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We explore the properties of two-point cosmic propagators when perturbation theory loop corrections
are consistently taken into account. We show in particular how the interpolation scheme proposed in
[F. Bernardeau, M. Crocce, and R. Scoccimarro, Phys. Rev. D 85, 123519 (2012)] can be explicitly used
up to two-loop order introducing the notion of regular parts for the contributing terms. Extending the
one-loop results, we then derive and give semianalytical forms of the two-loop contributions for both
the cosmic density and velocity propagators. These results are tested against numerical simulations
and shown to significantly improve upon one-loop results for redshifts above 0.5. We found however that
at lower redshift two-loop order corrections are too large partly due to a strong sensitivity of those terms to
the small scale modes. We show that this dependence is expected to be even larger for higher order loop
corrections both from theoretical investigations and numerical tests, the latter obtained with Monte Carlo
evaluations of the three-loop contributions. This makes small-scale regularization schemes necessary for
the use of such higher order corrections.
DOI: 10.1103/PhysRevD.89.023502 PACS numbers: 98.80.-k, 98.65.-r

I. INTRODUCTION

Precision measurements of the statistical properties
of the large-scale structure of the Universe is the key to
current large projects of observational cosmology. They
aim in particular at measuring the galaxy power spectrum
at the scales where baryonic acoustic oscillations can be
detected [1–4] or at measuring the projected density power
spectrum from weak lensing observations (as stressed in [5]
and which is the part of the core program of the Euclid
mission [6]). In this context, semianalytic tools are now
developed that aim at computing, from first principles,
the statistical properties of the cosmic fields at large scale.
Standard perturbation theory (PT) approaches (see [7]) are
however not very efficient in producing well-behaved
next-to-leading order terms to the spectra or bispectra. It
leads indeed to a series that has poor converging properties
(see [8] for more insights into these aspects). Alternative
approaches have been recently developed that propose,
implicitly or explicitly, a reorganization of the perturbation
series (see [9] for a critical review of some of these meth-
ods). This is the case in particular for the renormalization
perturbation theory (RPT) approaches developed initially in
[8]. Other approaches are based on the writing of closed
system of integro-differential equations as in the closure
theory approach, [10], or in the time flow equation hierarchy
presented in [11]. We put ourselves in the context of the
RPT approaches and its extensions which are based on
the introduction of the two-point propagator and on a rewrit-
ing of the series expansion with the help of that object.
A related but alternative approach has been proposed in

[12] where the concepts of multipoint propagators were
introduced. Interaction vertices can then be formally renor-
malized as well. It has been shown there that a new scheme
for the computation of spectra and polyspectra can be
obtained form the multipoint propagators, from the
so-called Γ expansion.
The focus of this paper is precisely on the behavior of the

two-point propagator and on the precision one can theoreti-
cally attain in its description. In particular one wishes to
evaluate the importance of the multiloop corrections to
its expression, in practice up to second order, and to see
whether these corrections can be safely computed.
Comparisons with N-body codes will be used taking advan-
tage of the interpolation scheme proposed in [13]. In this
paper it is indeed shown how multiloop corrections can be
consistently used to get predictions on multipropagator
expressions with theoretically increasing precision. These
investigations aim in particular at pinning down the validity
range of these types of calculations. As we will see in the
following, the two-point propagator is the quantity, at a
given order in PT, that is the most sensitive to high-kmodes
in the computation of power spectra. Quantifying the
importance of the small scale physics, for large-scale pre-
dictions, is a daunting quest. Some phenomenological
results have been proposed in [14,15] to investigate for in-
stance the importance of shell crossings. This is also the
idea behind the works in [16,17] where the impact of
the small scale physics is tentatively introduced as extra
source terms. In this paper we eventually investigate this
problem from a PT approach.
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The paper is organized as follows. In Sec. II we recall the
motion equations for gravitational instabilities of a cosmic
fluid. In Sec. III we compute the two-loop corrective terms
and propose analytic fits for them. In Sec. IV we first esti-
mate the contributions of the three-loop terms from
Monte Carlo computations. Our results are tested with
the help of consistency relation we provided in Sec. III.
We then explore in more detail the expected properties
of the loop corrections at arbitrary orders introducing the
notion of kernels and henceforth quantifying the sensitivity
of the results to large and small scales modes. Our conclud-
ing remarks are presented in Sec. V.

II. THE COSMIC TWO-POINT PROPAGATORS

A. The equations of motion

We are interested here in the development of cosmologi-
cal instabilities in a cosmological dust fluid. In general the
dynamical evolution of such a fluid can be described with
the Vlasov equation. As usual we then restrict our investi-
gations to the regime where multiflow regions play a neg-
ligible role, but we will discuss this assumption later on. In
the one flow limit, the motion equation then takes the form
of a set of three coupled equations relating the local density
contrast, the peculiar velocity field and the gravitational
potential (see [7]).
Let us denote DþðτÞ the growing mode solution of the

linearized system for the density contrast and fþðτÞ its log-
arithmic derivative with respect to the expansion. Then fol-
lowing [18], this system can be written in a compact form
with the use of the doublet Ψaðk; τÞ, defined as

Ψaðk; τÞ≡
�
δðk; τÞ;− 1

fþðτÞH
θðk; τÞ

�
; (1)

whereH≡ d ln a=dτ is the conformal expansion rate with
aðτÞ the cosmological scale factor and τ the conformal time
and where the index a ¼ 1, 2 selects the density or velocity
components.
Then when one uses the time variable η ¼ log DþðηÞ the

formal integral solution to the motion equations is given by
(see [8,18,19] for a detailed derivation)

Ψaðk; ηÞ ¼ gabðηÞφbðkÞ þ
Z

η

0

dη0gabðη; η0ÞγðsÞbcdðk;k1;k2Þ

×Ψcðk1; η0ÞΨdðk2; η0Þ; (2)

where φaðkÞ≡Ψaðk; η ¼ 0Þ denotes the initial condi-
tions, set when the growth factor Dþ ¼ 1, and where
gabðηÞ is the linear propagator that can be built out of
the growing modes [20],

gabðη; η0Þ ¼
eη−η0

5

�
3 2

3 2

�
þ e−

3
2
ðη−η0Þ
5

�
2 −2
−3 3

�
; (3)

and where the symmetrized vertex matrix γðsÞabc describes
the nonlinear interactions between different Fourier modes
(see references above for its explicit form.)
The ensemble average of any quantity can then be built

out of those of the initial fields. They are entirely defined
from the initial power spectrum of density fluctuations
PabðkÞ define as

hφaðkÞφbðk0Þi ¼ δDðkþ k0ÞPabðkÞ: (4)

In what follows most of the calculations and applications
will be made assuming initial conditions in the growing
mode, for which φaðkÞ ¼ δ0ðkÞua with ua ¼ ð1; 1Þ, and
therefore with PabðkÞ ¼ P0ðkÞuaub.

B. Definition and general properties of the
two-point and multipoint propagators

The gabðsÞ appears clearly to be one of the key ingredients
of these constructions. It can be described as the linear
propagator giving the variation of the mode amplitude as
time is running. The idea at the heart of the RPT approach
is to generalize this operator beyond linear theory. More spe-

cifically the quantity ∂Ψaðk;sÞ∂φbðk0Þ expresses the way Ψaðk; sÞ
depends on φbðk0Þ as a function of time s. This function
however depends on the stochastic properties of the
fields. One can nonetheless define its ensemble average,
GabðkÞ, as

�∂Ψaðk; ηÞ
∂φbðk0Þ

�
¼ δDðk − k0ÞGabðk; ηÞ: (5)

This quantity depends on the initial fluctuations through the
mode couplings. The ensemble average is made precisely
over these modes. The Dirac-δ function it leads to is due, as
usual, to the homogeneity of the underlying statistical proc-
ess. More generally one can define the ðpþ 1Þ-point
propagators ΓðpÞ as (see [12])

1

p!

�
δpΨaðk; ηÞ

δφb1ðk1Þ…δφbpðkpÞ
�

¼ δDðk − k1 −… − kpÞΓðpÞ
ab1…bp

ðk1;…;kp; ηÞ: (6)

The Dirac function that appears in this expression is a direct
consequence of the assumed statistical isotropy of space.
Note that the propagators can be defined for any time inter-
val. We will however use it here assuming the early time to
be the initial time for which one can assume that the cosmic
modes correspond to the matter dominated era growing
mode (see [21] for explicit investigations of the validity
of such an approximation). In computing the power spec-
trum or bispectrum, it is convenient to introduce the
reduced propagators as
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ΓðpÞ
a ðk1;…;kp; ηÞ ¼ ΓðpÞ

ab1…bp
ðk1;…;kp; ηÞub1…ubp:

(7)

Our main interest here is the late time evolution of the
propagators keeping only the most growing modes contri-
butions. In particular, in the following we compute the
expression of Gab order by order in perturbation theory,
up to two-loop order. Such results can be obtained from
a formal expansion of Ψaðk; ηÞ with respect to the initial
field,

Ψaðk; ηÞ ¼
X∞
n¼1

ΨðnÞ
a ðk; ηÞ (8)

with

ΨðnÞ
a ðk; ηÞ ¼

Z
d3k1…d3knδDðk − k1…nÞ

× F ðnÞ
ab1b2…bn

ðk1;…;kn; ηÞφb1ðk1Þ…φbnðknÞ;
(9)

where F ðnÞ are fully symmetric functions of the wave vec-
tors. Note that these functions have in general a nontrivial
time dependence because they also include subleading
terms in η. Their fastest growing term is of course given
by the well-known fFn;Gng kernels in PT (assuming
growing mode initial conditions),

F ðnÞ
ab1b2…bn

ðk1;…;kn; ηÞub1…ubn

¼ expðnηÞFðnÞ
a ðk1; ::;knÞ

with FðnÞ
1 ¼ Fn and FðnÞ

2 ¼ Gn (density or velocity diver-
gence fields, respectively). Those quantities can obviously
be computed in a standard perturbation theory approach.
Formally one can then writes,

ΓðpÞ
a ¼ ΓðpÞ

a;tree þ ΓðpÞ
a;1-loop þ ΓðpÞ

a;2-loop þ ΓðpÞ
a;3-loop þ � � � . (10)

When keeping, for each term, the only fastest growing
mode, the expressions for the perturbative corrections,
ΓðpÞ
a;n-loop can be rather simplified and written in terms of

the standard PT kernels. Those expressions can be written
more specifically for the two-point propagators. Let us
define then the 2 propagators G1þ and G2þ as

G1þðk; ηÞ ¼ G1aðk; ηÞua ¼ G11ðk; ηÞ þ G12ðk; ηÞ; (11)

G2þðk; ηÞ ¼ G2aðk; ηÞua ¼ G21ðk; ηÞ þ G22ðk; ηÞ; (12)

for which we have

G1-loop
aþ ðk; ηÞ ¼ 3e3η

Z
d3qFð3Þ

a ðq;−q;kÞP0ðqÞ; (13)

G2-loop
aþ ðk; ηÞ ¼ 15e5η

Z
d3q1d3q2F

ð5Þ
a

× ðq1;−q1;q2;−q2;kÞP0ðq1ÞP0ðq2Þ (14)

with qi ¼ jqij and where the function FðmÞ
a are the sym-

metrized PT kernels of the mth order. One can generalize
the above expressions to the one at a general n-loop
order[22],

Gn-loop
aþ ¼ sð1Þn eð2nþ1Þη

Z
d3q1…d3qnF

ð2nþ1Þ
a

× ðq1;−q1;…;qn;−qn;kÞP0ðq1Þ…P0ðqnÞ (15)

with a symmetry factor given by

sð1Þn ¼ 2nþ 1

n!
Πn

j¼1

�
2j
2

�
¼ ð2nþ 1Þ!!: (16)

The resulting expressions depend on the actual linear power
spectra. In this sense the result is a priori model dependent.
Note that in practice we also assume that the structure of the
coupling kernels are that of an Einstein de Sitter universe as
they are known to change very weakly with the cosmologi-
cal parameters and therefore as mentioned before. That
does not restrict much the scope of these calculations.
The propagators are of further interest because of their

high-k behavior that can be derived explicitly taking into
account large-scale modes in a full nonlinear manner.
Those properties were first derived in [8,23] from diagram
resummations. They were further engrained in a more
general framework in [24] with the introduction of the
so-called eikonal approximation we will frequently refer
to in the following. From these calculations we expect
to have in the high-k limit,

Gabðk; ηÞ ∼ gabðηÞ exp
�
− k2σ2d

2
ðeη − 1Þ2

�
; (17)

where σd is the rms of the displacement field [25],

σ2d ¼
Z

d3k
3k2

P0ðkÞ: (18)

This expression however does not reproduce the one-
loop expression of the propagators. Let us denote
δG1-loop

ab the expression of the one-loop correction to Gab
and δG2-loop

ab its expression at two-loop order. As shown
in [8], it is possible to build an interpolating expression
for Gab that reproduces both the asymptotic property
(17) and the one-loop order result and which is valid at
any time and for any wave number k. The construction
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of the interpolation function is however not systematic and relies on specific properties, k and time dependences, of the
one-loop expressions. An alternative form for constructing a systematic interpolation functions of multipoint propagators
has been proposed in [13]. It then makes it possible to incorporate corrective terms of arbitrary order into the expression of
the propagators. We will make use of these results in the following.

C. The one-loop order results

The expressions of the propagator have been computed in [23] at one-loop order. They appear to be a sum of four terms,
each of which can be factorized in time and k dependence. Here and in the following we are interested in the most growing
part of the propagators only and for initial growing modes. In this regime, we then have,

G1-loop
1þ ðk; ηÞ ¼ 4πe3η

Z
q2dqP0ðqÞfðk; qÞ; (19)

G1-loop
2þ ðk; ηÞ ¼ 4πe3η

Z
q2dqP0ðqÞgðk; qÞ (20)

with

fðk; qÞ ¼
3ð2k2 þ 7q2Þðk2 − q2Þ3 log

h
ðk−qÞ2
ðkþqÞ2

i
þ 4ð6k7q − 79k5q3 þ 50k3q5 − 21kq7Þ

2016k3q5
; (21)

gðk; qÞ ¼
3ð2k2 þ q2Þðk2 − q2Þ3 log ½ðk−qÞ2ðkþqÞ2� þ 4ð6k7q − 41k5q3 þ 2k3q5 − 3kq7Þ

672k3q5
: (22)

The functions fðk; qÞ and gðk; qÞ are dimensionless functions (e.g. they depend only of k=q) that are entirely determined by
the vertices and by the linear propagator. More precisely we have

fðk; qÞ ¼ 1

4π

Z
d2q̂F3ðk;q;−qÞ; gðk; qÞ ¼ 1

4π

Z
d2q̂G3ðk;q;−qÞ; (23)

where q̂ is the relative angle between q and k.
A few remarkable properties are worth mentioning. In particular the low q behaviors of fðk; qÞ and gðk; qÞ are directly

related to the exponential cutoff of large-k. We then have

fðk; qÞ ∼ gðk; qÞ ∼ − 1

6

k2

q2
when q ≪ k: (24)

and the same property is true for gðk; qÞ. The low k properties of fðk; qÞ and gðk; qÞ are less universal. There is however an
important result which is due to the low k behavior of the vertices. It implies that fðk; qÞ ∼ k2=q2 and gðk; qÞ ∼ k2=q2 when
k ≪ q. These latter properties ensures a rapid convergence of the integrals in Eqs. (19), (20) and are thus important form a
practical point of view. More precisely we have

fðk; qÞ ∼ − 61

630

k2

q2
and gðk; qÞ ∼ − 3

10

k2

q2
. (25)

In the next section we will see how these results are changed for the two-loop results.

D. Multiloop propagators: Constructing regular parts

Clearly propagators at each order are expected to exhibit specific behaviors at large wave number. The leading k behavior
is thus expected to behave like
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Gp-loop
ab ðk; ηÞ ∼ 1

p!
ð−kÞ2p
2p

σ2pd ðeη − 1Þ2p: (26)

This is precisely what has been obtained in [8] and allows the construction of the form (17). Furthermore, as shown in [13]
it is possible to write interpolating forms that incorporate both the standard PT results and the expected large-k behaviors
of the propagators. At two-loop order this form for the propagator reads

Gabðk; ηÞ ≈ ðgabðηÞ þ G1-loop
ab ðk; ηÞ þ � � � þGp-loop

ab ðk; ηÞ þ c:t:Þ exp
�
−
k2σ2d
2

ðeη − 1Þ2
�
; (27)

where c.t. is a counterterm. It is such that the p-loop order of this form reproduces the exact expression of Gab at the same
order. For instance a simple calculation leads to

c:t: ¼ gabðηÞ
k2σ2d
2

ðeη − 1Þ2 þ 1

2
gabðηÞ

�
k2σ2d
2

�
2

ðeη − 1Þ2 þ 1

2
k2σ2dðeη − 1Þ2G1-loop

ab ðk; ηÞ (28)

for the expression of the counterterm up to two-loop order (the first term being its expression at one-loop order).
Here we would like to take advantage of the general properties of the propagators, in particular on its dependence with σd,

to introduce consistency relations that can be used in practice to test Monte Carlo results. The idea is to seeGp-loop
ab ðk; ηÞ as a

functional of the linear power spectrum PðkÞ and to express the dependence ofGp-loop
ab ðk; ηÞwith respect to σd. Let us do this

construction order by order. We can define the regular part of G1-loop
ab ðk; ηÞ by

G1-loop
ab ðk; ηÞ ¼ − k2

2
σ2dðeη − 1Þ2gabðηÞ þ RegG1-loop

ab ðk; ηÞ: (29)

In this expression RegG1-loop
ab ðk; ηÞ is the part of G1-loop

ab ðk; ηÞ which remains finite even when one lets σd go to infinity. The
next step is to define the regular part of the two-loop results. The σ4d term has already been given in Eq. (26). The σ2d term
corresponds to the one-loop correction of RegG1-loop

ab ðk; ηÞ taken in the high-k limit,

G2-loop
ab ðk; ηÞ ¼ k4

8
σ4dðeη − 1Þ4gabðηÞ −

k2

2
σ2dðeη − 1Þ2RegG1-loop

ab ðk; ηÞ þ RegG2-loop
ab ðk; ηÞ; (30)

where again RegG2-loop
ab ðk; ηÞ is finite in the formal limit σd → ∞. As we will explicitly use it in the following we go one step

further for the three-loop term,

G3-loop
ab ðk; ηÞ ¼ − k6

48
σ6dðeη − 1Þ6gabðηÞ þ

k4

8
σ4dðeη − 1Þ4RegG1-loop

ab ðk; ηÞ

− k2

2
σ2dðeη − 1Þ2RegG2-loop

ab ðk; ηÞ þ RegG3-loop
ab ðk; ηÞ: (31)

In this expression the first term is obtained from the large-k behavior of the three-loop expression, the second from the large-
k behavior of the four-point propagator and the third from the six-point propagator computed taken in configurations where
all modes are in the high k limit.
The expression (31) can be used as a consistency checks for Monte Carlo integrations of three-loop contributions. Indeed

one expects the last term RegG3-loop
ab ðk; ηÞ to then remain finite. And from a σd expansion point of view the expression ((27))

simply reads,

Gabðk; ηÞ ≈ ðgabðηÞ þ RegG1-loop
ab ðk; ηÞ þ RegG2-loop

ab ðk; ηÞÞ exp
�
−
k2σ2d
2

ðeη − 1Þ2
�
: (32)

This form underlines the importance of the regular part of each contributing term we have defined.
Note that in the previous calculations the expression of σd is computed a priori from linear theory, i.e., Eq. (18)), but its

computation can incorporate in principle higher order terms. This is a direct consequence of the eikonal results where it is
shown that the variance of the displacement field can be computed beyond the linear regime [26]. For instance the 1-loop
correction to the displacement field can be explicitly computed and it reads
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σ2d;1-loop ¼
ð4πÞ2
112896

Z
dq1
q31

P0ðq1Þ
dq2
q32

P0ðq2Þ
�
ðq21 − q22Þ4 log

�ðq1 þ q2Þ2
ðq1 − q2Þ2

�
− 4q1q2ðq21 þ q22Þðq41 − 70q22q

2
1 þ q42Þ

�
: (33)

In such a case the corrective term can be taken into account in the expression of the regular part. Equation (29) is then left
unchanged but Eq. (30) is modified into

G2-loop
ab ðk; ηÞ ¼ − k2

2
σ2d;1-loope

2ηðeη − 1Þ2gabðηÞ þ
k4

8
σ4d;linðeη − 1Þ4gabðηÞ − k2

2
σ2d;lin:ðeη − 1Þ2RegG1-loop

ab ðk; ηÞ
þ RegG2-loop

ab ðk; ηÞ; (34)

in order to incorporate the one-loop correction that appears in the counterterm of RegG1-loop
ab ðk; ηÞ. Then Eq. (32) is changed

into

Gabðk; ηÞ ≈ ðgabðηÞ þ RegG1-loop
ab ðk; ηÞ þ RegG2-loop

ab ðk; ηÞÞ exp
�
−
k2ðσ2d;lin: þ σ2d;1-loope

2ηÞ
2

ðeη − 1Þ2
�
; (35)

when the propagator is written up to two-loop order. Note that the extension to the three-loop terms is a bit more cum-
bersome. This is due to the fact that it is then necessary to take into account fourth-order cumulant, the trispectrum, of the
displacement field that appear at this order of PT calculations which should also be incorporated in the exponential factor
[27] as explicitly shown in [28].
The importance of the change from (32) to (35) will be discussed in the next section from the explicit computations of the

two-order expression. As we will see, the changes it introduces are very benign. In practice we use an exponential factor
which is computed either from linear theory or from explicit measurements in simulations. It is also to be noted that the
concept of regular parts can be extended to other types of PT diagrams, not necessarily those contributing to the two-point
propagators. We leave this analysis for a further study.

III. TWO-LOOP RESULTS

A. The contributing diagrams

The computation ofG2-loop
ab is still an arduous task that relies on the computation of many contributing terms. These terms

can be formally obtained from the expression of Ψð5Þ
a that is the expression of the cosmic fields at fifth order in the initial

conditions. Formally the resulting expression G2-loop
aþ can be written as

G2-loop
1þ ðk; ηÞ ¼ ð4πÞ2e5η

Z
q21dq1P0ðq1Þ

Z
q22dq2P0ðq2ÞF ðk; q1; q2Þ; (36)

G2-loop
2þ ðk; ηÞ ¼ ð4πÞ2e5η

Z
q21dq1P0ðq1Þ

Z
q22dq2P0ðq2ÞGðk; q1; q2Þ; (37)

where the expressions of the functions F and G can be derived from F5 and G5, respectively,

F ðk; q1; q2Þ ¼
1

ð4πÞ2
Z

d2q̂1d2q̂2F5ðk;q1;−q1;q2;−q2Þ; (38)

Gðk; q1; q2Þ ¼
1

ð4πÞ2
Z

d2q̂1d2q̂2G5ðk;q1;−q1;q2;−q2Þ: (39)

Interestingly these expressions can be represented at a diagrammatic level.
In Fig. 1 we define the linear propagator. In Fig. 2 we show how the coupling term is represented. In this diagram we

show the formal expression of the second-order fields. Finally, in Fig. 3 we represent the three types of diagrams that
contribute to the fifth-order expression of the fields. It is this one that one should use to construct the two-loop contributing
terms. They are obtained when two of the incoming lines are “glued” together: each time it introduces a linear power
spectrum factor represented by a crossed circle. We are then led to the contributing diagrams depicted in Fig. 4. At this
stage diagrams represent a mere transcription of the expansion of the motion equations. A detailed description of the pro-
cedure to draw the diagrams and compute their values can be found in [8].
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There appear to be nine different diagrams contributing
to F and G. Note that each of these diagrams comes with a
symmetry factor. The computation of these symmetry fac-
tors can be done by counting the number of possibilities
one has to get the same final expression out of a given con-
tributing diagram to Ψð5Þ. Finally the symmetry factors of
the diagrams of Fig. 4 are respectively, 2,1,2,4,1,1,1,1,1 for
diagrams 1 to 9. Note that the diagrams contributing to the
one-loop correction of the displacement field, Eq. (33), are
the diagrams 1, 2 and 5 (with their previous symmetry fac-
tors) when computed in the eikonal limit.
A priori the two angular integrations contained in

Eqs. (38,39) can be done irrespectively of the details of
the shape of the power spectrum and can therefore be done
in a model-independent way. The whole computation is
however cumbersome and leads to a very large number
of terms, the complexity of which depends on the diagrams.
Some diagrams correspond to “simple” diagram (the dia-
grams 1, 5, 7 and 9) the expression of which can be
expressed in terms of the function f or g only. This is
not the case however for the others. Such angular integra-
tions involve various sets of functions. One is built out ofZ

d2q̂
1

jkþ qj2 ¼
π

kq
log

ðkþ qÞ2
ðk − qÞ2 ; (40)

and another of

Z
d2q̂

1

jk1 þ qj2jk2 − qj2

¼ π log ð−Wþ=W−Þ
k3q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðk22 − q2Þk21 þ q2ð−k22 þ k23 þ q2Þp (41)

with

gab( )a
(1)(k) =

b(k)

FIG. 1. Diagrammatic representation of the linear propagator.
φb represents the initial conditions and gab is the time-dependent
propagator. This diagram value is given by Eq. (2) when the sec-
ond term of the right-hand side has been dropped.

a
(2)(k) =

e(k1)

f(k2)

gab( - ')

gce( ')

gdf( ')

bcd 

'

FIG. 2. Diagrammatic representation of the fields at second or-
der. This diagram value is given by Eq. (2) when one replaces Ψc
and Ψd in the second term of the right-hand side by their linear
expressions. In the diagram, each time one encounters a vertex, a
time integration and a Dirac delta function in the wave modes is
implicitly assumed.

a
(5)(k) = + +

FIG. 3. Diagrammatic representation of the fields at fifth order.
Three different diagrams are found to contribute.

Gab
2-loop-1(k) =

k
=

k

Gab
2-loop-2(k) =

k
=k

Gab
2-loop-3(k) =

k
=

k

=

k

Gab
2-loop-4(k) =

k

=

k

Gab
2-loop-5(k) =

k

Gab
2-loop-6(k) =

k
=k

Gab
2-loop-7(k) =

k
=

k

Gab
2-loop-8(k) =

k

k

=

Gab
2-loop-9(k) =

k

k

=

FIG. 4. Diagrams contributing to the two-loop expression of the
propagators.
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W� ≡�2ðk21 − q2Þðk22 − q2Þ � 4k23q
2

þ 4k3q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21k

2
2 þ q4 þ q2ðk23 − k21 − k22Þ

q
: (42)

These two functions are those that appear in the expression
of the one-loop correction to Γð2Þ. The calculation of F and
G involve however further integrals of the form

Z
d2q̂1d2q̂2

1

jq1 þ kj2jq2 þ kj2jq1 þ q2 þ kj2 (43)

(for diagram 5),

Z
d2q̂1d2q̂2

1

jq1 þ q2j4jq1 þ q2 þ kj2 (44)

(for diagram 6),

Z
d2q̂1d2q̂2

1

jq1 þ q2j2jq1 þ kj2jq1 þ q2 þ kj2 ; (45)

(for diagrams 7 and 8) or

Z
d2q̂1d2q̂2

1

jq1 þ kj2jq2 − kj2jq1 þ q2j2
(46)

(for diagram 9). The angular integrations in those expres-
sions can be done only partially using the relations (40),
(41). We are left with expressions that involve one single
angle (that could indifferently be the one between q1 and q2

or k or the angle between q2 and k depending on the choice
of order of angle integrations). The resulting expressions
are yet far too complicated to be reproduced here. In the
following we give some general asymptotic properties
and propose some fitting functions.

B. The asymptotic behaviors

The high k asymptotic properties of F and G can be
inferred from the fact that G2-loop

ab should be consistent with
the second-order term of expression (17) in a perturbative
expansion. That implies in particular that

F ðk; q1; q2Þ →
1

2

k2

6q21

k2

6q22
: (47)

This asymptotic property can actually be extended in a
more subtle way. Let us assume that both k and q2 are finite
and that q1 is much smaller than both q2 and k. In this case
F ðq1; q2; kÞ is nothing but the one-loop correction of Γð3Þ
taken in a particular configuration. In this limit though, the
one-loop correction is independent on the configuration
and is given by −k2=ð6q21Þ times the tree-order result.
As a consequences one gets a relation between F and f,

F ðk; q1; q2Þ → − k2

12q21
fðk; q2Þ when q1 ≪ k and

q1 ≪ q2: (48)

A similar expression naturally holds when the roles of q1
and q2 are inverted. These two results can be recapped in
the following form,

F ðk; q1; q2Þ →
1

2
fðk; q1Þfðk; q2Þ when q1 ≪ k or

q2 ≪ k: (49)

Note that the validity of this approximation is controlled by
the magnitude of fðk; q1Þ þ fðk; q2Þ. Moreover, when
either q1 or q2 is large one expects to obtain either a
1=q21 or 1=q22 behavior, respectively. This comes from
the IR properties of the kernels. All these properties can
be encapsulated in the following forms,

F ðk;q1;q2Þ ¼
1

2
fðk;q1Þfðk;q2Þ− k2

q21þq22
αfðq1=k;q2=kÞ;

(50)

FIG. 5 (color online). The functions F ðk; q1; q2Þ and
Gðk; q1; q2Þ in units, respectively, of fðk; q1Þfðk; q2Þ and
gðk; q1Þgðk; q2Þ. This illustrates the validity of the asymptotic
expansions of Eq. (49).
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Gðk; q1; q2Þ ¼
1

2
gðk; q1Þgðk; q2Þ − k2

q21 þ q22
αgðq1=k; q2=kÞ; (51)

where αf and αg are both finite. The first term dominates when either q1 or q2 is small, the second when both are large. Note
that the second term is always negative. This is illustrated in Fig. 5.
The functions αf and αg defined in Eqs. (50), (51) are shown in Fig. 6. They are clearly finite in all possible q1 and q2

ranges. It is actually to compute their asymptotic expressions when k is small. They read

αfðq1; q2Þ → βfðq1; q2Þ and αgðq1; q2Þ → βgðq1; q2Þ (52)

with

βfðq1; q2Þ ¼
ðq21 þ q22Þ

27518400q71q
7
2

�
4q1q2ð5760q101 þ 19365q22q

8
1 − 114653q42q

6
1 − 114653q62q

4
1 þ 19365q82q

2
1 þ 5760q102 Þ

þ 15ð384q41 þ 2699q22q
2
1 þ 384q42Þðq21 − q22Þ4 log

�ðq1 − q2Þ2
ðq1 þ q2Þ2

�	
(53)

and

βgðq1; q2Þ ¼
ðq21 þ q22Þ

302702400q71q
7
2

�
4q1q2ð17280q101 þ 120495q22q

8
1 − 572759q42q

6
1 − 572759q62q

4
1 þ 120495q82q

2
1 þ 17280q102 Þ

þ 15ð1152q41 þ 12257q22q
2
1 þ 1152q42Þðq21 − q22Þ

4

log
�ðq1 − q2Þ 2

ðq1 þ q2Þ 2

�	
: (54)

These forms are reached whenever both q1=k and q2=k are large.
In practice, however, the previous formulation can lead to numerical instabilities when the ratio q1=q2 is large.

Alternative forms that make use of the expansion of the logarithm when its variable is close to unity can be employed.
They are of the form

βfðq1; q2Þ ¼
ðq21 þ q22Þ

27518400q71q
7
2ðq1 þ q2Þ4

ð15ðq1 − q2Þ4ðq1 þ q2Þ8ð384q41 þ 2699q22q
2
1 þ 384q42ÞBνð5; 0Þ

−512q51q52ð2304q61 − 6144q2q51 þ 18103q22q
4
1 − 50908q32q

3
1 þ 18103q42q

2
1 − 6144q52q1 þ 2304q62ÞÞ (55)

and

βgðq1; q2Þ ¼
ðq21 þ q22Þ

302702400q71q
7
2ðq1 þ q2Þ4

ð15ðq1 − q2Þ4ðq1 þ q2Þ8ð1152q41 þ 12257q22q
2
1 þ 1152q42ÞBνð5; 0Þ

−512q51q52ð6912q61 − 18432q2q51 þ 75109q22q
4
1 − 235924q32q

3
1 þ 75109q42q

2
1 − 18432q52q1 þ 6912q62ÞÞ; (56)

where Bνð5; 0Þ is the incomplete Beta function of index ν ¼ 4q1q2
ðq1þq2Þ2.

C. Fitted forms

As it is nearly impossible to reproduce the explicit result for the functionsF and G, we propose some analytical fits for αf
and αg that are given below.
They can be fitted with the form (where a ¼ f or a ¼ g),

αaðq1; q2Þ ¼ ðβaðq1; q2Þ=ba − caðqsÞ − daðqrÞÞδaðqsÞ; (57)

where ba is the value of βa for q1 ¼ q2,

bf ¼
22382

429975
and bg ¼

9886

429975
; (58)

the variable qs and qr are defined by

qr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q21 þ q22

q
and qs ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q−21 þ q−22

q
: (59)
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The functions caðqsÞ, daðqrÞ and δa are fitted functions.
They are given by

cfðqsÞ ¼
0.401228

35:0987q4s þ 4.13381q2s þ 1
− 1.46195q3s
77:7967q6s þ 1

;

(60)

dfðqrÞ ¼
0.178036q2r

4.11634q10r þ 1
− 0.425873
7.03063q4r þ 2.45787q2r þ 1

;

(61)

δfðqsÞ ¼ −
0.0419954ð76:7666q4s þ 4.33008q2sÞ

76:7666q4s þ 1

þ 0.0121732
1010:66q4s þ 28:3738q2s þ 1

þ 0.0941118;

(62)

cgðqsÞ ¼
0.478032q3.s

28:4904q8s þ 1
− 0.357391
42:1407q4s þ 1.36756q2s þ 1

;

(63)

dgðqrÞ ¼
0.348953

2.23826q5r þ 1
− 0.268523q2r
0.471174q5r þ 1

; (64)

δgðqsÞ ¼
0.0351332ð9.76583q4s þ 3.72325q2sÞ

9.76583q4s þ 1

þ 0.0580042
0.0112425q4s þ 2.06647q2s þ 1

− 0.0120398:

(65)

D. The resulting propagators

The resulting propagators are computed with the help
of the Eqs. (36,37). The regular part of G2-loop is then
given by

RegG2-loop
aþ ðk; ηÞ ¼ 1

2
½RegG1-loopðk; ηÞ�2

− ð4πÞ2
Z

dq1dq2Pðq1ÞPðq2Þ
q21q

2
2k

2

q21 þ q22
× αaðq1=k; q2=kÞ: (66)

It is to be noted that the integrals over q1 and q2 safely
converge for Λ-CDM type models. For a power spectrum
that reaches a power law behavior of index n at large k one
can easily check that the convergence is obtained for n <
−2 (the condition is n < −1 for the one-loop expression).
These convergence properties will be discussed in more
detail in the next section.
Finally we present the resulting shape of the propagators.

At one- and two-loop level the regularized approach is
unambiguous. It leads to

Greg−1-loop
aþ ðk;ηÞ ¼ ½eηþ RegG1-loop

aþ ðk;ηÞ� exp
�
−
1

2
k2σ2de

2η

�

(67)

and

Greg−2-loop
aþ ðk; ηÞ ¼ ½eη þ RegG1-loop

aþ ðk; ηÞ

þ RegG2-loop
aþ ðk; ηÞ� exp

�
−
1

2
k2σ2de

2η

�
:

(68)

We note however that it is however possible to build a
RPT like expression, e.g. to exponentiate the two-loop

FIG. 6 (color online). The functions αfðk; q1; q2Þ and
αgðk; q1; q2Þ. Each plot shows the superposition of the result
of the numerical integration and the fitted functions. The results
of the numerical integrations show numerical instabilities that the
fitted functions do not have. The relative error between the fitted
functions and the results of the numerical integrations is less than
1% when the latter is reliable.
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result and construct an alternative form that contains the same two-loop order terms, At one-loop order, the RPT propagator
reads

GRPT
aþ ðk; ηÞ ¼ eη exp

�
− 1

2
k2σ2de

2η þ RegG1-loop
aþ ðk; ηÞe−η

�
: (69)

This expression can be extended into

GRPT−2-loop
aþ ðk; ηÞ ¼ eη exp

�
− 1

2
k2σ2de

2η þ RegG1-loop
aþ ðk; ηÞe−η− 1

2
½RegG1-loopðk; ηÞ�2e−η þ RegG2-loop

aþ ðk; ηÞe−η
�
: (70)

This is a well-behaved expression since the second and third terms within the exponential are given by the second term of
the right-hand side of Eq. (50) or (51) and are negative. The resulting propagator is therefore always decreasing with k and
with time. One can remark that if αfðk; q1; q2Þ and αgðk; q1; q2Þ vanish the expressionsGRPT

aþ ðk; ηÞ andGRPT−2-loop
aþ ðk; ηÞ are

identical.
These various expressions are compared on Fig. 7. It appears that in practice, for a Λ-CDM model the one-loop expres-

sions, (69) or (67), lead to virtually indistinguishable results in the top panels. This is also to some extent the case for the
two-loop results. Differences between the one-loop and two-loop results are however significant. We will in the following
compare those predictions with N-body results.
The bottom panels show more detailed comparisons of these predictions. It appears in particular that, unlike the RPT

prediction at two-loop order, the RegG2-loop
aþ ðk; ηÞ form can go negative at large enough k. This might be seen as a flaw

(although this is of no consequence in practice because it takes place at scales that are quite damped) but it is corrected when
one takes into account the one-loop correction to the displacement field (gray dotted lines) as it is the case when one
uses Eq. (35).

FIG. 7 (color online). The resulting propagators up to two-loop order in units of the linear growing mode (top) and divided by the
standard damping factor (bottom). Calculations are made for a standard Λ-CDM model at z ¼ 0. The left panels correspond to the
density field and the right panel to the reduced velocity divergence. The (yellow) dashed lines correspond to the RPT expression (at one-
loop order) and the dot-dashed lines (green) to the 1-loop regularized expression (67), the (red) long dashed lines correspond to the two-
loop RPT result (70), the (blue) solid lines to the two-loop regularized expression (68) and finally the black dotted lines to the alternative
form of the two-loop regularized expression obtained from (35).
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We finally give below the asymptotic forms of the multiloop corrections in the low k limit. Formally we have

Gaþðk; ηÞ ≈ eη þ c1-loopa k2e3η þ c2-loopa k2e5η; (71)

where

c1-loop1 ¼ −4π 61

630

Z
dqP0ðqÞ; c1-loop2 ¼ −4π 3

13

Z
dqP0ðqÞ; (72)

according to Eqs. (25)) and

c2-loopa ¼ −ð4πÞ2
Z

dq1

Z
dq2

q21q
2
2

q21 þ q22
βaðq1; q2ÞP0ðq1ÞP0ðq2Þ: (73)

More specifically, for the WMAP5 cosmological parameters we have,

G1þðk; ηÞ ≈ eη−η0
�
1 −

�
k

0.31h Mpc−1

�
2

e2η−2η0 −
�

k
0.60h Mpc−1

�
2

e4η−4η0
�
; (74)

G2þðk; ηÞ ≈ eη−η0
�
1 −

�
k

0.17h Mpc−1

�
2

e2η−2η0 −
�

k
0.89h Mpc−1

�
2

e4η−4η0
�

(75)

up to two-loop order where η0 corresponds to z ¼ 0. We
note that as scales in the quasilinear regime—say k of
the order of 0.1h Mpc−1— the two-loop corrections induce
non-negligible effects irrespective of the shape of the
damping tail one observes at high k. This is clearly visible
in the bottom panels of Fig. 7.

E. Comparisons with N-body results

Finally we compare our results with N-body measure-
ments. Here, we briefly explain the settings of the simula-
tions as well as how we measured the propagators.
We have performed N-body simulations in periodic

cubes with a side length of 2; 048 h−1 Mpc employing N ¼
10243 particles. The initial conditions are created at z ¼ 15
using a parallel initial condition generator developed in
[29,30]. The code computes the displacement field based
on the second-order Lagrangian perturbation theory
(2LPT; [18,31]), and gives the displacements as well as
the initial velocities to the particles placed on a regular lat-
tice. In doing so, we adopt the best-fit flat ΛCDM cosmol-
ogy to the five-year observations of WMAP satellite [32],
and compute the linear matter power spectrum by CAMB
[33]. We created 60 independent realizations of particle
distributions, and simulate the gravitational evolution by
a publicly available tree-PM code, GADGET2. We store
the outputs at z ¼ 3, 2, 1 and 0.35.
We assign the particles onto 10243 grid points using the

Cloud-in-Cells interpolation scheme to obtain the final den-
sity field. This field is then Fourier transformed using the

fast Fourier transformations. The propagators are measured
by taking the cross correlation between this field and the
linear density field. Note that here we do not use the initial
particle distribution as the linear density. Instead, we
employ the seed density field which has been used as
the source term in the 2LPT calculation. The former suffers
from a slight nonlinearity, while the latter is perfectly linear
by construction.
We also perform simulations with different starting

redshifts, box sizes, number of particles and internal param-
eters which control the force accuracy to see the conver-
gence of the propagators. We especially pay attention to
separating the effects of UV and IR cutoffs on the propa-
gators, since we can cover only a finite wave number range
in simulations with finite number of particles. We made
sure that our box size (2; 048 h−1 Mpc) is large enough
to avoid any systematic error larger than 1% in the propa-
gator originating from the IR cutoff. The UV cutoff, on the
other hand, can be a source of a small systematic decay of
the propagator at small scale; this effect is almost indepen-
dent on the output redshift, and is typically 1% at
k ∼ 0.3h Mpc−1, and 2% at k ∼ 0.4h Mpc−1. The starting
redshift, z ¼ 15, was chosen so that this systematic error is
minimized given the box size and the number of particles;
the force error (the tree force, more precisely) damps struc-
ture and leads to a stronger decay of the propagator when
started at a higher redshift, while the 2LPT is no longer
applicable at lower redshift. We find that the propagator
is more sensitive to the force error at high redshift than
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the power spectrum. When the distribution of the N-body
particles is very close to the preinitial grid positions, the
tree-force calculation is contaminated significantly by the
artificial regular pattern of grid points. This leads to incor-
rect displacements of particles and because of this the den-
sity field loses the cross correlation with the linear density
field more than it should do, resulting in a propagator
systematically smaller than that measured in simulations
starting at lower redshift. On the other hand, the power
spectrum is less affected by this systematics because the
lost power in the tree-level contribution, directly propor-
tional to the square of the propagator, is partly compensated
by the additional noise power that escaped to higher order
due to the above inaccurate tree force. The significance of
this error is determined by the ratio of the rms 2LPT dis-
placement field to the mean interparticle distance, and thus
we can suppress it by improving the spatial resolution with
more particles and/or a smaller box size. Although our
choice of the starting redshift, z ¼ 15, might be a bit too
low to perfectly get rid of transient effects, it gives the best
estimate of the two-point propagator given the box size and
the number of particles. See Nishimichi et al. for more
details.
The propagator measured from the simulations is

shown as symbols in Fig. 8 with error bars indicating
the 1 − σ uncertainties inferred from the variance among
60 realizations. We plotGaþðkÞ for the density field divided
by its high-k asymptote [Eq. (17)] to make a clearer
comparison. Overall, the one-loop predictions tend to
overestimate the N-body results at all redshifts, while
the two-loop predictions show a better performance at
higher redshift z≳ 1. In particular, at z ¼ 1, the measured
propagator precisely follows the two-loop results up to

k ∼ 0.3h Mpc−1, and an agreement is at a subpercent
level.
Note that at z ¼ 2, the agreement between the two-loop

prediction and N-body result is somewhat degraded, and

FIG. 8 (color online). The regularized density propagator at 1 and 2-loop order compared to N-body results for
z ¼ 2 (left), 1 (middle) and 0.35 (right). The plotted results are propagators divided by the expected leading-order damping factor
at k → ∞, i.e., e−k2σ2d=2. The convention for the theoretical predictions are those of Fig. 7. The results from N-body simulations
are shown with crosses with error-bars.

FIG. 9 (color online). Monte Carlo results for Gn−loop
1þ ðkÞ. The

one-, two-, and three-loop corrections are respectively plotted as
blue, green, and red lines. The top panel shows Gn−loop

1þ ðkÞ=k2,
while the bottom panel shows the fractional difference of
Gn−loop

1þ ðkÞ with its asymptotic behavior in the high k limit
Gn−loop

1þ ðkÞ ¼ ð−k2σ2d=2Þn=n! (indicated by black solid lines in
the top panel).
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compared to the result at z ¼ 1, the discrepancy becomes
manifest at even lower k. We suspect that this could be
due to a small systematic error in the N-body simulations.
We checked that at higher z ≥ 2, the predictions at one- and
two-loop orders indeed become converged, while the
measured propagator at z ¼ 3 still shows a small discrep-
ancy with predictions. As we have already discussed in
Ref. [34], a possible reason for this may come from not
the spatial resolution discussed above, but rather the preci-
sion of force calculation around the intervening scales,
where the tree and particle-mesh algorithms are switched,
and is mainly attributed to the force resolution of tree
algorithm.
Apart from the tiny systematics at subpercent level, at

lower redshift and higher-k, both the one- and two-loop
predictions now deviate from each other significantly.
The N-body data lie in between the two predictions.
This indicates a poor convergence of the standard PT
expansion irrespective of the prescription for regularization
of propagator. As we will see in next section, the contribu-
tions of the one- and two-loop corrections to the propagator
can become comparable at low-z and high-k, and have
opposite sign. As a result, if we compute the matter power
spectrum with the Γ-expansion, the one- and two-loop
predictions at low-z respectively overestimate and under-
estimate the N-body simulations, as shown in Ref. [34]
(see their Fig. 9).

IV. CONVERGENCE PROPERTIES

In this section, we are interested in the sensitivity of the
results to the IR and UV modes. To this end, we introduce
the notion of kernels that can be viewed as the response
function of the propagator with respect to the initial linear
spectrum. This notion is also engrained in the approach
proposed in [34] to obtain accelerated computations of
the nonlinear power spectra. We here first properly define
these quantities and explore their small and large scale
behaviors.

A. Monte Carlo integrations for the
three-loop contribution

In order to gain further insights into the properties of the
loop corrections, we have complemented our theoretical
investigations with numerical evaluations of the three-loop
contribution to the propagator. Unlike the two-loop
contributions we did not try to obtain a semianalytic
expression of the results that could be used for any cos-
mological models. We rather aim here at evaluating the
impact of the three-loop effects in a specific Λ-CDM-like
model.
The results we present hereafter have been obtained from

brute force calculations of G3-loop
1þ , the two-point propagator

for the density starting with growing mode initial condi-
tions. The computations focus on the calculations of the

density late time propagator at z ¼ 0.5 redshift. We apply
the Monte Carlo technique of quasirandom sampling using
the library Cuba [35], and directly perform 2D, 5D and 8D
integrations for G1-loop

1þ , G2-loop
1þ and G3-loop

1þ , respectively.
The transfer function of the linear power spectrum is
calculated with CAMB code adopting the cosmological
parameters determined by WMAP5 [32].
In Fig. 9 we separately show the one-, two-, and three-

loop corrections to the two-point propagator (blue, green,
and red, respectively). In top panel, to reduce the dynamic
range, the results are divided by k2, i.e., Gn−loop

1þ ðkÞ=k2, and
are plotted as function of wave number in logarithmic
scales. Note that the solid and dashed lines respectively
indicate the positive and negative values in amplitude.
The Monte Carlo results for one- and two-loop corrections
accurately reproduce the analytic calculations. At low-k
regime, all the plotted results show scale-independent
behavior, indicating that the corrections behave like
Gn−loop

1þ ðkÞ ∼ k2. On the other hand, at high-k regime, the
three curves behave according to the expected forms
described by Eq. (26). They tend to approach the asymp-
totic form, Gn-loop

1þ ðkÞ ¼ ð−k2σ2d=2Þn=n!, depicted as black
solid lines. To see this clearly, the bottom panel of Fig. 9
shows the fractional difference between Gn-loop

1þ ðkÞ and its
asymptotic behavior, i.e., Gn-loop

1þ ðkÞ=½ð−k2σ2d=2Þn=n!� − 1.
At k ≥ 1h Mpc−1, all the three curves consistently con-
verge to zero. We can actually verify that the regular part
of each contribution is finite at large k.
In Fig. 10 we show the relative importance of the loop

corrections as a function of scale. What is plotted are the
regular parts of the terms as defined in Sec. II D. It appears
that at k ¼ 0.1 h=Mpc and at z ¼ 0.5 the one-loop contri-
bution introduces a 5% correction, the two-loop contribu-
tion a further 2% contribution. At k ¼ 0.2 h=Mpc the two
contributions are both at 10% level but then the mode
damping is already significant. Note that as the redshift
is increasing the importance of all these loop corrections
decreases, their magnitude scaling like D2p

þ where Dþ is
the linear growth rate and p is the number of loops.
Obviously, we hoped and expected the three-loop con-

tribution to be smaller that the two other terms for k ≤
1 h=Mpc but this is not the case. At k ¼ 0.1 h=Mpc it gives
a 10% effect. To say the least, this suggests that the three-
loop corrections, assuming that they are correctly evaluated
by our Monte Carlo integrations, do not improve the agree-
ment with the N-body results at low redshift. Given the
results shown in Fig. 9 we do not have much reason to
doubt the validity of the numerical integration. To better
apprehend the origin of these effects we hereafter introduce
the notion of kernels.

B. Definitions and properties of the kernel functions

Let us define the functions Kp−loopðk; qÞ as the kernels
from which the contribution of the two-point propagator
to p-loop order can be reconstructed,
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RegGp−loop
aþ ðkÞ ¼

Z
dq
q
Kp−loop

aþ ðk; qÞP0ðqÞ: (76)

We then have, for instance,

K1-loop
1þ ðk; qÞ ¼ 4πq3

�
fðq; kÞ þ 1

6

k2

q2

�
; (77)

K2−loop
1þ ðk;qÞ ¼−ð4πÞ2q3

Z
dq1

q21k
2

q21þq2
αf

�
q1
k
;
q
k

�
P0ðq1Þ:

(78)

Note that the kernel functions depend themselves a priori
on the initial power spectrum: K1−loop

aþ ðk; qÞ is a tree-order
object,K2-loop

aþ ðk; qÞ a one-loop order object (and therefore a
linear function of P0ðqÞ), etc. These functions give, for
each order, the impact of a linear mode q on the amplitude
of the late-time mode k we are interested in. In particular it
tells how the small-scale modes affect the large-scale
modes under consideration. In the following we will focus
our interest in understanding the high-q behavior of the ker-
nel functions Kðk; qÞ.
In Fig. 11 we show the shape of the kernel functions at

one, two-loop and three-loop order for k ¼ 0.1 h=Mpc.
The dashed line corresponds to the one-loop expression.
As can be seen it is rather peaked at q ≈ k and we have

K1-loop
1þ ðk; qÞP0ðqÞ ¼

464π

315
q3P0ðqÞ for q ≪ k (79)

K1-loop
1þ ðk; qÞP0ðqÞ ¼

176π

315
k2qPðqÞ for q ≫ k (80)

At two-loop order, the behaviors are qualitatively different.
The function peaks rather for q ¼ 0.5 h=Mpc, irrespective
of the value for k (when k < 0.5 h=Mpc). We note that

K2-loop
1þ ðk; qÞP0ðqÞ ∼ k2q2P0ðqÞ for q ≫ k (81)

so that the convergence is obtained for a spectral index
smaller than −2. This corresponds to the result mentioned
in the beginning of Sec. III D. These trends are amplified
for the three-loop results shown with a dot-dashed line for
which an even lower power law index is required for con-
vergence. In general the convergence properties of the mul-
tiloop kernel are determined by the properties of the
functions FnðqiÞ and GnðqiÞ and how they behave when
one of their argument is, in norm, much larger than the
sum of the wave modes. As mentioned in [36] it is to
be noted that the Galilean invariance of the motion equation
implies that

Fnðq1;…;qnÞ ∼
jPjqjj2

q2i
when qi ≫






X
j

qj





; (82)

whenever one of the qi is much larger than the sum. This
can be seen at an elementary level on the properties of
the vertex function αðk1;k2Þ and βðk1;k2Þ: they both van-
ish when the sum of the argument goes to 0. The property
(82) has direct consequences on the properties of the loop
corrections. As a result, the p-loop correction takes indeed
the form

FIG. 10 (color online). Regular parts of the density propagator
RegGp−loop

1þ ðkÞ at one-, two-, and three-loop order with, respec-
tively, solid, dashed, and dotted lines. The calculations are done
for z ¼ 0.5. Note that each of this contribution scales with the
redshift like DþðzÞ2p where p is the number of loops. The light
yellow regions show the parameter space where the induced cor-
rections to the power spectrum are less than 1 percent.

FIG. 11 (color online). The shape of the kernel functions
P0ðqÞK1-loopðk; qÞ (blue solid line), P0ðqÞK2-loopðk; qÞ (green
dashed line) for k ¼ 0.1 h=Mpc and P0ðqÞK3-loopðk; qÞ (red dot-
ted line) as a function of q for z ¼ 0.5.
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Gp−loopðk; ηÞ ¼ ð4πÞp
Z

q21dq1…q2pdqpP0ðq1Þ…P0ðqpÞF p−loopðk; q1;…; qpÞ (83)

with

F p−loopðk; q1;…; qpÞ ¼
ð2pþ 1Þ!!
ð4πÞp

Z
d2q̂1…d2q̂pF2pþ1ðk;q1;−q1;…;qp;−qpÞ; (84)

where the integration is here restricted to the wave mode
angles. The property (82) then implies that

F p−loopðk; q1;…; qpÞ ∼
k2

q2i
when qi ≫ k: (85)

A simple and effective way to capture this property is to
write F ðk; q1; :::::; qpÞ following the functional form,

F ðk; q1;…; qpÞ ¼
k2P
iq

2
i
αpðk=q1;…; k=qpÞ (86)

generalizing Eqs. (50), (51), and where αðk=q1;…; k=qpÞ
is always finite. This property determines the converging
properties of the p-loop correction to the propagator.
Clearly the converging properties of the loop corrections
deteriorate. It can easily be shown that formally, for a power
law spectrum of index ns, the convergence is ensured only
when

ns < −3þ 2

p
: (87)

It clearly appears that the convergence domains shrink with
the order. It leads to a greater sensitivity to the large wave
modes as one increases the loop order. What we stress here
is that the kernel functions can explicitly be computed and
thus one can exactly quantify the impact of large wave
modes to each p-loop correction term.
Note that it is possible to define in general the kernel of

contributing terms as

δP♯
abðkÞ ¼

Z
dq
q
K♯

abðk; qÞP0ðqÞ; (88)

where ♯ denotes a peculiar term. One can then compare the
kernels of the different terms that contribute to the nonlin-
ear power spectrum. It is worth mentioning that the kernels
for the two-point propagators are the broadest. Indeed any
other kernel function in the large-q limit is going to take
advantage of the asymptotic form (82) at least two times
instead of one so that

K♯
1þðk; qÞP0ðqÞ ∼

k4

q4
q3lP0ðqÞ for q ≫ k; (89)

where l is the number of loops appearing in the diagram ♯.
This is to be compared with Eqs. (80,81).
Clearly the loop corrections to the propagators are then

the contributions built from perturbation theory calcula-
tions that are most sensitive to the small scale modes. At
low redshift our findings imply that a regularization pro-
cedure in the UV domain should be used in order to make
the contributions of these terms realistic. Unless partial
resummation of higher order terms could provide us with
a self-consistent regularization scheme, it should be derived
from external pieces of information. This regularization
could be associated for instance from the development
multiflow regimes. For instance, it was advocated in
[17] that the impact of the small scale physics could be cap-
tured with an effective theory approach where effective
anisotropic pressure terms are introduced in the fluid.
Our results however suggest that such effects are subdomi-
nant at the one-loop order— the contributions of such terms
need not be recalculated because they are naturally pro-
tected enough from UV physics— but not at two-loop order
for z ≤ 0.5. It also suggests that when z gets larger the
importance of such corrections should vanish away even
at two-loop order at the nonlinear regime starts at larger
wave modes.

V. CONCLUSIONS

Two-point propagators are key ingredients for the com-
putation of power spectra in a cosmological context. These
are also quantities for which it is easier to make analytical
predictions with a perturbation theory approach in parts
because they are expected to be damped in the large-wave
modes limit in parts because the number of terms in the
loop corrections are more easily computable. In this paper
we have presented the most advanced results describing the
expected behavior of the two-point propagators from a
perturbation theory point of view. In particular we have
exploited and extended the forms presented in [13] to pro-
pose theoretical expressions for the two-point propagators
that incorporate up to two-loop results. The examination of
these forms led to the concept of regular parts for loop con-
tributions that are found to be finite even when the rms of
the displacement field, σd, goes to infinity: regular parts are
found to be the parts that contribute to the expression of the
propagators once the dependence with σd has been explic-
itly taken into account. They also can be used as a consis-
tency test for Monte Carlo numerical calculations of the
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propagators as they predict the leading k behavior of the
contributing terms.
The main part of this paper is the explicit calculation of

the two-loop contributions to the two-point propagator. We
were not able to produce a simple analytical form but we
rather present, in Sec. III, simple fitting functions that cap-
ture all the expected properties of these contributions, in
particular their asymptotic properties. These forms can
be used for any cosmological models. Note that we propose
different variants for the two-loop expression of the two-
point propagator but they differ only mildly. There results
are presented in Fig. 7. This is the main result of the paper.
It has been compared with N-body results. They show that
two-loop corrections help significantly in predicting the
shape of the two-point density propagators at z ≥ 0.5.
For lower redshifts the two-loop terms appear to be too

large when compared to N-body codes. We found that a
possible reason for such a discrepancy is due to the increas-
ing sensitivity of the loop corrections to the small-scale
modes. A significant fraction of the contributions indeed
originate from modes that are in the fully nonlinear regime.
At those scales the whole perturbation theory scheme
breaks down as the fluid has not only evolved into the non-
linear regime but also contains multiflow regions with order
unity anisotropic pressure. The latter is not captured by the
motion equations we use and should induce extra contribu-
tions as it has been put forward in recent papers, [16,17].
We do not think however that it has significant impact on
the one-loop results. Those effects are rather expected to be
significant at two-loop order and for z ≤ 0.5. This sensitiv-
ity to the small scale physics is shown to be stronger for the
three-loop contribution that we computed with the help of
Monte Carlo integrations.
About the converging properties of the perturbation

theory series we note that loop corrections, at any order,
induce large-scale k2 corrections to the propagators and
consequently to the power spectra. They are explicitly
given in Eqs. (71–75)up to two-loop order with coefficients

that depends on the overall shape on the linear power
spectrum. Again it stresses the relative importance of the
sensitivity of the standard perturbation theory calculation
to the UV domain. We also note that this sensitivity is con-
trolled by the Galilean invariance which leads to the general
property given in Eq. (82). This form appears to be a key
ingredient for the converging properties of the perturbation
theory series. It indeed sets the converging properties of
both the diagrams that correspond to propagator loop cor-
rections, as given by Eqs. (80), (81), and the other ones, as
depicted in Eq. (89). Clearly if this property is dropped, the
sensitivity of loop corrections to the UV domain is more
severe. We note that if in standard gravity cosmologies
the relation (82) is satisfied, this is not necessarily so in
cosmological models incorporating modified gravity
effects or in general a clustering quintessence component.
This is the case, for instance, in models explored in [37–39]
that incorporate extra dynamical degrees of freedom [40].
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