PHYSICAL REVIEW D 89, 044018 (2014)
Numerical boson stars with a single Killing vector. II. The D = 3 case
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We complete the analysis of part I in this series [S. Stotyn et. al.,Phys. Rev. D 89, 044017 (2014)] by
numerically constructing boson stars in 2 + 1 dimensional Einstein gravity with negative cosmological
constant, minimally coupled to a complex scalar field. These lower dimensional boson stars have strikingly
different properties than their higher dimensional counterparts, most noticeably that there exists a finite
central energy density, above which an extremal Bafiados-Teitelboim-Zanelli (BTZ) black hole forms. In
this limit, all of the scalar field becomes enclosed by the horizon; it does not contract to a singularity, but
rather the origin remains smooth and regular and the solution represents a spinning boson star trapped
inside a degenerate horizon. Additionally, whereas in higher dimensions the mass, angular momentum, and
angular velocity all display damped harmonic oscillations as functions of the central energy density, in
D = 3 these quantities change monotonically up to the bound on the central energy density. Some
implications for the holographic dual of these objects are discussed and it is argued that the boson star and
extremal BTZ black hole phases are dual to a spontaneous symmetry breaking at zero temperature but finite

energy scale.
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I. INTRODUCTION

Boson stars, i.e. smooth horizonless geometries com-
posed of localized bundles of self-interacting scalar fields,
have attracted attention over the years both from the
viewpoint of astrophysics (for instance as candidates
for gravitationally bound dark matter) and from their
connection to interesting phases of gauge theories through
the anti—de Sitter/conformal field theory (AdS/CFT)
correspondence—see Ref. [1] for a general review. In three
dimensions, exact nonrotating boson star solutions with
negative cosmological constant that are comprised of a
massive complex scalar field with a quartic self-interaction
have been known for some time, although only in the limit
of large self-coupling [2,3]. Subsequently, rotating boson
stars composed of a massive complex scalar field with
arbitrary quartic self-coupling were numerically studied in
[4] and the authors found explicitly that solutions only
exist for a nonvanishing negative cosmological constant.
Consequently, boson star solutions in three dimensions are
only known to exist in asymptotically AdS spaces and can
thus provide interesting information about conformal field
theories in two dimensions.

In their analysis, the authors of [4] made all physical
quantities dimensionless via normalizing by the scalar
field mass, making the limit of vanishing scalar field
mass intractable. In the present paper we remedy this

fsstotyn @phas.ubc.ca
.l_mchanona@ uwaterloo.ca
’Lrbmann@sciborg.uwaterloo.ca

1550-7998,/2014/89(4)/044018(7)

044018-1

PACS numbers: 04.60.Kz, 95.30.5f, 04.70.—s

shortcoming by explicitly constructing asymptotically AdS
boson star solutions in three dimensions using a massless
complex scalar field. We furthermore use the AdS length as
the parameter by which we normalize all of the physical
quantities. In so doing, we find qualitative agreement with
the results of [4] but we further discover striking new
features that were previously hidden. For instance, just as
for a massive scalar field we find that for a massless scalar
field, the boson star mass, angular momentum, and
angular velocity are all monotonic functions of the central
energy density, unlike the cases with large self-interaction
[2] and in higher dimensions [5,6], where all of these
quantities exhibit damped harmonic oscillations about
finite central values. A striking new feature that appears
in our analysis, however, is that there is an upper bound on
the central energy density, at which a degenerate horizon
forms around the boson star: that is, it becomes an extremal
black hole.

Black hole solutions in three dimensions are consider-
ably different than in D > 3. Most notably that they can
only exist for a nonvanishing negative cosmological con-
stant. First discovered by Bafiados-Teitelboim-Zanelli
(BTZ) in [7], the BTZ black hole shares many properties
in common with its higher dimensional counterparts, yet it
possesses key features that set it apart. For one, it is a space
of constant negative curvature and is hence everywhere
locally a patch of AdS space. Second, the zero mass BTZ
black hole is disconnected from the AdS vacuum by a mass
gap; vacuum states within the mass gap correspond to
naked conical singularities, although we will show that the
mass gap is also continuously populated by a family of
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boson star solutions that do not contain a conical singu-
larity. These two properties stem from the fact that the BTZ
black hole is obtained by identifying points in global AdS;
related by the action of a subgroup of the conformal group:
a set of these identifications persist even in the limit of
vanishing black hole mass parameter.

The rotating, nonextremal BTZ black hole solution is
given explicitly by

2
45t =~ (1) + £ P =R, (LD
2 J? J
f(r):%_M‘Fps Q(V):W’ (1.2)

where M and J are the Arnowitt-Deser-Misner (ADM)
mass and angular momentum respectively. There is no
curvature singularity present at r = 0, but rather a singu-
larity in the group action as described above. It was further
shown in [8] that the BTZ black hole can form from a
collapsing shell of dust. In the latter case, the singularity in
the group action at r = 0 is replaced by a delta function
source whose physical origin is the collapsed matter.

This illustrates an important point: the structure inside
the horizon depends on the analytic continuation of the
exterior solution. Furthermore, this analytic continuation is
not necessarily unique in general. Some extra physical
input is needed to determine the internal structure—in the
above example, this corresponds to whether the black hole
is eternal or is formed from collapsing matter. In the present
paper, we obtain numerical evidence for another concrete
realization of this ambiguity through the limit in which the
boson star collapses to an extremal black hole. Outside the
horizon the geometry is identical to extremal BTZ, while
inside the horizon there is an everywhere regular solution
with a nontrivial scalar field whose stress energy sharply
decays as the horizon is approached. The presence of the
scalar field changes the internal geometry such that the
singularity at the origin is removed.

The rest of the paper is organized as follows: in Sec. 11
we discuss the physical setup and the corresponding
equations of motion. In Sec. III we discuss the boson star
boundary conditions imposed at the origin and asymptoti-
cally, as well as the asymptotic charges entering the first
law of thermodynamics. Next we discuss the setup for
numerically solving the equations of motion in Sec. IV and
present our numerical results. Finally, in Sec. V we discuss
the implications of our results and conclude with some
open questions and future work needed.

II. SETUP

We begin with three-dimensional Einstein gravity with
negative cosmological constant, A = —#, minimally
coupled to a complex scalar field,
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Following the 3D perturbative analysis set out in [9], we
consider the metric and scalar field ansitze,

ar P2(dp — Q(r)dr)?, (2.2)
f(r) ’

I = TI(r)e @i,

ds* = —f(r)g(r)de* +

(2.3)

In these coordinates, ¢ has range [0,2z] and the radial
coordinate has range r € [0, o). This form of the metric
and scalar field was also considered in [4] for the action
(2.1) with an additional potential term for the scalar field,
V(IT). The authors found rotating boson star solutions by
numerically solving the corresponding equations of motion
explicitly for V(IT) = x?|TI|?, although they claim to have
also solved the equations of motion for more complicated
forms of V. For the quadratic potential, all of the physical
quantities were made dimensionless via a scaling by the
mass parameter p. Therefore, a straightforward limit of
u — 0 cannot be taken from the results of [4]; the current
paper addresses this directly by explicitly considering a
massless scalar field.
The matter stress tensor is given by

Ty = (0,I1* 0,11 + 0,I10,IT") — g, (9 T1O°TT*), (2.4)
which has the same symmetries as the metric (2.2),
although the scalar field does not: the metric (2.2) is
invariant under d,, 9, while the scalar field (2.3) is only
invariant under the combination,

K =0, + wd,. (2.5)
Therefore, any solution with nontrivial scalar field will only
be invariant under the single helical Killing vector field
given by (2.5).

The equations of motion resulting from the action (2.1)
are Guj, — 4 gap = Topp and V211 = 0, which yield a system
of coupled second order ordinary differential equations
(ODEy),

a3 9 fd (1 ¢ QITTI  4IT1> )
rer(-5) 5 (5) T -0
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where a ' denotes differentiation with respect to r.
In addition to these second order ODEs, the Einstein
equations further impose two first order ODEs in the form
of constraint equations, C; =0 and C, = 0. Explicitly,
these are

2
C, = J—’;(fzg)/ + 4g<H2 — %) A2, (2.10)
H2 ((1) _ Q)Z rZQ/Z f/ H2 1
Chr=—1-~"_"7 H/Z Joy - -
A T T 7
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Under the flow of the equations of motion, the constraint
equations satisfy the relations,

Cy = F(r)Cy, (2.12)

C/2 :fz(}’)cl +f3(V)C2, (213)
for some functions F(r), F,(r), F3(r). The explicit form
of these functions is largely unimportant: the fact that the
derivatives of the constraints are proportional to the
constraints themselves implies that satisfying the con-
straints at some point ensures they are satisfied everywhere.
In practice we impose the constraint equations at the
boundary points, guaranteeing that they continue to hold
everywhere.

III. BOUNDARY CONDITIONS

In order to solve the equations of motion (2.6)—(2.9) to
obtain boson star solutions, we need to impose appropriate
boundary conditions at the boson star origin and asymp-
totically. In this section, we detail these boundary con-
ditions, starting with the origin.

A. Boundary conditions at the origin

Boson stars are smooth, horizonless geometries, which
means that all metric functions must be regular at the origin.
To find the boundary condition on I1, we multiply (2.9) by
r? and note that IT must vanish at the origin in order to yield
consistent equations of motion. Thus, the boundary con-
ditions at the boson star origin take the form
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;
Qf,np = Q0) +0(?),  Mug = o 3.1)
where ¢ is a dimensionless parameter such that the energy
density of the scalar field, 7%, at the origin is proportional
to g3. In fact, g uniquely parametrizes the one-parameter
family of boson star solutions in each dimension. Formally,

it is defined by ¢, = ZIT'(0).

B. Asymptotic boundary conditions

In order to simplify the asymptotic boundary conditions,
we first make note of a residual gauge freedom. It is
straightforward to show that the transformation

p=¢+i., Q=Q+1 w=a+i
for some arbitrary constant 4, leaves both the metric (2.2)
and scalar field (2.3) unchanged. We find it convenient in
our numerical analysis to set 1 = @ so that we can set
@ = 0: in this frame, the coordinates are rigidly rotating
asymptotically so that Q(r) - —w as r — co. In what
follows, we use ¢, Q(r), and @ unless otherwise stated;
however, we drop the tildes for notational convenience.

In this limit the boundary conditions will be the same for
the boson star and the black hole. In particular, they will
asymptote to the BTZ metric (1.2) with higher order
multipole corrections:

(3.2)

}"2

f|r—>oo :ﬁ_M_’_O(r_z)’
Ilroe = 1+ 0(r™),

J _
Q|r—>oo =—w +W + O(l" 4)’

2
e = 54 00, (.3
where M and J are the ADM mass and angular momentum
of the full solution respectively. The boundary condition on
IT is set by requiring it to be normalizable. Here, € is a
dimensionless measure of the amplitude of the scalar field
at infinity. In the perturbative analysis of [10], € uniquely
parametrizes the boson star solutions but in the non-
perturbative regime it does not, as will be explicitly
demonstrated in the following section.

Finally, note that the scalar field vanishes asymptotically,
implying the existence of two asymptotic Killing vectors,
0, and 9. Indeed, M and J are the conserved charges
associated with the asymptotic symmetries J, and 0,
respectively. These asymptotic Killing symmetries imply
that the boson stars obey the first law of thermodynamics,

dM = wdJ, 3.4)

where the 7'dS term is missing because these are horizon-
less objects.
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IV. RESULTS

The procedure we used to solve the equations of motion
are identical to the higher dimensional case in [5], namely a
relaxation method on a Chebyshev grid. The numerical
tests for solution validity are identical as well, so instead of
repeating it here we refer the reader to Ref. [5] for the
details. For completeness, in the first subsection we outline
the details in the numerical setup that differ from the higher
dimensional case. Then we present our results for boson
stars in D = 3.

A. Numerical details specific to D =3

To use the Chebyshev relaxation procedure, we need to
compactify the domain of integration, which is done by
introducing the coordinate, y € [0, 1]:

72

B @D

y
In terms of this coordinate, the Chebyshev grid is defined
by the set of N + 1 points y;, = lzxk, k=0,...,N, where
x; = cos(4%) are the extrema of of the Nth Chebyshev
polynomial 7y (x).

To obtain a set of analytic functions, we first extract the
singular behavior from each and introduce auxiliary func-
tions with the boundary conditions (3.1) and (3.3) in mind.
In terms of the coordinate y, this leads to

1) =75+ 4s0), (42)

gy) = 14+ (1 =y)q,(y), (4.3)
_ qa(y)

Qy) ===, (44)

O(y) = y(1 = y)qu(y)- (4.5)

The set of functions {g. ¢,.qq.qn} are analytic over the
range y € [0, 1]; in the remaining discussion the coordinate
y will be used, unless otherwise stated. In particular, a
prime ' will denote a derivative with respect to y.

To find the boundary conditions on the g functions, we
Taylor expand the equations of motion (2.6)—(2.9) and the
constraint equations (2.10) and (2.11) around the two
boundary points, yo =0, 1 and require them to vanish
order by order in (y —yy). This leads to the following
nontrivial relationships between the various functions and
their first derivatives: at y, = 0,

q;(0) =1=0,  q,(0) = q,(0) = 2(1 + 4,(0))g5 = 0.
1
m(0) =q0 =0,  qa(0) =5 4390(0) =0, (4.6)
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and at yp =1,

q7(1) + 4o (1)* +4qn(1)* =0
q,(1) —4qn(1)* =0,
0

1
dn(1) + g (13 =44,(1) = go(1)*)gn(1) = 0. (4.7)
With these specific details used in the numerical con-
struction presented in [5], we can now present our results
for D = 3.

B. Numerical results

We note that the physical properties of the boson stars
can be written in terms of the boundary values of the
analytic ¢g functions. To make all physical quantities
dimensionless, we work in units where #Z = 1. The
Kretschmann invariant, K = R,.,R*¢? at the center of
the boson star is given by

K =12 — 1643 + 1643, (4.10)
while the mass, angular momentum, angular velocity, and
perturbative parameter ¢ used in [9] are given by

M = —q(1),
o = —qq(1),

J = —-2¢5(1),

e =qp(1). (4.11)
These physical quantities are plotted in Fig. 1 for the
whole range of allowed boson star solutions, along with
the perturbative results of [9] (solid lines). Figures 1(a),
1(b), and 1(c) show the mass, angular momentum, and
angular velocity plotted against the asymptotic scalar
field strength. Empty AdS; corresponds to M = —1,
J =0, and w = 3, while each subsequent data point is
at a higher value of g, than the previous with a step size
of Agg = 0.01. The first feature of note is that for boson
stars in D = 3, these physical quantities are monotonic in
qo- This is in contrast to higher dimensional boson stars,
which exhibit damped harmonic oscillations about finite
limiting values [5,6]. The maxima of these oscillations in
parameter space for higher dimensional boson stars were
conjectured to be unstable to the formation of a black
hole. However, in three dimensions such a potential
instability does not arise because of the monotonic
increase of the mass with the central energy density.
This is in general agreement with the results of [9] where
it was found that perturbative hairy black holes do not
exist in three dimensions.

The second noteworthy feature in three dimensions is
that there is a maximum value of ¢, ~ 1.38, beyond which
these boson stars do not exist; this upper bound on the
central energy density is not present in higher dimensions.
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FIG. 1.

The physical properties of the 3D boson stars up to the limiting central energy density. Each dot represents a numerical solution

at a particular value of ¢, while the solid lines are the perturbative results of [9]. (a) The boson star mass against the perturbative
parameter €. Empty AdS; is given by M = —1. (b) The boson star angular momentum against the perturbative parameter e. (c) The boson
star angular velocity against the perturbative parameter e. (d) The Kretschmann scalar at the center of the boson star plotted against the

central energy density.

The 3D solution is limiting to one for which M, J, and
@ all have finite limiting values but the asymptotic
strength of the scalar field vanishes. By performing a
power series expansion of the equations of motion at the
boundary y = 1, one can show that if e vanishes asymp-
totically, then in this limit the scalar field must vanish
everywhere on the domain of integration by analyticity. As
can be seen in Fig. 2(a), as the critical value of ¢, is
reached, the scalar field becomes concentrated into an
increasingly smaller finite region, outside of which it
vanishes. We now show that in this limit, the boson star
becomes enveloped by a degenerate horizon and so
collapses to an extremal black hole. For such an extremal
black hole, the domain of integration is r € [r,, ), so by
analyticity and e vanishing in the limit, the scalar field must
vanish everywhere outside the horizon, i.e. the black hole
cannot have scalar hair.

For an extremal BTZ black hole, the parameters must
satisfy M = J and @ = 1, where w is the horizon angular
velocity. As can be seen in Fig. 1(c), as the limiting value of
qo 1s approached, w linearly approaches unity. Similarly,

Fig. 2(b) shows that M /J also approaches unity in the limit.
In Fig. 2(c) we plot the full boson star metric function f(r),
showing that it forms a degenerate root at a finite value of r
as qq increases to its critical value. From these lines of
evidence, we conclude that as ¢, increases to its maximum,
the scalar field condenses down into a smaller and smaller
region until it becomes trapped behind a degenerate
horizon, leaving no remaining scalar field outside.

When this happens, the solution exterior to the horizon
becomes identical to the extremal BTZ solution, while the
solution interior to the horizon differs significantly. This
can be seen in Fig. 2(d) in which we plot the boson star
metric function f(r) at gy = 1.38 (solid) along with the
extremal BTZ metric function for M = 0.91 (dashed).
The two metric functions agree in the region exterior to
the degenerate root, although the interior structure is
markedly different. One shortcoming of the present work
is that our numerical methods are ill equipped to fully
resolve this transition from boson star to extremal black
hole because the boundary conditions for both objects are
completely different, as is the domain of integration.
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FIG. 2. Four independent indications that the boson star is limiting to an extremal BTZ black hole as the maximum value of ¢ is
approached: (a) the scalar field is piling up behind the soon-to-be horizon [the scalar field function I1(r) plotted for the values of ¢
indicated]; (b) the solution is approaching M = J [M/J plotted against g, approaching unity]; (c) the metric function f(r) is forming a
degenerate zero at a finite r [the metric function f(r) plotted for the values of g, indicated]; and (d) the metric function f(r) is
approaching the extremal BTZ black hole function exterior to the degenerate horizon [the metric function f(r) for g, = 1.38 (solid) and

for an extremal BTZ black hole with M = 0.91 (dashed)].

Nevertheless, the evidence is strong that such a transition
indeed occurs at finite central energy density. Furthermore,
in this transition the Kretschmann scalar at the boson star
origin remains finite, as can be seen in Fig. 1(d), as opposed
to higher dimensions where a curvature singularity forms
[5]. One might have naively expected a delta function
singularity to form at r = 0 in the extremal limit, analogous
to what happens with the collapsing dust considered in [8].
However, it appears that this is not the case, and rather the
origin remains a regular point of the interior solution,
leading to the interpretation that the extremal BTZ black
hole that forms can be thought of as a boson star trapped
behind a degenerate horizon.

V. DISCUSSION

We have completed the analysis started in [5] by
numerically constructing single Killing vector boson stars
in three dimensions. Although the zero mass BTZ black
hole is separated from pure AdS by a mass gap, the zero
mass boson star is not. We have shown that the entire mass

gap can be populated by boson stars, whose stress energy is
sufficient to smooth out the conical singularity normally
present at r = 0. These boson stars are composed of a self-
gravitating massless complex scalar field with harmonic
time dependence. They differ rather significantly from their
higher dimensional counterparts found in [5,6], most
notably in the existence of a critical central energy density
at which an extremal BTZ black hole forms. The mass,
angular momentum, and angular velocity all change mono-
tonically with the central energy density up to this critical
value, whereas in higher dimensions the corresponding
quantities all exhibit damped harmonic oscillations about
finite limiting values. These 3D properties are all qualita-
tively shared by the 3D boson star solutions found in [4],
which are composed of a massive complex scalar field.
Quantitatively the two are distinct as the scalar field mass
causes considerably different falloff behavior for the scalar
field. Nevertheless, it appears that the limit of vanishing
scalar field mass is a smooth limit and reduces to our
solution presented here, as it should.
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FIG. 3. The phase diagram at zero temperature with extremal

BTZ black holes (solid line) and boson stars (dotted line). The
large dot is the critical point where the boson star line ends.

Arguably the most interesting result of this paper is the
formation of a degenerate horizon around the boson star at
the critical point. The extremal black hole, being devoid of
scalar hair, is invariant under both the holomorphic and
antiholomorphic ~ Killing fields, K; =9, +0d,; and
K, = 0, — w0, whereas the boson stars are only invariant
under the holomorphic Killing field K;. Furthermore, the
boson stars only exist below the critical energy scale
M, =~ 0.91. The phase diagram of boson stars and extremal
BTZ black holes is shown in Fig. 3: since the free energy is
given by F =M —TS and both objects are at zero
temperature, the vertical axis is the free energy and it is
clear that the boson star is thermodynamically favored over
the extremal black hole. Above the critical point the scalar
field vanishes and the full symmetry is present, whereas
below the critical point the symmetry is reduced and a
nontrivial scalar field is present. This has the flavor of
spontaneous symmetry breaking, albeit at zero temperature.

It would be interesting to understand this zero temper-
ature phase transition from the holographic dual gauge
theory perspective, although currently such an interpreta-
tion is lacking. What is known is that in the phase
corresponding to the extremal black hole, both holomor-
phic and antiholomorphic symmetries are present, whereas

PHYSICAL REVIEW D 89, 044018 (2014)

in the phase corresponding to the boson star, the anti-
holomorphic symmetry is broken by a holomorphic current
comprised of a localized scalar field operator. Whether this
is the Goldstone boson corresponding to the spontaneously
broken symmetry is currently unknown, although it seems
plausible to posit.

Another interesting study would be to consider a massive
scalar field, as in [4], to see if BTZ black holes emerge as
the central energy density of the associated boson star
approaches an upper bound; this region of parameter space
was unexplored in Ref. [4], so it is unclear whether this
feature is specific to a massless scalar field or it is more
ubiquitous. What is known is that if a black hole horizon
does form around a limiting boson star in the massive scalar
field case, it must necessarily also be a degenerate horizon
by the mean value theorem. This can be seen by consid-
ering the boundary conditions: at the boson star center, the
metric function f(r) ~ 1+ O(r?) > 0 regardless of the
scalar field mass parameter, while asymptotically, f(r) ~
r?/¢? — M + O(r*) > 0 where a < —2 is a parameter that
depends on the scalar field mass. For a horizon to form
around the boson star, f(r) must acquire a root between
two boundary points at which f(r) > 0: the only option is
for f(r) to first form a root that is a minimum, i.e. a
degenerate root, and hence the horizon would be extremal.

Finally, it would be interesting to study the interior
solution in the extremal limit to determine its full properties
concretely. As far as the authors are aware, this is the first
example of a completely nonsingular black hole solution in
any dimension that does not resort to string theory or loop
quantum gravity inspired models to resolve the singularity.
It would be interesting to construct the interior solution
explicitly in order to better understand this singularity-
resolved black hole and to see if it can lead to any
interesting insights into holography and/or quantum
gravity.
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