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We develop a holographic model for thermalization following a quench near a quantum critical point

with nontrivial dynamical critical exponent. The anti-de Sitter Vaidya null collapse geometry is

generalized to asymptotically Lifshitz spacetime. Nonlocal observables such as two-point functions

and entanglement entropy in this background then provide information about the length and time scales

relevant to thermalization. The propagation of thermalization exhibits similar ‘‘horizon’’ behavior as has

been seen previously in the conformal case and we give a heuristic argument for why it also appears here.

Finally, analytic upper bounds are obtained for the thermalization rates of the nonlocal observables.
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I. INTRODUCTION

The study of out-of-equilibrium processes in quantum
field theory is an important and interesting problem but the
available theoretical toolbox in this area is limited, espe-
cially when it comes to strongly interacting theories. From
the experimental point of view, cold atom systems provide
a unique setting for exploring the quantum dynamics of
strongly correlated quantum systems [1]. As an example, it
has become possible to set up a quantum phase transition
between a superfluid and a Mott insulator, with the help of
optical lattices [2]. One can even study the quantum dy-
namics of the system as the height of the optical lattice is
changed suddenly in time, leading to a quantum quench
from the superfluid phase to theMott insulator phase [3]. In
this manner cold atom systems provide a way of experi-
mentally realizing and simulating strongly correlated
quantum dynamics near quantum critical points.

Quenches near quantum critical points are particularly
interesting from a theoretical point of view, because the
response of the system is expected to be universal and to
apply to many different physical systems. Indeed there has
been a lot of interesting theoretical work studying quench
dynamics near quantum critical points [4–7] (for a review
see [8]). The work in [4,5] provided a nice heuristic picture
of the dynamics of two-point correlation functions and
entanglement entropy after a quantum quench in 1þ 1
dimensional conformal field theory (CFT). The heuristic
picture, which we will refer to as the ‘‘horizon’’ effect,
starts with the production of a large number of ‘‘quasipar-
ticles’’ from the quench, as the ground state of the initial
Hamiltonian is a highly excited state of the quenched
Hamiltonian. Quasiparticles that originate from adjacent

points are entangled through the initial ground state. As
they travel at the speed of light after the quench, they lead
to correlations in nonlocal observables, that propagate on a
light cone. Inside the light cone, the observables average to
their thermal values while causality forces correlations
outside the light cone to take the same form as in the initial
vacuum. In [5] it was found that for free lattice systems the
horizon was smoothed out in the sense that, while thermal-
ization started at the group velocity of the fastest
quasiparticle, complete thermalization was only achieved
at the group velocity of the slowest quasiparticle.
Holography provides a novel way to study strongly

correlated quantum systems and has been used in [9–15]
to study quenches in strongly coupled CFT’s in 1þ 1 as
well as 2þ 1 and 3þ 1 dimensions. A similar horizon
effect has been observed within the holographic approach.
Alternative holographic models of quenches have been
constructed and studied in [16,17].
The powerful methods of CFT that have been used to

study quantum quenches apply to ‘‘relativistic’’ theories
with an underlying conformal symmetry. Generic quantum
critical points in condensed matter systems are, however,
not conformally invariant but instead exhibit anisotropic
scaling of the form,

ðx; tÞ ! ð�x; �ztÞ; (1)

with a nontrivial dynamical critical exponent z > 1. To
study holographic duals of these more general quantum
critical points it was suggested [18] to consider gravita-
tional theories in a spacetime that asymptotes to the form1

ds2 ¼ �r2zdt2 þ r2dx2 þ dr2

r2
; (2)
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where the scaling symmetry ðx; tÞ ! ð�x; �ztÞ is realized
as an isometry of the metric (2), when combined with the
scaling r ! ��1r. As is customary, we will refer to a
metric that asymptotes to (2) as an asymptotically
Lifshitz metric and the aim of this paper is to study
quantum quenches for z > 1 using holography in asymp-
totically Lifshitz spacetimes. A priori it is not at all clear
whether one should see a similar picture arise as in the case
of z ¼ 1. In particular, the quasiparticle dispersion relation
(assuming the concept of a quasiparticle makes sense in
these theories), ! / kz, suggests that thermalization could
start infinitely fast but take an infinite time to complete. We
will see, however, that this is not what happens in the
holographic model we consider here. Instead, interactions
change the picture qualitatively, and we recover a horizon

effect with a characteristic velocity v / Tðz�1Þ=z.
A further motivation for studying quenches in asymp-

totically Lifshitz spacetimes is that some holographic mod-
els used to study field theories at finite density, give rise to
geometries that approach the Lifshitz spacetime (2) in the
infrared limit of small r [20]. Examples of such IR Lifshitz
finite density systems are holographic superfluids in their
ground state [21] and ‘‘electron stars’’ [22,23]. Thus our
results may shed some light on the nonequilibrium dynam-
ics of holographic finite-density systems.

A quench can be achieved by suddenly changing the
values of coupling constants in a given field theory. In
holography, the coupling constants of the dual field theory
are related to asymptotic values of bulk fields as r ! 1. A
sudden change in the values of coupling constants leads to
translationally invariant shifts in the fields near r ! 1.
Since an asymptotically Lifshitz spacetime acts as a gravi-
tational potential well, in a manner analogous to AdS
spacetime, the field excitations are pulled towards r ¼ 0
and quickly accelerate to a speed very close to that of light.
Soon after the quench, one is left with a sharp shell of
energy density starting from r ! 1 and falling into the
bulk at the speed of light. Eventually the shell of energy
will form a black hole in the bulk, which corresponds to
approaching thermal equilibrium in the dual field theory.
(There are also alternative ways to achieve a quench holo-
graphically, see [16,17].)

A simple model for a shell falling at the speed of light is
given by the Vaidya spacetime [24,25]. Indeed the work in
[26] showed that for sufficiently small amplitude quenches
of marginal operators, the spacetime is well approximated
by the AdS-Vaidya metric. The asymptotically Anti-de
Sitter Vaidya geometry was used to study holographic
quenches in [9–12,14,15,27]. In this paper we generalize
the Vaidya metric to an asymptotically Lifshitz spacetime.
We do this in the context of the family of models studied in
[28,29], which have Einstein’s gravity, a dilaton, and some
number of U(1) gauge fields in the bulk. We then consider
nonlocal probes (correlation functions of gauge invariant
operators and holographic entanglement entropy) in the

quench geometry to uncover the characteristic time and
length scales of the thermalization process. More precisely,
we will analyze lengths of geodesics and minimal surface
areas and assume that the usual holographic proposal
[30–32] extends from asymptotically AdS spacetime to
Lifshitz scaling so that we can interpret the results as
entanglement entropy in the dual field theory. Our results
may also be relevant for work studying entanglement
entropy in nonrelativistic field theory, see [33–35].
The outline of the paper is as follows. In Sec. II, we

briefly review the black hole solutions found in [29] and in
Sec. III, we construct Vaidya-type solutions that describe a
holographic quench. In Sec. IV, we study equal time two-
point functions in the quench state, using the geodesic
approximation. We also derive an analytic upper bound
for the velocity at which the thermalization of the two-
point function spreads. In Sec. V, we study the entangle-
ment entropy in the quench state and again derive an upper
bound for the velocity at which the thermalization of the
entanglement entropy can spread.

II. STATIC BLACK HOLES

We will consider the gravitational theory specified by
the action

S¼ 1

16�GN

Z
d4x

ffiffiffiffiffiffiffi�g
p �

R�2��1

2
ð@�Þ2�1

4

XN
i¼1

e�i�F2
i

�
:

(3)

This theory has a family of Lifshitz solutions. First we will
consider the case when the number of Uð1Þ gauge fields in
the bulk is N ¼ 2. The generalization to a larger number of
spacetime dimensions and to larger number of Uð1Þ gauge
fields is straightforward. Throughout we will denote
Einstein’s equations and Maxwell’s equations as

E�� ¼ R�� � 1

2
Rg�� þ�g�� � T�� ¼ 0;

M�
i ¼ D�ðe�i�F��

i Þ ¼ 0: (4)

First we will review the static Lifshitz solutions obtained
in [29]. The three parameter family of solution found in
[29] is

ds2 ¼ �r2zbðrÞdt2 þ dr2

r2bðrÞ þ r2dx2;

bðrÞ ¼ 1�mr�ð2þzÞ þ �2
2�

�
ffiffiffiffiffiffiffiffiffi
ðz�1Þ

p

4z
r�2ð1þzÞ;

Að1Þ
t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðz� 1Þ
2þ z

s
�1=

ffiffiffiffiffiffiffi
z�1

p
r2þz;

Að2Þ
t ¼ ��2�

� ffiffiffiffiffiffiffi
z�1

p

z
r�z; e� ¼ �r2

ffiffiffiffiffiffiffi
z�1

p
; (5)
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specified by the parameters ð�;�2; mÞ. For (5) to be a
solution to the equations of motion, the value of the cos-
mological constant and the parameters �i must be fixed as

�¼�ð2þzÞð1þzÞ
2

; �1¼� 2ffiffiffiffiffiffiffiffiffiffi
z�1

p ; �2¼
ffiffiffiffiffiffiffiffiffiffi
z�1

p
: (6)

The case �2 ¼ m ¼ 0 corresponds to the Lifshitz vacuum
solution. Before constructing the infalling shell solutions,
it is convenient to write the solution (5) in an Eddington-
Finkelstein-like (EF) coordinate system.

The ingoing null geodesic is easily found from the
metric in (5) as

dtþ r�z�1

bðrÞ dr ¼ 0: (7)

To define the EF coordinate system, we define a new time
coordinate through the relation

dv ¼ dtþ r�z�1

bðrÞ dr: (8)

Next we exchange the t coordinate with the new v coor-
dinate to obtain the metric

ds2 ¼ �r2zbðrÞdv2 þ 2dvdrrz�1 þ r2dx2: (9)

The gauge fields in the solution (5) are of the form AðiÞ ¼
AðiÞ
t ðrÞdt. When going to the new v coordinate system these

become

AðiÞ ¼ AðiÞ
t ðrÞ

�
dv� r�z�1

bðrÞ dr

�
; (10)

so that there is an Ar component induced in the EF coor-
dinate system. For future convenience we note that the Ar

component can be set to vanish with a gauge transforma-
tion. Thus, the gauge fields in the new coordinate system

have the form A ¼ AðiÞ
t dv, where AðiÞ

t are the fields
specified in (5).

III. THE INFALLING SHELL SOLUTIONS

An infalling shell of massless and pressureless charged
matter in an asymptotically flat spacetime is described by
the Vaidya metric [24,25], which is known analytically.
The Vaidya metric corresponds to a Reissner-Nordström
black hole, with the free parameters corresponding to the
mass and the charge promoted into functions of the EF
time coordinate v. The Vaidya spacetime is sourced by an
explicit energy momentum tensor for massless null matter
Tvv � 0 and a current density jv / jr � 0. Our task is to
find a similar solution as the Vaidya solution, which
asymptotes to an asymptotically Lifshitz spacetime.
Again we will have an explicit source in the vv component
of Einstein’s equations and in the r component of
Maxwell’s equations, while all the other Einstein’s

equations as well as the matter equations will be solved
without explicit sources.
Motivated by the conventional Vaidya solution [25] we

choose the following ansatz for the metric and the matter
fields:

ds2¼�r2zbðr;vÞdv2þ2rz�1dvdrþr2dx2;

bðr;vÞ¼1�mðvÞr�ðzþ2ÞþfðvÞ�
2
2�

�
ffiffiffiffiffiffiffiffiffi
ðz�1Þ

p

4z
r�2ð1þzÞ;

Að1Þ
v ¼h1ðvÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðz�1Þ
2þz

s
�1=

ffiffiffiffiffiffiffi
z�1

p
r2þz;

Að2Þ
v ¼�h2ðvÞ�2�

� ffiffiffiffiffiffiffi
z�1

p

z
r�z; e�¼h3ðvÞ�r2

ffiffiffiffiffiffiffi
z�1

p
;

(11)

where mðvÞ; fðvÞ; h1ðvÞ; h2ðvÞ; h3ðvÞ are arbitrary func-
tions of v for the moment. Substituting the ansatz (11)
into Einstein’s equations leads to relations between the
above functions of v. The vr component of the Einstein’s
equations leads to

h1 ¼ h1=
ffiffiffiffiffiffiffi
z�1

p
3 ; f ¼ h22h

ffiffiffiffiffiffiffi
z�1

p
3 : (12)

The xx and yy components of Einstein’s equations are

Exx ¼ Eyy ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
z� 1

p
r2�z h

0
3ðvÞ

h3ðvÞ : (13)

In order to solve them (for z � 1), we must set

h3ðvÞ ¼ const: (14)

Furthermore, we can without loss of generality set h3 ¼ 1.
This also leads to h1 ¼ 1 and

f ¼ h22: (15)

We are thus left with two arbitrary functions mðvÞ and
h2ðvÞ. Since h2ðvÞ appears only in the combination
h2ðvÞ�2, we see that our solution is simply equivalent to
promoting m and �2 into arbitrary functions of v

ds2¼�r2zbðr;vÞdv2þ2rz�1dvdrþr2dx2;

bðr;vÞ¼1�mðvÞr�ðzþ2Þþ�2ðvÞ2��
ffiffiffiffiffiffiffiffiffi
ðz�1Þ

p

4z
r�2ðzþ1Þ;

Að1Þ
v ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðz�1Þ
2þz

s
�1=

ffiffiffiffiffiffiffi
z�1

p
r2þz; Að2Þ

v ¼��2ðvÞ�� ffiffiffiffiffiffiffi
z�1

p

z
r�z;

e�¼�r2
ffiffiffiffiffiffiffi
z�1

p
; (16)

We will refer to (21) as the Lifshitz-Vaidya solution. The
fields in (21) do not yet solve all of the Einstein’s and
Maxwell’s equations, but there are the nonvanishing
components

Evv ¼ ��� ffiffiffiffiffiffiffi
z�1

p
r�2�z

2z
�2ðvÞ�0

2ðvÞ þ
m0ðvÞ
r2

; (17)
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Mr
2 ¼ r�1�z�0

2ðvÞ: (18)

These nonvanishing components can be identified as
sources from charged infalling massless matter with a
vanishing pressure. The energy momentum tensor of such
matter has the form T�� ¼ �u�u� and a current density

J� ¼ �eu� with u� ¼ ��v. Indeed, this is of the form we

need to solve the Einstein’s and Maxwell’s Eqs. (17) and
(18) with

� ¼ ��� ffiffiffiffiffiffiffi
z�1

p
r�2�z

2z
�2ðvÞ�0

2ðvÞ þ
m0ðvÞ
r2

; (19)

�e ¼ �0
2ðvÞ
r2

: (20)

We have a solution for two Uð1Þ gauge fields, but it is
trivial to reduce it to the case of a single gauge field studied

in [28] by setting �2 ¼ 0, which makes the Að2Þ field vanish
identically. We can also find solutions for theories with
more Uð1Þ gauge fields in [29] by simply promoting the
corresponding free charge densities �i, for i > 1, and the
energy density m into functions of v. Another direction of
generalization is to consider different values of the space-
time dimension. This generalization seems also to work
trivially and we have confirmed this for the bulk spacetime
dimensions d ¼ 4, 5, 6. The explicit solution in the general
case is simply [29]

ds2 ¼ �r2zbðr; vÞdv2 þ 2rz�1dvdrþ r2dx2;

bðr; vÞ ¼ 1�mðvÞr�ðzþd�2Þ

þ XN
j¼2

�jðvÞ2��
ffiffiffiffiffiffiffi
2z�1
d�2

p

2ðd� 2Þðdþ z� 4Þ r
�2ðdþz�3Þ;

@rA
ð1Þ
v ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðdþ z� 2Þðz� 1Þp
�

ffiffiffiffiffiffiffiffi
d�2

2ðz�1Þ
p

rdþz�3;

@rA
ðjÞ
v ¼ �jðvÞ��

ffiffiffiffiffiffiffi
2z�1
d�2

p
r3�d�z;

ðj ¼ 2; . . . ; NÞe� ¼ �r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðd�2Þðz�1Þ

p
; (21)

where now d ¼ 4, 5, 6. This corresponds to the choice of
parameters

� ¼ � 1

2
ðdþ z� 2Þðdþ z� 3Þ; �1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
d� 2

z� 1

s
;

�j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
z� 1

d� 2

s
; (22)

where j ¼ 2; . . . ; N. It is straightforward to show that such
an ansatz indeed solves the equations of motion.

IV. 2-POINT CORRELATION FUNCTIONS

In this section we study 2-point correlation functions in
the quench state. For simplicity, we restrict our attention in
what follows to uncharged black brane solutions with

Að2Þ ¼ 0 and the metric function

bðr; vÞ ¼ 1�mðvÞr�d�zþ2: (23)

This allows us to focus on the differences that arise be-
tween our z > 1 solutions and the previously studied z ¼ 1
case without the added complication of nonvanishing
gauge charge. We expect our calculations to carry over to
the charged case in a straightforward way. Furthermore, we
will focus on the case d ¼ 4. Higher dimensional cases are
discussed in Appendix A, where as an example we show
the results for d ¼ 5 and z ¼ 2.
For the convenience of numerical computations we

define a new radial coordinate u ¼ 1=r (not to be confused
with an Eddington-Finkelstein coordinate), in terms of
which the metric of interest reads

ds2 ¼ �u�2zbðu; vÞdt2 � 2u�1�zdudvþ u�2dx2;

bðu; vÞ ¼ 1�mðvÞu2þz: (24)

The calculation of the correlation function is performed
in the geodesic approximation, which becomes more accu-
rate as the scaling dimensions of the corresponding opera-
tors in the correlation function are increased. The idea of the
geodesic approximation is to perform a saddle point ap-
proximation in the path integral over particle paths in the
bulk [36], to obtain the bulk Feynman propagator. As was
discussed in [37] one can obtain the boundary theory corre-
lator by pulling the points in the bulk Feynman propagator
to the boundary and multiplying by appropriate powers of
the cutoff �. This leads to the boundary theory two-point
function in the geodesic approximation as given by

hOðxÞOðx0Þi � ��2�e��
R

d	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g��

dx�

d	
dx�

d	

p
; (25)

where x�ð	Þ is the geodesic with minimal length and � is
the mass of the bulk particle, or equivalently the scaling
dimension of the dual operator. There is no factor of i in the
exponent in (25) because we are specializing to spacelike
geodesics, and it is convenient to factor out a minus sign
from the square root. By symmetry, we will choose the
geodesics to have y ¼ const, where x ¼ ðx; yÞ are coordi-
nates in the transverse plane, and furthermore parametrize it
with the coordinate x so that

u ¼ uðxÞ; v ¼ vðxÞ: (26)

With this ansatz the particle action becomes

S¼�
Z
dxL

¼�
Z
dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u�2�u�2zbðu;vÞðv0ðxÞÞ2�2u�z�1v0ðxÞu0ðxÞ

q
:

(27)

Since the Lagrangian L does not depend explicitly on x
there is a conserved Hamiltonian

H ¼ @L

@u0
u0 þ @L

@v0 v
0 � L ¼ � 1

u2L
: (28)
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Tofind the geodesicswe need to set up boundary conditions.
In this work we will compute only equal time correlation
functions.2 The geodesic will start from x ¼ �l=2 and end
at x ¼ l=2. Furthermore, there is a turning point at x ¼ 0
around which the minimal length geodesic is symmetric.
Regularity imposes the following boundary conditions at
the turning point:

u0ð0Þ ¼ 0 ¼ v0ð0Þ: (29)

We will furthermore denote the turning point as uð0Þ ¼ u�
and vð0Þ ¼ v�. With the above boundary conditions we can
calculate the value of the Hamiltonian

H ¼ �u�1� : (30)

As the set of two independent equations of motion we will
use one of the Euler-Lagrange equations and the conserved
Hamiltonian (28)

uv00 þ2v0u0 �uz�1� 1
2u

zþ2@uðu�2zbðu;vÞÞðv0Þ2¼0; (31)

1� 2u1�zu0v0 � u2�2zbðu; vÞðv0Þ2 � u2�
u2

¼ 0: (32)

For the purpose of performing numerics it is convenient to
transform to dimensionless variables as follows:

~u ¼ r0u; ~v ¼ rz0v; ~x ¼ r0x; (33)

where r0 is defined in such a way that the position of the
horizon of the forming black hole is at u ¼ 1. In this waywe
can relate r0 to the temperature at late-time thermal
equilibrium as

r0 ¼
�
4�T

2þ z

�
1=z

: (34)

In what follows we will work with dimensionless coordi-
nates and drop the tildes. After the change of variables to
dimensionless coordinates, the equations for the geodesics
(31) and (32) stay invariant in their form except that now

bðv; uÞ ¼ 1� u2þz mðv=rz0Þ
mð1Þ : (35)

A. Lifshitz vacuum

To begin with, we calculate the equal-time correlator in
the zero-temperature Lifshitz spacetime, i.e. we set b ¼ 1.
Because of time translational invariance, the geodesic has
to be independent of time t since ‘‘momentum’’ conserva-
tion in the t direction forbids the geodesic to turn around in
time, which again is necessary to satisfy the boundary
condition of having both ends of the geodesic at the same
time. Thus, the geodesic has to be independent of time t
and we can use dv ¼ dt� uz�1du ¼ �uz�1du. Sub-
stituting this into (31) leads to

d

dx
ðuu0Þ ¼ �1; (36)

which can be easily integrated into

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dþ 2Cx� x2

p
: (37)

Furthermore, by imposing the boundary conditions
u0ð0Þ ¼ 0 and uðl=2Þ ¼ 0 we get

uðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2

4
� x2

s
: (38)

Using the conserved Hamiltonian we can write the on shell
action simply as

S ¼ �
Z

dx
u�

uðxÞ2 : (39)

Substituting (38) into (39) leads to

S ¼ �l
Z l=2

0

dx

l2=4� x2
: (40)

This integral is divergent near x ¼ l=2 and must be
regulated. We regulate it by introducing a cutoff for x at
l=2� ~�. In this way the on-shell action becomes

S ¼ �l
Z l=2�~�

0

dx

l2=4� x2
¼ 2�tanh�1

�
1� 2~�

l

�

� �� log

�
~�

l

�
: (41)

The cutoff in x can be related to a cutoff � in the holo-
graphic coordinate u through uðl=2� ~�Þ ¼ �, which leads

to the relation � ¼ ffiffiffiffiffi
~�l

p
. In this way the two-point

correlator becomes

G2ðl; tÞ ¼ hOð�l=2; tÞOðl=2; tÞi � ��2�e�S ¼ 1

l2�
; (42)

which is seen to be independent of the Lifshitz scaling
exponent z. This follows simply because the spatial part of
the Lifshitz spacetime metric is independent of z.

B. Thermal equilibrium

The finite temperature equal time two-point function can
be obtained by solving (31) and (32) with the black hole
metric factor

bðuÞ ¼ 1� u2þz: (43)

We can solve (31) and (32) numerically with this choice for
b. The result is shown in Fig. 1. The main point is that the
correlator behaves as

G2ðl; tÞ / e�l=
; (44)

for sufficiently large l. The coefficient 
 is the thermal
correlation length, which is related to the temperature as

2For correlation functions with unequal times in the case of a
holographic quench for z ¼ 1 see [13].
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 ¼ ��1

�
4�T

2þ z

��1=z
: (45)

.

C. The quench

Next, we can solve (31) and (32) for the time-dependent
Lifshitz-Vaidya background with

bðu; vÞ ¼ 1�mðvÞu2þz; (46)

where we choose the profile

mðvÞ ¼ 1

2
ð1� tanhðv=v0ÞÞ: (47)

For the time scale v0 appearing in (47) we will choose the
value v0 ¼ 10�2, or in dimensionful coordinates v0 ¼
10�2ð2þ zÞ=ð4�TÞ. In the dual field theory this corre-
sponds to adding a pulse of energy to the vacuum at the
time t ¼ 0. The time scale in which the energy pulse
appears is v0. We call this operation a quench. Before
solving the equations numerically we can understand
some of the main features without the detailed calculation.
At times earlier than t ¼ 0, the spacetime will look like the
pure Lifshitz vacuum and thus, the equal-time correlator
will take the vacuum form (42). Also, for times much
larger than t ¼ 0 the spacetime looks like the Lifshitz
black hole so that one might think that the equal-time
correlator will take the thermal equilibrium form (44).
This conclusion does not generally hold for late times.
Instead, the qualitative behavior of the correlator depends
on the transverse separation l. If l is sufficiently small, the
geodesic will not ‘‘drop’’ too close to the horizon and
vðxÞ> 0 along the entire geodesic. Then the geodesic
will indeed be that of the late-time black hole spacetime
and one recovers the thermal correlator (44). On the other
hand, when l is sufficiently large, the geodesic passes
through both the event horizon and the apparent horizon
[9], as discussed below, and part of the geodesic will have
vðxÞ< 0. This means that the geodesic passes through the
infalling shell at v ¼ 0 and extends into the part of the

spacetime with vacuum geometry. In this case the
correlator will not be thermal.
We can conclude that thermalization does not happen

globally for the system at any finite time. Rather the
thermalized region, as seen by the two-point function,
expands in time. This is the ‘‘horizon effect’’ observed in
two-point correlators in [5,7]. The same effect has been
observed before in holography in [10–13] for the
relativistic case z ¼ 1. The ‘‘horizon effect’’ seems more
surprising for other values of z.
In Appendix B, we find the location of both the event

horizon and the apparent horizon in the infalling shell
spacetime with z > 1. In an evolving geometry the appar-
ent and event horizons can be very different and this is also
seen here. As emphasized in [9], the two-point correlation
function probes regions of the spacetime that are inside
both the event horizon and the apparent horizon. Indeed,
this seems necessary to reproduce the ‘‘horizon effect’’
known in quantum field theory. Figure 2 shows examples
of geodesics, obtained numerically for different values of
z > 1, that pass through both horizons and also through the
infalling shell into the v < 0 region.
Thermalization of the two-point correlation function

spreads with a finite velocity. Another way of saying this
is that the thermalization time scale tthermðlÞ is an increas-
ing function of l with a finite slope. Here we define the
thermalization time as the time when the two-point func-
tion reaches the thermal value. First we can obtain a lower
bound for the thermalization time tthermðlÞ in the case of a
sharp quench. The correlator can be thermal only when the
turning point of the geodesic u� is below the instantaneous
position of the matter shell u0ðtÞ.3 We can obtain u0ðtÞ by
integrating (7). This leads to

t ¼
Z u0

0

du

u�zþ1bðuÞ ; (48)
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FIG. 1 (color online). Logarithm of the thermal correlator for
different values of z. The different curves correspond to
z ¼ 1, 2, 6, from bottom to top. The (red) line is a line with
slope �1. The figure shows that the thermal correlation function
is fairly independent of the value of z.
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FIG. 2 (color online). In both of the figures the dot-dashed
curve (red) corresponds to the apparent horizon, the dashed
curve (blue) to the event horizon, and the solid curve (black)
to a generic geodesic contributing to the two-point function. The
left-hand figure corresponds to z ¼ 2 and the right-hand figure to
z ¼ 3. The geodesic is seen to pass through both horizons, once
through the event horizon and twice through the apparent
horizon.

3So if the geodesic passes through the shell, the two-point
function will depend on time, and will thus not be thermal.
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where we use bðuÞ ¼ 1� u2þz, since we are interested in
the region outside the matter shell. The geodesic equations
in the black-brane background can be integrated to

l ¼ 2
Z u�

0

duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu2�
u2
� 1ÞbðuÞ

q : (49)

A lower bound for the thermalization time is when u0 ¼ u�
since for smaller times t (or larger distances l) the geo-
desics necessarily pass through the shell and make the
correlator time dependent. Note that this does not neces-
sarily determine the real thermalization time as it can be
that even at later times there is a geodesic which passes
through the shell and has a shorter length than the one that
probes the region outside the shell. The integral (48) can be
seen to be an integral representation of the incomplete Beta
function

t ¼ 1

2þ z
B

�
uzþ2
0 ;

z

2þ z
; 0

�
; (50)

while we have not found a closed form for the integral in
(49). Still we can find analytic expressions for both of the
integrals in the limit as t ! 1 and l ! 1. This limit
corresponds to integrating (48) close to the pole at
u0 ! 1, which leads to a logarithmic divergence.
Similarly, the integral in (49) diverges logarithmically as
u� ! 1. This leads to

t ¼ � 1

2þ z
logð1� u0Þ þ finite (51)

l

2
¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð2þ zÞp logð1� u�Þ þ finite: (52)

Identifying u0 ¼ u� leads to a lower bound for the
thermalization time

t ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z=2

p l

2
þ finite; (53)

for large t and l. This gives us an upper bound for the
velocity the thermalization can spread with

v ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z=2

p
; (54)

for large t and l. Transforming back to dimensionfull
coordinates using (33) gives the dimensionfull velocity
(recalling that in a theory with Lifshitz scaling symmetry
velocity is indeed dimensionfull when z � 1)

v ¼ 2

�
4�T

2þ z

�ðz�1=zÞ ffiffiffiffiffiffiffiffiffiffiffiffi
1þ z

2

r
: (55)

This is one of the main results of this section. Because of
the finiteness of the bulk velocity of light (or causality in
the bulk), there is an upper bound on how fast the two-
point function can thermalize, for all values of z. This
upper bound depends on the state of the system after
quench explicitly through the late-time equilibrium tem-
perature T according to (55). Also, this velocity is inde-
pendent of the scaling dimension of the operator in the
correlation function.4 A similar bound for general bulk
spacetime dimension is calculated in Appendix A.
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FIG. 3 (color online). Lower bounds for thermalization times
for different values of z. The data points are obtained by
numerical integration of the integral in (49). From top to bottom
the different colored data points correspond to the values z ¼ 1,
2, 3, 4, 5. The lines with the corresponding colors are best fit
lines with slopes given by (54).

FIG. 4 (color online). Logarithm of the quench correlator for
z ¼ 1, with the vacuum value subtracted. The (red) line corre-
sponds to twice the speed of light. The narrow (blue) surface
corresponds to geodesics passing through the matter shell, while
the wide (green) surface corresponds to geodesics probing the
u < 1 region.

FIG. 5 (color online). Logarithm of the quench correlator for
z ¼ 2, with the vacuum value subtracted. The (red) line is a
reference line with slope dl=dt ¼ 2.

4As long as the scaling dimension is sufficiently large for the
geodesic approximation to hold.
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One should note that the fact that l is linear function of t
in (53) depends only on the presence of a first-order zero in
the metric function b at the horizon. Thus, the horizon
effect (that the thermalization of the two-point function
spreads in a cone with finite velocity) in a quantum quench
is indeed directly related to the formation of a black hole
horizon in the gravitational dual.

Even though the relation (53) was derived in the limit of
large l and t it can be seen to apply well for sufficiently
small l and t as can be seen by evaluating the integrals (48)
and (49) numerically. This comparison to the numerical
evaluation is shown in Fig. 3

Numerical results for the correlation functions for differ-
ent values of z are shown in Figs. 4–6. For illustrational
purposes we plot the logarithm of the correlator with the
vacuum value substracted.

To obtain the real thermalization time one has to take
into account all the possible geodesics and pick the ones
that have the lowest length to obtain the correlation func-
tion. For the ranges of t and l we have studied, the lower
bound for the thermalization time agrees with the real
thermalization time for z ¼ 1.5 As can be seen from
Figs. 5 and 6,6 the real thermalization time for z ¼ 2, 3
is indeed longer than the lower bound as there are shorter
geodesics available that pass through the shell. This is seen
in the figures as the lengths of two branches of geodesics
crossing. In the figure, the surface which is above, has a
smaller geodesic length and corresponds to the real value
of the correlation function.

It seems that there are two competing effects at work as z
is increased. On one hand, the upper bound for the ther-

malization velocity increases as v / ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z=2

p
, which can

lead to faster thermalization as z is increased. On the other
hand, it seems that for larger z, the real thermalization
velocity due to competing geodesics is getting smaller
than the upper bound leading to a slowing down of the
velocity as can be seen from the right-hand side of Fig. 6.
From Figs. 5 and 6(a), we see that to a good approxi-

mation the ratio of the time-dependent correlator and the
vacuum correlator is independent of l (for sufficiently large
l) at a fixed time t0. This tells us that outside the thermal-
ized region the correlator can be approximated by

G2ðl; t0Þ � Zðt0Þ
l2�

; (56)

where the wave function renormalization factor Z is a
decreasing function of the time. For the cases z ¼ 2, 3,
the correlation functions at fixed l approach their thermal
values linearly to a very good approximation as can be seen
from Fig. 7. Thus we see that the time dependence of the
wavefunction renormalization is to a good approximation
given by

Zðt0Þ � e�t0�=	; (57)

where 	 is simply the inverse slope of the linear parts of the
curves in Fig. 7. Also, Fig. 7 shows that the time derivative
of the correlator, as it reaches the thermal value, is
discontinuous.

V. ENTANGLEMENT ENTROPY

Another probe of correlations in the quench background
is provided by the entanglement entropy. A holographic
formula for the entanglement entropy for a region S in the
boundary field theory has been suggested in [30–32] to be
given by the area of a minimal surface that ends on a curve
C ¼ @S at the AdS boundary. We will use the same pre-
scription to calculate the entanglement entropy in the case
of an asymptotically Lifshitz spacetime with z � 1. In the
rest of this section we will simply assume that the above
prescription for calculating the entanglement entropy
extends to theories with Lifshitz scaling.
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FIG. 6 (color online). (left-hand figure) Logarithm of the quench correlator for z ¼ 3 with the vacuum value subtracted. The (red)
line is a reference line with slope dl=dt ¼ 2. The thermalization is seen to happen very suddenly as there are several geodesics
contributing. (right-hand figure) The (blue) solid line is the real thermalization time extracted from the correlator, while the (red)
dashed line is a reference line with slope 1 and the (brown) dot-dashed line is the lower bound for the thermalization time as obtained
from numerical integration of (48) and (49).

5There is nothing that guarantees this for larger and larger
values of l.

6It should be noted that Fig. 6(b) has been made by approx-
imating the time-dependent part of the correlator (the blue
surface in Fig. 6(a)) as being independent of l. This is seen to
be a good approximation at least for l > 4. A similar approxi-
mation has been used to produce Fig. 7 and in the next section
Fig. 9(b) and Fig. 10.
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We will study the entanglement entropy of an infinite
strip with a width l. The entanglement entropy is now
obtained by minimizing the area functional

Sent ¼ 1

4GN

Z
d2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j det@�X�@
X�j

q
: (58)

For the infinite strip geometry we will choose to parame-
trize the surface with coordinates �1 ¼ x; �2 ¼ y, where
the strip will be infinite in the y direction and has a length l
in the x direction. Because of translational symmetry of
the strip in the y direction, we can take an ansatz with
@yX

� ¼ 0. The coordinates of the surface are taken as

u ¼ uðxÞ; v ¼ vðxÞ: (59)

Substituting this into the area functional gives

Sent¼ 1

4GN

Z
dy

�
Z
dxu�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðv0Þ2u�2zbðu;vÞ�2v0u0u�z�1þu�2

q
:

(60)

It is convenient to define an entanglement entropy density
as

sent ¼ 4GNSentR
dy

¼
Z

dxu�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðv0Þ2u�2zbðu; vÞ � 2v0u0u�z�1 þ u�2

q

¼
Z

dxLA: (61)

The fact that we multiply the entanglement entropy by GN

can be interpreted in the dual field theory as dividing by the
number of degrees of freedom in the dual field theory.7

Again, there is a conserved Hamiltonian following from
the fact that the integrand in the area functional does not
have explicit dependence on x

HA ¼ @LA

@u0
u0 þ @LA

@v0 v
0 � LA ¼ � 1

u4LA

: (62)

We will choose the x-coordinate in a way that the center of
the strip is at x ¼ 0. Again, the equations and boundary
conditions are symmetric under x ! �x. Thus, the
minimal-length geodesic is again symmetric around
x ¼ 0. Regularity requires us to set u0ð0Þ ¼ v0ð0Þ ¼ 0.
Denoting the turning point of the surface as ½uð0Þ; vð0Þ� ¼
ðu�; v�Þ, we obtain the value of the Hamiltonian (62) as

HA ¼ �u�2� : (63)

This together with the Euler-Lagrange equation that
follows from extremizing the area functional in (61) gives
rise to the two independent equations

uv00 þ 4v0u0 � 2uz�1 þ ðzþ 1Þu1�zðv0Þ2

� z

2
mðvÞu3ðv0Þ2 ¼ 0; (64)

1� 2u1�zu0v0 � u2�2zbðu; vÞðv0Þ2 � u4�
u4

¼ 0: (65)

A. Lifshitz vacuum

In the Lifshitz vacuum b ¼ 1 and we can set dv ¼
�uz�1du. In this way (65) becomes

1þ ðu0Þ2 ¼ u4�
u4

; (66)

which can be integrated as

l

2
¼

Z u�

0

u2duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u4� � u4

p ¼ u�

ffiffiffiffi
�

p
�ð3=4Þ

�ð1=4Þ : (67)

The entanglement entropy density is now given by

sent ¼ 2
Z l=2�~�

0
dx

u2�
u4

¼ 2
Z u�

�

duu�2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðu=u�Þ4

p ; (68)

where ~� is defined through uðl=2� ~�Þ ¼ � and we used

du=dx ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u4�=u4 � 1

p
. Performing the integral in (68)

we get

sent ¼ 2

�
þ 1

l

��ð�1=4Þ�ð3=4Þ
�ð1=4Þ2 : (69)

This result is independent of z and has the same value as in
AdS spacetime [31], since again the spatial part of the
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FIG. 7 (color online). Logarithm of the two-point correlator, with its thermal value subtracted. The different curves correspond to
different values of l as l ¼ 4, 8, 12 from bottom to top. The left-hand figure is for z ¼ 2 while the right-hand figure is for z ¼ 3.

7In the CFT case, by the central charge.
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Lifshitz vacuum metric is identical to that of AdS. The first
term in (69) is divergent as the boundary theory cutoff � is
sent to zero. Furthermore, since this term comes from the
small u behavior of the surface, it is independent of the
state of the system. Meaning that it has the same value also
in the thermal state and in the quench state. Thus, from now
on we will substract the cutoff dependent term out of the
entanglement entropy and define

�sent ¼ sent � 2

�
: (70)

The main physical point here is that

�sent / � 1

l
; (71)

which means that the entanglement entropy of a strip of
width l increases as l is increased. Since �sent is the
entanglement entropy per unit length in the y-direction,
(71) is indeed consistent with dimensional analysis.

B. Thermal equilibrium

To study the entanglement entropy at finite temperature
we set

b ¼ 1� u2þz; (72)

in Eqs. (64) and (65). Next, one can numerically integrate
the equations. Results from a numerical integration are
shown in Fig. 8.

The main physical points here are that the entanglement
entropy for small distances behaves as in the vacuum

�sent / � 1

l
; l � T�1=z; (73)

while for large distances the entanglement entropy seems
to be a linear function of l

�sent / lT2=z; l � T�1=z; (74)

so that it seems extensive at large distances just as the usual
thermal entropy.

C. The quench

To calculate the entanglement entropy in the quench
state we should solve Eqs. (64) and (65) for

b ¼ 1�mðvÞu2þz; (75)

wheremðvÞwill again be chosen to be a hyperbolic tangent
as in (47). With the same arguments as we used in the case
of the geodesic calculation in the previous section, also the
entanglement entropy will thermalize only locally at any
fixed value of time. Meaning that at large enough values of
l the entanglement entropy will be nonthermal and time
dependent, no matter how large values of t we look at. This
again leads to a horizon effect similar to that in the two-
point function. Such a horizon effect has been observed
before in the entanglement entropy in 1þ 1 dimensional
CFTs in [4] and later by using holography in [9–12].
In fact, the thermalization of the entanglement entropy

will happen more slowly than that of the two-point
function in the holographic setup. We can see this simply
by looking at the area functional in (61). Essentially, this
differs from the geodesic length functional simply by
having a one extra power of u�1 in the integrand. This
means that in order to minimize the area functional, the
turning point u� will want to be at a larger value of u than
that in the case of a geodesic. Thus, we see that the minimal
surface will ‘‘hang’’ deeper in the bulk, and will pass
through the matter shell with a smaller value of l. This
means that the thermalization time for the entanglement
entropy ought to be larger than that in the case of the two-
point function.
We can again make this intuition more precise in the

case of a sharp quench [meaning mðvÞ / �ðvÞ]. The cal-
culation is identical to that performed in the previous
section except that now we the minimal surface equation
integrates to

l

2
¼

Z u�

0

duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu4�
u4
� 1ÞbðuÞ

q : (76)

This integral again diverges logarithmically as u� ! 1 and
we can extract the divergent part as

l

2
¼ � 1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
2þ z

p logð1� u�Þ þ finite: (77)

Identifying u� with the position of the matter shell given by
(51), we obtain an upper bound for the thermalization time
(as the time when the minimal area surface starts to pene-
trate the matter shell) as

t ¼ 1ffiffiffiffiffiffiffiffiffiffi
1
2 þ z

4

q l

2
þ finite: (78)

Again, this gives us an upper bound for the thermalization
velocity (restoring the dimensionfull quantities from (33))
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sent

FIG. 8 (color online). The finite part of the entanglement
entropy density as a function of the width of the strip l, in the
thermal state. The different curves correspond to the values
z ¼ 2, 4, 6 from top to bottom. The straight line is a reference
line with slope 1.
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v ¼ 2

�
4�T

2þ z

�ðz�1=zÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ z

4

s
: (79)

The generalization of (79) to general bulk dimensionality
is shown in Appendix A. This velocity is indeed smaller
than that obtained for the thermalization of the two-point
function in (55). Again we should emphasize that (79) is
only an upper bound for the velocity the thermalization can
propagate with. To obtain the real thermalization time one
has to do the full numerical calculation of solving Eqs. (64)
and (65). The results from a numerical integration are
shown in Fig. 9 for the case of z ¼ 2. In this case, we
again see that the real thermalization velocity is smaller
than the upper bound.

From Fig. 10 we see that the entanglement entropy
increases to a very good approximation linearly with
time. Also we see that the entanglement entropy reaches
its thermal value very abruptly. Meaning that @tSent is
discontinuous right when the entanglement entropy
reaches a thermal value. A similar effect is seen for the
case of z ¼ 1 in [10–12].

VI. DISCUSSION

In this paper we have studied quenches in theories with a
scale invariance that is anisotropic between space and time.
The study of quenches in quantum field theory has mainly
concentrated on 1þ 1-dimensional systems near a quan-
tum critical point with relativistic scale invariance z ¼ 1,
where one can use conformal field theory methods [4,5,7]
to study the system. There, one finds that after a quench the
nonlocal observables such as two-point correlation func-
tions and entanglement entropy thermalize only locally at
any fixed value of time. The size of the thermalized region
is found to expand with twice the speed of light. This was
called the horizon effect. More generally, in ‘‘free’’ lattice
systems it was found that the thermalized region expands
with twice the group velocity of the slowest quasiparticle.
This provides a nice intuitive picture of how the quench is
followed by a release of a large number of energetic
quasiparticles. As being released from sufficiently
close to each other the quasiparticles are entangled.
Subsequently, these quasiparticles move with their corre-
sponding group velocities (which in the case of a CFT is
the speed of light). When a pair of quasiparticles reaches
the points where the operators of the two-point correlation
function are located, one finds quantum correlations that
are due to their initial entanglement. When the pair of
quasiparticles has already passed through the two points,
the correlation function is affected only by noncorrelated
quasiparticles, and it averages to a thermal value. When
studying quantum quenches using holography a similar
horizon effect was found in 1þ 1 as well as higher dimen-
sional systems [9–13], albeit with some small differences.
The above results are only applicable to the case when

the quantum critical point exhibits relativistic scaling
z ¼ 1. In this paper we have studied quenches on quantum
critical points with general values of z using holography.
We constructed analytic solutions corresponding to an
infalling shell of massless and pressureless matter. These
solutions are straightforward generalizations of the Vaidya
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FIG. 9 (color online). (left-hand figure) The entanglement entropy density in the quench state as a function of the width of the strip l
and the time t, for the case of z ¼ 2. The (red) line corresponds to the upper bound velocity, which in dimensionless coordinates is
simply 1. (right-hand figure) The (blue) solid curve is the real thermalization time, while the (brown) dot-dashed curve is the lower
bound for the thermalization time and the (red) dashed curve is a reference line with slope 1. As the figure shows, thermalization of
the entanglement entropy really happens more slowly than the upper bound due to multiple surfaces contributing to the same values
of ðl; tÞ.
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FIG. 10 (color online). Evolution of the entanglement entropy
density in the quench state for z ¼ 2, with the thermal value
subtracted. The different curves correspond to the values
l ¼ 4, 8, 12.
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solution [25] to an asymptotically Lifshitz spacetime. This
solution provides a holographic model of a quench where
energy is injected to the system at time t ¼ 0.
Subsequently, the system evolves into a thermal state,
which in the gravitational description means that the matter
shell forms a black hole.

In a quantum critical point with z > 1, one expects the
quasiparticles (if such a concept makes sense) to have a
dispersion relation of the form ! / kz. This leads to a
group velocity v / kz�1. If one applies the heuristic picture
of the horizon effect to these quasiparticles, one concludes
that thermalization of nonlocal observables never happens
as the group velocity of the slowest modes is arbitrarily
close to zero. On the other hand, if the thermalization is
somehow driven by the high-energy modes one might think
that thermalization happens immediately as v is not
bounded from above for large k.

Neither of these possibilities is what we find in the
holographic model. What we find is that there is a horizon

effect which proceeds at a finite velocity v / Tðz�1Þ=z,
where T is the temperature of the equilibrium state
reached. The peculiar temperature dependence of the
propagation velocity of the thermalization horizon follows
simply from dimensional analysis. It also suggests that the
thermalization is mainly mediated by quasiparticles with

average energy T as this can lead to a velocity v / Tðz�1Þ=z.
This is of course natural since after the quench, the average
energy of a quasiparticle should indeed be given by T. We
do not find any time dependence in the correlation function
or the entanglement entropy after the thermalization time is
passed. So it seems that there are no ‘‘small momentum
quasiparticles’’ that could destroy the thermalization, as
they would lead to late-time oscillations in the correlators
[7]. A possible explanation is that any quasiparticles with
small momenta will be excited to have momenta of the

order k ¼ T1=z by scatterings with the surrounding me-
dium, as we are dealing with theories which are strongly
interacting. Then because the quasiparticle group velocity
is a nontrivial function of the momentum (this is different
from the case z ¼ 1 where the velocity is a constant, the

speed of light) the quasiparticles can speed up to v /
Tðz�1Þ=z as given by the average energy in the system.
Similarly, high energy quasiparticles can slow down to

velocities v / Tðz�1Þ=z through scatterings.
We also found upper bounds for the velocity of the

thermalization horizon analytically. These indeed show
that thermalization must happen at a finite velocity even
though there is no reason for this from causality in the
dual field theory for the case of z > 1. The velocity
bounds, as well as the real thermalization velocities, are
different for different observables. We found that
generally entanglement entropy is the observable that
thermalizes last. The ratio between the thermalization
velocities of two-point functions and entanglement
entropy was found to be order 1.

Even though the different observables thermalized with
different velocities, there was some universality in the
two-point functions because the velocity at which they
thermalized was seen to be independent of the scaling
dimensions of the operators.8
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APPENDIX A: A HIGHER
DIMENSIONAL EXAMPLE

In the bulk of the text we were dealing with the case
where the bulk was 3þ 1 dimensional. The results for
higher dimensional cases are qualitatively similar. In this
appendix we consider d dimensional bulk, and present
numerical results for the case d ¼ 5 and z ¼ 2.
The geodesic Eqs. (31) and (32) depend on the bulk

dimensionality only through the metric factor

bðu; vÞ ¼ 1�mðvÞud�2þz: (A1)

Thus, they generalize immediately to general values of d.
By considering the case of a thin shell, we can again
calculate analytically a lower bound for the thermalization
time at large values of l. The integrals (48) and (49) apply
to the higher dimensional case with the difference that the
metric factor is b ¼ 1� ud�2þz. With this difference, the
logarithmically divergent parts are now

t ¼ � 1

dþ z� 2
logð1� u�Þ þ finite; (A2)

l

2
¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðdþ z� 2Þp logð1� u�Þ þ finite: (A3)

transforming back to dimensionfull quantities we get an
upper bound velocity (at large l) with which the thermal-
ization can spread as

v ¼ 2

�
4�T

2þ z

�ðz�1=zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dþ z� 2

2

s
: (A4)

As an example for the full correlation function the case
d ¼ 5 and z ¼ 2 is displayed in Fig. 11. Thermalization is

8This may be an artifact of the geodesic approximation.
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in this case seen to spread with the upper-bound velocity,
which in this case is (in dimensionless coordinates)

v ¼ ffiffiffiffiffiffi
10

p
.

The entanglement entropy is now obtained by minimiz-
ing

Sent ¼ 1

4GN

Z
dd�2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j det@�X�@
X�j

q
: (A5)

Here we calculate the entanglement entropy for a ‘‘belt’’
region. In this way we will choose the coordinates parame-
trizing the hypersurface as �1 ¼ x; �2 ¼ y; . . . ; �d�2 ¼
w. The interior of the belt corresponds to x 2 ð�l=2; l=2Þ
and the other coordinates range from �1 to þ1. In this
way the entanglement entropy density functional to mini-
mize becomes

sent ¼ 4GNSentR
dy . . . dw

¼
Z

dxu3�d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðv0Þ2u�2zbðu; vÞ � 2v0u0u�z�1 þ u�2

q
:

(A6)

Minimizing (A6) leads to the equations

uv00 þ 2ðd� 2Þv0u0 � ðd� 2Þuz�1

þ ðzþ d� 3Þu1�zðv0Þ2

þ 1

2
ð4� z� dÞud�1mðvÞðv0Þ2 ¼ 0; (A7)

1� 2u1�zu0v0 � u2�2zbðu; vÞðv0Þ2 � u2d�4�
u2d�4

¼ 0: (A8)

Again we can analytically calculate a lower bound for the
thermalization time. This time the minimal surface
equations lead to an integral

l

2
¼

Z u�

0

duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu2d�4�
u2d�4 � 1ÞbðuÞ

q

¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðd� 2Þðzþ d� 2Þp logð1� u�Þ þ finite; (A9)

which together with (A2) leads to an upper bound velocity
(in dimensionfull coordinates)

v ¼ 2

�
4�T

2þ z

�ðz�1=zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dþ z� 2

2ðd� 2Þ

s
(A10)

Curiously, the ratio of the upper bound velocities for the
two-point function and the entanglement entropy is inde-

pendent of z and is given by
ffiffiffiffiffiffiffiffiffiffiffiffi
d� 2

p
. The entanglement

entropy for z ¼ 2 and d ¼ 5 as a function of l and t is
shown in Fig. 11(b). In this case thermalization happens
more slowly than the upper bound velocity.

APPENDIX B: APPARENT
HORIZON AND EVENT HORIZON

In this appendix we locate the apparent horizon and the
event horizon for the infalling shell metric

ds2 ¼ �r2zbðr; vÞdv2 þ 2rz�1dvdrþ r2dx2; (B1)

where we take the number of spacetime dimensions to be
d ¼ 4. The calculation follows closely the corresponding
calculation for z ¼ 1 in [9].
Our spacetime can be foliated by the spacelike surfaces

r ¼ const and v ¼ const and then we can define two null
vectors that are orthogonal to the surfaces

Nin ¼ �r1�z@r; Nout ¼ @v þ 1

2
rzþ1bðr; vÞ@r; (B2)

where the normalization is chosen in a way that Nin �
Nout ¼ �1. The expansion around the null directions are
given by � ¼ ~g��r�N�, where ~g�� is the induced metric

on the surface. A straightforward calculation gives

FIG. 11 (color online). (left-hand figure) The logarithm of the two-point correlation function with vacuum value subtracted, for
z ¼ 2 and 3þ 1 dimensional dual field theory. The (red) curve corresponds to the upper bound speed v ¼ ffiffiffiffiffiffi

10
p

from (A4). (right-hand

figure) The entanglement entropy density for the same d and z. The (red) curve corresponds to the upper bound speed v ¼ ffiffiffiffiffiffiffiffiffiffiffi
10=3

p
from (A10).
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�in ¼ �2r�z; �out ¼ rzbðr; vÞ: (B3)

Thus, the inward null geodesics always converge, while the
outward geodesics converge when bðr; vÞ< 0. The appar-
ent horizon is in this case given by the locus where
bðr; vÞ ¼ 0. For the uncharged black hole solutions, this
gives the position of the apparent horizon as

rðvÞ ¼ mðvÞð1=2þzÞ: (B4)

Now we calculate the position of the event horizon. Since
in our case the mass function mðvÞ approaches a constant
m as v ! 1, the event horizon is simply given by the

outgoing null geodesic which approaches the position of
the apparent horizon as v ! 1. Outgoing null geodesics
satisfy the first order differential equation

dr

dv
¼ 1

2
rzþ1bðr; vÞ: (B5)

For a given mass function the solution to this equation,

with the boundary condition limv!1rðvÞ ¼ m1=ð2þzÞ,
specifies the event horizon uniquely. The event horizon
and the apparent horizon are shown in Fig. 2, for the choice
of mass function in (47).
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KERÄNEN, KESKI-VAKKURI, AND THORLACIUS PHYSICAL REVIEW D 85, 026005 (2012)

026005-14

http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1038/nature00968
http://dx.doi.org/10.1103/PhysRevLett.96.136801
http://dx.doi.org/10.1103/PhysRevLett.96.136801
http://dx.doi.org/10.1103/PhysRevB.81.012303
http://dx.doi.org/10.1103/PhysRevB.81.012303
http://arXiv.org/abs/0912.4034
http://dx.doi.org/10.1007/JHEP11(2010)149
http://dx.doi.org/10.1007/JHEP11(2010)149
http://dx.doi.org/10.1103/PhysRevLett.106.191601
http://dx.doi.org/10.1103/PhysRevLett.106.191601
http://dx.doi.org/10.1088/1367-2630/13/4/045017
http://dx.doi.org/10.1088/1367-2630/13/4/045017
http://dx.doi.org/10.1103/PhysRevD.84.026010
http://dx.doi.org/10.1103/PhysRevD.84.026010
http://arXiv.org/abs/1109.3571
http://dx.doi.org/10.1103/PhysRevD.84.105017
http://dx.doi.org/10.1103/PhysRevD.84.105017
http://arXiv.org/abs/1110.0488
http://arXiv.org/abs/1110.1607
http://dx.doi.org/10.1007/JHEP07(2010)071
http://dx.doi.org/10.1007/JHEP07(2010)071
http://arXiv.org/abs/1109.3909
http://dx.doi.org/10.1103/PhysRevD.78.106005
http://dx.doi.org/10.1103/PhysRevD.78.106005
http://dx.doi.org/10.1088/1126-6708/2008/02/104
http://dx.doi.org/10.1088/1126-6708/2008/02/104
http://arXiv.org/abs/1106.4324
http://dx.doi.org/10.1103/PhysRevD.80.105007
http://dx.doi.org/10.1103/PhysRevD.80.105007
http://dx.doi.org/10.1007/JHEP04(2010)120
http://dx.doi.org/10.1007/JHEP04(2010)120
http://dx.doi.org/10.1103/PhysRevD.83.046003
http://dx.doi.org/10.1103/PhysRevD.83.046003
http://dx.doi.org/10.1007/BF00756891
http://dx.doi.org/10.1007/BF00756891
http://dx.doi.org/10.1088/1126-6708/2009/09/034
http://dx.doi.org/10.1088/1126-6708/2009/09/034
http://arXiv.org/abs/1010.5443
http://arXiv.org/abs/0812.0530
http://dx.doi.org/10.1007/JHEP09(2011)017
http://dx.doi.org/10.1007/JHEP09(2011)017
http://dx.doi.org/10.1103/PhysRevLett.96.181602
http://dx.doi.org/10.1103/PhysRevLett.96.181602
http://dx.doi.org/10.1088/1126-6708/2006/08/045
http://dx.doi.org/10.1088/1126-6708/2006/08/045
http://dx.doi.org/10.1088/1126-6708/2007/07/062
http://dx.doi.org/10.1088/1126-6708/2007/07/062
http://dx.doi.org/10.1007/JHEP04(2010)101
http://dx.doi.org/10.1007/JHEP04(2010)101
http://dx.doi.org/10.1016/j.nuclphysb.2010.08.006
http://dx.doi.org/10.1016/j.nuclphysb.2010.08.006
http://dx.doi.org/10.1007/JHEP07(2011)109
http://dx.doi.org/10.1007/JHEP07(2011)109
http://dx.doi.org/10.1103/PhysRevD.61.044007
http://dx.doi.org/10.1103/PhysRevD.61.044007
http://arXiv.org/abs/hep-th/9808016

