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We investigate the background field method with the Batalin-Vilkovisky formalism, to generalize known
results, study the parametric completeness of general gauge theories and achieve a better understanding of
several properties. In particular, we study renormalization and gauge dependence to all orders. Switching
between the background field approach and the usual approach by means of canonical transformations, we
prove parametric completeness without making use of cohomological theorems; namely we show that if the
starting classical action is sufficiently general all divergences can be subtracted by means of parameter
redefinitions and canonical transformations. Our approach applies to renormalizable and nonrenormaliz-
able theories that are manifestly free of gauge anomalies and satisfy the following assumptions: the gauge
algebra is irreducible and closes off shell, the gauge transformations are linear functions of the fields, and
closure is field independent. Yang-Mills theories and quantum gravity in arbitrary dimensions are included,
as well as effective and higher-derivative versions of them, but several other theories, such as supergravity,
are left out.
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I. INTRODUCTION

The background field method [1,2] is a convenient
tool to quantize gauge theories and make explicit calcu-
lations, particularly when it is used in combination with
the dimensional-regularization technique. It amounts to
choosing a nonstandard gauge fixing in the conventional
approach and, among its virtues, it keeps the gauge trans-
formations intact under renormalization. However, it takes
advantage of properties that only particular classes of
theories have.
The Batalin-Vilkovisky formalism [3] is also useful for

quantizing general gauge theories, especially because it
collects all ingredients of infinitesimal gauge symmetries in
a single identity, the master equation, which remains intact
through renormalization, at least in the absence of gauge
anomalies.
Merging the background field method with the Batalin-

Vilkovisky formalism is not only an interesting theoretical
subject per se, but can also offer a better understanding of
known results, make us appreciate aspects that have been
overlooked, generalize the validity of crucial theorems
about the quantization of gauge theories and renormaliza-
tion, and help us address open problems. For example, an
important issue concerns the generality of the background
field method. It would be nice to formulate a unique
treatment for all gauge theories, renormalizable and non-
renormalizable, unitary and higher derivative, with irre-
ducible or reducible gauge algebras that close off shell or
only on shell. However, we will see that at this stage it is not

possible to achieve that goal, due to some intrinsic features
of the background field method.
Another important issue that we want to emphasize more

than has been done so far is the problem of parametric
completeness in general gauge theories [4]. To ensure
renormalization-group (RG) invariance, all divergences
must be subtracted by redefining parameters and making
canonical transformations. When a theory contains all
independent parameters necessary to achieve this goal,
we say that it is parametrically complete. The RG-invariant
renormalization of divergences may require the introduc-
tion of missing Lagrangian terms, multiplied by new
physical constants, or even deform the symmetry algebra
in nontrivial ways. However, in nonrenormalizable theories
such as quantum gravity and supergravity it is not obvious
that the action can indeed be adjusted to achieve parametric
completeness. One way to deal with this problem is to
classify the whole cohomology of invariants and hope that
the solution satisfies suitable properties. This method
requires lengthy technical proofs that must be done case
by case [5], and therefore lacks generality. Another way is
to let renormalization build the new invariants automati-
cally, as shown in Ref. [4], with an algorithm that is able to
iteratively extend the classical action converting divergen-
ces into finite counterterms. However, that procedure is
mainly a theoretical tool, because although very general
and conceptually minimal, it is practically unaffordable.
Among the other things, it leaves the possibility that
renormalization may dynamically deform the gauge sym-
metry in physically observable ways. A third possibility is
the one we are going to treat here, taking advantage of the
background field method. Where it applies, it makes*damiano.anselmi@df.unipi.it
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cohomological classifications unnecessary and excludes
that renormalization may dynamically deform the sym-
metry in observable ways. Because of the intrinsic proper-
ties of the background field method, the approach of this
paper, although general enough, is not exhaustive. It is
general enough because it includes the gauge symmetries
we need for physical applications, namely Abelian and
non-Abelian Yang-Mills symmetries, local Lorentz sym-
metry and invariance under general changes of coordinates.
At the same time, it is not exhaustive because it excludes
other potentially interesting symmetries, such as local
supersymmetry.
To be precise, our results hold for every gauge symmetry

that satisfies the following properties: the algebra of gauge
transformations (i) closes off shell and (ii) is irreducible;
moreover (iii) there exists a choice of field variables where
the gauge transformations δΛϕ of the physical fields ϕ are
linear functions of ϕ and the closure ½δΛ; δΣ� ¼ δ½Λ;Σ� of the
algebra is ϕ independent. We expect that with some
technical work it will be possible to extend our results
to theories that do not satisfy assumption (ii), but our
impression is that removing assumptions (i) and (iii) will be
much harder, if not impossible.
In this paper we also assume that the theory is manifestly

free of gauge anomalies. Our results apply to renormaliz-
able and nonrenormalizable theories that satisfy the
assumptions listed so far, among which are QED, Yang-
Mills theories, quantum gravity, and Lorentz-violating
gauge theories [6], as well as effective [7], higher-derivative
[8] and nonlocal [9] versions of such theories, in arbitrary
dimensions, and extensions obtained including any set of
composite fields. We recall that Stelle’s proof [8] that
higher-derivative quantum gravity is renormalizable was
incomplete, because it assumed without proof a generali-
zation of the Kluberg-Stern–Zuber conjecture [10] for the
cohomological problem satisfied by counterterms. Even the
cohomological analysis of Refs. [5] does not directly apply
to higher-derivative quantum gravity, because the field
equations of higher-derivative theories are not equal to
perturbative corrections of the ordinary field equations.
These remarks show that our results are quite powerful,
because they overcome a number of difficulties that
otherwise need to be addressed case by case.
Strictly speaking, our results, in their present form, do not

apply to chiral theories, such as the StandardModel coupled
to quantum gravity, where the cancellation of anomalies is
not manifest. Nevertheless, since all other assumptions we
have made concern just the forms of gauge symmetries, not
the forms of classical actions, nor the limits around which
perturbative expansions are defined, we expect that our
results can be extended to all theories involving the Standard
Model or Lorentz-violating extensions of it [11,12].
However, to make derivations more easily understandable
it is customary to first make proofs in the framework where
gauge anomalies are manifestly absent, and later extend the

results by means of the Adler-Bardeen theorem [13]. We
follow the tradition on this, and plan to devote a separate
investigation to anomaly cancellation.
Although some of our results are better understandings

or generalizations of known properties, we do include them
for the sake of clarity and self-consistence. We think that
our formalism offers insight on the issues mentioned above
and gives a more satisfactory picture. In particular, the fact
that background field method makes cohomological clas-
sifications unnecessary is something that apparently has not
been appreciated enough so far. Moreover, our approach
points out the limits of applicability of the background field
method.
To achieve parametric completeness we proceed in four

basic steps. First, we study renormalization to all orders
subtracting divergences “as they come,” which means
without worrying whether the theory contains enough
independent parameters for RG invariance or not.
Second, we study how the renormalized action and the
renormalized Γ functional depend on the gauge fixing, and
work out how the renormalization algorithm maps a
canonical transformation of the classical theory into a
canonical transformation of the renormalized theory.
Third, we renormalize the canonical transformation that
continuously interpolates between the background field
approach and the conventional approach. Fourth, compar-
ing the two approaches we show that if the classical action
Scðϕ; λÞ contains all gauge invariant terms determined by
the starting gauge symmetry, then there exists a canonical
transformation Φ, K → Φ̂, K̂ such that

SR minðΦ;ϕ; KÞ ¼ Scðϕ̂þ ϕ; τðλÞÞ −
Z

Rαðϕ̂þ ϕ; ĈÞK̂α;

(1.1)

where SR min is the renormalized action with the gauge-
fixing sector switched off, Φα ¼ fϕ; Cg are the fields
(C being the ghosts), Kα are the sources for the Φα

transformations RαðΦÞ, ϕ are the background fields, λ are
the physical couplings and τðλÞ are λ redefinitions.
Identity (1.1) shows that all divergences can be renor-
malized by means of parameter redefinitions and
canonical transformations, which proves parametric com-
pleteness. Power counting may or may not restrict the
form of Scðϕ; λÞ.
Basically, under the assumptions we have made the

background transformations do not renormalize, and the
quantum fields ϕ can be switched off and then restored
from their background partners ϕ. Nevertheless, the resto-
ration works only up to a canonical transformation, which
gives (1.1). The story is a bit more complicated than this,
but this simplified version is enough to appreciate the main
point. However, when the assumptions we have made
do not hold, the argument fails, which shows how peculiar
the background field method is. Besides giving explicit

DAMIANO ANSELMI PHYSICAL REVIEW D 89, 045004 (2014)

045004-2



examples where the construction works, we address some
problems that arise when the assumptions listed above are
not satisfied.
A somewhat different approach to the background field

method in the framework of the Batalin-Vilkovisky for-
malism exists in the literature. In Refs. [14] Binosi and
Quadri considered the most general variation δA ¼ Ω of the
background gauge field A in Yang-Mills theory, and
obtained a modified Batalin-Vilkovisky master equation
that controls how the functional Γ depends on A. Instead,
here we introduce background copies of both physical
fields and ghosts, which allows us to split the symmetry
transformations into “quantum transformations” and “back-
ground transformations.” The master equation is split into
the three identities (2.21), which control invariances under
the two types of transformations.
The paper is organized as follows. In Sec. II we formulate

our approach and derive its basic properties, emphasizing
the assumptions we make and why they are necessary. In
Sec. III we renormalize divergences to all orders, subtracting
them “as they come.” In Sec. IV we derive the basic
differential equations of gauge dependence and integrate
them, which allows us to show how a renormalized
canonical transformation emerges from its tree-level limit.
In Sec. V we derive (1.1) and prove parametric complete-
ness. In Sec. VI we give two examples, non-Abelian Yang-
Mills theory and quantum gravity. In Sec. VII we make
remarks about parametric completeness and recapitulate
where we stand now on this issue. Section VIII contains our
conclusions, while the Appendix collects several theorems
and identities that are used in the paper.
We use the dimensional-regularization technique and the

minimal subtraction scheme. Recall that the functional
integration measure is invariant with respect to perturba-
tively local changes of field variables. Averages h� � �i
always denote the sums of connected Feynman diagrams.
We use the Euclidean notation in theoretical derivations and
switch to Minkowski spacetime in the examples.

II. BACKGROUND FIELD METHOD AND
BATALIN-VILKOVISKY FORMALISM

In this section we formulate our approach to the back-
ground field method with the Batalin-Vilkovisky formal-
ism. To better appreciate the arguments given below it may
be useful to jump back and forth between this section and
Sec. VI, where explicit examples are given.
If the gauge algebra closes off shell, there exists a

canonical transformation that makes the solution SðΦ; KÞ
of the master equation ðS; SÞ ¼ 0 depend linearly on the
sources K. We write

SðΦ; KÞ ¼ SðΦÞ −
Z

RαðΦÞKα: (2.1)

The fields Φα ¼ fϕi; CI; C̄I; BIg are made of physical
fields ϕi, ghosts CI (possibly including ghosts of ghosts

and so on), antighosts C̄I andLagrangemultipliersBI for the
gauge fixing. Moreover, Kα ¼ fKi

ϕ; K
I
C; K

I
C̄; K

I
Bg are the

sources associated with the symmetry transformations
RαðΦÞ of the fields Φα, while

SðΦÞ ¼ ScðϕÞ þ ðS;ΨÞ

is the sum of the classical action ScðϕÞ plus the gauge fixing,
which is expressed as the antiparenthesis of S with a K-
independent gauge fermion ΨðΦÞ. We recall that the anti-
parentheses are defined as

ðX; YÞ ¼
Z �

δrX
δΦα

δlY
δKα

− δrX
δKα

δlY
δΦα

�
;

where the summation over the index α is understood. The
integral is over spacetime points associated with repeated
indices.
The non-gauge-fixed action

SminðΦ; KÞ ¼ ScðϕÞ −
Z

Ri
ϕðϕ; CÞKi

ϕ −
Z

RI
Cðϕ; CÞKI

C;

(2.2)

obtained by dropping antighosts, Lagrange multipliers
and their sources, also solves the master equation, and is
called the minimal solution. Antighosts C̄ and Lagrange
multipliers B form trivial gauge systems, and typically
enter (2.1) by means of the gauge fixing ðS;ΨÞ and a
contribution

ΔSnm ¼ −
Z

BIKI
C̄; (2.3)

to − R
RαKα.

Let RαðΦ; CÞ denote the transformations the fields Φα

would have if they were matter fields. Each function
RαðΦ; CÞ is a bilinear form of Φα and C. Sometimes, to
be more explicit, we also use the notation RI

C̄ðC̄; CÞ and
RI

BðB;CÞ for C̄ and B, respectively. It is often convenient to
replace (2.3) with the alternative nonminimal extension

ΔS0nm¼−
Z

ðBIþRI
C̄ðC̄;CÞÞKI

C̄−
Z

RI
BðB;CÞKI

B: (2.4)

For example, in Yang-Mills theories we have

ΔS0nm ¼ −
Z

ðBa − gfabcCbC̄cÞKa
C̄ þ g

Z
fabcCbBcKa

B

and in quantum gravity

ΔS0nm ¼ −
Z

ðBμ þ C̄ρ∂μCρ − Cρ∂ρC̄μÞKμ
C̄

þ
Z

ðBρ∂μCρ þ Cρ∂ρBμÞKμ
B; (2.5)

where Cμ are the ghosts of diffeomorphisms.
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Observe that (2.4) can be obtained from (2.3) making the
canonical transformation generated by

FnmðΦ; K0Þ ¼
Z

ΦαK0
α þ

Z
RI

C̄ðC̄; CÞKI0
B:

Requiring that Fnm indeed give (2.4) we get the identities

RI
BðB;CÞ ¼ −

Z
BJ δl

δC̄J R
I
C̄ðC̄; CÞ;Z �

RJ
C

δl
δCJ þRJ

C̄ðC̄; CÞ
δl
δC̄J

�
RI

C̄ðC̄; CÞ ¼ 0;

(2.6)

which can be easily checked both for Yang-Mills theories
and gravity. In this paper the notation RαðΦÞ refers to the
field transformations of (2.2) plus those of the nonminimal
extension (2.3), while R̄αðΦÞ refers to the transformations
of (2.2) plus (2.4).

A. Background field action

To apply the background field method, we start from the
gauge invariance of the classical action ScðϕÞ,Z

Ri
cðϕ;ΛÞ

δlScðϕÞ
δϕi ¼ 0; (2.7)

where Λ are the arbitrary functions that parametrize the
gauge transformations δϕi ¼ Ri

c. Shifting the fields ϕ by
background fields ϕ, and introducing arbitrary background
functions Λ we can write the identity

Z
½Ri

cðϕþ ϕ;ΛÞ þ Xi� δlScðϕþ ϕÞ
δϕi

þ
Z

½Ri
cðϕþ ϕ;ΛÞ − Xi� δlScðϕþ ϕÞ

δϕi ¼ 0;

which is true for arbitrary functions Xi. If we choose

Xi ¼ Ri
cðϕþ ϕ;ΛÞ − Ri

cðϕ;ΛÞ;

the transformations of the background fields contain only
background fields and coincide with Ri

cðϕ;ΛÞ. We find

Z
½Ri

cðϕþ ϕ;Λþ ΛÞ − Ri
cðϕ;ΛÞ�

δlScðϕþ ϕÞ
δϕi

þ
Z

Ri
cðϕ;ΛÞ

δlScðϕþ ϕÞ
δϕi ¼ 0. (2.8)

Thus, denoting background quantities by means of an
underlining, we are led to consider the action

SðΦ;Φ; K; KÞ ¼ Scðϕþ ϕÞ −
Z

RαðΦþ ΦÞKα

−
Z

RαðΦÞðKα − KαÞ; (2.9)

which solves the master equation ⟦S; S⟧ ¼ 0, where the
antiparentheses are defined as

⟦X;Y⟧¼
Z �

δrX
δΦα

δlY
δKα

þ δrX
δΦα

δlY
δKα

− δrX
δKα

δlY
δΦα−

δrX
δKα

δlY
δΦα

�
:

More directly, if SðΦ; KÞ ¼ ScðϕÞ −
R
RαðΦÞKα solves

ðS; SÞ ¼ 0, the background field can be introduced with a
canonical transformation. Start from the action

SðΦ;Φ; K; KÞ ¼ ScðϕÞ −
Z

RαðΦÞKα −
Z

RαðΦÞKα;

(2.10)

which obviously satisfies two master equations, one in the
variables Φ, K and the other one in the variables Φ, K.
A fortiori, it also satisfies ⟦S; S⟧ ¼ 0. Relabeling fields and
sources with primes and making the canonical transforma-
tion generated by the functional

FbðΦ;Φ; K0; K0Þ ¼
Z

ðΦα þ ΦαÞK0
α þ

Z
ΦαK0

α; (2.11)

we obtain (2.9), and clearly preserve ⟦S; S⟧ ¼ 0.
The shift Φ is called background field, while Φ is called

quantum field. We also have quantum sources K and
background sources K. Finally, we have background trans-
formations, those described by the background ghosts C or
the functions Λ in (2.8), and quantum transformations,
those described by the quantum ghosts C and (2.3) or the
functions Λ in (2.8).
The action (2.9) is not the most convenient one to study

renormalization. It is fine in the minimal sector (the one
with antighosts and Lagrange multipliers switched off), but
not in the nonminimal one. Now we describe the improve-
ments we need to make.

1. Nonminimal sector

So far we have introduced background copies of all fields.
Nevertheless, strictly speaking we do not need to introduce
copies of the antighosts C̄ and the Lagrange multipliers B,
since we do not need to gauge-fix the background. Thus we
drop C̄, B and their sources from now on, and define
Φα ¼ fϕi; CI; 0; 0g, Kα ¼ fKi

ϕ; K
I
C; 0; 0g. Observe that

then we have RαðΦÞ ¼ R̄αðΦÞ ¼ fRi
ϕðϕ; CÞ; RI

CðΦÞ; 0; 0g.
Let us compare the nonminimal sectors (2.3) and (2.4). If

we choose (2.3), C̄ and B do not transform under back-
ground transformations. Since (2.3) are the only terms that
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contain KC̄, they do not contribute to one-particle irreduc-
ible diagrams and do not receive radiative corrections.
Moreover, KB does not appear in the action. Instead, if we
choose the nonminimal sector (2.4), namely, if we start
from

SðΦ;Φ; K; KÞ ¼ ScðϕÞ −
Z

R̄αðΦÞKα −
Z

RαðΦÞKα

(2.12)

instead of (2.10), the transformation (2.11) gives the action

SðΦ;Φ;K;KÞ¼ ScðϕþϕÞ−
Z

ðR̄αðΦþΦÞ− R̄αðΦÞÞKα

−
Z

RαðΦÞKα: (2.13)

In particular, using the linearity ofRI
C̄ andRI

B in C, we see
that (2.4) is turned into itself plus

−
Z

RI
C̄ðC̄; CÞKI

C̄ −
Z

RI
BðB;CÞKI

B: (2.14)

Because of these new terms, C̄ and B now transform as
ordinary matter fields under background transformations.
This is the correct background transformation law we need
for them. On the other hand, the nonminimal sector (2.4)
also generates nontrivial quantum transformations for C̄
and B, which are renormalized and complicate our
derivations.
It would be better to have (2.4) in the background sector

and (2.3) in the nonbackground sector. To achieve this goal,
we make the canonical transformation generated by

F0
nmðΦ;Φ;K0;K0Þ ¼

Z
ΦαK0

αþ
Z

ΦαK0
αþ

Z
RI

C̄ðC̄;CÞKI0
B (2.15)

on (2.9). Using (2.6) again, the result is

SðΦ;Φ; K; KÞ ¼ Scðϕþ ϕÞ −
Z

ðRαðΦþ ΦÞ − RαðΦÞÞKα −
Z

RI
C̄ðC̄; CÞKI

C̄ −
Z

RI
BðB;CÞKI

B −
Z

RαðΦÞKα: (2.16)

This is the background field actionwe are going toworkwith.
It is straightforward to check that (2.16) satisfies ⟦S; S⟧ ¼ 0.

2. Separating the background and quantum sectors

Now we separate the background sector from the quantum
sector. To do this properly we need to make further
assumptions.
First,we assume that there exists a choiceof field variables

where the functionsRαðΦÞ are atmost quadratic inΦ.Wecall
it linearity assumption. It is equivalent to assume that the
gauge transformations δΛϕi ¼ Ri

cðϕ;ΛÞ of (2.7) are linear
functions of the fields ϕ and closure is expressed by ϕ-
independent identities ½δΛ; δΣ� ¼ δ½Λ;Σ�. The linearity
assumption is satisfied by all gauge symmetries of physical
interest, such as those of QED, non-Abelian Yang-Mills
theory, quantum gravity, and the Standard Model. On the
other hand, it is not satisfied by other important symmetries,
among which is supergravity, where the gauge transforma-
tions either close only on shell or are not linear in the fields.
Second, we assume that the gauge algebra is irreducible,

which ensures that the set Φ contains only ghosts and not
ghosts of ghosts.
Under these assumptions, we make the canonical trans-

formation generated by

FτðΦ;Φ;K0;K0Þ ¼
Z

ΦαK0
αþ

Z
ΦαK0

αþðτ−1Þ
Z

CIKI0
C

(2.17)

on the action (2.16). This transformation amounts to
rescaling the background ghosts CI by a factor τ and their
sources KI

C by a factor 1=τ. Since we do not have back-
ground antighosts, (2.17) is the background-ghost-number
transformation combined with a rescaling of the back-
ground sources.
The action (2.16) is not invariant under (2.17). Using the

linearity assumption it is easy to check that the transformed
action Sτ is linear in τ. Writing Sτ ¼ Ŝþ τS̄we can split the
total action S into the sum Ŝþ S̄ of a quantum action Ŝ and
a background action S̄.
Precisely, the quantum action Ŝ does not depend on the

background sources K and the background ghosts C, but
only on the background copies ϕ of the physical fields.
We have

Ŝ ¼ ŜðΦ;ϕ; KÞ ¼ Scðϕþ ϕÞ −
Z

Rαðϕþ ϕ; C; C̄; BÞKα:

(2.18)

Note that, in spite of the notation, the functions RαðΦÞ are
actually C̄ independent. Moreover, we find

S̄ðΦ;Φ; K; KÞ ¼ −
Z

RαðΦ; CÞKα −
Z

RαðΦÞKα;

(2.19)

where, for ϕ and C,
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RαðΦ; CÞ ¼ RαðΦþ ΦÞ − RαðΦÞ − Rαðϕþ ϕ; C; C̄; BÞ:
(2.20)

These functions transform ϕ and C as if they were matter
fields and are of course linear inΦ and C. Note that formula
(2.20) does not hold for antighosts and Lagrange multi-
pliers. In the end all quantum fields transform as matter
fields under background transformations.
The master equation ⟦S; S⟧ ¼ 0 decomposes into the

three identities

⟦Ŝ; Ŝ⟧ ¼ ⟦Ŝ; S̄⟧ ¼ ⟦S̄; S̄⟧ ¼ 0; (2.21)

which we call background field master equations.
The quantum transformations are described by Ŝ and the

background ones are described by S̄. Background fields are
inert under quantum transformations, because ⟦Ŝ;Φ⟧ ¼ 0.
Note that

⟦Ŝ; ⟦S̄; X⟧⟧þ ⟦S̄; ⟦Ŝ; X⟧⟧ ¼ 0; (2.22)

where X is an arbitrary local functional. This property
follows from the Jacobi identity of the antiparentheses and
⟦Ŝ; S̄⟧ ¼ 0, and states that background and quantum trans-
formations commute.

3. Gauge-fixing

Now we come to the gauge fixing. In the usual approach,
the theory is typically gauge-fixed by means of a canonical
transformation that amounts to replacing the action S by
Sþ ðS;ΨÞ, where Ψ is a local functional of ghost number
−1 and depends only on the fieldsΦ. Using the background
field method it is convenient to search for a C-independent
gauge-fixing functionalΨðΦ;ϕÞ that is also invariant under
background transformations, namely such that

⟦S̄;Ψ⟧ ¼ 0. (2.23)

Then we fix the gauge with the usual procedure; namely we
make a canonical transformation generated by

FgfðΦ;Φ;K0;K0Þ¼
Z

ΦαK0
αþ

Z
ΦαK0

αþΨðΦ;ϕÞ: (2.24)

Because of (2.23) the gauge-fixed action reads

Sgf ¼ Ŝþ S̄þ ⟦Ŝ;Ψ⟧: (2.25)

Defining Ŝgf ¼ Ŝþ ⟦Ŝ;Ψ⟧, identities (2.21), (2.22) and
(2.23) give ⟦Ŝgf ; Ŝgf⟧ ¼ ⟦Ŝgf ; S̄⟧ ¼ 0, so it is just like
gauge-fixing Ŝ. Since both Ŝ and Ψ are K and C
independent, Ŝgf is also K and C independent. Observe
that the canonical transformations (2.17) and (2.24)

commute; therefore we can safely apply the transformation
)2.17 ) to the gauge-fixed action. A gauge fixing satisfying

(2.23) is called background-preserving gauge fixing.
In some derivations of this paper the background field

master equations (2.21) are violated in intermediate steps;
therefore we need to prove properties that hold more
generally. Specifically, consider an action

SðΦ;Φ; K; KÞ ¼ ŜðΦ;ϕ; KÞ þ S̄ðΦ;Φ; K; KÞ; (2.26)

equal to the sum of a K- and C-independent “quantum
action” Ŝ, plus a “background action” S̄ that satisfies the
following requirements: (i) it is a linear function of the
quantum fields Φ, (ii) it gets multiplied by τ when applying
the canonical transformation (2.17), and (iii) δlS̄=δKα is Φ
independent. In particular, requirement (ii) implies that S̄
vanishes at C ¼ 0. Since S̄ is a linear function of Φ, it does
not contribute to one-particle irreducible diagrams. Since Ŝ
does not depend on C, while S̄ vanishes at C ¼ 0, S̄
receives no radiative corrections. Thus the Γ functional
associated with the action (2.26) satisfies

ΓðΦ;Φ; K; KÞ ¼ Γ̂ðΦ;ϕ; KÞ þ S̄ðΦ;Φ; K; KÞ: (2.27)

Moreover, thanks to Theorem 6 of the Appendix we have
the general identity

⟦Γ;Γ⟧ ¼ h⟦S; S⟧i; (2.28)

under the sole assumption that δlS=δKα is Φ independent.
Applying the canonical transformation (2.17) to Γ we

find Γτ ¼ Γ̂þ τS̄, so (2.28) gives the identities

⟦Γ̂; Γ̂⟧ ¼ h⟦Ŝ; Ŝ⟧i; ⟦S̄; Γ̂⟧ ¼ h⟦S̄; Ŝ⟧i: (2.29)

When ⟦S; S⟧ ¼ 0 we have

⟦Γ;Γ⟧ ¼ ⟦Γ̂; Γ̂⟧ ¼ ⟦S̄; Γ̂⟧ ¼ 0. (2.30)

Observe that, thanks to the linearity assumption, an S̄
equal to (2.19) satisfies the requirements of formula (2.26).
Now we give details about the background-preserving

gauge fixing we pick for the action (2.16). It is convenient to
choose gauge-fixing functions GIiðϕ; ∂Þϕi that are linear in
the quantum fields ϕ, where GIiðϕ; ∂Þ may contain deriva-
tive operators. Precisely, we choose the gauge fermion

ΨðΦ;φÞ ¼
Z

C̄IGIiðφ; ∂Þφi; (2.31)

and assume that it satisfies (2.23). A more common choice
would be [see (6.2) for Yang-Mills theory]

ΨðΦ;ϕÞ ¼
Z

C̄IðGIiðϕ; ∂Þϕi þ ξIJBJÞ;

where ξIJ are gauge-fixing parameters. In this case, when
we integrate the B fields out, the expressionsGIiðϕ; ∂Þϕi get
squared.However, (2.31) is better for our purposes, because it
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makes the canonical transformations (2.15) and (2.24)
commute with each other. We call the choice (2.31) regular
Landau gauge. Thegauge-field propagators coincidewith the
ones of the Landau gauge. Nevertheless, while the usual
Landau gauge (with no B’s around) is singular, here gauge
fields are part of multiplets that include the B’s; therefore
(2.31) is regular.
In the regular Landau gauge, using (2.23) and applying

(2.24) to (2.16) we find

Sgf ¼ Ŝgf þ S̄ ¼ Scðϕþ ϕÞ −
Z

Rαðϕþ ϕ; C; C̄; BÞ ~Kα

−
Z

RαðΦ; CÞKα −
Z

RαðΦÞKα; (2.32)

where the tilde sources ~Kα coincide with Kα apart from ~Ki
ϕ

and ~KI
C̄, which are

~Ki
φ ¼ Ki

φ − C̄IGIiðφ;−∂⃖Þ; ~KI
C̄ ¼ KI

C̄ −GIiðφ; ∂Þφi:

(2.33)

Recalling that the functions RαðΦÞ are C̄ independent,
we see that Ŝgf does not depend onKi

ϕ and C̄ separately, but
only through the combination ~Ki

ϕ. Every one-particle
irreducible diagram with C̄I external legs actually factor-
izes a −C̄IGIiðϕ;−∂⃖Þ on those legs. Replacing one or more
such objects with Ki

ϕ’s, we obtain other contributing
diagrams. Conversely, replacing one or more Ki

ϕ-external

legs with −C̄IGIiðϕ;−∂⃖Þ we also obtain contributing
diagrams. Therefore, all radiative corrections, as well as
the renormalized action ŜR and the Γ functionals Γ̂ and Γ̂R

associated with the action (2.32), do not depend on Ki
ϕ and

C̄ separately, but only through the combination ~Ki
ϕ.

The only B-dependent terms of Ŝgf, provided by ⟦S;Ψ⟧
and (2.3), are

ΔSB ≡−
Z

BI ~KI
C̄ ¼

Z
BIðGIiðϕ; ∂Þϕi − KI

C̄Þ; (2.34)

and are quadratic or linear in the quantum fields. For this
reason, no one-particle irreducible diagrams can contain
external B legs; therefore ΔSB is nonrenormalized and goes
into ŜR, Γ̂ and Γ̂R unmodified.
We thus learn that using linear gauge-fixing functions we

can set C̄ ¼ B ¼ 0 and later restore the correct C̄ and B
dependencies in Ŝgf, ŜR, Γ̂ and Γ̂R just by replacingKi

ϕ with
~Ki
ϕ and adding ΔSB.
From now on when no confusion can arise we drop the

subscripts of Sgf and Ŝgf and assume that the background
field theory is gauge fixed in the way just explained.

B. Background-preserving canonical transformations

It is useful to characterize the most general canonical
transformations Φ, Φ, K, K → Φ0, Φ0, K0, K0 that preserve

the background field master equations (2.21) and the basic
properties of Ŝ and S̄.
By definition, all canonical transformations preserve the

antiparentheses, so (2.21) are turned into

⟦Ŝ0; Ŝ0⟧0 ¼ ⟦Ŝ0; S̄0⟧0 ¼ ⟦S̄0; S̄0⟧0 ¼ 0. (2.35)

Moreover, Ŝ0 should be K0 and C0 independent, while S̄
should be invariant, because it encodes the background
transformations. This means

S̄0ðΦ;Φ; K; KÞ ¼ S̄ðΦ;Φ; K; KÞ: (2.36)

We prove that a canonical transformation defined by a
generating functional of the form

FðΦ;Φ; K0; K0Þ ¼
Z

ΦαK0
α þ

Z
ΦαK0

α þQðΦ;ϕ; K0Þ;
(2.37)

where Q is a K0- and C-independent local functional such
that

⟦S̄; QðΦ;ϕ; KÞ⟧ ¼ 0; (2.38)

satisfies our requirements.
Since Q is K0 and C independent, the background fields

and the sources KC do not transform: Φ0 ¼ Φ, K0
C ¼ KC.

Moreover, the action Ŝ0 is clearly K0 and C0 independent, as
desired, so we just need to prove (2.36). For convenience,
multiply Q by a constant parameter ζ and consider the
canonical transformations generated by

FζðΦ;Φ; K0; K0Þ ¼
Z

ΦαK0
α þ

Z
ΦαK0

α þ ζQðΦ;ϕ; K0Þ:
(2.39)

Given a functional XðΦ;Φ; K0; K0Þ it is often useful to work
with the tilde functional

~XðΦ;Φ; K; KÞ ¼ XðΦ;Φ; K0ðΦ;Φ; K; KÞ; K0ðΦ;Φ; K; KÞÞ;
(2.40)

obtained by expressing the primed sources in terms of
unprimed fields and sources. Assumption (2.38) tells us
that QðΦ;ϕ; KÞ is invariant under background transforma-
tions. Since Φα and Kβ transform as matter fields under
such transformations, it is clear that δQ=δKα and δQ=δΦβ

transform precisely like them, as well as Φα0 and K0
β.

Moreover, we have ⟦S̄; ~Q⟧ ¼ 0 for every ζ. Applying
Theorem 9 to χ ¼ S̄ we obtain

∂ 0S̄0

∂ζ ¼ ∂S̄
δζ

− ⟦S̄; ~Q⟧ ¼ ∂S̄
δζ

; (2.41)

where ∂ 0=∂ζ is taken at constant primed variables and ∂=∂ζ
is taken at constant unprimed variables. If we treat the
unprimed variables as ζ independent, and the primed
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variables as functions of them and ζ, the right-hand side of
(2.41) vanishes. Varying ζ from 0 to 1 we get

S̄0ðΦ;Φ; K; KÞ ¼ S̄0ðΦ0;Φ0; K0; K0Þ ¼ S̄ðΦ;Φ; K; KÞ;

where now the relations among primed and unprimed
variables are those specified by (2.37).
We call the canonical transformations just defined

background-preserving canonical transformations. We
stress once again that they do not just preserve the back-
ground field (Φ0 ¼ Φ), but also the background trans-
formations (S̄0 ¼ S̄) and the K and C independence of Ŝ.
The gauge-fixing canonical transformation (2.24) is back-
ground preserving.
Canonical transformations may convert the sources K

into functions of both fields and sources. However, the
sources are external, while the fields are integrated over.
Thus, canonical transformations must be applied at the
level of the action S, not at the levels of generating
functionals. In the functional integral they must be meant
as mere replacements of integrands. Nevertheless, we recall
that there exists a way [15–17] to upgrade the formalism of
quantum field theory and overcome these problems. The
upgraded formalism allows us to implement canonical
transformations as true changes of field variables in the
functional integral, and closely track their effects inside
generating functionals, as well as throughout the renorm-
alization algorithm.

III. RENORMALIZATION

In this section we give the basic algorithm to subtract
divergences to all orders. As usual, we proceed by induction
in the number of loops and use the dimensional-regulari-
zation technique and the minimal subtraction scheme. We
assume that gauge anomalies are manifestly absent, i.e. that
the background field master equations (2.21) hold exactly at
the regularized level. We first work on the classical action
S ¼ Ŝþ S̄ of (2.32) and define a background-preserving
subtraction algorithm. Thenwegeneralize the results to non-
background-preserving actions.
Call Sn and Γn the action and the Γ functional renor-

malized up to n loops included, with S0 ¼ S; and write the
loop expansion as

Γn ¼
X∞
k¼0

ℏnΓðkÞ
n :

The inductive assumptions are that Sn has the form (2.26),
with S̄ given by (2.19), and

Sn ¼ Sþ poles; ΓðkÞ
n < ∞ ∀ k ≤ n; (3.1)

⟦Sn; Sn⟧ ¼ Oðℏnþ1Þ; ⟦S̄; Sn⟧ ¼ 0; (3.2)

where “poles” refers to the divergences of the dimensional
regularization. Clearly, the assumptions (3.1) and (3.2) are
satisfied for n ¼ 0.
Using formulas (2.29) and recalling that ⟦Sn; Sn⟧ is a

local insertion of order Oðℏnþ1Þ, we have

⟦Γn;Γn⟧ ¼ h⟦Sn; Sn⟧i ¼ ⟦Sn; Sn⟧þOðℏnþ2Þ;
⟦S̄;Γn⟧ ¼ h⟦S̄; Sn⟧i ¼ 0. (3.3)

By ⟦S; S⟧ ¼ 0 and the first of (3.1), ⟦Sn; Sn⟧ is made of
pure poles.
Now, take the order ℏnþ1 of Eqs. (3.3) and then their

divergent parts. The second of (3.1) tells us that all
subdivergences are subtracted away, so the order-ℏnþ1

divergent part Γðnþ1Þ
n div of Γn is a local functional. We obtain

⟦S;Γðnþ1Þ
n div ⟧ ¼ 1

2
⟦Sn; Sn⟧þOðℏnþ2Þ; ⟦S̄;Γðnþ1Þ

n div ⟧ ¼ 0.

(3.4)

Define

Snþ1 ¼ Sn − Γðnþ1Þ
n div : (3.5)

Since Sn has the form (2.26), Γn has the form (2.27),

therefore both Γ̂n and Γðnþ1Þ
n div are K and C independent,

which ensures that Snþ1 has the form (2.26) [with S̄ given
by (2.19)]. Moreover, the first inductive assumption of (3.1)
is promoted to Snþ1. The diagrams constructed with the
vertices of Snþ1 are the diagrams of Sn, plus new diagrams

containing vertices of −Γðnþ1Þ
n div ; therefore

ΓðkÞ
nþ1 ¼ ΓðkÞ

n < ∞ ∀ k ≤ n;

Γðnþ1Þ
nþ1 ¼ Γðnþ1Þ

n − Γðnþ1Þ
n div < ∞;

which promotes the second inductive assumption of (3.1) to
nþ 1 loops. Finally, formulas (3.4) and (3.5) give

⟦Snþ1; Snþ1⟧ ¼ ⟦Sn; Sn⟧ − 2⟦S;Γðnþ1Þ
n div ⟧þOðℏnþ2Þ

¼ Oðℏnþ2Þ;
⟦S̄; Snþ1⟧ ¼ 0;

so (3.2) are also promoted to nþ 1 loops.
We conclude that the renormalized action SR ¼ S∞ and

the renormalized generating functional ΓR ¼ Γ∞ satisfy the
background field master equations

⟦SR; SR⟧ ¼ ⟦S̄; SR⟧ ¼ 0; ⟦ΓR;ΓR⟧ ¼ ⟦S̄;ΓR⟧ ¼ 0.

(3.6)

For later convenience we write down the form of SR,
which is
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SRðΦ;Φ; K; KÞ ¼ ŜRðΦ;ϕ; KÞ þ S̄ðΦ;Φ; K;KÞ

¼ ŜRðΦ;ϕ; KÞ −
Z

RαðΦ; CÞKα

−
Z

RαðΦÞKα: (3.7)

In the usual (non-background field) approach the results
just derived hold if we just ignore background fields and
sources, as well as background transformations, and use the
standard parentheses ðX; YÞ instead of ⟦X; Y⟧. Then the
subtraction algorithm starts with a classical action SðΦ; KÞ
that satisfies the usual master equation ðS; SÞ ¼ 0 exactly at
the regularized level and ends with a renormalized action
SRðΦ; KÞ ¼ S∞ðΦ; KÞ and a renormalized generating func-
tional ΓRðΦ; KÞ ¼ Γ∞ðΦ; KÞ that satisfy the usual master
equations ðSR; SRÞ ¼ ðΓR;ΓRÞ ¼ 0.
In the presence of background fields Φ and background

sources K, ignoring invariance under background trans-
formations (encoded in the parentheses ⟦S̄; S⟧, ⟦S̄; Sn⟧,
⟦S̄; SR⟧ and similar ones for the Γ functionals), we can
generalize the results found above to any classical action
SðΦ;Φ; K; KÞ that satisfies ⟦S; S⟧ ¼ 0 at the regularized
level and is such that δlS=δKα is Φ independent. Indeed,
these assumptions allow us to apply Theorem 6, instead of
formulas (2.29), which is enough to go through the sub-
traction algorithm ignoring the parentheses ⟦S̄; X⟧. We
have δlS=δKα ¼ δlΓ=δKα ¼ δlSn=δKα for every n. Thus,
we conclude that a classical action SðΦ;Φ; K; KÞ that
satisfies ⟦S; S⟧ ¼ 0 at the regularized level and is
such that δlS=δKα is Φ independent gives a renormalized
action SRðΦ;Φ; K; KÞ and a Γ functional ΓRðΦ;Φ; K;KÞ
that satisfy ⟦SR; SR⟧ ¼ ⟦ΓR;ΓR⟧ ¼ 0 and δlSR=δKα ¼
δlΓR=δKα ¼ δlS=δKα.
The renormalization algorithm of this section is a

generalization to the background field method of the
procedure first given in Ref. [18]. Since it subtracts
divergences just as they come, as emphasized by formula

)3.5 ), we use to call it “raw” subtraction [4], to distinguish it
from algorithms where divergences are subtracted away at
each step by means of parameter redefinitions and canoni-
cal transformations. The raw subtraction does not ensure
RG invariance [4], because it subtracts divergent terms even
when there is no (running) parameter associated with them.
For the same reason, it tells us very little about parametric
completeness.
In power-counting renormalizable theories the raw sub-

traction is satisfactory, since we can start from a classical
action Sc that already contains all gauge-invariant terms
that are generated back by renormalization. Nevertheless, in
nonrenormalizable theories, such as quantum gravity,
effective field theories and nonrenormalizable extensions
of the Standard Model, in principle renormalization can
modify the symmetry transformations in physically observ-
able ways (see Ref. [4] for a discussion about this

possibility). In Sec. V we prove that this actually does
not happen under the assumptions we have made in this
paper; namely when gauge anomalies are manifestly
absent, the gauge algebra is irreducible and closes off
shell, and RαðΦÞ are quadratic functions of the fields Φ.
Precisely, renormalization affects the symmetry only by
means of canonical transformations and parameter redefi-
nitions. Then, to achieve parametric completeness it is
sufficient to include all gauge-invariant terms in the
classical action ScðϕÞ, as classified by the starting gauge
symmetry. The background field method is crucial to prove
this result without advocating involved cohomological
classifications.

IV. GAUGE DEPENDENCE

In this section we study the dependence on the gauge
fixing and the renormalization of canonical transforma-
tions. We first derive the differential equations that govern
gauge dependence; then we integrate them and finally use
the outcome to describe the renormalized canonical trans-
formation that switches between the background field
approach and the conventional approach. These results
will be useful in the next section to prove parametric
completeness.
The parameters of a canonical transformation are asso-

ciated with changes of field variables and changes of gauge
fixing. For brevity we call all of them “gauge-fixing
parameters” and denote them with ξ. Let (2.37) be a
tree-level canonical transformation satisfying (2.38). We
write QðΦ;ϕ; K0; ξÞ to emphasize the ξ dependence of Q.
We prove that for every gauge-fixing parameter ξ there
exists a local K- and C-independent functional QR;ξ such
that

QR;ξ ¼ ~Qξ þOðℏÞ-poles; hQR;ξi < ∞; (4.1)

∂SR
∂ξ ¼ ⟦SR;QR;ξ⟧; ⟦S̄; QR;ξ⟧ ¼ 0;

∂ΓR

∂ξ ¼ ⟦ΓR; hQR;ξi⟧; (4.2)

where Qξ ¼ ∂Q=∂ξ, ~Qξ is defined as shown in (2.40) and
the average is calculated with the action SR. We call the first
and last equations of the list (4.2) differential equations of
gauge dependence. They ensure that the renormalized
functionals depend on gauge-fixing parameters in a coho-
mologically exact way. Later we integrate Eqs. (4.2) and
move every gauge dependence inside a (renormalized)
canonical transformation. A consequence is that physical
quantities are gauge independent.
We derive (4.2) proceeding inductively in the number

of loops, as usual. The inductive assumption is that
there exists a K-and C-independent local functional
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Qn;ξ ¼ ~Qξ þOðℏÞ-poles such that hQn;ξi is convergent up
to the nth loop included (the average being calculated with
the action Sn) and

∂Sn
∂ξ ¼ ⟦Sn;Qn;ξ⟧þOðℏnþ1Þ; ⟦S̄; Qn;ξ⟧ ¼ 0. (4.3)

Applying the identity (A19), which here holds with the
parentheses ⟦X; Y⟧, we easily see that Q0;ξ ¼ ~Qξ satisfies
(4.3) for n ¼ 0. Indeed, taking χ ¼ S and noting that
∂S0=∂ξjΦ0;K0 ¼ 0, since the parameter ξ is absent before
the transformation (a situation that we describe using
primed variables), we get the first relation of (4.3), without
OðℏÞ corrections. Applying (A19) to χ ¼ S̄ and recalling
that S̄ is invariant, we get the second relation of (4.3).

Let Qðnþ1Þ
n;ξ div denote the Oðℏnþ1Þ divergent part of hQn;ξi.

The inductive assumption ensures that all subdivergences

are subtracted away, so Qðnþ1Þ
n;ξ div is local. Define

Qnþ1;ξ ¼ Qn;ξ −Qðnþ1Þ
n;ξ div: (4.4)

Clearly, Qnþ1;ξ is K and C independent and equal to
~Qξ þOðℏÞ-poles. Moreover, by construction hQnþ1;ξi is
convergent up to the ðnþ 1Þ-th loop included, where the
average is calculated with the action Snþ1.
Now, Corollary 8 tells us that ⟦S̄; Qn;ξ⟧ ¼ 0 and

⟦S̄; Sn⟧ ¼ 0 imply ⟦S̄; hQn;ξi⟧ ¼ 0. Taking the Oðℏnþ1Þ
divergent part of this formula we obtain ⟦S̄; Qðnþ1Þ

n;ξ div⟧ ¼ 0;
therefore the second formula of (4.3) is promoted to
nþ 1 loops.
Applying Corollary 7 to Γn and Sn, with X ¼ Qn;ξ, we

have the identity

∂Γn

∂ξ ¼ ⟦Γn; hQn;ξi⟧þ
�∂Sn

∂ξ − ⟦Sn;Qn;ξ⟧

�

þ 1

2
h⟦Sn; Sn⟧Qn;ξiΓ; (4.5)

where hABiΓ denotes the one-particle irreducible
diagrams with one A insertion and one B insertion. Now,
observe that if A ¼ OðℏnAÞ and B ¼ OðℏnBÞ then
hABiΓ ¼ OðℏnAþnBþ1Þ, since the A, B insertions can be
connected only by loops. Let us take theOðℏnþ1Þ divergent
part of (4.5). By the inductive assumption (3.2), the last
term of (4.5) can be neglected. By the inductive assumption
(4.3) we can drop the average in the second-to-last term. We
thus get

∂Γðnþ1Þ
n div

∂ξ ¼ ⟦Γðnþ1Þ
n div ; Q0;ξ⟧þ ⟦S;Qðnþ1Þ

n;ξ div⟧þ
∂Sn
∂ξ

− ⟦Sn;Qn;ξ⟧þOðℏnþ2Þ:

Using this fact, (3.5) and (4.4) we obtain

∂Snþ1

∂ξ ¼ ⟦Snþ1; Qnþ1;ξ⟧þOðℏnþ2Þ; (4.6)

which promotes the first inductive hypothesis of (4.3) to
orderℏnþ1.When n is taken to infinity, the first two formulas
of (4.2) follow, withQR;ξ ¼ Q∞;ξ. The third identity of (4.2)
follows from the first one, using (4.5) with n ¼ ∞ and
⟦ŜR; ŜR⟧ ¼ 0. This concludes the derivation of (4.2).

A. Integrating the differential equations
of gauge dependence

Nowwe integrate the first two equations of (4.2) and find
the renormalized canonical transformation that corresponds
to a tree-level transformation (2.37) satisfying (2.38).
Specifically, we prove that
Theorem 1.— There exists a background-preserving

canonical transformation

FRðΦ;Φ; K0; K0; ξÞ

¼
Z

ΦAK0
A þ

Z
ΦAK0

A þQRðΦ;ϕ; K0; ξÞ; (4.7)

whereQRðΦ;ϕ; K0; ξÞ ¼ QðΦ;ϕ; K0; ξÞ þOðℏÞ is aK- and
C-independent local functional, such that the transformed
action SfðΦ0;Φ0; K0; K0Þ ¼ SRðΦ;Φ; K; K; ξÞ is ξ indepen-
dent and invariant under background transformations:

∂Sf
∂ξ ¼ 0; ⟦S̄; Sf⟧ ¼ 0. (4.8)

Proof. To prove this statement we introduce a new
parameter ζ multiplying the whole functional Q of
(2.37), as in (2.39). We know that ⟦S̄; Q⟧ ¼ 0 implies
⟦S̄; ~Q⟧ ¼ 0. If we prove that the ζ dependence can be
reabsorbed into a background-preserving canonical trans-
formation we also prove the same result for every gauge-
fixing parameter ξ and also for all of them together. The
differential equations of gauge dependence found above
obviously apply with ξ → ζ.
Specifically, we show that the ζ dependence can be

reabsorbed in a sequence of background-preserving canoni-
cal transformations SRn → SRnþ1 (with SR0 ¼ SR), gener-
ated by

FnðΦ;Φ;K0;K0Þ ¼
Z

ΦAK0
Aþ

Z
ΦAK0

AþHnðΦ;ϕ;K0;ζÞ;
(4.9)

where Hn ¼ OðℏnÞ, and such that

∂SRn
∂ζ ¼ ⟦SRn; Tn⟧; Tn ¼ OðℏnÞ: (4.10)

The functionals Tn and Hn are determined by the recursive
relations
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Tnþ1ðΦ0;ϕ; K0; ζÞ ¼ TnðΦ;ϕ; K; ζÞ −
g∂Hn

∂ζ ; (4.11)

HnðΦ;ϕ; K0; ζÞ ¼
Z

ζ

0

dζ0Tn;nðΦ;ϕ; K0; ζ0Þ; (4.12)

with the initial conditions

T0 ¼ QR;ζ; H0 ¼ ζQ:

In formula (4.11) the tilde operation (2.40) on ∂Hn=∂ζ and
the canonical transformation Φ, K → Φ0, K0 are the ones
defined by Fn. In formula (4.12) Tn;nðΦ;ϕ; K0Þ denotes the
contributions of order ℏn to TnðΦ;ϕ; KðΦ;ϕ; K0ÞÞ, the
function KðΦ;ϕ; K0Þ also being determined by Fn. Note
that for n > 0 we have TnðΦ;ϕ; KðΦ;ϕ; K0ÞÞ ¼
TnðΦ;ϕ; K0Þ þOðℏnþ1Þ; therefore formula (4.12), which
determines Hn (and so Fn), does not really need Fn on the
right-hand side. Finally, (4.12) is self-consistent for n ¼ 0.
Formula (A19) of the Appendix describes how the

dependence on parameters is modified by a canonical
transformation. Applying it to 4.10, we get

∂SRnþ1

∂ζ ¼ ∂SRn
∂ζ − ⟦SRn;

g∂Hn

∂ζ ⟧ ¼ ⟦SRn; Tn −
g∂Hn

∂ζ ⟧;
whence (4.11) follows. For n ¼ 0 the first formula
of (4.1) gives T0 ¼ ~QþOðℏÞ; therefore T1 ¼ OðℏÞ.
Then (4.12) gives H1 ¼ OðℏÞ. For n > 0 the order ℏn

of Tnþ1 vanishes by formula (4.12); therefore Tnþ1 ¼
Oðℏnþ1Þ and Hnþ1 ¼ Oðℏnþ1Þ, as desired.
Consequently, Sf ≡ SR∞ is ζ independent, since (4.10)

implies ∂SR∞=∂ζ ¼ 0. Observe thatK andC independence
is preserved at each step. Finally, all operations defined by
(4.11) and (4.12) are background preserving. We conclude
that the canonical transformation FR obtained composing
the Fns solves the problem.
Using (4.8) and (2.29) we conclude that in the new

variables

∂Γf

∂ξ ¼
�∂Sf
∂ξ

�
¼ 0 ⟦S̄;Γf⟧ ¼ 0; (4.13)

for all gauge-fixing parameters ξ.

B. Non-background-preserving canonical
transformations

In the usual approach the results derived so far apply
with straightforward modifications. It is sufficient to ignore
the background fields and sources, as well as the back-
ground transformations, and use the standard parentheses
ðX; YÞ instead of ⟦X; Y⟧. Thus, given a tree-level canonical
transformation generated by

FðΦ; K0Þ ¼
Z

ΦαK0
α þQðΦ; K0; ξÞ; (4.14)

there exists a local functionalQR;ξ satisfying (4.1) such that

∂SR
∂ξ ¼ ðSR;QR;ξÞ;

∂ΓR

∂ξ ¼ ðΓR; hQR;ξiÞ; (4.15)

and there exists a renormalized canonical transformation

FRðΦ; K0Þ ¼
Z

ΦAK0
A þQRðΦ; K0; ξÞ; (4.16)

where QRðΦ; K0; ξÞ ¼ QðΦ; K0; ξÞ þOðℏÞ is a local func-
tional, such that the transformed action SfðΦ0; K0Þ ¼
SRðΦ; K; ξÞ is ξ independent. Said differently, the entire
ξ dependence of SR is reabsorbed into the transformation:

SRðΦ; K; ξÞ ¼ SfðΦ0ðΦ; K; ξÞ; K0ðΦ; K; ξÞÞ:

In the presence of background fields Φ and background
sources K, dropping assumption (2.38) and ignoring
invariance under background transformations, encoded in
the parentheses ⟦S̄; X⟧, the results found above can be
easily generalized to any classical action SðΦ;Φ; K; KÞ that
solves ⟦S; S⟧ ¼ 0 and is such that δlS=δKα is Φ indepen-
dent, and to any K-independent canonical transformation.
Indeed, these assumptions are enough to apply Theorem 6
and Corollary 7, and go through the derivation ignoring the
parentheses ⟦S̄; X⟧. The tree-level canonical transformation
is described by a generating functional of the form

FðΦ;Φ;K0;K0Þ ¼
Z

ΦαK0
αþ

Z
ΦαK0

αþQðΦ;ϕ;C;K0;ξÞ:
(4.17)

We still find the differential equations

∂SR
∂ξ ¼ ⟦SR;QR;ξ⟧;

∂ΓR

∂ξ ¼ ⟦ΓR; hQR;ξi⟧; (4.18)

where QR;ξ satisfies (4.1). When we integrate the first of
these equations with the procedure defined above we build
a renormalized canonical transformation

FRðΦ;Φ; K0; K0; ξÞ

¼
Z

ΦαK0
α þ

Z
ΦαK0

α þQRðΦ;φ; C; K0; ξÞ; (4.19)

where QR ¼ QþOðℏÞ is a local functional, such that the
transformed action SfðΦ0;Φ0; K0; K0Þ ¼ SRðΦ;Φ; K; K; ξÞ
is ξ independent. The only difference is that now QR;ξ,
hQR;ξi, Tn, Hn and QR can depend on C, which does not
disturb any of the arguments used in the derivation.

C. Canonical transformations in Γ

We have integrated the first equation of (4.18), and
shown that the ξ dependence can be reabsorbed in the
canonical transformation (4.19) on the renormalized action
SR, which gives the ξ-independent action with Sf. We know
that the generating functional Γf of one-particle irreducible
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Green functions determined by Sf is ξ independent. We can
also prove that Γf can be obtained applying a (nonlocal)
canonical transformation directly on ΓR.
To achieve this goal we integrate the second equation of

(4.18). The integration algorithm is the same as the one of
subsection IVA, with the difference that QR;ξ is replaced by
hQR;ξi. The canonical transformation on ΓR has a generat-
ing functional of the form

FΓðΦ;Φ; K0; K0; ξÞ

¼
Z

ΦαK0
α þ

Z
ΦαK0

α þQΓðΦ;φ; C; K0; ξÞ; (4.20)

where QΓ ¼ QþOðℏÞ (nonlocal) radiative corrections.
The result just obtained is actually more general, and

proves that if S is any action that solves the master
equation (it can be the classical action, the renormalized
action, or any other action) canonical transformations on
S correspond to canonical transformations on the Γ
functional determined by S. See [14] for a different
derivation of this result in Yang-Mills theory. Our line of
reasoning can be recapitulated as follows: in the usual
approach, (i) make a canonical transformation (4.14) on
S; (ii) derive the equations of gauge dependence for the
action, which are ∂S=∂ξ ¼ ðS;QξÞ; (iii) derive the
equations of gauge dependence for the Γ functional
determined by S, which are ∂Γ=∂ξ ¼ ðΓ; hQξiÞ, and
integrate them.
The property just mentioned may sound obvious, and

is often taken for granted, but actually needed to be
proved. The reason is that the canonical transformations
we are talking about are not true changes of field
variables inside functional integrals, but mere replace-
ments of integrands [15]. Therefore, we cannot automati-
cally infer how a transformation on the action S affects
the generating functionals Z, W ¼ ln Z and Γ, and need
to make some additional effort to get where we want. We
recall that to skip this kind of supplementary analysis we
need to use the formalism of the master functional,
explained in Refs. [16,17].

D. Application

An interesting application that illustrates the results of
this section is the comparison between the renormalized
action (3.7), which was obtained with the background field
method and the raw subtraction procedure of Sec. III, and
the renormalized action S0R that can be obtained with the
same raw subtraction in the usual non-background field
approach.
The usual approach is retrieved by picking a gauge

fermion Ψ0 that depends on Φþ Φ, such as

Ψ0ðΦþ ΦÞ ¼
Z

C̄IGIið0; ∂Þðϕi þ ϕiÞ: (4.21)

Making the canonical transformation generated by

F0
gfðΦ;Φ; K0; K0Þ ¼

Z
ΦαK0

α þ
Z

ΦαK0
α þΨ0ðΦþ ΦÞ

(4.22)

on (2.9) we find the classical action

S0ðΦ;Φ; K; KÞ ¼ Ŝ0ðΦþ Φ; KÞ þ S̄0ðΦ;Φ; K; KÞ; (4.23)

where

Ŝ0ðΦþ Φ; KÞ ¼ Scðϕþ ϕÞ −
Z

RαðΦþ ΦÞK̄α;

S̄0ðΦ;Φ; K; KÞ ¼ −
Z

RαðΦÞðKα − KαÞ; (4.24)

and the barred sources K̄α coincide with Kα apart from K̄i
ϕ

and K̄I
C̄, which are

K̄i
φ ¼ Ki

φ − C̄IGIið0;−∂⃖Þ;
K̄I

C̄ ¼ KI
C̄ −GIið0; ∂Þðφi þ φiÞ: (4.25)

Clearly, Ŝ0 is the gauge-fixed classical action of the usual
approach, apart from the shift Φ → Φþ Φ.
The radiative corrections are generated only by Ŝ0 and

do not affect S̄0. Indeed, Ŝ0 as well as the radiative
corrections are unaffected by setting Φ ¼ 0 and then
shifting Φ back to Φþ Φ, while S̄0 disappears doing this.
Thus, S̄0 is nonrenormalized, and the renormalized action
S0R has the form

S0RðΦ;Φ; K; KÞ ¼ Ŝ0RðΦþ Φ; KÞ þ S̄0ðΦ;Φ; K; KÞ:
(4.26)

Now we compare the classical action (2.32) of the
background field method with the classical action (4.23)
of the usual approach. We recapitulate how they are
obtained with the help of the following schemes:

ð2.9Þ →
ð2.15Þð2.16Þ →

ð2.24Þ
S ¼ ð2.32Þ ð2.9Þ →

ð4.22Þ
S0 ¼ ð4.24Þ:

Above the arrows we have put references to the corre-
sponding canonical transformations, which are (2.15),
(2.24) and (4.22) and commute with one another. We
can interpolate between the classical actions (2.32) and
(4.24) by means of a K-independent non-background-
preserving canonical transformation generated by

FξðΦ;Φ; K0; K0; ξÞ ¼
Z

ΦαK0
α þ

Z
ΦαK0

α þ ξΔΨ

þ ξ

Z
RI

C̄ðC̄; CÞKI0
B; (4.27)
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where ξ is a gauge-fixing parameter that varies from 0 to 1,
and

ΔΨ ¼
Z

C̄IðGIiðϕ; ∂Þϕi −GIið0; ∂Þðϕi þ ϕiÞÞ:

Precisely, start from the non-background field theory
(4.23), and take its variables to be primed ones. We know
that Ŝ0 depends on the combination

~Ki0
φ ¼ Ki0

φ − C̄IGIið0;−∂⃖Þ; (4.28)

and we have C̄I ¼ C̄I0. Expressing the primed fields and
sources in terms of the unprimed ones and ξ, we find the
interpolating classical action

SξðΦ;Φ; K; KÞ ¼ Scðϕþ ϕÞ −
Z

RαðΦþ ΦÞ ~KαðξÞ

− ξ

Z
RI

C̄ðC̄; CÞ ~KI
C̄ðξÞ

−
Z

RαðΦÞð ~KαðξÞ − ~KαðξÞÞ; (4.29)

where ~KI
CðξÞ ¼ KI

C,

~Ki
φðξÞ ¼ Ki

φ − ξC̄IGIiðφ;−∂⃖Þ − ð1 − ξÞC̄IGIið0;−∂⃖Þ;
(4.30)

while the other ξ-dependent tilde sources have expres-
sions that we do not need to report here. It suffices
to say that they are Ki

ϕ independent, such that
δrSξ=δKα ¼ −RαðΦÞ, and linear in the quantum fields
Φ, apart from ~Ki

ϕðξÞ, which is quadratic. Thus the action
Sξ and the transformation Fξ satisfy the assumptions that
allow us to apply Theorem 6 and Corollary 7. Actually,
(4.27) is of type (4.17); therefore we have the differential
equations (4.18) and the renormalized canonical trans-
formation (4.19).
We want to better characterize the renormalized version

FR of Fξ. We know that the derivative of the renormalized
Γ-functional with respect to ξ is governed by the renor-
malized version of the average

�g∂Fξ

∂ξ
�

¼ hΔΨi þ
Z

RI
C̄ðC̄; CÞKI

B:

It is easy to see that hΔΨi is independent of K, B, KC̄
and KB, since no one-particle irreducible diagrams with
such external legs can be constructed. In particular,
KI0

B ¼ KI
B. Moreover, using the explicit form (4.29) of

the action Sξ and arguments similar to the ones that lead
to formulas (2.33), we easily see that hΔΨi is equal to
ΔΨ plus a functional that does not depend on Ki

ϕ and
C̄I separately, but only on the convex combination

(4.30). Indeed, the C̄-dependent terms of (4.29) that
do not fit into the combination (4.30) are Ki

ϕ indepen-
dent and at most quadratic in the quantum fields, so
they cannot generate one-particle irreducible diagrams
that have either Ki

ϕ or C̄ on the external legs. Clearly,
the renormalization of hΔΨi also satisfies the properties
just stated for hΔΨi.
Following the steps of the previous section we can

integrate the ξ derivative and reconstruct the full canonical
transformation. However, formula (4.12) shows that the
integration over ξ must be done by keeping fixed the
unprimed fields Φ and the primed sources K0. When we
do this for the zeroth canonical transformation F0 of
(4.9), the combination ~Ki

ϕðξÞ is turned into (4.28), which
is ξ independent. Every other transformation Fn of (4.9)
preserves the combination (4.28), so the integrated
canonical transformation does not depend on Ki

ϕ and
C̄I separately, but only on the combination ~Ki0

ϕ, and the
generating functional of the renormalized version FR of
Fξ has the form

FRðΦ;Φ; K0; K0; ξÞ ¼
Z

ΦαK0
α þ

Z
ΦαK0

α þ ξΔΨ

þ ξ

Z
RI

C̄ðC̄; CÞKI0
B

þ ΔFξðϕ; C;ϕ; C; ~K0
ϕ; K0

C; ξÞ:
(4.31)

Using this expression we can verify a posteriori that
indeed ~Ki

ϕðξÞ depends just on (4.28), not on Ki0
φ and C̄I

separately. Moreover, (4.31) implies

Φα0 ¼ Φα; BI0 ¼ BI þ ξRI
C̄ðC̄; CÞ;

C̄I0 ¼ C̄I; KI0
B ¼ KI

B: (4.32)

In the next section these results are used to achieve
parametric completeness.

V. RENORMALIZATION AND
PARAMETRIC COMPLETENESS

The raw renormalization algorithm of Sec. III subtracts
away divergences just as they come. It does not ensure,
per se, RG invariance, for which it is necessary to prove
parametric completeness, namely that all divergences can
be subtracted by redefining parameters and making
canonical transformations. We must show that we can
include in the classical action all invariants that are
generated back by renormalization, and associate an
independent parameter with each of them. The purpose
of this section is to show that the background field
method allows us to prove parametric completeness in a
rather straightforward way, making cohomological clas-
sifications unnecessary.
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We want to relate the renormalized actions (3.7) and
(4.26). From the arguments of the previous section we
know that these two actions are related by the canonical
transformation generated by (4.31) at ξ ¼ 1. We have

Ŝ0RðΦ0 þ Φ; K0Þ −
Z

RαðΦÞðK0
α − K0

αÞ

¼ ŜRðΦ;ϕ; KÞ −
Z

RαðΦ; CÞKα −
Z

RαðΦÞKα:

(5.1)

From (4.31) we find the transformation rules (4.32) at
ξ ¼ 1 and

ϕ0 ¼ ϕþ δΔF
δ ~K0

ϕ

;

KI
C̄ ¼ KI 0̄

C þ GIiðϕ; ∂Þϕi −GIið0; ∂Þðϕi0 þ ϕiÞ

þ δ

δC̄I

Z
RJ

C̄ðC̄; CÞKJ
B; (5.2)

where ΔF is ΔFξ at ξ ¼ 1. Here and below we sometimes
understand indices when there is no loss of clarity. We want
to express Eq. (5.1) in terms of unprimed fields and primed
sources, and then set ϕ ¼ C ¼ K0 ¼ 0. We denote this
operation with a subscript 0. Keeping ϕ, C, C̄, B and K0 as
independent variables, we get

Ŝ0RðΦ0
0 þ Φ; K0Þ ¼ ŜRð0;φ; 0Þ −

Z
BI0ðKI0̄

C −GIið0; ∂Þðφi0
0 þ φiÞÞ −

Z
RI

C̄ðC̄; CÞ
δ

δC̄I

Z
RJ

C̄ðC̄; CÞKJ0
B

−
Z

RαðΦÞðKα0 þ K0
αÞ: (5.3)

To derive this formula we have used

ŜRðf0; 0; C̄; Bg;ϕ; KÞ ¼ ŜRð0;ϕ; 0Þ −
Z

BIKI
C̄; (5.4)

together with (2.6), (4.32) and (5.2). The reason why (5.4)
holds is that atC ¼ 0 there are no objects with positive ghost
numbers inside the left-hand side of this equation; therefore
we can drop every object that has a negative ghost number,
whichmeans C̄ and all sourcesK butKI

C̄. Since (2.34) are the
only B- and KI

C̄-dependent terms, and they are not renor-
malized, at ϕ ¼ 0 we find (5.4).
Now, consider the canonical transformation

fφ; C; C̄; Bg; K̆ → Φ00; K0, defined by the generating
functional

Fðfϕ; C; C̄; Bg; K0Þ ¼
Z

ϕK0
ϕ þ

Z
CK0

C

þ FRðf0; 0; C̄; Bg;Φ; K0; 0; 1Þ:
(5.5)

It gives the transformation rules

Φ00 ¼ ΦþΦ0
0; K̆ϕ ¼ K0

ϕ þKϕ0; K̆C ¼ K0
C þKC0;

K̆I
C̄ ¼ KI 0̄

C −GIið0;∂Þϕi00 þ δ

δC̄I

Z
RJ

C̄ðC̄;CÞKJ0
B ;

K̆B ¼ K0
B;

which turn formula (5.4) into

Ŝ0RðΦ00; K0Þ ¼ ŜRð0;ϕ; 0Þ −
Z

Ri
ϕðΦÞK̆i

ϕ −
Z

RI
CðΦÞK̆I

C −
Z

BIK̆I
C̄ −

Z
RI

C̄ðC̄; CÞK̆I
C̄ −

Z
RI

BðB;CÞK̆I
B: (5.6)

Note that ðŜ0R; Ŝ0RÞ ¼ 0 is automatically satisfied by
(5.6). Indeed, we know that ŜRðΦ;ϕ; KÞ is invariant under
background transformations, and so is ŜRð0;ϕ; 0Þ, because
Φ and K transform as matter fields.
We can classify ŜRð0;ϕ; 0Þ using its gauge invariance.

Let GiðϕÞ denote a basis of gauge-invariant local func-
tionals constructed with the physical fields ϕ. Then

ŜRð0;ϕ; 0Þ ¼
X
i

τiGiðϕÞ; (5.7)

for suitable constants τi.

Now we manipulate these results in several ways to make
their consequences more explicit. To prepare the next
discussion it is convenient to relabel fϕ; C; C̄; Bg as Φ̆α

and K0 as K00. Then formulas (5.5) and (5.6) tell us that the
canonical transformation

F1ðΦ̆; K00Þ ¼
Z

ϕ̆K00
ϕ þ

Z
C̆K00

C

þ FRðf0; 0; ¯̆C; B̆g; fϕ̆; C̆g; K00; 0; 1Þ (5.8)

is such that
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Ŝ0RðΦ00; K00Þ ¼ ŜRð0; ϕ̆; 0Þ −
Z

R̄αðΦ̆ÞK̆α: (5.9)

A. Parametric completeness

Making the further canonical transformation Φ̆, K̆ → Φ,
K generated by

F2ðΦ; K̆Þ ¼
Z

ΦαK̆α þ
Z

C̄IGIið0; ∂Þϕi

−
Z

RI
C̄ðC̄; CÞK̆I

B;

we get

Ŝ0RðΦ00; K00Þ ¼ ŜRð0;ϕ; 0Þ −
Z

RαðΦÞK̄α; (5.10)

where the barred sources are the ones of (4.25) at ϕ ¼ 0. If
we start from the most general gauge-invariant classical
action,

Scðϕ; λÞ≡
X
i

λiGiðϕÞ; (5.11)

where λi are physical couplings (apart from normalization
constants), identities (5.7) and (5.10) give

Ŝ0RðΦ00; K00Þ ¼ Scðϕ; τðλÞÞ −
Z

RαðΦÞK̄α: (5.12)

This result proves parametric completeness in the usual
approach, because it tells us that the renormalized action of
the usual approach is equal to the classical action Ŝ0ðΦ; KÞ
[check (4.23)–(4.24) at Φ ¼ K ¼ 0], apart from parameter
redefinitions λ → τ and a canonical transformation. In this
derivation the role of the background field method is just to
provide the key tool to prove the statement.
We can also describe parametric completeness in the

background field approach. Making the canonical trans-
formation Φ̆, K̆ → Φ̂, K̂ generated by

F0
2ðΦ̂; K̆Þ ¼

Z
Φ̂αK̆α þ

Z
ϕiK̆i

ϕ þ
Z

ˆ̄CIGIiðϕ; ∂Þϕ̂i

−
Z

RI
C̄ð ˆ̄C; ĈÞK̆I

B; (5.13)

formula (5.9) becomes

Ŝ0RðΦ00; K00Þ ¼ Scðϕ̂þ ϕ; τÞ −
Z

Rαðϕ̂þ ϕ; Ĉ; ˆ̄C; B̂Þ ~̂Kα;

(5.14)

where the relations between tilde and nontilde sources are
the hat versions of (2.33). Next, we make a Φ translation on
the left-hand side of (5.14) applying the canonical trans-
formation Φ00, K00 → Φ0, K0 generated by

F3ðΦ0; K00Þ ¼
Z

ðΦα0 þ ΦαÞK00
α: (5.15)

Doing so, Ŝ0RðΦ00; K00Þ is turned into Ŝ0RðΦ0 þ Φ; K0Þ.
At this point, we want to compare the result we have

obtained with (5.1). Recall that formula (5.1) involves
the canonical transformation (4.31) at ξ ¼ 1. If we set
K0 ¼ 0 we project that canonical transformation onto a
canonical transformation Φ, K → Φ0, K0 generated by
FRðΦ;Φ; K0; 0; 1Þ, where Φ is regarded as a spectator.
Furthermore, it is convenient to set C ¼ 0, because then
formula (5.1) turns into

Ŝ0RðΦ0 þ Φ; K0Þ ¼ ŜRðΦ;ϕ; KÞ;

where now primed fields and sources are related to
the unprimed ones by the canonical transformation gen-
erated by FRðΦ; fϕ; 0g; K0; 0; 1Þ. Finally, recalling that
Ŝ0RðΦ00; K00Þ ¼ Ŝ0RðΦ0 þ Φ; K0Þ and using (5.14) we get
the key formula we wanted, namely

ŜRðΦ;ϕ;KÞ¼ Scðϕ̂þϕ;τðλÞÞ−
Z

Rαðϕ̂þϕ; Ĉ; ˆ̄C;B̂Þ ~̂Kα:

(5.16)

Observe that formula (1.1) of the introduction is formula
(5.16) with antighosts and Lagrange multipliers switched
off. Checking (2.32), formula (5.16) tells us that the
renormalized background field action ŜR is equal to the
classical background field action Ŝgf up to parameter
redefinitions λ → τ and a canonical transformation. This
proves parametric completeness in the background field
approach.
The canonical transformation Φ, K → Φ̂, K̂ involved

in formula (5.16) is generated by the functional
F̂RðΦ;ϕ; K̂Þ obtained composing the transformations
generated by FRðΦ;fϕ;0g;K0;0;1Þ, F1ðΦ̆;K00Þ, F0

2ðΦ̂;K̆Þ
and F3ðΦ0;K00Þ of formulas (4.31), (5.8), (5.13) and (5.15)
(at C ¼ 0). Working out the composition it is easy to prove
that

ˆ̄C ¼ C̄; B̂ ¼ B;

K̂B ¼ KB; K̂I
C̄ −GIiðφ; ∂Þφ̂i ¼ KI

C̄ −GIiðφ; ∂Þφi;

and therefore F̂RðΦ;ϕ; K̂Þ has the form

F̂RðΦ;ϕ; K̂Þ

¼
Z

ΦαK̂α þ ΔF̂ðϕ; C;ϕ; K̂i
ϕ − ˆ̄CIGIiðϕ;−∂⃖Þ; K̂CÞ;

(5.17)

where ΔF̂ ¼ OðℏÞ-poles.
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VI. EXAMPLES

In this section we give two examples, non-Abelian gauge field theories and quantum gravity, which are also useful to
familiarize oneself with the notation and the tools used in the paper. We switch to Minkowski spacetime. The dimensional-
regularization technique is understood.

A. Yang-Mills theory

The first example is non-Abelian Yang-Mills theory with simple gauge group G and structure constants fabc, coupled to
fermions ψ i in some representation described by anti-Hermitian matrices Ta

ij. The classical action ScðϕÞ can be restricted by
power counting, or enlarged to include all invariants of (5.11). The nonminimal non-gauge-fixed action S is the sum Ŝþ S̄
of (2.18) and (2.19). We find

Ŝ ¼ Scðφþ φÞ þ
Z

½gðψ̄ i þ ψ̄ iÞTa
ijC

aKj
ψ þ gK̄i

ψTa
ijC

aðψ j þ ψ jÞ�

−
Z �

ðDμCa þ gfabcAb
μCcÞKμa − 1

2
gfabcCbCcKa

C þ BaKa
C̄

�
;

and

S̄ ¼ gfabc
Z

CbðAc
μKμa þ CcKa

C þ C̄cKa
C̄ þ BcKa

BÞ þ g
Z

½ψ̄ iTa
ijC

aKj
ψ þ K̄i

ψTa
ijC

aψ j�

−
Z �

ðDμCaÞKμa − 1

2
gfabcCbCcKa

C − gψ̄ iTa
ijC

aKj
ψ − gK̄i

ψTa
ijC

aψ j

�
: (6.1)

The covariant derivative Dμ is the background one; for example DμΛa ¼ ∂μΛa þ gfabcAb
μΛc. The first line of (6.1) shows

that all quantum fields transform as matter fields under background transformations. It is easy to check that Ŝ and S̄
satisfy ⟦Ŝ; Ŝ⟧ ¼ ⟦Ŝ; S̄⟧ ¼ ⟦S̄; S̄⟧ ¼ 0.
A common background-preserving gauge fermion is

Ψ ¼
Z

C̄a

�
− λ

2
Ba þDμAa

μ

�
; (6.2)

and the gauge-fixed action Ŝgf ¼ Ŝþ ⟦Ŝ;Ψ⟧ reads

Ŝgf ¼ Ŝ − λ

2

Z
ðBaÞ2 þ

Z
BaDμAa

μ −
Z

C̄aDμðDμCa þ gfabcAb
μCcÞ:

Since the gauge fixing is linear in the quantum fields, the action Ŝ depends on the combination Ka
μ þDμC̄a and not on Ka

μ

and C̄a separately. From now on we switch matter fields off, for simplicity, and set λ ¼ 0.
We describe renormalization using the approach of this paper. First we concentrate on the standard power-counting

renormalizable case, where

ScðA; gÞ ¼ − 1

4

Z
Fa
μνðA; gÞFμνaðA; gÞ; Fa

μνðA; gÞ ¼ ∂μAa
ν − ∂νAa

μ þ gfabcAb
μAc

ν:

The key formula (5.16) gives

ŜRðΦ; A; KÞ ¼ −Z
4

Z
Fa
μνðÂþ A; gÞFμνaðÂþ A; gÞ þ

Z
B̂aDμÂa

μ −
Z

B̂aK̂a
C̄ þ

Z
ðK̂μa þDμ ˆ̄CaÞðDμĈ

a þ gfabcÂb
μĈ

cÞ

þ 1

2
gfabc

Z
ĈbĈcK̂a

C; (6.3)

where Z is a renormalization constant. The most general canonical transformation Φ, K → Φ̂, K̂ that is compatible with
power counting, global gauge invariance and ghost number conservation can be easily written down. Introducing unknown
constants where necessary, we find that its generating functional has the form

DAMIANO ANSELMI PHYSICAL REVIEW D 89, 045004 (2014)

045004-16



F̂RðΦ; A; K̂Þ ¼
Z

ðZ1=2
A Aa

μ þ Z1=2
A Aa

μÞK̂μa þ
Z

Z1=2
C CaK̂a

C þ
Z

Z1=2
C̄ C̄aK̂a

C̄

þ
Z

ðZ1=2
B Ba þ αDμAa

μ þ β∂μAa
μ þ γgfabcAμbAc

μ þ δgfabcC̄bCcÞK̂a
B

þ
Z

C̄aðζBa þ ξDμAa
μ þ η∂μAa

μ þ θgfabcAμbAc
μ þ χgfabcC̄bCcÞ þ

Z
σK̂a

C̄K̂
a
B þ

Z
τgfabcCaK̂b

BK̂
c
B:

Inserting it in (6.4) and using the nonrenormalization of the
B- andKC̄-dependent terms, we find a ¼ β ¼ γ ¼ δ ¼ ζ ¼
θ ¼ χ ¼ σ ¼ τ ¼ 0 and

ξ ¼ 1 − Z1=2
C̄ Z1=2

A ; η ¼ −Z1=2
C̄ Z1=2

A ; ZB ¼ ZC̄:

(6.4)

It is easy to check that ZC̄ disappears from the right-hand
side of (6.4), so we can set ZC̄ ¼ 1. Furthermore, we know
that ŜRðΦ; A; KÞ is invariant under background transfor-
mations (⟦ŜR; S̄⟧ ¼ 0), which requires ZA ¼ 0. Finally, the
canonical transformation just reads

F̂RðΦ; A; K̂Þ ¼
Z

Z1=2
A Aa

μK̂
μa þ

Z
Z1=2
C CaK̂a

C þ
Z

C̄aK̂a
C̄

þ
Z

BaK̂a
B þ ð1 − Z1=2

A Þ
Z

C̄aðDμAa
μÞ;

which contains the right number of independent renorm-
alization constants and is of the form (5.17).
Defining Zg ¼ Z−1=2 and Z0

A ¼ ZZA we can describe
renormalization in a more standard way. Writing

ŜRð0; Âþ A; 0Þ ¼ − 1

4

Z
Fa
μνðZ01=2

A Aþ Z−1
g A; gZgÞ

× FμνaðZ01=2
A Aþ Z−1

g A; gZgÞ;

we see that Zg is the usual gauge-coupling renormalization
constant, while Z0

A and Z−2
g are the wave-function renorm-

alization constants of the quantum gauge field A and the
background gauge field A, respectively. We remark that the
local divergent canonical transformation Φ, K → Φ̂, K̂
corresponds to a highly nontrivial, convergent but nonlocal
canonical transformation at the level of the Γ functional.
If the theory is not power-counting renormalizable, then

we need to consider the most general classical action, equal
to the right-hand side of (5.11). Counterterms include
vertices with arbitrary numbers of external Φ and K legs.
Nevertheless, the key formula (5.16) ensures that the
renormalized action ŜR remains exactly the same, up to
parameter redefinitions and a canonical transformation.
The only difference is that now even the canonical trans-
formation F̂RðΦ;ϕ; K̂Þ of (5.17) becomes nonpolynomial
and highly nontrivial.

B. Quantum gravity

Having written detailed formulas for Yang-Mills theory,
in the case of quantum gravity we can just outline the key
ingredients. In particular, we stress that the linearity
assumption is satisfied both in the first-order and sec-
ond-order formalisms, both using the metric gμν and the
vielbein eaμ. For example, using the second-order formalism
and the vielbein, the symmetry transformations are encoded
in the expressions

−
Z

RαðΦÞKα ¼
Z

ðeaρ∂μCρ þ Cρ∂ρeaμ þ CabeμbÞKμ
a þ

Z
Cρð∂ρCμÞKC

μ

þ
Z

ðCacηcdCdb þ Cρ∂ρCabÞKC
ab −

Z
BμK

μ
C̄ −

Z
BabKab

C̄ ;

−
Z

R̄αðΦÞKα ¼ −
Z

RαðΦÞKα −
Z

ðC̄ρ∂μCρ − Cρ∂ρC̄μÞKμ
C̄ þ

Z
ðBρ∂μCρ þ Cρ∂ρBμÞKμ

B;

in the minimal and nonminimal cases, respectively, where Cμ are the ghosts of diffeomorphisms, Cab are the Lorentz ghosts
and ηab is the flat-space metric. We see that both RαðΦÞ and R̄αðΦÞ are at most quadratic in Φ. Matter fields are also fine,
since vectors Aμ, fermions ψ and scalars ϕ contribute with

−
Z

ð∂μCa þ gfabcAb
μCc − Cρ∂ρAa

μ − Aa
ρ∂μCρÞKμa

A þ
Z �

Cρ∂μCa þ 1

2
gfabcCbCc

�
Ka

C þ
Z

Cρð∂ρϕÞKϕ

þ
Z

Cρð∂ρψ̄ÞKψ − i
4

Z
ψ̄σabCabKψ þ

Z
Kψ̄Cρð∂ρψÞ − i

4

Z
Kψ̄ σ

abCabψ ;
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where σab ¼ i½γa; γb�=2. Expanding around flat space,
common linear gauge-fixing conditions for diffeomor-
phisms and local Lorentz symmetry are ημν∂μeaν ¼
ξηaμ∂μebνδνb, e

a
μ ¼ ebνηbμηνa, respectively.

In the first-order formalism we just need to add the
transformation of the spin connection ωab

μ , encoded inZ
ðCρ∂ρω

ab
μ þ ωab

ρ ∂μCρ − ∂μCab þ Cacηcdω
db
μ

− ωac
μ ηcdCdbÞKμ

ab:

Moreover, in this case we can also gauge-fix local Lorentz
symmetry with the linear gauge-fixing condition
ημν∂μω

ab
ν ¼ 0, instead of eaμ ¼ ebνηbμηνa.

We see that all gauge symmetries that are known to have
physical interest satisfy the linearityassumption, togetherwith
irreducibility and off-shell closure. On the other hand, more
speculative symmetries (such as local supersymmetry) do not
satisfy those assumptions in an obvious way. When auxiliary
fields are introduced to achieve off-shell closure, some
symmetry transformations (typically, those of auxiliary fields)
arenonlinear [19].The relevanceof this issue is alreadyknown
in the literature. For example, inRef. [20] it is explained that in
supersymmetric theories the standard background field
method cannot be applied, precisely because the symmetry
transformations are nonlinear. It is argued that the linearity
assumption is tied to the linear splittingΦ → Φþ Φ between
quantum fields Φ and background fields Φ, and that the
problem of supersymmetric theories can be avoided with a
nonlinear splitting of the form Φ→ΦþΦ þ nonlinear cor-
rections. Perhaps it is possible to generalize the results of this
paper to supergravity following those guidelines. From our
viewpoint, the crucial property is that the background trans-
formations of the quantum fields are linear in the quantum
fields themselves, because then they do not renormalize.
An alternative strategy, not bound to supersymmetric

theories, is that of introducing (possibly infinitely many)
auxiliary fields, replacing every nonlinear term appearing
in the symmetry transformations with a new field N, and
then proceeding similarly with the N transformations and
the closure relations, till all functions Rα are at most
quadratic. The natural framework for this kind of job is
the one of Refs. [15–17], where the fields N are dual to the
sources L coupled to composite fields. Using that approach
the Batalin-Vilkovisky formalism can be extended to the
composite-field sector of the theory and all perturbative
canonical transformations can be studied as true changes of
field variables in the functional integral, instead of mere
replacements of integrands. For reasons of space, though,
we cannot pursue this strategy here.

VII. THE QUEST FOR PARAMETRIC
COMPLETENESS: WHERE WE STAND NOW

In this section we make remarks about the problem of
parametric completeness in general gauge theories and

recapitulate where we stand now on this issue. To begin
with, consider non-Abelian Yang-Mills theory as a defor-
mation of its Abelian limit. The minimal solution SðgÞ of
the master equation ðSðgÞ; SðgÞÞ ¼ 0 reads

SðgÞ ¼ − 1

4

Z
Fa
μνFμνa þ

Z
Kμa∂μCa

þ gfabc
Z �

KμaAb
μ þ

1

2
Ka

CC
b

�
Cc:

Differentiating the master equation with respect to g and
setting g ¼ 0, we find

ðS;SÞ ¼ 0; ðS;ωÞ ¼ 0; S¼ Sð0Þ; ω¼ dSðgÞ
dg

				
g¼0

:

On the other hand, we can easily prove that there exists no
local functional χ such that ω ¼ ðS; χÞ. Thus, we can say
that ω is a nontrivial solution of the cohomological problem
associated with an Abelian Yang-Mills theory that contains
a suitable number of photons [4]. Nevertheless, renormal-
ization cannot turn ω on as a counterterm, because Sð0Þ is a
free field theory. Even if we couple the theory to gravity
and assume that massive fermions are present (which
allows us to construct dimensionless parameters multiply-
ing masses with the Newton constant), radiative corrections
cannot dynamically “un-Abelian-ize” the theory, namely
convert an Abelian theory into a non-Abelian one. One way
to prove this fact is to note that the dependence on gauge
fields is even at g ¼ 0, but not at g ≠ 0. The point is,
however, that cohomology per se is unable to prove it.
Other properties must be advocated, such as the discrete
symmetry just mentioned. In general, we cannot rely on
cohomology only, and the possibility that gauge sym-
metries may be dynamically deformed in nontrivial and
observable ways remains open.
In Ref. [4] the issue of parametric completeness was

studied in general terms. In that approach, which applies to
all theories that are manifestly free of gauge anomalies,
renormalization triggers an automatic parametric extension
till the classical action becomes parametrically complete.
The results of Ref. [4] leave the door open to dynamically
induced nontrivial deformations of the gauge symmetry.
Instead, the results found here close that door in all cases
where they apply, which means manifestly nonanomalous
irreducible gauge symmetries that close off shell and satisfy
the linearity assumption. The reason is—we stress it
again—that by formulas (5.12) and (5.16) all dynamically
induced deformations can be organized into parameter
redefinitions and canonical transformations. As far as we
know now, gauge symmetries can still be dynamically
deformed in observable ways in theories that do not satisfy
the assumptions of this paper. Supergravities are natural
candidates to provide explicit examples.
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VIII. CONCLUSIONS

The background field method and the Batalin-Vilkovisky
formalism are convenient tools to quantize general gauge field
theories. In this paper we havemerged the two to rephrase and
generalize known results about renormalization, and to study
parametric completeness. Our approach applies when gauge
anomalies are manifestly absent, the gauge algebra is irreduc-
ible and closes off shell, the gauge transformations are linear
functions of the fields, and closure is field independent. These
assumptions are sufficient to include the gauge symmetries we
need for physical applications, such as Abelian and non-
Abelian Yang-Mills symmetries, local Lorentz symmetry and
general changes of coordinates, but exclude other potentially
interesting symmetries, such as local supersymmetry. Both
renormalizable and nonrenormalizable theories are covered,
such as QED, non-Abelian Yang-Mills theories, quantum
gravity, and Lorentz-violating gauge theories, as well as
effectiveandhigher-derivativemodels, inarbitrarydimensions,
andalsoextensionsobtainedaddinganysetofcomposite fields.
At the same time, chiral theories, and therefore the Standard
Model, possibly coupled with quantum gravity, require the
analysis of anomaly cancellation and the Adler-Bardeen
theorem, which we postpone to a future investigation. The
fact that supergravities are left out from the start, on the other
hand, suggests that there should exist either a no-go theoremor
amoreadvanced framework.At any rate,weare convinced that
our formalism is helpful to understand several properties better
and address unsolved problems.
We have studied gauge dependence in detail, and renor-

malized the canonical transformation that continuously inter-
polates between the background field approach and the usual
approach. Relating the two approaches, we have proved
parametric completeness without making use of cohomolog-
ical classifications. The outcome is that in all theories that
satisfy our assumptions renormalization cannot hide any
surprises; namely the gauge symmetry remains essentially
the same throughout the quantization process. In the theories
that do not satisfy our assumptions, instead, the gauge
symmetry could be dynamically deformed in physically
observable ways. It would be remarkable if we discovered
explicit examples of theories where this sort of “dynamical
creation” of gauge symmetries actually takes place.
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APPENDIX

In this appendix we prove several theorems and identities
that are used in the paper. We use the Euclidean notation
and the dimensional-regularization technique, which guar-
antees, in particular, that the functional integration measure
is invariant under perturbatively local changes of field

variables. The generating functionals Z and W are defined
from

ZðJ; K;Φ; KÞ¼ R ½dΦ� exp�−SðΦ;Φ; K; KÞ þ R
ΦαJα

�
¼ exp WðJ; K;Φ; KÞ; (A1)

and ΓðΦ;Φ; K; KÞ ¼ −W þ R
ΦαJα is the W Legendre

transform. Averages denote the sums of connected diagrams
[e.g. hAðxÞBðyÞi ¼ hAðxÞBðyÞinc − hAðxÞihBðyÞi, where
hAðxÞBðyÞinc includes disconnected diagrams]. Moreover,
the average hXi of a local functional X can be viewed as a
functional ofΦ,Φ,K,K (inwhich case it collects one-particle
irreducible diagrams) or a functional of J,Φ,K,K. When we
need to distinguish the two options we specifywhetherΦ or J
arekept constant in functional derivatives. Firstwework in the
usual (non-background field) framework; then we generalize
the results to the background field method.
Tobeginwith,we recall aproperty that is trueevenwhen the

action SðΦ; KÞ does not satisfy the master equation.
Theorem 2.— The identity ðΓ;ΓÞ ¼ hðS; SÞi holds.
Proof. Applying the change of field variables

Φα → Φα þ θðS;ΦαÞ (A2)

to (A1), where θ is a constant anticommuting parameter, we
obtain

θ

Z �
δrS
δKα

δlS
δΦα

�
− θ

Z �
δrS
δKα

�
Jα ¼ 0;

whence

1

2
hðS; SÞi ¼ −

Z �
δrS
δKα

δlS
δΦα

�
¼ −

Z �
δrS
δKα

�
Jα

¼
Z

δrW
δKα

δlΓ
δΦα ¼ −

Z
δrΓ
δKα

δlΓ
δΦα ¼

1

2
ðΓ;ΓÞ:

Now we prove results for an action S that satisfies the
master equation ðS; SÞ ¼ 0.
Theorem 3.— If ðS; SÞ ¼ 0 then ðΓ; hXiÞ ¼ hðS; XÞi

for every local functional X.
Proof. Applying the change of field variables (A2) to

hXi ¼ 1

ZðJ; KÞ
Z

½dΦ�X exp

�
−Sþ

Z
ΦαJα

�
;

and using ðS; SÞ ¼ 0 we obtainZ �
δrS
δKα

δlX
δΦα

�
¼ ð−1ÞεXþ1

Z �
X
δrS
δKα

�
δlΓ
δΦα ; (A3)

where εX denotes the statistics of the functional X (equal to
0 if X is bosonic, 1 if it is fermionic, modulo 2). Moreover,
we also have
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Z �
δrS
δΦα

δlX
δKα

�
¼

Z
δrΓ
δΦα

�
δlX
δKα

�
; (A4)

which can be proved starting from the expression on the
left-hand side and integrating by parts. In the derivation we
use the fact that since X is local, δrδlX=ðδΦαδKαÞ is set to
zero by the dimensional regularization, which kills the
δð0Þs and their derivatives.
Next, straightforward differentiations give

δlhXi
δKα

				
J
¼

�
δlX
δKα

�
−
�
δlS
δKα

X

�
(A5)

¼ δlhXi
δKα

				
Φ
−
Z

δlJβ
δKα

				
Φ

δlhXi
δJβ

				
K

: (A6)

At this point, using (A3)–(A6) and ðJα;ΓÞ ¼ 0 [which can
be proved by differentiating ðΓ;ΓÞ ¼ 0 with respect to Φα],
we derive ðΓ; hXiÞ ¼ hðS; XÞi.
Corollary 4.— If ðS; SÞ ¼ 0 and

∂S
∂ξ ¼ ðS; XÞ; (A7)

where X is a local functional and ξ is a parameter, then

∂Γ
∂ξ ¼ ðΓ; hXiÞ: (A8)

Proof. Using Theorem 3 we have

∂Γ
∂ξ ¼ −∂W

∂ξ ¼
�∂S
∂ξ

�
¼ hðS; XÞi ¼ ðΓ; hXiÞ:

Now we derive results that hold even when S does not
satisfy the master equation.
Theorem 5.— The identity

ðΓ; hXiÞ ¼ hðS; XÞi − 1

2
hðS; SÞXiΓ (A9)

holds, where X is a generic local functional and hAB � � �ZiΓ
denotes the set of connected, one-particle irreducible
diagrams with one insertion of A;B;…; Z.
This theorem is a generalization of Theorem 3. It is

proved by repeating the derivation without using
ðS; SÞ ¼ 0. First, observe that formula (A3) generalizes toZ �

δrS
δKα

δlX
δΦα

�
¼ ð−1ÞεXþ1

Z �
X
δrS
δKα

�
δlΓ
δΦα

− 1

2
hðS; SÞXi: (A10)

On the other hand, formula (A4) remains the same, as well
as (A5) and (A6). We have

ðΓ; hXiÞ ¼ hðS; XÞi − 1

2
hðS; SÞXi þ

Z
δrΓ
δΦα

δlJβ
δKα

				
Φ

δlhXi
δJβ

				
K

−
Z

δrΓ
δKα

δlhXi
δΦα

				
K
:

Differentiating ðΓ;ΓÞ with respect to Φα we get

1

2

δrðΓ;ΓÞ
δΦα ¼ 1

2

δlðΓ;ΓÞ
δΦα ¼ ðJα;ΓÞ ¼ ð−1ÞεαðΓ; JαÞ;

where εα is the statistics of Φα. Using ðΓ;ΓÞ ¼ hðS; SÞi we
finally obtain

ðΓ; hXiÞ ¼ hðS; XÞi − 1

2
hðS; SÞXi

þ 1

2

Z
ð−1Þεα δrhðS; SÞi

δΦα

δlhXi
δJα

				
K
: (A11)

The set of irreducible diagrams contained in hABi, where
A and B are local functionals, is given by the formula

hABiΓ ¼ hABi − fhAi; hBig; (A12)

where fX; Yg are the “mixed brackets” [22]

fX; Yg≡
Z

δrX
δΦα hΦαΦβi δlY

δΦβ ¼
Z

δrX
δΦα

δrδrW
δJβδJα

δlY
δΦβ

¼
Z

δrX
δJα

				
K

δlY
δΦα ; (A13)

X and Y being functionals of Φ and K. Indeed, fhAi; hBig
is precisely the set of diagrams in which the A and B
insertions are connected in a one-particle reducible way.
Thus, formula (A11) coincides with (A9).
Using (A9) we also have the identity

∂Γ
∂ξ − ðΓ;hXiÞ ¼

�∂S
∂ξ− ðS;XÞ

�
þ 1

2
hðS;SÞXiΓ; (A14)

which generalizes Corollary 4.
Now we switch to the background field method. We

begin by generalizing Theorem 2.
Theorem 6.— If the action SðΦ;Φ; K; KÞ is such that

δlS=δKα is Φ independent, the identity

⟦Γ;Γ⟧ ¼ h⟦S; S⟧i

holds.
Proof. Since δlS=δKα is Φ independent we have

δlΓ=δKα ¼ δlS=δKα. Using Theorem 2 we find
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⟦Γ;Γ⟧ ¼ ðΓ;ΓÞ þ 2

Z
δrΓ
δΦα

δlΓ
δKα

¼ hðS; SÞi þ 2

Z �
δrS
δΦα

�
δlS
δKα

¼ hðS; SÞi þ 2

Z �
δrS
δΦα

δlS
δKα

�
¼ h⟦S; S⟧i:

Next, we mention the useful identity

δlhXi
δΦα

				
Φ
¼

�
δlX
δΦα

�
−
�
δlS
δΦα X

�
Γ
; (A15)

which holds for every local functional X. It can be
proved by taking (A5)–(A6) with K → Φ and using
(A12)–(A13).
Mimicking the proof of Theorem 6 and using (A15), it is

easy to prove that Theorem 5 implies the identity

⟦Γ; hXi⟧ ¼ h⟦S; X⟧i − 1

2
h⟦S; S⟧XiΓ; (A16)

for every K-independent local functional X. Thus we have
the following property.
Corollary 7.— The identity

∂Γ
∂ξ − ⟦Γ; hXi⟧¼

�∂S
∂ξ− ⟦S;X⟧

�
þ 1

2
h⟦S;S⟧XiΓ (A17)

holds for every action S such that δlS=δKα is Φ indepen-
dent, for every K-independent local functional X and for
every parameter ξ.
If the action S has the form (2.26) and X is also C

independent, applying (2.17) to (A16) we obtain

⟦Γ̂; hXi⟧ ¼ h⟦Ŝ; X⟧i − 1

2
h⟦Ŝ; Ŝ⟧XiΓ;

⟦S̄; hXi⟧ ¼ h⟦S̄; X⟧i − h⟦S̄; Ŝ⟧XiΓ; h⟦S̄; S̄⟧XiΓ ¼ 0;

(A18)

which imply the following statement.
Corollary 8.— If S satisfies the assumptions of (2.26),

⟦S̄; X⟧ ¼ 0 and ⟦S̄; Ŝ⟧ ¼ 0, where X is a C- and K-
independent local functional, then ⟦S̄; hXi⟧ ¼ 0.
Finally, we recall a result derived in Ref. [23].
Theorem 9.— If Φ; K → Φ0; K0, is a canonical

transformation generated by FðΦ; K0Þ, and χðΦ; KÞ is a
functional behaving as a scalar (that is to say
χ0ðΦ0; K0Þ ¼ χðΦ; KÞ), then

∂χ0
∂ς ¼ ∂χ

∂ς − ðχ; ~FςÞ (A19)

for every parameter ς, where ~FςðΦ; KÞ≡ FςðΦ; K0ðΦ; KÞÞ
and FςðΦ; K0Þ ¼ ∂F=∂ς.

Proof.When we do not specify the variables that are kept
constant in partial derivatives, it is understood that they are
the natural variables. Thus F, Φ0 and K are functions of Φ,
K0, while χ and ~Fς are functions of Φ,K and χ0 is a function
of Φ0, K0. It is useful to write down the differentials of Φ0
and K, which are [24]

dΦ0α ¼
Z

δlδF
δK0

αδΦβ dΦ
β þ

Z
δlδF

δK0
αδK0

β

dK0
β þ

∂Φ0α

∂ς dς;

dKα ¼
Z

dΦβ δlδF
δΦβδΦα þ

Z
dK0

β

δlδF
δK0

βδΦ
α þ

∂Kα

∂ς dς:

(A20)

Differentiating χ0ðΦ0; K0Þ ¼ χðΦ; KÞ with respect to ς at
constant Φ0 and K0, we get

∂χ0
∂ς ¼ ∂χ

∂ςþ
Z

δrχ

δΦα

∂Φα

∂ς
				
Φ0;K0

þ
Z

δrχ

δKα

∂Kα

∂ς
				
Φ0;K0

: (A21)

Formulas (A20) allow us to write

∂Φ0α

∂ς ¼ −
Z

δlδF
δK0

αδΦβ

∂Φβ

∂ς
				
Φ0;K0

;
δlδF

δK0
αδΦβ ¼

δlKβ

δK0
α

				
Φ;ς

;

and therefore we have

δ ~Fς

δKα
¼

Z
δlK0

β

δKα

				
Φ;ς

∂Φ0β

∂ς
¼ −

Z
δlK0

β

δKα

				
Φ;ς

δlKγ

δK0
β

				
Φ;ς

∂Φγ

∂ς
				
Φ0;K0

¼ − ∂Φα

∂ς
				
Φ0;K0

: (A22)

Following analogous steps, we also find

δ ~Fς

δΦα ¼
∂Kα

∂ς þ
Z

δlK0
β

δΦα

				
K;ς

∂Φ0β

∂ς ;

∂Kα

∂ς ¼ ∂Kα

∂ς
				
Φ0;K0

−
Z

δlδF
δΦαδΦβ

∂Φβ

∂ς
				
Φ0;K0

;

whence

∂Kα

∂ς
				
Φ0;K0

¼ δ ~Fς

δΦα þ
Z �

δlKγ

δΦα þ δlK0
β

δΦα

				
K;ς

δlKγ

δK0
β

�∂Φγ

∂ς
				
Φ0;K0

¼ δ ~Fς

δΦα : (A23)

This formula, together with (A22), allows us to rewrite
(A21) in the form (A19).
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