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We investigate the Teichmüller parameters for a Euclidean multiple Bañados-Teitelboim-Zanelli (BTZ)
black hole spacetime. To induce a complex structure in the asymptotic boundary of such a spacetime, we
consider the limit in which two black holes are at a large distance from each other. In this limit, we can
approximately determine the period matrix Ωij (i.e., the Teichmüller parameters) for the spacetime
boundary by using a pinching parameter. The Teichmüller parameters are essential in describing the
partition function for the boundary conformal field theory (CFT). We provide an interpretation of the
partition function for the genus two extremal boundary CFT proposed by Gaiotto and Yin that it is relevant
to double BTZ black hole spacetime.
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I. INTRODUCTION

Black holes are fascinating objects for investigating
quantum aspects of gravity, and their thermodynamic
properties provide a key to understanding quantum gravity.
For example, in the 1970s, the Euclidean path integral
approach to quantum gravity revealed that black hole
thermodynamics can be formulated using a Euclidean
partition function, similar to the case for normal statistical
mechanics [1,2]. By the 1990s, black hole thermodynamics
had become a major approach to understanding gravity in
the context of string theory. One major breakthrough in
string theory was the derivation of the Bekenstein-Hawking
entropy by counting black hole microstates, which gives a
precise statistical mechanical interpretation of black hole
entropy [3].
Maldacena discovered a relation between a dþ 1 dimen-

sional gravitational system described in terms of the weak
limit of string theory and a conformal field theory on the d
dimensional boundary [4–7]. This relation is referred to as
the anti–de Sitter/conformal field theory (AdS/CFT) cor-
respondence, and it has been applied in a very wide range
of research fields, even in theoretical condensed matter
physics. Since the discovery of AdS/CFT, AdS black holes
have been growing in importance.
The simplest type of asymptotically AdS black hole is a

Bañados-Teitelboim-Zanelli (BTZ) black hole [8,9]. The
existence of a black hole even in three dimensions makes
three-dimensional gravity much more interesting. A BTZ
black hole has a horizon with a positive length and a
corresponding Bekenstein-Hawking entropy. This might be
a good chance for constructing a solvable model with
quantum black holes [10]. A generalization of a BTZ black
hole spacetime was presented by Brill [11], who considered
a spacetime including multiple BTZ black holes. The

multiple BTZ black hole geometries are solutions to
three-dimensional AdS gravity, and should therefore be
relevant to the AdS/CFT correspondence. However, to our
knowledge, no description of multiple BTZ black holes in
terms of dual CFT has yet been presented. Furthermore,
there have been no studies on black hole thermodynamics
for a multiple BTZ black hole spacetime.
The dual CFT lives on the boundary of an asymptotically

AdS spacetime, and it is important to understand the
complex structure (conformal structure) of the boundary
at infinity. In fact, the moduli parameters for the boundary
parameterize the partition functions of the boundary CFT
and also include information on the global AdS geometry,
and thus play an essential role in AdS/CFT. In this sense,
it is meaningful to investigate the Teichmüller (moduli)
parameters for the boundary of a multiple black hole
geometry.
In this paper, we express the Teichmüller parameters for

the boundary of a Euclidean multiple BTZ black hole
geometry using a period matrix for the case of a double
BTZ black hole spacetime. In the next section, as an
exercise, we first consider a single BTZ black hole and
calculate the Teichmüller parameter for the boundary torus.
We provide a short review showing that a Euclidean BTZ
black hole can be obtained as a quotient space of a three-
dimensional hyperbolic space H3 by a discrete subgroup Γ
of its isometry group SO(3,1). In Sec. III, we construct a
Euclidean multiple BTZ black hole geometry that is also a
quotient space of H3, in a manner essentially equivalent to
that used by Brill. This is achieved by considering other
generators of Γ for the Euclidean single BTZ black hole
spacetime. We demonstrate that the boundary of the
Euclidean multiple BTZ black hole spacetime is a
Riemann surface with a genus g ≥ 2, which allows a
conformal structure. In Sec. IV, we derive the period matrix

PHYSICAL REVIEW D 89, 024018 (2014)

1550-7998=2014=89(2)=024018(9) 024018-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.89.024018
http://dx.doi.org/10.1103/PhysRevD.89.024018
http://dx.doi.org/10.1103/PhysRevD.89.024018
http://dx.doi.org/10.1103/PhysRevD.89.024018


(Teichmüller parameters) as a power series in the pinching
parameter for the boundary of a Euclidean double BTZ
black hole spacetime in which the two black holes are
assumed to be separated by a large distance. We also
provide a physical interpretation of the pinching parameter
in terms of the relative positions and orientations of the two
BTZ black holes.
As an application of the Teichmüller parameters, we

consider the corresponding CFT for the double BTZ black
hole spacetime in Sec. V. The CFT should live on a g ¼ 2
Riemann surface at the boundary. Witten [10] argued that
the dual CFT corresponding to pure three-dimensional AdS
gravity is an extremal CFT (ECFT). The genus two
modular invariant partition function for ECFTs was calcu-
lated by Gaiotto and Yin for several values of the central
charge [12], and we suggest that the modular invariant
genus two partition function for an ECFT includes the
contribution of the double BTZ black hole geometry.
Finally, we discuss some physical properties of double
BTZ black holes based on the genus two partition function
in Sec. VI.

II. COMPLEX STRUCTURE OF THE BOUNDARY
OF A SINGLE BTZ BLACK HOLE

As is well known, the BTZ black hole spacetime is
identified with the quotient spacetime of the three-
dimensional anti–de Sitter spacetime by a discrete sub-
group of its isometry group SO(2,2), which is generated by
a Lorentz boost and a rotational transformation [9]. First of
all, we prepare a single BTZ black hole with a Euclidean
signature and induce complex structure at its boundary.
The metric function for the Euclidean BTZ black hole is

given by Wick rotation of a Lorentzian BTZ black hole,

ds2 ¼ ðr2 − r2þÞðr2 − r2−Þ
l2r2

dt2 þ l2r2dr2

ðr2 − r2þÞðr2 − r2−Þ

þ r2
�
dϕ − i

rþr−
lr2

dt

�
2

; (1)

where l is the radius of curvature, and rþ and r− are the
original horizon radii in the Lorentzian metric, and are
related to the black hole mass M and the angular momen-
tum J as

r2þ þ r2− ¼ Ml2; (2)

and

irþr−
l

¼ JE
2

¼ −i J
2
: (3)

The angular momentum J is analytically continued to the
Euclidean JE ¼ −iJ since the spacetime changes its
signature. In the Wick rotation, Lorentzian time is replaced

by −it (in this paper, t represents Euclidean time) and r−
becomes a pure imaginary number.
Since a Euclidean three-dimensional vacuum spacetime

with a negative cosmological constant is locally equivalent
to a three-dimensional hyperbolic space, which is the
Euclidean version of anti de Sitter spacetime, these coor-
dinates are related to a pseudosphere in a flat E3;1 space as
follows. The pseudosphere is given by

−x20 þ x21 þ x22 þ x23 ¼ −l2 ¼ B − A; (4)

where

A ¼ r2 − r2−
r2þ − r2−

l2; B ¼ r2 − r2þ
r2þ − r2−

l2: (5)

The BTZ black hole is embedded in the flat E3;1 space by
the following coordinate parametrization,

x0 ¼
ffiffiffiffi
A

p
cosh ~ϕ; (6)

x1 ¼
ffiffiffiffi
B

p
cos ~t; (7)

x2 ¼
ffiffiffiffi
B

p
sin ~t; (8)

x3 ¼ − ffiffiffiffi
A

p
sinh ~ϕ; (9)

where the BTZ coordinates ðt;ϕÞ are related to ð~t; ~ϕÞ by

~ϕ ¼ 1

l

�
− ir−t

l
þ rþϕ

�
; ~t ¼ 1

l

�
rþt
l

þ ir−ϕ
�
:

In this parametrization, the pseudosphere is fully covered in
the range r > rþ, −∞ < ~ϕ < ∞, −π < ~t < π. Here, ~t
possesses Euclidean time periodicity as usual. We obtain
a Euclidean BTZ metric (1) as an induced metric on the
pseudosphere in E3;1 with ds2 ¼ −dx20 þ dx21 þ dx22 þ dx23.
It should be noted that the range of ϕ is −∞ < ϕ < ∞. If
the metric (1) is regarded as that of the black hole
spacetime, the angular coordinate should have a period
ϕ ∼ ϕþ 2π. Therefore, the spacetime has to be identified
along the Killing vector

ξϕ≔
∂
∂ϕ ¼ − rþ

l
J03 − r−

l
J12; (10)

where J03≔x3∂0 þ x0∂3 and J12≔ix2∂1 − ix1∂2, i.e., Jij is
an infinitesimal generator of SO(3,1). The identification is
given by an exponential map along ξϕ

γ ¼ expð2πξϕÞ ¼ exp

�
− 2πrþ

l
J03 − 2πr−

l
J12

�
; (11)

which generates a discrete subgroup Γ ¼ fγiji ∈ Zg ∼ Z of
isometry SO(3,1). Since J03 and J12 commute, this
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identification involves a Lorentz boost in the x3 direction
(the direction of ~ϕ) with a boost angle of 2πrþ=l, and a
rotation in the ðx1; x2Þ-plane (in the direction of Euclidean
time ~t) of 2πω=l, where we have defined ω ¼ ir− ¼ JEl

2rþ
.

In order to realize complex structure in the hyperbolic
space, it is convenient to introduce the Poincaré coordinates
ðX; Y; ZÞ. This coordinate system is related to the pseudo-
sphere in E3;1 by the parametrization

X≔
x1

x0 þ x3
; Y≔

x2
x0 þ x3

; U≔
l

x0 þ x3
: (12)

Therefore, its metric function is given by

d~s2 ¼ l2
dX2 þ dY2 þ dU2

U2
; (13)

which may be recognized as the standard metric for the
upper half-space model of three-dimensional hyperbolic
spaceH3. In this coordinate system, the hyperbolic space is
mapped onto the upper half (U > 0) ofR3 and its boundary
at infinity (x21 þ x22 þ x23 ∼∞) corresponds to the plane
U ¼ 0 [7,13].
The boost generator in (11) can then be expressed in

Poincaré coordinates as

− πrþ
l

J03 ¼
πrþ
l

ðU∂U þ X∂X þ Y∂YÞ; (14)

and an exponential map of (14) gives a homothetic
expansion in ðX; Y;UÞ coordinates by expð2πrþ=lÞ. The
rotation in the ðx1; x2Þ plane in (11) is identified to a
rotation in the ðX; YÞ plane with an angle 2πω=l.
Equivalently, this identification can be easily seen by

relating the Poincaré coordinates to the Euclidean BTZ
coordinates [14],

X ¼
�
r2 − r2þ
r2 − r2−

�
1=2

cos

�
rþ
l2

tþ ω

l
ϕ

�
exp

�
rþ
l
ϕ − ω

l2
t

�
;

(15)

Y ¼
�
r2 − r2þ
r2 − r2−

�
1=2

sin

�
rþ
l2

tþ ω

l
ϕ

�
exp

�
rþ
l
ϕ − ω

l2
t

�
;

(16)

U ¼
�
r2þ − r2−
r2 − r2−

�
1=2

exp

�
rþ
l
ϕ − ω

l2
t

�
: (17)

We now introduce the “spherical” coordinates

X ¼ R cos ~t cos χ; (18)

Y ¼ R sin ~t cos χ; (19)

U ¼ R sin χ; ðχ > 0Þ: (20)

The identification, ϕ ∼ ϕþ 2π, then becomes

ðR; ~t; χÞ ∼
�
Re

2πrþ
l ; ~tþ 2πω

l
; χ

�
; (21)

which means that the Euclidean BTZ black hole is obtained
by identifying two hemispheres with a twist around the U
axis, as shown in Fig. 1. The ratio of the radius of these two

hemispheres is e
2πrþ

l and the twist angle is 2πω=l.
Topologically, the resulting manifold is a solid torus and
its boundary is a torus, as shown in Fig. 1.
Complex structure is then naturally introduced into the

hyperbolic space by the quaternion Q ¼ Z þ jU with
Z ¼ X þ iY, indicating the complex structure on the
boundary at infinity. It is consistent that the isometry group
SO(3,1) in Euclidean Ads3 (identical to H3) is locally
isomorphic to SLð2;CÞ, which is an automorphism of the
upper half space ðX; Y;UÞ ofH3 including the rotation and
expansion. Using the quaternion, the identification on the
boundary to give a Riemann surface can be expressed as
Q0 ¼ ei2πω=le2πrþ=lQ, which is an element of SLð2;CÞ.
For the Riemann surface on the boundaryU ¼ 0 plane, a

holomorphic 1-form is given by ν ¼ dZ=2πiZ. The
Teichmüller parameter is then determined as follows:

Z
A
ν ¼ 1; (22)

Z
B
ν ¼ ω

l
þ i

rþ
l
¼ τBTZ; (23)

where A and B represent the canonical homology basis
shown in Fig. 1. The parameter τBTZ is a moduli parameter
for the boundary torus of the Euclidean BTZ black hole.
However, since it is usual to use τ ¼ −1=τBTZ instead of

FIG. 1. Identification that produces a solid torus for the
boundary defined by the U ¼ 0 plane (right) and the upper
half-space (left). In the left figure, the Euclidean black hole is
obtained by identifying the inner and outer hemisphere with a
twist around the U axis. In the right figure, A and B represent the
canonical homology basis on the boundary.
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τBTZ, especially when describing the partition function for
the boundary CFT [15], we introduce

τ ¼ − 1

τBTZ
¼ ωl

r2þ − r2−
þ i

rþl
r2þ − r2−

; (24)

which is a moduli parameter for the boundary torus for
thermal AdS3 [16,17]. It should be noted that the boundary
torus for the Euclidean BTZ spacetime and that for thermal
AdS3 are related by the modular transformation τ →
−1=τ [16,18].
The moduli parameter τ can be expressed in terms of the

period of the Euclidean time β (or the inverse of the
Hawking temperature TH) and the Euclidean angular
velocity ΩE of the black hole

β ¼ T−1
H ¼ 2πrþl2

r2þ − r2−
; ΩE ¼ ω

rþl
; (25)

as

τ ¼ β

2π

�
ΩE þ i

1

l

�
: (26)

Equation (26) is a well-known expression for the moduli
parameter for the boundary torus [17,19].

III. EUCLIDEAN MULTIPLE BTZ BLACK HOLE
SPACETIME AND ITS BOUNDARY

A method for constructing a multiple BTZ black hole
geometry was described by Brill [11]. Since the BTZ black
hole is simply a quotient spacetime of Ads3, it is possible to
add BTZ black holes into the BTZ black hole geometry by
considering further identifications by another discrete
subgroup Γ0 of the isometry. In this section, we construct
Euclidean multiple BTZ black hole geometries using Γ0,
which is essentially equivalent to the method described by
Brill.1

To construct the Euclidean multiple BTZ black hole
geometry, the Poincaré disk model for three-dimensional
hyperbolic space H3 is convenient. This corresponds to a
three-dimensional disk with radius of unity, accompanied
by the metric

ds2 ¼ 4l2ðdx2p þ dy2p þ dz2pÞ
ð1 − x2p − y2p − z2pÞ2

: (27)

The coordinate system ðxp; yp; zpÞ is related to that for the
pseudosphere in E3;1 by

xp ¼ x1
lþ x0

; (28)

yp ¼ x2
lþ x0

; (29)

zp ¼ x3
lþ x0

: (30)

The coordinate range is x2p þ y2p þ z2p ¼ r2p < 1 and the
sphere rp ¼ 1 is the boundary of the manifold at infinity.
As discussed in Sec. II, the Euclidean BTZ black hole

spacetime is a quotient spacetime of H3 produced using an
identification by a discrete subgroup Γ of the isometry of
H3. More concretely, it is constructed by an identification
between two parallel totally geodesic surfaces (correspond-
ing to ϕ constant surfaces in the BTZ metric) which are
mapped onto each other by a Lorentz boost along an axis
and a twist about the axis. In other words, the periodicity in
the angular coordinate ϕ produces an identification
between the two totally geodesic surfaces. In the disk
model, the totally geodesic surfaces are represented by
spheres that meet the boundary sphere rp ¼ 1 orthogonally.
We now show how the isometry given by (10) appears in

the disk model. It should be noted that rotations around the
coordinate axes x1, x2 and x3 are simply rotations around
the axes xp, yp and zp, respectively, and Lorentz boosts
along the coordinate axes x1, x2 and x3 correspond to
isometries in the xp, yp and zp directions, respectively. For
example, a Lorentz boost along the x3 axis generated by J03
moves a totally geodesic surface to another totally geodesic
surface in the zp direction, as shown in Fig. 2. We refer to
the isometries in the xp, yp and zp directions as xp, yp and
zp Lorentz boosts, respectively. Therefore, the isometry
(10) involves a zp Lorentz boost with a boost angle 2πrþ=l
and a rotation of 2πω=l around the zp axis in the direction
of ~t. We choose the totally geodesic surfaces ϕ ¼ �π as the
surfaces identified to construct the Euclidean BTZ black
hole. The mass M and angular momentum J of the black
hole are determined by the boost and twist angle in the
identification, through the relations (2) and (3). The

FIG. 2 (color online). In the disk model, a totally geodesic
surface (ϕ ¼ −π) is mapped onto another totally geodesic surface
(ϕ ¼ π) by an isometry corresponding to the Lorentz boost
generated by J03.

1To visualize the construction, Brill considered a double
covered space. The resultant manifold then possesses an extra
Z2 symmetry.
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Euclidean BTZ black hole spacetime is then composed of a
part of the Poincaré disk bounded by two totally geodesic
surfaces, as shown in Fig. 3. For a given spatial slice, for
example at xp ∼ 0, two boundaries at infinity are connected
by a single throat after the identification, and the resultant
three-dimensional manifold is a solid torus with a boundary
at infinity.
We now construct a Euclidean spacetime including

several BTZ black holes by making further identifications.
We consider a coordinate transformation generated by a
Lorentz boost and rotation. One may consider a yp Lorentz
boost and a rotation around the yp axis without loss of
generality. We use boost and rotation angles of 2α and 2θ,
respectively, for later convenience. The parameter 2θ
allows a difference in orientation to exist between the
two black holes. These parameters will be used in Sec. IVB.
By this coordinate transformation, the totally geodesic
surfaces which have been identified to construct the first
BTZ black hole move so as not to cross the ϕ ¼ �π
surfaces in the new coordinate system.2 After the coor-
dinate transformation, a new identification between the
ϕ ¼ �π surfaces can be considered, as illustrated in the left
side of Fig. 4. Different boost and rotation angles can be
chosen to those used in the first identification. To add a
BTZ black hole with a massM0 and an angular momentum

J0 to the manifold, the boost and rotation angles should be
2πrþðM0; J0Þ=l and 2πωðM0; J0Þ, respectively, where
rþðM0; J0Þ and ωðM0; J0Þ are determined by relations
similar to (2) and (3).3 By this second identification, an
additional BTZ black hole is brought into the manifold, and
we refer to this geometry as E2-BTZ. The identifications
generate a discrete subgroup Γ0 ¼ hγ1; γ2i of the isometry
SO(3,1). For a given spatial slice of the resultant manifold,
for example at xp ∼ 0, three boundaries at infinity are
connected by two throats. The overall Euclidean spacetime
is a solid double torus with a boundary at infinity, as
illustrated in Fig. 4. Therefore, the topology of the
boundary is a double torus.
By making further similar identifications, a Euclidean

multiple BTZ black hole spacetime can be constructed, as
discussed by Brill [11]. If the spacetime includes g
Euclidean BTZ black holes, it is topologically a genus g
solid torus and its boundary is a genus g torus.4

xp
yp

zp
fundamental
region

xp
0

EH

FIG. 3. The left figure shows a three-dimensional disk with two
totally geodesic surfaces. The surface ϕ ¼ −π (the lower surface
crossing the boundary sphere orthogonally) is mapped onto the
surface ϕ ¼ π (the upper surface) by transformation along the zp
axis and a rotation in the ðxp; ypÞ plane. The identification
between these two surfaces gives a Euclidean BTZ black hole
spacetime. After the identification, the manifold becomes a solid
torus with a boundary at infinity, as shown in the right figure.
Taking a spatial slice, for example at xp ∼ 0, yields two
boundaries at infinity connected by a single throat.

FIG. 4. Carrying out two identifications in H3 gives a Euclid-
ean double BTZ black hole spacetime. The manifold has the
topology of a genus two solid torus. A given spatial slice
yields three boundaries at infinity connected by two throats.
The dashed lines indicate the case of adding a further BTZ
black hole.

2In order to obtain a smooth manifold, the boost angle should
be larger than a certain value. Since we consider a sufficiently
large boost angle in the present study, however, we do not discuss
its minimum value.

3In Brill’s construction of a double BTZ black hole geometry,
the case of J ¼ 0 BTZ was suggested because of the Z2
symmetry appearing as a byproduct of the double cover. On
the other hand, we consider a more general situation without Z2
symmetry and the case of J ≠ 0 double BTZ black hole geometry
can be constructed.

4The number of BTZ black holes, g, refers to the number of
throat structures (identical to the number of identifications) while,
in [11], the number of black holes indicates the number of
disconnected components of the asymptotic region, g0 ¼ gþ 1.
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IV. TEICHMÜLLER PARAMETERS
FOR BOUNDARY OF EUCLIDEAN
MULTIPLE BTZ BLACK HOLES

We now attempt to induce complex structure (conformal
structure) into the boundary of a multiple BTZ black hole
spacetime. The biholomorphic class (conformal class) of
the complex structure (conformal structure) will be para-
metrized using the Teichmüller parameters. One general
way to derive the Teichmüller parameters (or moduli
parameters) is to determine the period matrix [20], which
is defined using holomorphic 1-forms and a canonical
homology basis. In general, however, it is difficult to
determine the period matrix for a quotient space which
is a higher genus Riemann surface from discrete subgroup
Γ0 of the identification isometry, since an exact expression
of its holomorphic 1-form (or automorphic form) is not
known. Consequently, although in the case of a single BTZ
black hole spacetime the Teichmüller parameter for its
boundary can be successfully determined from the discrete
subgroup Γ of the isometry as demonstrated in Sec. II, it is
not easy task to obtain an exact expression for the
Teichmüller parameters for the boundary of a Euclidean
multiple BTZ black hole spacetime.
To overcome this difficulty, we make the assumption that

all of the black holes have a large separation from each
other, and derive an approximate expression for the
Teichmüller parameters for the spacetime boundary.

A. Period matrix and pinching parameter

The definition of the period matrix of a genus g Riemann
surface is [20,21]

Ωij ¼
Z
Bj

νi; ði; j ¼ 1;…; gÞ; (31)

where νi, (i ¼ 1;…g) are a set of g holomorphic 1-forms
normalized by

Z
Ai

νj ¼ δij (32)

for a canonical homology basis A1;…; Ag, B1;…; Bg. For a
genus g Riemann surface, the elements of the period matrix
form a set of independent (complex) parameters with a
positive definite imaginary part, so that the Teichmüller
space is Hg, i.e., the g-dimensional Siegel complex upper
half plane. Though this rigorous definition of the period
matrix provides full information about the Teichmüller
space, in general it is difficult to obtain the exact form of the
g holomorphic 1-forms for g ≥ 2 Riemann surfaces.
However, for a genus g Riemann surface that includes a

narrow bridge structure, it is possible to approximately
determine the period matrix from two period matrices of
Riemann surfaces with a lower genus, which are sewn

together. Therefore, we consider only the case of two
Riemann surfaces connected by a narrow bridge. A general
method for calculating Ω for any two sewn-together
Riemann surfaces was reported by Yamada [22].
In general, two compact Riemann surfaces S1 and S2 of

genus g1 and g2, respectively, can be sewn together, giving
a Riemann surface of genus g1 þ g2. This is achieved by
using complex local coordinates za on Sa (a ¼ 1, 2), and
excising the two disks jzaj < jϵj, where ϵ is a complex
parameter satisfying jϵj < 1. The centers of the disks are
taken to be at points za ¼ 0. The two surfaces are sewn
together by identifying the annular regions jϵj ≤ jzaj ≤ 1
via the relation

z1z2 ¼ ϵ:

In the formulation given by Yamada [22], the period
matrix can be expressed as a power series in ϵ as

Ω ¼
�
Ω1 0

0 Ω2

�
− 2πiϵ

�
0 tW1W2

tW2W1 0

�
þOðϵ2Þ;

(33)

whereΩaða ¼ 1; 2Þ are the period matrices for the genus ga
Riemann surfaces, (if the Riemann surface is a torus, these
correspond to the usual moduli parameters τa). The
holomorphic functions Wa are defined as

Wa ¼ ðf1ð0Þ;…; fgað0ÞÞ; (34)

where fk are holomorphic functions appearing in the
normalized holomorphic 1-form at each set of local
coordinates za, νk ¼ fkðzaÞdza (k ¼ 1;…; ga). The con-
tribution from the ϵ2 term in (33) yields the Weierstrass
function, the standard elliptic Eisenstein series, and
Bernoulli numbers. See [23] for further information.
The sewing process for two tori is illustrated in Fig. 5.

The identified annular regions can be thought of as a
connecting bridge. Note that as ϵ → 0, the connecting
bridge is pinched down and the Riemann surface degen-
erates into two tori with standard modular parameters τ1
and τ2. The parameter ϵ is therefore referred to as the

FIG. 5. Two tori are sewn together by identifying the annular
regions jϵj ≤ jzaj ≤ 1 via the relation z1z2 ¼ ϵ.
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pinching parameter. The parameters τ1; τ2 and ϵ form a set
of moduli parameters for genus two Riemann surfaces.
The number of dimensions in the Teichmüller space is

determined as follows. A genus g ≥ 2 Riemann surface
consists of g tori connected by g − 1 bridges. It is then
trivial to conclude that the Teichmüller space is spanned by
the following parameters: g moduli parameters τa ∈ C,
a ¼ 1; 2;…; g, g − 1 pinching parameters εb ∈ C, b ¼
1; 2;…; g − 1 and the relative positions of the bridges
(symbolically, for example, zc ∈ C, c ¼ 3;…; g) which are
also the degrees of freedom for Teichmüller deformation.
Therefore, the dimensions are given by

g · 2þ ðg − 1Þ · 2þ ðg − 2Þ · 2 ¼ 6g − 6;

which reconfirms the well-known dimensions of the
Teichmüller space.

B. Period matrix for boundary of E2-BTZ

The multiple BTZ black hole geometry is constructed by
repeating to bring an additional BTZ black hole to the
single BTZ black hole geometry. At the spacetime boun-
dary, this is achieved by connecting a torus to the Riemann
surface while ensuring that the black holes remain far apart
from each other. Then all that is necessary for under-
standing the complex structure of a multiple BTZ black
hole geometry is reduced to introduce complex structure on
the boundary of the double BTZ black hole geometry (E2-
BTZ). For E2-BTZ, the lowest-order quantities in (33),
denoted by Ω1 and Ω2, are given by the moduli parameters
for the first and second BTZ black holes, that is, τBTZ

defined in (23). The essential task is then to determine the
pinching parameter ϵ for E2-BTZ. For that purpose, we
relate the pinching parameter to the coordinate transforma-
tion performed during the construction of E2-BTZ.
In Sec. III, we made a second identification of the

surfaces ϕ ¼ �π after a yp Lorentz boost with an angle 2α,
obtaining the E2-BTZ spacetime. We now consider a yp
Lorentz boost with an angle −α. The center of the two BTZ
black holes is then at the surface yp ¼ 0. On the boundary,
this surface becomes a circle. In the remainder of this
section, we consider only the Riemann surface on the
boundary of E2-BTZ, and think of this boundary as a
Riemann surface constructed by sewing parts of the
boundaries of two Euclidean BTZ black holes around
the circle yp ¼ 0. Focusing attention on a single
Euclidean BTZ before sewing, we investigate the complex
structure around the circle. Since the complex structure of
the boundary of the second black hole is naturally given by
the previous coordinates (in which the second identification
is made), we again consider a yp Lorentz boost with an
angle α and move the circle in the yp direction. The
coordinate system for the disk model then becomes

x0p ¼ x1
1þ x0 cosh α

; y0p ¼ x0 sinh α

1þ x0 cosh α
;

z0p ¼ x3
1þ x0 cosh α

: (35)

Then, the cut circle yp ¼ 0 is mapped to

y0p ¼ tanh α; x02p þ z02p ¼ 1

cosh2 α
: (36)

In the Poincaré coordinates ðX; Y;UÞ, the circle is
described as

U ¼ 0; X2 þ
�
Y − cosh α

sinh α

�
2

¼ 1

sinh2 α
: (37)

That is, the circle is centered at X ¼ 0, Y ¼ coth α, and has
a radius csch α, on the boundary of the second Euclidean
BTZ black hole, as shown in Fig. 6. We consider Z ¼
X þ iðY − coth αÞ as a local complex coordinate on the
boundary. If the parameter α is large enough, the radius of
the circle becomes smaller than 1, and the circle can be
thought of as the cut circle jZj ¼ jϵj. Since the period
matrix is expressed as a power series in ϵ, we consider the
case where ϵ is small, corresponding to the situation in
which the two BTZ black holes are far apart due to a
transformation with a large boost angle. Therefore, the
expression for the period matrix (33) is relevant when the
distance between the two BTZ black holes is large.
As described in Sec. III, the parameter θ allows a

difference in orientation to exist between the two black
holes. This corresponds to a rotation around the sewing

FIG. 6. The first and second identifications give a genus two
solid torus, corresponding to E2-BTZ. After a yp Lorentz boost
with an angle α, the cut circle moves in the yp direction. The
second identification in Poincaré coordinates is shown in the
lower figure, which gives a BTZ black hole with a mass M0 and
an angular momentum J0. In these coordinates, the cut circle is
centered at X ¼ 0, Y ¼ coth α, and has a radius of csch α.
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annulus connecting the two boundaries of the Euclidean
BTZ black holes. The pinching parameter can then be
expressed as

ϵ ¼ csch αe2iθ: (38)

That is, jϵj represents the radius of the cut circle and arg ϵ is
the twist angle of the connection. Therefore, the pinching
parameter for E2-BTZ has degrees on freedom correspond-
ing to the relative positions and orientations of the two
black holes.
Although in the above discussion, we considered the

boundary of the second black hole, much the same is true
for the boundary of the first black hole and we can
introduce complex coordinates on it. We identify the two
sets of complex coordinates using the label a ¼ 1, 2. For
each set of local coordinates, the pinching parameter can
then be expressed using (38). In order to determine the
period matrix up to first order in the power series in ϵ, the
holomorphic functions Wa must be known for each torus.
Before sewing, the holomorphic 1-forms for the canonical
homology basis Aa, Ba for each torus on the boundary are

dZa

2πiðZa þ i coth αÞ ; ða ¼ 1; 2Þ (39)

in the local complex coordinates Za ¼ Xa þ iðYa −
coth αÞ centered on the annulus. By definition, the
holomorphic functions for each torus are

Wa ¼
−1

2π coth α
: (40)

This gives the period matrix to first order.

V. PARTITION FUNCTION FOR E2-BTZ
IN EXTREMAL CFT

We will now show an application of the Teichmüller
parameters. In general, the partition function for a boundary
CFT is parametrized using the Teichmüller parameters
representing the conformal class of the boundary, and here
we consider the boundary CFT corresponding to pure AdS3
gravity.
Witten [10] argued that pure three-dimensional gravity

with a negative cosmological constant should be dual
to a CFT on the boundary of a central charge
ðcL; cRÞ ¼ ð24k; 24kÞ, where k is a positive integer. This
CFT factorizes into a holomorphic CFT and an antiholo-
morphic CFT, whose lowest dimensional primary field has
a dimension kþ 1. Such CFTs are referred to as extremal
CFTs (ECFTs). The genus one partition function for the
ECFT, expressed as ZkðqÞ, was determined by Witten [10]
to be a modular invariant one. For k ¼ 1, the partition
function is

Z1ðqÞ ¼ jJðqÞj2 ¼ jjðqÞ − 744j2; (41)

where j ¼ 1728E3
4=ðE3

4 − E2
6Þ. E4 and E6 are the usual

Eisenstein series of weights 4 and 6. The parameter q is
given by q ¼ e2πiτ, where τ is the moduli parameter for the
thermal AdS3 given by (24). It is usual to express dual CFT
partition functions in terms of τ, rather than τBTZ. Since the
partition function (41) is modular invariant, it includes a
contribution from the states corresponding to the thermal
AdS3 and the BTZ black hole. As discussed in [10],
information about the BTZ black hole entropy can be
extracted from the partition function.
Witten also showed that the partition function for an

ECFT with k ¼ 2 can be uniquely determined on a hyper-
elliptic Riemann surface of any genus. An explicit expres-
sion for a genus two partition function Zk;g¼2ðΩÞ was
determined by Gaiotto and Yin [12] for k ¼ 1, 2, 3. For
k ¼ 1, it is

Zk¼1;g2ðΩÞ ¼
���� C1

χ10

�
41

4608
ψ3
4 þ

31

1152
ψ2
6 − 3813

2048
χ12

�����
2

;

(42)

where C1 is a constant, ψ4 and ψ6 are Siegel modular forms
of weight 4 and 6, respectively, and χ10 and χ12 are the cusp
forms. For a detailed definition of these quantities, see [12].
The expression (42) was also obtained by Tuite [21] in a
different context. For k ¼ 1, 2, 3, it was shown [12] that
in the limit ϵ → 0, the partition function Zk;g¼2ðΩÞ
factorizes as

Zk;g¼2ðΩÞ →
const
jϵj4k Zkðq1ÞZkðq2Þ; (43)

where qa ¼ e2πiτa and τa are the moduli parameters for
each torus.
Gaiotto and Yin obtained the partition function (42) for a

double torus, but its gravitational meaning was not dis-
cussed [12]. As shown in Sec. III, the boundary of E2-BTZ
is topologically a double torus, and E2-BTZ is a solution in
pure AdS3 gravity. Hence, the partition function (42) can be
interpreted as being relevant to E2-BTZ. Since a small ϵ
means a large separation between the two BTZ black holes,
the factorization (43) implies that the degrees of freedom
for the two BTZ black holes become independent of each
other in the separation limit. This factorization will be a
general property for multiple BTZ black hole spacetimes.
Though, for g ≥ 3, other parameters arise in addition to the
pinching parameters ϵa and toroidal Teichmüller parame-
ters τa, the partition function will also factorize into
partition functions for each individual BTZ black hole in
the separation limit.
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VI. DISCUSSION AND CONCLUSION

The complex structure of the boundary of a Euclidean
multiple BTZ black hole geometry was investigated, and
was applied to Witten’s conjecture concerning a pure AdS3
gravity/ECFT correspondence. For two widely separated
BTZ black holes, we calculated the pinching parameter ϵ
and obtained an approximate expression for the
Teichmüller parameters for E2-BTZ. It was found that
the pinching parameter includes information about the
positional relation between two BTZ black holes in the
long-distance limit. We also showed that the E2-BTZ
boundary has a double-torus topology, and the genus
two partition function for the boundary extremal CFT
can be interpreted as being relevant to E2-BTZ.
The canonical ensemble entropy for BTZ black holes at

fixed temperature and angular momentum can be obtained
from the partition function via the relation

S ¼ ∂
∂T ðT ln ZÞ: (44)

The factorization then implies that, in the separation limit
(ϵ → 0), the overall entropy of E2-BTZ is the sum of that
for the individual black holes. In contrast, if the two BTZ
black holes are not separated, this will not be the case,
because the partition function is not factorized. This is
natural because a gravitational interaction is expected
between the two black holes, leading to non-additive
properties. Since the entropy for a single BTZ black hole

is given by the Bekenstein-Hawking area law, this implies
that the entropy of multiple black holes may not be the sum
of the horizon areas [24].
It is expected that thermodynamic quantities can be

obtained from the partition function via thermodynamic
relations. The same holds true for black hole thermody-
namics, for example as discussed by Gibbons and Hawking
[1]. Therefore, it is natural that moduli parameters which
describe the partition function are related to thermody-
namic quantities. Actually, the moduli parameter for the
BTZ black hole geometry is expressed in terms of thermo-
dynamic variables as given in (26). Since for E2-BTZ, the
pinching parameter ϵ also parametrizes the partition func-
tion in addition to τa, it might be possible that ϵ is related to
certain thermodynamic quantities, and this will be inves-
tigated in future work.
The above discussion is based on the assumption that the

thermodynamics of a multiple black hole spacetime can
actually be formulated. To our knowledge, no such for-
mulation has yet been developed. However, from the
viewpoint of the AdS/CFT correspondence, the existence
of a multiple BTZ black hole solution in AdS gravity, and a
partition function for the boundary CFT, implies that such a
formulization is possible, at least for asymptotically
AdS cases.
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