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Fermion production in a Coulomb field on a de Sitter universe
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Fermion production in an external Coulomb field on a de Sitter expanding universe is studied. The
amplitude and probability of pair production in an external Coulomb field are computed and the cases of
large/small values of the expansion factor comparatively with the particle mass are studied. We obtain
from our calculations that the modulus of the momentum is no longer a conserved quantity. We find that in
the de Sitter space there are probabilities for production processes where the helicity is no longer
conserved. For a vanishing expansion factor, we recover the Minkowski limit where the amplitude of this
process vanishes. The rate of pair production in a Coulomb field is found to be important in the early
Universe when the expansion factor was large comparatively with the particle mass.
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I. INTRODUCTION

The problem of pair production in an external gravita-
tional field was intensively studied in the literature begin-
ning with the paper by Schrodinger [1], who first suggested
that in an expanding universe particle production could
arise. The next important step in this direction was taken by
L. Parker [2-4] who understood quantitatively the phe-
nomenon of pair production in a gravitational field. The
main results of L. Parker’s work are related to the compu-
tation of the number density of scalar particles and Dirac
particles created in an expanding background. Also, the
limit of zero mass and infinite mass was addressed and in
addition, an estimation of the amount of particle produc-
tion for the present-day expansion was made. Therefore, in
the present paper we will compare our results with these
important predictions made by L. Parker in [2—4], even if
we will use another approach based on perturbations.

In this paper, we will follow the usual quantum field
theory approach, where the transition amplitudes are de-
fined as in [5] using perturbation methods. This approach
was also used in [6-11], where transitions that generate
particle production from vacuum were also studied on
Friedmann-Robertson-Walker metrics. With this general
approach, we can study the limit of these transition ampli-
tudes calculated on de Sitter QED, for a vanishing expan-
sion factor. This corresponds to the flat space limit, where
the amplitude of this process vanishes and the connection
with the Minkowski QED can be done. Also, from our
general result, one could address the interesting case of
large expansion, which corresponds to the early Universe
where the rate of pair production becomes important. As it
was well established in the literature, particle production
could arise as the result of the fact that the in and out vacua
are not the same [12-14], or because of the loss of the
translational invariance with respect to time [5], which in
loose terms refers to the well-known fact that in this
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geometry the law of conservation for energy is lost [2-5].
It is well known that in the Minkowski theory [15-18] the
pair production in a Coulomb field could not arise as a
perturbative phenomenon. Contrary to this, in de Sitter
space the translational invariance with respect to time is
lost and one should expect a nonvanishing probability of
transition for the process: vacuum — ¢~ + e in the pres-
ence of a Coulomb potential. It is also important to men-
tion that the electron-positron pair could also be absorbed
by the Coulomb field in the de Sitter geometry, which
represents the time-reversed process. The transition ampli-
tudes will be calculated here using only the mode expan-
sion in momentum basis, which have a defined momentum
and helicity. The fermion production in a Coulomb field
in de Sitter space was to the best of our knowledge not
studied so far. We also specify that our results are in good
agreement with the work previously done on the particle
production in a pure gravitational field, which predicts
important amounts of particle creation in the early stage
of the Universe [2-4].

It is worth mentioning that important results were
obtained in [12,13], where the production of fermionic
particles and scalar particles in electric fields on de Sitter
geometry was considered, using a nonperturbative ap-
proach. With this approach, one can obtain the density
number of particles created in the far-out region and be-
cause there are some constraints related to the mass of the
particle [13,14], the interesting case of large expansion
from the early Universe is not properly addressed. For
the Dirac field, the results presented in [12] show that there
are nonvanishing rates for fermion production of mass zero
and of finite mass in electric fields in de Sitter space. A few
comments need to be made here related to the production
of zero mass fermions. In [2—4] and more recently in [14],
it was proven that because in the massless case the field is
conformally coupled, there is no production of fermions
with zero mass. It will be interesting to compare our result
which was obtained using the exact solutions of the field
equation with the above-mentioned results [2—4,12—-14], in
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the massless case. This is because the results from [2-4,14]
seem to be in contradiction with [12,13], in the null mass
case.

From another point of view, it is important to directly
prove that the transition amplitudes of pair creation in an
external Coulomb field contain terms that break the con-
servation laws, which seems to have been known for a long
time but was never proven in a direct calculation using
the solutions of free field equations. For these reasons, we
hope that the results presented here will be of interest for
cosmology and quantum field theory on Friedmann-
Robertson-Walker backgrounds.

The second section of our paper begins with a short
reminder of the work that was done in the theory of free
fields on de Sitter QED. In the third section, we present the
main steps for calculating the transition amplitude corre-
sponding to the process of pair production in the Coulomb
potential in de Sitter geometry and we compute the proba-
bility for pair production. Physical consequences of our
calculations are also analyzed in this section. The fourth
section is dedicated to the study of limit cases as the
expansion factor is small/large comparatively with the
mass of the particle. Our conclusions are summarized in
section five.

I1. FREE FIELDS ON DE SITTER SPACE

The definition of transition amplitudes is expressed with
the help of the exact solutions of the free Dirac and
Maxwell equations on the de Sitter geometry, expanded
in the momentum basis. For this reason, we make a short
review of the results from free field theory in this back-
ground. The line element [19] for a de Sitter universe is

ds® = di* — *'d, (1)

where w is the expansion factor and w > 0. Now, we know
that for defining fields with half-integer spin on curved
spacetime it is required to use the tetrad fields [19] e (x)
and é#(x), fixing the local frames and corresponding co-
frames, which are labeled by the local indices &, 7, ... =
0, 1, 2, 3. The form of the line element allows us to choose
the simple Cartesian gauge with the nonvanishing tetrad
components

e

DO

= e el = dle ot 2

so that e, = eje, and have the orthonormalization prop-

erties eze; = My, ele, = 65;‘ with respect to the
Minkowski metric n = diag(1, —1, —1, —1).

Now, let us introduce unit normalized helicity spinors
[16] for an arbitrary momentum vector p and denote them

£x(p) and n,(p) = ioa[£,(P)]",
G p&x(p) =2prén(p) (3)

with A = =1/2 and where & are the Pauli matrices and
p =| p | . The particle spinors have the form
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Then, the positive/negative frequency modes of momen-
tum p and helicity A that were derived in [20], assuming
gamma matrices in Dirac representation, are

“4)

Upalt i):\/m 3™ H) (Gem ) é(p) i i-201.

AN (2ar)3/2 —ak/2g(D(p ,—wt B ’
e H, [ (Eem*)&,(p)

by T (AT

Al X) = —F7

’ Q2N Lem™2HP (Zem o)y, (5)

X e*i[)vi*Zwt’ (5)

where H'"(z), H? () are Hankel functions of the first and
second kind and k =2, p. =] * ik.

Here, a few comments about the theory of free Dirac
field on a de Sitter background need to be made. The mode
functions for the Dirac field on de Sitter space were first
derived exactly in [21], where also the Green function for
the Dirac field was computed. It is worth mentioning that
these solutions for the Dirac field in the Robertson-Walker
metric were obtained also in [22], with the specification
that the normalization constants were not determined. As
was shown in [20,21], these constants depend on physical
quantities such as momentum and play a central role in an
exact calculation. In the present paper, we use the more
recently derived solutions from [20].

These solutions are normalized such that [20]

[ Pr(—) 205 ()Y U 0 (x) = 8,085 — ). (6)

with the specification that the V solutions obey similar
relations and the two modes are orthogonal to each other.
For a better explanation of what mean positive/negative
frequencies we can use the expansion of the Hankel
functions:

2\1/2 .
HS}I,Z)(Z) ~ (_) eil(Z_Vﬂ/z—W/ﬁt)‘ (7
e

For t — —oo, the modes defined above behave as positive/
negative frequency modes with respect to conformal time
t,=—e /w:

Up a8, X) ~ e7Ple; Vi, %) ~ et ®)
which is precisely the behavior in the infinite past for
positive/negative frequency modes that define the Bunch-
Davies vacuum [5].

As in Minkowski space, the negative frequency modes
are obtained with the charge conjugation operation [15,17]
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Viax) = iy?y°(U; (1)), )

because the charge conjugation symmetry remains valid in
a curved background.

In our calculation, we need the form of the Coulomb
potential on de Sitter spacetime, which is dependent on the
line element. The situation here is simple if we recall
the conformal invariance of Maxwell’s equations [23].
The Coulomb field in Minkowski space is A® = f<.
Then, one finds for the corresponding de Sitter potential
the following formula'

A = e

where the hatted indices indicate that we refer to the com-

Uf),A(x) -

Al(x) =0, (10)

ponents in the local Minkowski frames AR = ef:‘ A”. We
also observe that (10) is just the expression from flat space
with spatial distances dilated/contracted by a factor e =",

III. AMPLITUDE CALCULATION

In this section, we will calculate the transition amplitude
for pair production in a Coulomb field and we will explore
|

A L Cpp
¢ 87T|p +p
where the new variable of integrationis z = —t. and sgn is

the signum function. The temporal integral that contains
the influence of the gravity in this process is not so simple.
We shall give here only the main steps for solving the
integrals. Using the relations between Hankel and Bessel
functions J [24,25], all the integrals from the above am-
plitude can be expressed in the form

f dzzd (p2)],(p'2). (13)
0
|
2
VA
ﬂe’e* = l%
167|p +

+sgn()t)< o(p - p’)fk< )+p’ '0(p' — p)f- (p ))]SA (P)nu(p).
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the physical consequences of our result. The form of the
transition amplitude can be established using the same
methods as in the flat space case, as was shown in
[5,6,9,10]. For pair production in an external electromag-
netic field, supposing that the fields are coupled by the
elementary electric charge e, the expression of the transi-
tion amplitude is

A e = —iefd4x[—g(x)]1/2U,s,A(X)VMAﬂ(X)V,aI,A/(x),
an

where e is the unit charge of the field and the fields Uj; , (x),
Vi p(x) are supposed to be exact solutions of the free
Dlrac equation in the momentum basis. The amplitude
defined above for particle production in the potential (10)
can now be expressed with the help of the solutions of free
Dirac equation (5). The integral that results splits in a
spatial integral and a temporal integral. The form of the
spatial integral is better known from flat space theory [16]
and this result is incorporated in the next formula for the
amplitude:

|2[ sgn(\) f dzzHP (p)HP (p'2) + sgn(A) [0 ) dzzH(f_)(pz)H(ff(p’Z)]fI(ﬁ)mr(ﬁ’), (12)

|

which are known as Weber-Schatheitlin integrals [24,26].
Some aspects related to these integrals are given in the
Appendix.

After we complete the calculations, the final result for
the transition amplitude is expressed in terms of Gauss
hypergeometric functions , /|, Beta Euler functions B, and
unit step functions 6 as follows:

,lz[—sgnm( “10(p - p)f - (p)+p' oy —p)fk( ))

(14)

We specify that in the integrals (12) for the case p’ > p (in the case p’ < p the analysis is similar) we let the momentum p’
have a small i 1mag1nary part p’ — p’ + ie, which assures the convergence of our integral and makes the umt step function
and the f k(p ), fk(p ) functions well defined. In Eq. (14), the newly introduced functions fk(p ), or f k(p ), are defined as

fk(£,> - (52)”’* LG 1+ ik 3 + ikf(§)2 —i0) ("GRGt ik ik () —i0) (57
p ch?(mk) B(—1,3 + ik) ch?(mk) B(—ik, 3 + ik) ch?(mk)
FG,1 — ik; (£)* — i0) . BT LR GL 1 = kg — ik () — i0) 0s)
B(ik, § — ik) ch*(k) B, 1 —ik) ’

with the observation that f_;(£) is obtained when one makes the substitution k — —k and f k(P ) is obtained when one
makes the substitution p=p’. To simplify our formulas, we can introduce the following notation: x=p/p'(=p/p).A
notable observation is that the result can be expressed without letting the momentum have a small imaginary part, in which
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case the argument y in the hypergeometric functions must
be considered in the interval 0 = y << 1. This is the domain
of convergence of the hypergeometric functions, because
in the limit y — 1 the hypergeometric functions become
divergent. In this case, one should naturally ask what
happens with the result of our integrals with Bessel func-
tions in the limit y = 1. In this limit, the result of the
integrals can be expressed in terms of delta Dirac functions
S8(p — p'), however, when summed, these terms cancel out
between them, for each of the two integrals with Hankel
functions.

From the final result given in (14) and (15), it is obvious
that the transition amplitude is nonvanishing only for p #
p’ and from here we conclude that the law of conservation
for the modulus of the momentum is lost for the process of
pair production in a Coulomb field on a de Sitter space. Let
us make some comments about this result. The de Sitter
geometry (1) has spatial translation invariance as an exact
symmetry, so the momentum is conserved. The thing that
breaks this symmetry is the Coulomb field, not the de Sitter
background. From here, we can conclude that the back-
ground that enables the breaking of momentum conserva-
tion law is the external Coulomb field, not the de Sitter
geometry. If one had just the de Sitter background, without
the Coulomb field, there would still be certain types of
particle production, but no violation of momentum conser-
vation law [6-8].

It is also more intuitive to imagine the following situ-
ation. We know that the energy and momenta are con-
served for a particle that interacts with a constant
external field. So, in our case it is not surprising that the
momentum conservation is broken due to the fact that the
perturbation potential acts as an external time-dependent
source. Thereby, we conclude that the Coulomb field will
favor production from vacuum of electrons and positrons
with different modulus of momenta p’ # p.

It is clear that the contribution that is specific to the
de Sitter geometry in our amplitude is contained in the
function f;(y). This quantity encodes via the dependence
of the parameter k = m/w, the effect of the expansion of
space on the pair production process, and it is the quantity
that enters in our probability and help us to take a closer
look at the limit cases. For studying the validity of our

|
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FIG. 1. The real part of f(x) as a function of k. The solid line
is for y = 0.1 and the dashed line for y = 0.9.

result, in the sense that the functions defined in (15) are not
divergent, we plot the real part (Re[f]) and imaginary part
(Im[f]) of fi(x) as a function of the parameter k for
different values of y = p/p'(p'/p).

Our graphs show that both the real part and the
imaginary part of the function f;(y) are finite in origin
and are very convergent for large values of k (see
Figs. 1-4). As y takes small values, we observe that
these functions become oscillatory (see Figs. 3 and 4).
This oscillatory behavior is the result of the behavior of
Gauss hypergeometric functions as their algebraic argu-
ment x> approaches zero, combined with the oscillatory
factors y =k,

Because we use here the methods based on perturba-
tions, the outcome of our calculations must be the proba-
bilities of transitions. Our results for the amplitude are used
in defining the probabilities of fermion production in
de Sitter space. The main quantity that enters in the proba-
bility is | A ,-,+|?, so we will focus on studying its prop-
erties. We can write down the expression of the probability
of transition by squaring the amplitude:

(%) | " |fk(]f) | " sgn()sgn(x)

)

+

f_k(%') |—sennsenv)

(16)

The total probability of electron-positron pair production in a Coulomb field will be
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FIG. 2. The imaginary part of f;(y) as a function of k. The
solid line is for y = 0.1 and the dashed line for y = 0.9.
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and via the squared amplitude | A ,-,+|? it is also deter-
mined by the factor k = m/w. Carrying out the integration
over p, p' is a complicated task. The form of the integrals
that need to be solved is not known in the literature and
only a numerical estimation can be made. However, some
physical consequences can be obtained from (16) by
drawing the graph of probability of transition P,-,+ as a
function of k, for different values of the ratio y =
p/p' (p'/p). As we know from Minkowski QED, the he-
licity conservation is a property that becomes important in

0.3 7
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FIG. 3. The real part of f;(x) as a function of k. The solid line
is for y = 0.001 and the dashed line for y = 0.000001.
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FIG. 4. The imaginary part of f;(y) as a function of k. The
solid line is for y = 0.001 and the dashed line for y =
0.000001.

the ultrarelativistic regime. Let us see what happens in the
not-so-simple de Sitter case. From the above formula for
probability of transition, we observe an interesting prop-
erty. In the process of pair production in Coulomb field on
de Sitter space, there are nonvanishing probabilities for
both production processes that conserve or do not conserve
the helicity. In the process under study, it is clear that
helicity is conserved when A = —\’, so that the initial
zero helicity equals the sum of the final helicities A + A’ =
0. Contrary, the process in which helicity is not conserved
is obtained when A = A’. It is interesting to obtain from
here some quantitative results from the probability formula
(16). These results will help us understand whether or not,
in a Coulomb field, pair production processes with con-
served/nonconserved helicity will be favored.

Let us make some comments about breaking the helicity
conservation law. This can only happen for nonzero mass,
so it is the mass, not the de Sitter background, that breaks
the helicity conservation. One could object that there
would not even be any particle production on flat space,
and that would be correct, but this does not change the fact
that the nonconservation of helicity is driven by the fer-
mion mass and not by the de Sitter geometry.

First, we represent our probability of transition (16) as a
function of k= m/w, for y = 0.1 and y = 0.4, both
corresponding to close values of the modulus for the two
momenta p’ ~ p, but not equal. For y = 0.9, our graphical
analysis shows that the probability for a helicity noncon-
serving process is zero, and for this reason we begin our
graphical representation with y = 0.4.

Our numerical and graphical analyses show that the
probability for pair production with opposite helicities A =
—A’ (helicity conservation) is sensibly bigger than the
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FIG. 5.

P, .+ as a function of k for y = 0.4. The dashed line

represents the case of helicity conservation and the solid line the
case when helicity is not conserved.

probability for production of pair with equal helicities A =
A’ (helicity nonconserving case) in the case w > m (see
Figs. 5 and 6). For m = 0, the probability of pair produc-
tion in the helicity nonconserving case is zero, while the
probability for a conserving helicity process is finite. We
note that the zero probability of production of fermions
with zero mass in the helicity nonconserving case is
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FIG. 6. P, ,+ as a function of k for y = 0.1. The dashed line

represents the case of helicity conservation and the solid line
represents the case when helicity is not conserved.
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consistent with the identically null amplitude in the case

when helicity is not conserved due to conformal invari-
ance. Also, the graphs (see Figs. 5 and 6), show that when
m/® increases the probability of pair production with
opposite helicities decreases and the probability of produc-
tion of fermions with equal helicities becomes finite.
Summarizing our result for w > m, if the two momenta
are close as moduli p’ ~ p but not equal, the production
processes that preserve the helicity conservation law will

be favored. This result is in good agreement with [27],

where the helicity conservation was discussed in the
Coulomb scattering on de Sitter space. The result from
[27] proves that helicity conservation in Coulomb scatter-
ing is preserved as long as we deal with equal initial and
final momenta p; = p;.

We also see from Figs. 5 and 6, that our probabilities in
both conserving/nonconserving helicity cases become neg-
ligible for large m/w, and from here we conclude that the
production rate was important only in the inflationary
regime, when this ratio was very small. Looking at the
helicity nonconserving case (A = A’), we obtain from our
graphical analysis that for y = 0.4, or equivalently as y is
closer to unity, the probability for a process where the

helicity is not conserved becomes very small. The conclu-
sion is that the helicity conservation seems to be a property
that is preserved as long as we deal with pair production
that has the ratio of the momenta p/p’ closer to unity.
Let us consider now the case when y is very small. This
case corresponds to the situation in which, for example,
p' > p (for p’ < p the analysis is similar), so that the
momentum of the particle p is much smaller than the
momentum of antiparticle p’. We must specify that large
momenta does not refer here to a relativistic momentum,
but rather to the situation when one of the momenta is
almost zero and the other has a value much smaller com-
paratively with the relativistic case, i.e, p € (1077, 1072)
and p’ € (1, 5). Plotting our probability (16) as a function
of m/w, we obtain the results shown in Figs. 7-9.
The first observation in this case is that the probability
for a production process where helicity is not conserved
becomes important as y << 1 (Fig. 9). We see that in this
limit the pair production processes that break the helicity
conservation law become important as the two probabil-
ities that correspond to the helicity conservation/noncon-
servation processes become approximatively equal (Fig. 9)
for w > m. Another interesting result is that the probabil-
ities for pair production in both conserving/nonconserving
helicity cases have a series of maxima (resonances) and
minima (Figs. 7-9) with the observation that the ampli-
tudes of these resonances decrease as the ratio m/w in-
creases. This oscillatory behavior of the probability
becomes more pronounced as y approaches zero. The limit
X — 0 could help us understand the case in which one of
the produced particles has a small momentum close to zero
comparatively with momentum of the other particle. Let us
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represents the case of helicity conservation and the solid line
represents the case when helicity is not conserved.

make a more detailed analysis of this situation. It is known
that in an expanding de Sitter universe the following first-
order processes could arise as the result of the loss of

energy law [6—10]: the electron or positron can absorb or
can emit photons (e*se* + ), one photon electron-
positron pair creation or annihilation of the pair in a single
photon (y$Se™ + e*), and that electron-positron and pho-
ton triplet could be produced or absorbed by the de Sitter
vacuum, all effects arising as perturbative phenomena. The
case y < 1 could be now explained in terms of the above-
mentioned reactions. One of the Dirac particles arising
from vacuum in a Coulomb field could absorb one photon,
and if we take into consideration that this photon can be
produced from vacuum in the above-mentioned reactions,
we can resume that the Dirac particle absorbs energy and
momenta from vacuum. Opposite to this situation, the
emission of one photon is responsible for the small mo-
mentum of the other Dirac particle. The emitted photon
could end up in another electron-positron pair that could
annihilate in vacuum, resulting that the momentum of the
particle can be absorbed by the vacuum. Our remarks also
help us to understand why the helicity is no longer con-
served in the case y < 1. If we start, for example, with an
electron, it could emit or absorb one photon and the spin in
this reaction is no longer conserved. As a final conclusion,
in the limit of small y we establish that helicity conserva-
tion is no longer a rule and the processes where helicity is
not conserved become equal in importance.

It is also important to mention that our graphical results
for probability (Figs. 5-9) are valid for small momenta
(p, p'). This is because the factor |p + p’|* cancels our
probability in the limit of large momenta. Thus, we can

.+ as a function of k for y = 0.0001. The dashed
line represents the case of helicity conservation and the solid line

represents the case when helicity is not conserved.

conclude that particles with low momenta were produced
in an external Coulomb field, due to the early expansion of
the space. This is in agreement with the formula for physi-

cal momentum p,, = p.e”“" (p. being the comoving

momentum), from which we see that for large expansion
factor w the physical momentum becomes small.

0.5 7

0.4 1

o
w
1

Probability
o
N

0.14

FIG.9. 7P, ., as a function of k for y = 0.0000001. The
dashed line represents the case of helicity conservation and the

solid line represents the case when helicity is not conserved.
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As a general observation from all the graphs of proba-
bility as a function of k = m/w, it is clear that the
amount of particle production was important only for
small k. This corresponds to the early Universe, when
the expansion was large comparatively with particle
mass (w >> m). This result is in good agreement with
the previously obtained results [2—4], which also predict
that the amount of particle production in the early
Universe was important.

Taking into consideration that the particle production
rate was important for small values of k < 1, it will be
interesting to discuss this case. This is the case of a large
expansion factor, with nonzero mass. The amplitude and

et 72 1
= 356m2p 4 P o200 T ”)[

cos%%) for A = — A\

|~ﬂ-e7e+ |2

sinz(“T”> for A = A

From this formula, if we set &« = 7, y = 0, corresponding
to the case when the momenta of the electron and positron
are parallel but move in opposite directions, we obtain zero
probability for a helicity conservation process, while the
probability for a process where helicity is not conserved
becomes maximum. All the particular cases where the
momenta are oriented on different directions can now be
obtained from (18). We can conclude that for k£ << 1, the
helicity nonconserving processes in which the electrons
and positrons have parallel momenta and move in the
opposite directions will be favored. This result shows
that only in the helicity nonconserving processes the chan-
ces of separation between electrons and positrons in the
early Universe become important. Thus, it seems that for
a = 0, y = 0 the situation is opposite, conserving pro-
cesses being dominant, with the specification that this case
corresponds to the pair having parallel momenta and mov-
ing in the same direction, which increases the probability
of annihilation of the pair.

In the next section, we shall pay closer attention to the
analysis of this probability in the limit cases of the parameter
k. It will be interesting to study the probability in the limit of
large k to make a connection with the well-established
results from literature, where the transition from vacuum
to nonvacuum states is studied using the Bogoliubov trans-
formations. This is because we expect the behavior of our
amplitude/probability for large k to somehow reproduce up
to some factors, the results obtained when one uses the
asymptotic solutions of the field equations.

IV. LIMIT CASES

The de Sitter metric reduces to the Minkowski one when
the expansion factor of the space vanishes, w = 0. In this

GG
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probability formulas in this section are used in our analysis
and, in addition, we have at our disposal the graphs for
probabilities. We specify that the two cases for conserving/
nonconserving helicity are considered. For our consider-
ations, it will be sufficient to restrict ourselves, for ex-
ample, to the case p < p’. We use helicity bispinors, for
A= A and A = — A/, and restrict the analysis only to the
square of our amplitude. In an orthogonal local frame {é;},
we take the electron and positron momenta in the plane (1,
2), denoting their spherical coordinates as p = (p, a, B)
and p' = (p', y, ¢), where a, y € (0, 7); B, ¢ € (0, 27).
Then, for B8 = 7, ¢ = 0, and p < p' the final result for the
square amplitude is

) 2)- 2 (2]

(18)

limit, the free field equations (Dirac and Maxwell equa-
tions) also become the field equations from flat space, so
we expect our amplitude to reduce in this limit to the
corresponding amplitude from Minkowski space, which
is zero. In the flat space, this process of pair creation
from a Coulomb field is forbidden by the laws of conser-
vation for energy and momentum. The Minkowski limit
corresponds in our case to k = oo, which is the ratio (mass
of particle/expansion factor).

Let us see first what happens for large values of the
parameter k. In this case, one can observe from (15) that
the second and the third arguments in the hypergeometric
functions ,F,(a, b;c;z) become approximatively equal
(b = ¢) and we can use ,F,(a, b; b;z) = (1 — )7 to sim-
plify these functions. For Beta Euler functions, one can
apply the Stirling formula to obtain an approximation in
the limit of large k: I'(z) = 22727 4\27(1 + 0(z 7)),
|z| — oo. Finally, one finds for large k (only the
terms proportional with e™* are considered in the functions

fk7 f—k)
k ie—ka—ik
Filx) = ‘/;7(1 — )(2)1/2’

’ 1 ie—ﬂ'le—ik
f*k(X) - ﬁz(l _ X2)3/2’

with the specification that the term e~ ™* originates from
ch™%(mk). We see that these functions are highly conver-
gent and vanish as

19)

farx) ~ e ™ (20)

for k — oco. An important observation is that the factor
e~ ™ is used in the literature [5,12—14] for characterizing
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the vacuum to nonvacuum transitions in this geometry. As
noted before, the well-established results from the litera-
ture use the asymptotic behavior of Hankel functions to
establish the positive and negative modes and then with the
help of the Bogoliubov coefficient B,, one can obtain
3
|2 (§7T[;3 :
For the above-mentioned vacuum-nonvacuum transitions
[5,12-14], the Bogoliubov coefficient is proportional to
18,1 ~ e~27mm/® This exponential factor is also found in
our probability for large k. Using Eq. (19), one can obtain
the probability of pair production in a Coulomb field for
k> 1 (or m> w). The cases p<p' and p > p' are
considered in our analysis, with the observation that we
no longer need to use step functions. Using the spherical
coordinate of p = (p, @, ) and p’ = (p/, y,0), the final
result for the probability (conserving and nonconserving
helicity processes are included), in the case m > w, is

the number density of particles per volume |f3,

642267277'm/w
2567 p + pIF
/ cos%%) for A = — X

g)e’eJr

pp

5 2D
(p”? = p?) sin2(“+7> for A = .

2

Recently, in [14], it was shown that the condition m > w
must be imposed in order to obtain production of a thermal
spectrum of radiation, as calculated in the work done by
Gibbons and Hawking [28]. The exponential in the proba-
bility equation (21) has the form of a Boltzmann factor,
which means that the spectrum of particles created in our
case for m > w is thermal, having the Gibbons-Hawking
temperature T = w/27. Also, it is remarkable that our
probability is proportional with e =27/ which was found
in [5,12—14], to be the factor that characterizes the proba-
bility of particle production from vacuum for m > .

Now, let us make an estimation of this probability for the
present-day expansion of the Universe. The last astronomi-
cal observations give w =2, 3 X 1078 571 for the
Hubble constant. Then, from the ratio mc?/Aw ~ 5 X
107, (where m is the electron mass) one can see that the
large mass approximation is good in considering the pair
production at present. It is immediate from (21), in which
we replace the above-mentioned ratio, that the probability
of pair production at present is very small, and we can say
that there is no fermion production of finite mass in a
Coulomb field due to present-day expansion, a result which
is in good agreement with the conclusion from [2—4].

We can now address the problem of the Minkowski
limit. The graphs (Figs. 1-4) from the previous section,
for functions f;(y), invite some comments. First, we see
that in the limit kK — oo, the functions f;(y) vanish, which
is in agreement with the result obtained analytically,
fo(x) = 0. From here, we recover the Minkowski limit,
where particle production in a Coulomb field is forbidden
by the laws of conservation for energy and momentum. As

PHYSICAL REVIEW D 85, 084036 (2012)

k goes to large values, the de Sitter amplitude equals the
Minkowski one A,-,+ |0 = A,-,+(flat) = 0, which
corresponds to the fact that in an asymptotic flat universe
these amplitudes vanish. Also, it is worth mentioning that
for large momenta, p, p’ — oo, the amplitude (14) and
probability (16) vanish and the recovery of Minkowski
results would probably not be surprising.

Secondly, it is obvious from our graphs (Figs. 1-4) that
our formula for functions f;(y) becomes important when
the expansion factor is larger than the mass of the particle.
The null mass limit corresponds to the early stage inflation
of the Universe, when the expansion factor was large
compared to the mass of the particle @ — oo. The f;(x)
function simplifies in this case (i.e., ,F,(1,1/2;1/2;z) =
,F1(1,3/2;3/2;z) = (1 — z)~') and for k = 0 we obtain

fol) =L+ 0. 22)
a

Also, it is immediate from (14) that for k = 0 the ampli-
tude of transition is nonvanishing only for A = —A’. This is
in agreement with the observations made in the previous
section, that the most probable transitions in the null mass
case are those in which the helicity is conserved. Replacing
(22) in the transition amplitude (14) and observing that in
this case we no longer need to use unit step functions, the
final result is

e*zZ 5, _ . .
ﬂe’e*l(k=0) = AA .O§I(P)77—)L(P/)-

Aam?lp+ p'lP p+p —i
(23)

It is remarkable that the amplitude of transition in this limit
depends only on the modulus of two momenta p, p’. The
same results are obtained from our integrals in (12) if we
set k = 0, in which case the Hankel functions simplify to

2\1/2 _.
HR@ =i(2) e 4
77

and the integrals from (12) can be evaluated adding a factor
e~ %, where the parameter € is positive, to assure the
convergence in the limit z — oo. Note also that the ampli-
tude in the zero mass limit vanishes if the particle and
antiparticle have the same helicities, which corresponds to
the nonconserving helicity in the process presented above,
which also confirm our graphical results for probabilities
and our observation that the nonzero mass break helicity
conservation. This is an expected result since the Dirac
field for a null fermion mass is conformally invariant and
the de Sitter metric is conformal with the Minkowski one.

One can also see that for a very large expansion factor
but nonzero mass, the exponential factor e~ “’, from the
Coulomb potential, implies that only negative large time
will be relevant, which means that we can consider z =
e~ “!" large everywhere in the integrals (12). Translated in
our calculations, this implies that we can use the expansion
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2

/2.
HPE = () e e 09

which differs from H(lz/)z(z) only by the phase factor

ei(wm/2+7/4) The conclusion is that for very large expan-
sion factors, the amplitude of this process will be mainly
determined by the contributions from the distant past when
space was contracted. It is from here immediate that the
frequency blueshift in the distant past makes the mass
irrelevant, a fact that leads back to a Minkowski conformal
theory.

Further, let us consider a closer look at our amplitude in
the null mass case (23). As before, kinetic parameters can
be introduced in the orthogonal local frame {¢;}. We take
the particle and antiparticle momenta in the plane (1, 2)
denoting their spherical coordinates by p = (p, @, 8) and
p'=(p, v, @) where a, v € (0, w) and B, ¢ € (0, 27).
Then, using the helicity bispinors, one can obtain for A =
-\ = % the final expression of the transition amplitude:

A 1 [ <a)
COS{ —
a7’|p+ p'l> p+ p' —i0 2

X cos(%) + eile=h) sin(%) sin(%) :| (26)

where the terms in the square brackets were obtained from
& fr/z( P)n—12(p’). From the above formula, one can obtain

~5qe’fr |(k=0) =

all the particular cases of interest in which the electron and
positron move in the same direction or move in opposite
directions. The probability of production of null mass
fermions, if we set 8 = 0, ¢ = 7, will be

7?2
3274 p + p'I*

1 a+y
X T iolzcosz( 3 ) (27)

From the above formula, we see that for« = 77, y = 0
our probability vanishes. This corresponds to the case in
which the particle and antiparticle have parallel momenta
and move in opposite directions. Now, if we set a = 0,
v = 0 the probability takes its maximum value, and this is
the case in which the particle and antiparticle momenta are
parallel and they move in the same direction, increasing the
probability of annihilation of the pair. The obvious con-
clusion is that if the null mass fermions are produced they
will rather annihilate each other than become separate.
From here, we conclude that there are small chances of
production of null mass fermions in the early Universe. As
a final remark, one can see that our perturbational calcu-
lations in the null mass case are close to those from the
literature [2—4,14], which establishes that there is no pro-
duction of zero-mass fermions in the early Universe.

P e et (k=0) —

PHYSICAL REVIEW D 85, 084036 (2012)

V. CONCLUSIONS

Fermion pair production in a Coulomb field in a de Sitter
expanding universe was considered in our paper. We found
the expression of the differential probability for the tran-
sition vacuum — e~ e™ in the potential A’. We considered
the initial and final states of the field as exact solutions of
the free Dirac equation in de Sitter space with a defined
momentum and helicity. We also found that the amplitude
of pair production depends, in an essential way, on the
parameter k = m/w. For a vanishing k, we recover
the expected result due to the conformal invariance of the
theory in the massless case. The final result proves that the
law of conservation for the momentum is lost in the process
of pair production in a Coulomb field on a de Sitter back-
ground. From our amplitude formula, we recover the
Minkowski limit where there is no particle production in
the Coulomb field. Our final results related to helicities
show that the helicity conservation processes seem to be
dominant in the case when the momenta of the electron and
positron are close in modulus (y — 1). When the ratio of
the two momenta is small, we found that the processes
where helicity is not conserved become important. Our
study also led to an important result related to the mecha-
nism of separation between matter and antimatter in the
early Universe, namely, that only in the helicity noncon-
serving case there seems that are nonvanishing probabil-
ities for producing pairs that move in opposite directions,
increasing in this way the possibility of separation between
particles and antiparticles.

A notable result is that only particles/antiparticles with
small momenta were produced in a Coulomb field in the
early Universe.

Another result is that for the present-day expansion, the
amount of fermion production in a Coulomb field is neg-
ligible. Contrary to this, our calculations and graphs show
that in the early stage of the Universe the amount of pair
production was important. This confirms the results from
literature related to the phenomenon of pair production in
the early Universe.

Our study does not take into account the problem of
wave packets in the de Sitter geometry. This problem could
be important in studying the effects of pair production, and
receives little attention in the literature. However, the study
from [29] is a first step in this direction, where the con-
struction and propagation of Gaussian wave packets on
de Sitter geometry was discussed both for scalar and Dirac
fields in the null mass case. The study of wave packets in
this geometry could improve our understanding of scatter-
ing processes and could help us to understand the physical
significance of the cross section.
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APPENDIX

The main steps leading to our amplitude (14) will be
detailed in this section. First, we will use the well-known

PHYSICAL REVIEW D 85, 084036 (2012)

formula for Hankel functions in terms of Bessel functions J
[24,25]:

J_u(z) — e ™ ,(2)

0y —

HY(2) isin(mp) (A1)
el J (z2) —J_,(2)

HY(z) = iMsifl(W,U«) o

This transformation finally leads to integrals of the type
Weber-Schafheitlin [24,26]. These integrals can be solved
in two distinct cases:

% kTt st +rv—s+1 u—v—s+1 a?
/ dzszJM(az)J,,(,Bz) = s w—s+1 ( 2 1)/7,u+s+1 X 2F1(M ) , £ 3 st 1;—2),
0 2B (p + DIE=EEE) B (A2)
B>a>0, Re(s) > —1, Re(u +v—s+1)>0,
and
o ﬂ”r(mvf_sﬂ) <,u+v—s+1v—,u,—s+l ,82>
dzz™*J ,(az)],(Bz) = - F , v+ =)
L M( ) ('B ) zsau—s+1F(V + I)F(N V;“Ll) 201 2 2 a? (A3)
a> B3>0, Re(s) > —1, Re(u +v—s+1)>0,
both cases being fulfilled in our analysis.
Now, one sees that our integrals in (13) demand s = —1. This is problematic because the integral becomes oscillatory

for z — oo. Then, a simple way to solve this problem is to consider a parameter s of the form

s=—-1+e€

(A4)

and let, in the end, € — 0. No notable differences appear when evaluating the integrals in (13) directly with s = —1 and

with w, v = 1/2 = ik.
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