¼ 0.5 GeV. It is seen that
the ratio B̂=Â is approximately constant with varying h for
both types of interaction. However, the ratio D̂=Ĉ increases
significantly with h (dramatically so for the type I interac-
tion). The mechanism for this is the decrease of Ĉ in the
infrared with increasing h (see also Fig. 1). The decrease
in Ĉ is already present for small h (where the approxima-
tions should be valid), and so by extrapolation, one would
expect the Σ−-projected mass function (i.e., that connected
with the spin structure of the lowest Landau level) to be
dominant at large h.

VI. SUMMARY AND CONCLUSIONS

In this paper, the quark gap equation in the presence of a
constant external magnetic field was studied. The rainbow
truncation was employed, with two versions of a simple
phenomenological one-gluon exchange interaction. The
focus was on the small magnetic field limit, motivated
by three concerns: the theoretical desire to connect the
results to standard results in the absence of the magnetic
field, the fact that the strong interaction is typically stronger
than any other interaction, and the wish to calculate the
magnetic susceptibility. To do this, a nonperturbative
approximation to the quark propagator in the presence of
a small magnetic field was constructed, using results
[17,18] for the summation over the Landau levels that arise
when considering the Ritus eigenfunction method [10] as
applied to the fermion gap equation [5–9].
With the phenomenological interactions considered, it

was found that the chiral condensate rises quadratically
for small magnetic fields and linearly for large fields, in
qualitative agreement with recent lattice results [24–28].
Comparing to the (valence quark contribution to the) quark
condensate lattice results of Ref. [24], it was seen that the
position of the transition between small and large magnetic
fields can be quantitatively reproduced (and gives an esti-
mate for the range of validity of our approximation). The
delineation between the small and large magnetic field
behavior lies roughly at the upper estimate for the magni-
tudes of fields present in noncentral heavy-ion collisions
[16]. The calculated magnetic susceptibility also qualita-
tively agreed with recent results [14,15,27]. It was observed
that the approximated propagator does not reproduce the
expected large magnetic field behavior of the magnetic
polarization, although this was unsurprising given the
nature of the approximations tailored to the small
field limit.
At a more technical level, it was seen that the response of

the system to the magnetic field was dependent on both the
form of the interaction and its parametrization, despite the
fact that the chiral condensate in the absence of the mag-
netic field was held fixed. This is in marked contrast to pre-
vious studies of the light meson mass spectrum and leptonic

decay constants that employed this type of interaction
[21,23], where it was observed that the results (aside from
the 1þ− axialvector meson masses) were stable with respect
to such parameter changes. The conclusion is that the mag-
netic field is a sensitive probe of the quark self-energy and
the details of the interaction. From the phenomenological
perspective, this might allow one to discriminate between
various models and approximations.
There are several interesting applications of the approxi-

mation studied here that may be explored in future work.
One may consider the generalization to finite quark masses
in order to compare more directly with lattice results. Also
unquenching effects, shown to be important in the lattice
study of Ref. [24], might be looked at (quark loop effects
were already studied in the absence of the magnetic field
for this type of interaction in Ref. [31]). Further, it would be
interesting to study the case of finite temperature and
chemical potential to gain insight into the QCD phase
diagram.
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APPENDIX A:HERMITE FUNCTIONS
AND POLYNOMIALS

Let us introduce the Hermite functions, ψnðxÞ. They
obey the differential equation (n ¼ 0; 1; 2; :::::)

ψ 00
nðxÞ þ ð2nþ 1 − x2ÞψnðxÞ ¼ 0 (A1)

and form an orthonormal and complete set:
Z

∞

−∞
dxψnðxÞψmðxÞ¼ δnm;

X∞
n¼0

ψnðxÞψnðyÞ¼ δðx−yÞ:

(A2)

The following recursion relations prove invaluable:

ψ 0
nðxÞ þ xψnðxÞ ¼

ffiffiffiffiffiffi
2n

p
ψn−1ðxÞ;

ψ 0
nðxÞ − xψnðxÞ ¼ − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðnþ 1Þ
p

ψnþ1ðxÞ:
(A3)

It is useful to define ψ−1ðxÞ ¼ 0 explicitly. The Hermite
functions are related to the more usual Hermite polyno-
mials, Hn, (and parabolic cylinder functions) by

ψnðxÞ ¼ ð2nn! ffiffiffi
π

p Þ−1=2e−x2=2HnðxÞ; H0ðxÞ ¼ 1;

H1ðxÞ ¼ 2x; Hnþ1ðxÞ ¼ 2xHnðxÞ −H0
nðxÞ: (A4)

The generating function for the Hermite functions is given
via the identity
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exp f−t2 þ 2txg ¼
X∞
k¼0

tk

k!
HkðxÞ: (A5)

Because of the Gaussian nature of the generating function,
the Fourier transform of the Hermite polynomials may be
performed, and

e−x2=2HnðxÞ ¼ ð−{Þn ffiffiffiffiffiffi
2π

p Z
∞

−∞
dp
2π

e{pxe−p2=2HnðpÞ: (A6)

Notice the identity [32]Z
∞

−∞
dxe−x2Hmðxþ yÞHnðxþ zÞ

¼ 2n
ffiffiffi
π

p
m!zn−mLn−m

m ð−2yzÞðm ≤ nÞ; (A7)

where Lα
n is a Laguerre polynomial (L0

n ¼ Ln and
L−1 ¼ 0). Further,X∞

n¼0

znLα
nðxÞ ¼

1

ð1 − zÞ1þα exp

�
xz

z − 1

�
: (A8)

APPENDIX B: EXPLICIT FORM OF
THE GAP EQUATION

For completeness, we present the explicit form for the
gap equation used in numerical work. The expressions are
derived as follows. The nonperturbative decompositions
for the proper two-point function Γ, Eq. (4.24), and the
propagator S, Eq. (4.32), both have the form presented in
Eq. (3.4) and are inserted into the gap equation, Eq. (3.5),
along with either of the interaction forms, Eq. (3.3). The
Schwinger phase is simply an overall factor. The various
Dirac components are then projected to generate a set of sca-
lar equations. Finally, a Wick rotation to Euclidean space is
performed. In the presence of themagnetic field, the dressing
functions Â-Ê are functions of two variables, p2

l ¼ p2
3 þ p2

4

and p2
t ¼ p2

1 þ p2
2 (in Euclidean space, p

2 ¼ p2
l þ p2

t ). The
explicit equations for a chiral quark (m ¼ 0) then read
(q ¼ k − p)

Âðp2
l ; p

2
t Þ ¼ 1 − dCF

ð2πÞ2
Z

d4k
X exp f− q2

ω2g
ΔE

fNAKAA þ NCKAC − NEKAEg;

B̂ðp2
l ; p

2
t Þ ¼ −

dCF

ð2πÞ2
Z

d4k
X exp f− q2

ω2g
ΔE

fNBKBB þ NDKBDg;

Ĉðp2
l ; p

2
t Þ ¼ 1 − dCF

ð2πÞ2
Z

d4k
X exp f− q2

ω2g
ΔE

fNAKAC þ NCKAA − NEKAEg;

D̂ðp2
l ; p

2
t Þ ¼ −

dCF

ð2πÞ2
Z

d4k
X exp f− q2

ω2g
ΔE

fNBKBD þ NDKBBg;

Êðp2
l ; p

2
t Þ ¼ 1 − dCF

ð2πÞ2
Z

d4k
X exp f− q2

ω2g
ΔE

fðNA þ NCÞKEA − NEKEEg: (B1)

In the above,

X ¼
�

q2

ω2 ; type I
1; type II

(B2)

is the factor that distinguishes between the two types of inter-
action. The propagator denominator factor occurring in the
integrals above is given by

ΔEðk2l ; k2t Þ ¼ k2l Â Ĉþk2t Ê
2 þ B̂ D̂; (B3)

where all dressing functions are evaluated with the argument
ðk2l ; k2t Þ. The various combinations of propagator numerator
factors (with the same arguments as for ΔE) are

NAðk2l ; k2t Þ ¼ Ĉ − hÊ2Ĉ
ΔE

þ D̂ðÂ D̂−B̂ ĈÞ
ΔE

;

NBðk2l ; k2t Þ ¼ D̂ − hÊ2D̂
ΔE

− k2l ĈðÂ D̂−B̂ ĈÞ
ΔE

;

NCðk2l ; k2t Þ ¼ Âþ hÊ2Â
ΔE

− B̂ðÂ D̂−B̂ ĈÞ
ΔE

;

NDðk2l ; k2t Þ ¼ B̂þ hÊ2B̂
ΔE

þ k2l ÂðÂ D̂−B̂ ĈÞ
ΔE

;

NEðk2l ; k2t Þ ¼ Ê:

(B4)

Finally, the integration kernels read

KAA ¼ 1

q2p2
l

½q2l ðpl · klÞ− 2ðpl · qlÞðkl · qlÞ�;

KAC ¼ 1

q2p2
l

½−q2ðpl · klÞ− q2l ðpl · klÞ�;

KAE ¼ 1

q2p2
l

½2ðpl · qlÞðkt · qtÞ�; KBB ¼ q2l
q2

− 2;

KBD ¼ −1− q2l
q2

; KEA ¼ −
ðpt · qtÞðkl · qlÞ

q2p2
t

;

KEE ¼ ðpt · ktÞ
p2
t

þ 2
ðpt · qtÞðkt · qtÞ

q2p2
t

: (B5)
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