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Semicoherent search strategy for known continuous wave sources in binary systems
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We present a method for detection of weak continuous signals from sources in binary systems via the
incoherent combination of many short coherently analyzed segments. The main focus of the work is on the
construction of a metric on the parameter space for such signals for use in matched-filter based searches.
The metric is defined using a maximum likelihood detection statistic applied to a binary orbit phase model
including eccentricity. We find that this metric can be accurately approximated by its diagonal form in the
regime where the segment length is << the orbital period. Hence, correlations between parameters are
effectively removed by the combination of many independent observations. We find that the ability to
distinguish signal parameters is independent of the total semicoherent observation span (for the semi-
coherent span >> the segment length) for all but the orbital angular frequency. Increased template density
for this parameter scales linearly with the observation span. We also present two example search schemes.
The first use a reparametrized phase model upon which we compute the metric on individual short
coherently analyzed segments. The second assumes long >> the orbital period segment lengths from
which we again compute the coherent metric and find it to be approximately diagonal. In this latter case

we also show that the semicoherent metric is equal to the coherent metric.
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I. INTRODUCTION

The search for continuously radiating sources in binary
systems has proven to be a consistently intensive endeavor
in a number of branches of astrophysics, the prime focus
being the search for pulsars in the fields of radio and x-ray
astronomy, and more recently for nonaxisymmetric rapidly
rotating neutron stars in gravitational-wave (GW) astron-
omy. In the radio and x-ray fields, it has long been known
how to perform searches for such systems over relatively
short observation times (<< orbital period), known as
“acceleration” searches [1-3]. In this type of search the
frequency of a Doppler modulated signal from a source
in a binary system is, over the short observation, approxi-
mated by its Taylor expansion and the search is performed
over a parameter space defined by the frequency and its
derivatives. More recent searches, sensitive in the com-
plementary extreme to systems with orbital periods <«
the observation time, have also been successful in the
detection of pulsars in the radio band [4—6]. These searches
take advantage of the distinct frequency domain signature
generated by a frequency modulated signal such as a
Doppler modulated continuously emitting pulsar in a bi-
nary system. This type of search is also planned for appli-
cation to the GW case [7].

In this work we are motivated by the problems inherent to
detection of GW radiation from known binary systems, of
which primary examples are the low-mass x-ray binaries
(LMXBs). In this case the signal is expected to be extremely
weak and the parameter space known to be very large, the
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proverbial “needle in a haystack.” This is also a long-
standing issue for x-ray astronomy for a subset of these
objects [8,9]. Here we consider known objects as systems
where the sky position is assumed to be known precisely and
that the intrinsic source frequency, as well as the orbital
parameters of the system, are unknown. In the search for
GWs from such objects, to date, two strategies have been
employed, one being a fully coherent analysis [ 10] spanning
only a short observation time, and the other employing a
cross-correlation technique [11] using data from multiple
detectors. In the former a parameter space covering was
used based on the coherent parameter space metric on a
noneccentric phase model with known orbital period [12].
The coherent metric, as we will show in Sec. I C, is simply a
measure of ““distance’ defined on the parameter space and
informs us on how to place templates (or filters) optimally
within the parameter space for a coherent search. Here we
aim to expand on this approach and compute the semi-
coherent metric, a similar measure of distance but defined
on a semicoherent detection statistic.

The first work on the coherent parameter space metric
for sources in binary systems [12] has recently been built
upon by [13], where it has been shown for the GW case that
searches for the LMXBs are computationally bound mean-
ing that the number of templates one is required to process
to optimally cover the parameter space is too large to
compute on human time scales. The apparently optimal
fully coherent approach is therefore unfeasible. This is a
common theme within continuous GW data analysis for
large parameter space searches and has been addressed
via various applications of what we will call “‘semicoher-
ent” searches. This is where an observation is divided
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into a number of individual coherent observations, or
“segments,” which are then incoherently combined to
form a more powerful detection statistic. The term semi-
coherent is in reference to the fact that the unknown phase
of the signal has been either maximized or marginalized
away within each segment of the analysis and, hence, there
is no required phase coherence between the signal and our
phase model for the duration of the entire observation span.
Since the number of templates required for fully coherent
searches typically scale with the coherent observation time
to a power [ > 1, by dividing up the observation into M
segments the number of templates required to cover all
segments (the number for each segment multiplied by the
number of segments) will be reduced by a factor of M/~
The missing piece of the puzzle for sources in binary
systems is the method by which to combine the detection
statistics computed on the templates within each coher-
ently analyzed segment. This is also true in the case of the
search for x-ray pulsations from the LMXBs where, in
addition to being computationally bound just as in the
GW case, single observations of individual sources from
x-ray timing satellites such as RXTE (Rossi x-ray timing
explorer) are typically restricted to time scales of order
~1 hour. This limitation, due to scheduling constraints and
obscuration of the source as the detector orbits the earth,
represents an automatic and unavoidable division of the
complete data set into segments.

The work presented here is based on that of [14-16],
who were the first to describe the concept of the metric,
based on a distance measure equivalent to the expected loss
in the detection statistic between signal and template (the
mismatch) in a matched-filter based search. From such a
metric, one would then proceed to place templates within
the parameter space based on the criteria that the mismatch
at any given point was always less than a desired threshold.
In [17] it was shown that the metric on the general semi-
coherent detection statistic was simply the average of the
coherent metrics from the constituent segments. Recent
work by [18,19] has described the construction of such a
metric on the parameter space defined by the frequency and
its derivatives and the sky coordinates. This result is spe-
cific to all-sky, wideband, searches for GWs from unknown
isolated sources. In this work we compute the semicoher-
ent metric for the complementary class of sources, the
known sources with known sky position in binary systems
with unknown frequency and orbital parameters.

In the remainder of this section we review the binary
system signal model and the powerlike detection statistic
as well as the coherent and semicoherent metric defini-
tions. In Sec. II we describe the calculation of the coherent
and semicoherent metric for the specific case of sources in
binary systems. In particular, we analyze two complemen-
tary scenarios, in Sec. Il A we deal with cases where the
segment length is < the orbital period of the source and in
Sec. IIC the case where the segment length >> the orbital
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period. In each case we outline a basic method for the
practical implementation of a search, and in Sec. III we
summarize our findings.

A. The signal model

We model a continuously emitting source of radiation
[either GW or electromagnetic (EM)] located within a
binary system with a nonemitting companion. In this sense
we define the noise-free continuous signal received at an
inertial reference frame to be

s(r) = Asin[®(r) + Dy, €]

where A as the constant signal amplitude and ®, is a
constant phase offset. Note that in the following we are
assuming that the intrinsic source frequency is constant
(i.e. there is no intrinsic frequency evolution of the source)
and that any detector motion relative to the chosen inertial
reference frame has been accounted for. The latter assump-
tion in practice requires that the sky position of the source
is known to high accuracy and that the time series has been
barycentered (usually to the solar-system barycenter). We
also ignore the slowly varying amplitude response in the
case of a GW signal. The remaining phase contribution is
assumed to be entirely due to the constant intrinsic fre-
quency and the Roemer delay across the source orbit.

This time-dependent phase for a source in a bound
eccentric (nonrelativistic) orbit is [20]

O(1) = 27v{t — t,f + a[sinw(cosE(r) — e)

+ cosw sinE(H)V1 — €]}, 2)

where v is the intrinsic signal frequency,' 7, is some
reference time (at which the signal phase is equal to @,
in the source frame), a is the orbital semimajor axis pro-
jected along the line of sight and divided by the speed of
light, @ is the argument of periapse, e is the orbital
eccentricity, and FE is the eccentric anomaly. The eccentric
anomaly is defined by the transcendental relation

2777(1 —t,) = E — esinE, 3)

where P is the orbital period (equal to 277/{) where () is the
orbital angular frequency) and 7, is the time of periapse (the
point of closest approach to the prime focus of the orbit).
With regards to the search for continuous GW emission
from sources in binary systems, the primary targets (as
mentioned in Sec. I) are the LMXBs. These sources are
observed to have highly circularized orbits (see [13] for
detailed descriptions of current orbital parameter esti-
mates) and as such we have chosen to limit our investiga-
tions to low-eccentricity orbits. In the low-eccentricity
limit (e < 1). we can adopt the approximation [21,22]

'We have assumed that the velocity of the binary barycenter is
constant relative to the inertial reference frame and hence
absorbed any Doppler shifts into ».
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D) ~ 2771/{; - a[smw) + 5 sin2y (o)

n 3n
——cos2y(r) —— |t 4
2 eos2u) - |} @)
where we have Taylor expanded the orbital contribution to
the phase in powers of the eccentricity e up to leading
order. In addition we have adopted the following parame-
ters,

K = eCcosw, (52)

7 = esinw, (5b)

as replacements for the more physical e and w parameters.
This change is motivated by the fact that for low-eccentric
systems strong degeneracies between the argument of peri-
apse w and the time of periapse passage #, would compli-
cate our analysis. In addition we also define

l//(t) = Q(t - lasc); (6)

as the time-dependent orbital phase as measured relative to
the time of passage through the ascending node of the orbit
tyse = 1, — w/Q.

The circular orbit case is a specific instance of the more
general elliptic orbit [Eq. (2)]. For ¢ = 0 we can write the
phase model in this case as

D(1) = 27v[t — tep — asing(1)], @)

where the extraneous parameter w has been set to w = 7
such that, just as for the Taylor-expanded low-eccentricity
case, the orbital reference time is the time of passage
through the ascending node of the orbit rather than the,
now meaningless, time of periapse 7.

For the majority of our primary sources, the LMXBs, the
expected eccentricities in these systems are relatively low
(typically >1073). However, despite the apparent current
requirement for circular orbits only, we continue the analy-
sis using the phase defined for an low-eccentricity orbit
[Eq. (4)] since the results that follow from this choice can
easily be interpreted for either the eccentric or circular
orbit cases.

B. The detection statistic

In searching for deterministic signals in noisy data one
wishes, in general, to distinguish between the noise hy-
pothesis and the signal-plus-noise hypothesis in order to
determine the presence of a signal. In this case the
likelihood-ratio test is optimal in the Neyman-Pearson
sense [23]. We assume that our measured time-series data
set consists of our signal and additive Gaussian noise
sampled uniformly at discrete times ¢; such that

x(tj) = s(z;, 8') + n(t)), €]

where @' is a vector containing the signal parameters. We
can write the likelihood function as
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N N

L®) > expf =3 3 3 (3 = 5,ONC 5 ~ 50
j=1k=1

(€))

where C is the noise covariance matrix, N is the number of
samples in our time series, and for simplicity of notation
we have replaced x(¢;) with x; and s(z;) with s;.

One can show that twice? the log-likelihood ratio (the
log of the ratio between the likelihood function defined
above and the likelihood assuming no signal), when ana-
lytically maximized over the “nuisance” parameters A and
d, becomes

4 2

AO) =37

(10)

N
Z Atxje*"q’f(”)
=

in the case of ““white”” noise where the covariance matrix is
diagonal.3 Note that the unprimed @ represents the reduced
parameter set after having removed the dependence upon
the nuisance parameters and that we have used Ar as our
sampling time, AT = NArt as our time span, and S, as the
single-sided noise spectral density (assumed constant over
the frequency band of interest). This detection statistic has
the form of a Fourier power with the exception that the
complex phase, with which we multiply each datum, con-
tains an orbital phase component in addition to the intrinsic
frequency component.

The statistical behavior of the log-likelihood-ratio de-
tection statistic in additive Gaussian noise follows that of a
x? distribution. In the simplified constant amplitude case
described here, the random variable A(@) is described by a
noncentral 3 distribution (the subscript indicates the num-
ber of degrees of freedom). Assuming a set of signal
parameters @, the expectation value of A(@) evaluated at
an offset parameter space location @ + A@ is then given by

2

E[A(0,A0)] =2 + p*(0,0) (11)

J

N
oiAD;(0,A0)
=1

where p?(6, 0) is the optimal signal-to-noise ratio (SNR)
given by

N
p%(0,0) = SE D Ars¥(0). (12)
n j=]

Note that we have used AD;(0, A9) = ®,(0 + AF) —
®;(0) to represent the phase offset caused by the offset
in parameter space location. Also note that the second
term in Eq. (11) is equal to the noncentrality parameter
governing the x3 distribution which becomes the optimal

*We multiply the log-likelihood ratio by 2 so that it is exactly
consistent with a y? distribution with 2 degrees of freedom.

3This is a valid assumption for practical purposes since analy-
ses are typically divided into narrow frequency regions within
which the noise spectral density can be assumed white.
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signal-to-noise-ratio (SNR) squared when the template and
signal parameters are exactly matched. In our problem we
are faced with a continuum of signal hypotheses defined by
the parameter space spanned by @, which we must some-
how sample from. The common frequentist strategy in
parameter space searches is to maximize the detection
statistic over all unknown parameter values. For two of
these parameters, A and @, we have performed this max-
imization analytically. In the following section we describe
the standard strategy for performing the remaining
maximizations.

For a deterministically amplitude modulated signal,
such as in the GW case, the standard technique is to
analytically maximize not only over the phase and ampli-
tude of the signal but also over the inclination angle of the
source and the polarization angle of the GW [25]. In such a
case the detection statistic becomes a y? statistic with
4 degrees of freedom.

C. The coherent metric

The parameter space in our case is defined by the
ranges in uncertainty on the frequency and orbital parame-
ters defining our signal. When faced with the prospect of
searching this space for the true signal parameters, we rely
on the concept of the parameter space metric [14-16]
which allows us to set a measure of distance by which
we can determine how to sample within the space. Using
this geometrical approach we are able to satisfy the con-
straints that our templates will not be placed too coarsely
such that we will not ““miss” a signal and also that they will
not be placed too finely such that we will be wasting
computational effort. The standard choice is to define the
distance measure for a coherent analysis as the ratio of
the expectation value of the loss in SNR local to a signal’s
true parameters and the expectation value of SNR at the
true signal parameters. This measure, or mismatch, is then

p*(0,0) — p*(6, A09)
p*(0,0)

By Taylor expanding the mismatch around the true signal
location @ we obtain

w(0, A0) =

(13)

(0, A0) = g,,(O)A0#A0” + 0(AGP),  (14)

where the coherent metric g, (@) is defined as

9D (0) 3@(0)> B <a<l>(0)><a<l>(0)> (15)

0 —
8ur(0) <aaﬂ 96" a6" [\ 06"

*We note that, strictly speaking, the optimality of the standard
likelihood ratio applies only for the point-hypothesis case. It has
been shown [24] that the optimal statistic in the more general
case (including the point-hypothesis case) where one is faced
with a continuum of signal hypotheses (defined one some
parameter space) is the Bayesian statistic, the ‘“‘Bayes factor.”
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with (- - ) representing the average over the coherent ob-
servation time and with A@* representing the deviation in
the pth parameter from its true value.

D. The semicoherent metric

The first stage of a semicoherent analysis is the process
of performing the multiple constituent coherent analyses
on the M independent data segments into which the full
observation has been divided.’ Such separate analyses will
result in the generation of discretely sampled values of the
detection statistic A,, on the parameter space spanned by
0, where m indexes the segment number. Note that the
metric in each segment and therefore also the mismatch
will vary between segments since the metric can be a
function of the segment epoch (as is the case in our binary
system).

Since A,, are maximized log-likelihood ratios, it follows
that a sensible choice is to define the semicoherent detec-
tion statistic as the sum of these values as a function of 0,

M
AO) = > A0 (16)
m=1

Therefore, such a statistic would itself represent a log
likelihood on the space spanned by @, with the understand-
ing that there has been an implicit maximization over M
distinct amplitudes A,, and @ ,,.

In practice, the reason behind adopting a semicoherent
strategy is likely that we lack the computational resources
required to coherently track the phase of a signal over long
observation times, in which case the introduction and max-
imization of M distinct initial phases is an approximation
to the true phase model. We note that the similar introduc-
tion of the M distinct signal amplitudes also does not
appear to be consistent with our original signal model.
The semicoherent detection statistic is now also sensitive
to signals for which the amplitude varies with a time scale
>> the coherent segment length AT. This subtle feature is a
potential improvement with regards to searches in the x-ray
spectrum for signals from LMXBs where the amplitude is
not necessarily expected to be constant [26].

Based on the fact that the individual segment A,, values
are x3 distributed, it follows from Eq. (16) that A is Xau
distributed with a noncentrality parameter equal to the sum
of the individual segment noncentrality parameters. The
expectation value of A(@) is therefore given by

M
E[A0.A0)] =2M + > p2(0. A0). (17)

m=1

SWhile in this work we concentrate on a division of the
complete data set in the time domain, semicoherent searches
in general may also suit division of the data set in the frequency
domain, e.g. [7].
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The semicoherent mismatch (defined as the loss in semi-
coherently summed SNR) is then

X 1 & p2(0,0) — p2(0,A0)
(0, A0) _Mmg] 2 0.0) . (18a)
] M
m=1

where we have assumed that each segment has identical
duration and noise level. In practice, while it may be sim-
ple to maintain constant segment lengths, detector noise
may vary between segments. In addition, for GW detectors,
amplitude modulation of the signal due to the changing
response of the detector as the earth rotates will have an
effect [27].

By substituting Eq. (14) into Eq. (18b) the semicoherent
metric G, (@) can then be expressed as

1 M
Gu(0) = = 3 gi(0). (19)
m=1

This is the standard result, as shown in [17], that the
semicoherent metric is simply the element-by-element
average of the constituent coherent metrics.

E. Template placement

In both the coherent and semicoherent stages of the
analysis, the intention is to use the information contained
in the metric description of the parameter space to place
templates. The task is then to cover such a space efficiently
while adhering to the constraint that no template should
have mismatch with any potential signal, greater than a
given threshold, w*. In this work we simply refer the reader
to recent efforts made in the field of GW data analysis with
regards to metric based template placement.6

In the case of a constant metric, one in which either
careful parametrization or luck has left a metric of which
the elements are constant over the parameter space, the
problem is directly equivalent to the ‘“‘sphere covering”
problem [28]. This was realized and investigated, in the
context of GW data analysis, in [29]. In general, in the
constant metric case the optimal solution (in the sense
of guaranteed parameter space coverage) is to use an
n-dimensional lattice of templates. The most basic (but
inefficient) of these lattices being the hypercubic Z,, lattice
and the most efficient being the class known as the A,
lattice.

For the more general case of a metric whose elements
are functions of the location in the space itself, template
placement is more difficult. The coordinate volume and
orientation of the area local to a template will change as

Note that there are many other parameter space exploration
strategies that do not use the metric, e.g., Markov-chain-Monte-
Carlo methods.
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one moves through the parameter space. Hence, the density
and relative separations between templates in each of the
dimensions of the space changes depending on where
we are placing templates. An optimal solution to this
particular problem has yet to be found although recent
work on so-called “random” and ‘“‘stochastic” template
banks [30-33] shows impressive covering performance
especially for higher dimensional spaces. These methods
use only information regarding the required local template
density, a quantity proportional to the square root of the
determinant of the metric.

F. Combining results from different segments

Let us imagine that the coherent detection statistic has
been computed for all templates in all segments. We now
have the information required to compute an ensemble of
semicoherent detection statistics and the general form of
the semicoherent metric [Eq. (19)] tells us how to construct
a semicoherent template bank on the same parameter
space. We note that the semicoherent template bank is
(a) potentially sampled far more finely than the coherent
template banks, and (b) potentially defined on a different
parameter space coordinate system (this is the case for the
scenario described in Sec. I A). For each semicoherent
template we need to perform the following.

First, for each coherent segment we transform the pa-
rameters of the semicoherent template into the parameters
used in the segment. For each set of transformed coordi-
nates we interpolate the value of the detection statistic on
the coherent template bank at the desired parameter space
location. The interpolated detection statistics are then
summed according to Eq. (16). This is repeated for each
template in the semicoherent template bank.

A particularly fast and simple interpolation method is to
use the nearest neighbor approach, the speed and simplicity
of which benefits from the use of a hypercubic lattice
within each segment. Higher precision is achieved by using
smaller mismatches in the coherent stage. Using both the
inefficient hypercubic lattice and decreasing the mismatch
will of course increase the computational cost of comput-
ing the coherent stage of the analysis.

The assumption that the coherent analysis had been
computed prior to this procedure need not be the case in
practice. One could perform the interpolation and sum-
ming as each segment is being analyzed as long as the total
time span of the complete data set was known a priori,
since as we will see, the semicoherent metric is dependent
upon the total time span.

II. RESULTS

In this section we report on the results obtained through
calculation of the semicoherent metric elements via
Eq. (19) using the binary system phase model given by
Eq. (4). In parallel we provide basic schemes for the
practical application of a semicoherent search in two
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observational regimes determined by the length of the
coherent observation AT. The first having a short coherent
stage with AT < P where the segment length is far shorter
than the orbital period, and the second having a “long”
coherent stage AT >> P where the segment length exceeds
the orbital period.

A. The coherent metric for short (AT < P)
coherent segments

In practice, one need not compute the coherent detection
statistic for all segments using templates given by the
semicoherent metric. The semicoherent metric tells us
how finely we must sample the parameter space for the
complete semicoherent analysis. It is the coherent metric
that tells us how finely we must sample each segment.

In the short segment regime the coherent metric, calcu-
lated in our physical frequency and orbital parameter
space, develops strong parameter degeneracies for short
observation times, making template placement difficult.
In this situation the reduction in detection statistic due to
offsets between the template and the signal in one parame-
ter can be effectively counteracted by offsets in another.
Additionally, the coherent metric computed in any chosen
coordinates, would in general result in different physical
parameter template locations in each segment. Therefore,
once the coherent segments have been processed, for a
given semicoherent template there will not be a collection
of corresponding coherent segment detection statistics to
sum together all computed at the exact same parameter
space location.

To address the first issue we propose the adoption of
a reparametrization [18] that greatly simplifies the phase
model but that is only valid in the limit QAT < 1, i.e.
when the length of coherent segment is only a fraction of
the orbital period. In this case, by simple Taylor expansion
of the phase model, given by Eq. (4), in terms of the time ¢
about the midpoint of each coherent observation we obtain
an approximate phase model given by

n . (m)
m u m
D, (t;,u) = O + 27y ﬁ(z, — "k (20)
k=1 .

(m)

mid

is the midpoint of the mth segment, CI)E)'") is the
(m)
k

where ¢t

phase at this midpoint, and the new coordinates «, ° map to
the physical parameters via the equations given in
Appendix A. Note that the u coordinates themselves are
exactly the instantaneous phase derivatives at the midpoint
of each segment indexed by k which runs from 1 to n. Also
note that by this reparametrization the boundaries of the
parameter space in the new coordinates will not have the
same shape as the physical parameter boundaries.

By direct application of Eq. (15) to our reparametrized
phase model, we find that the metric in the u coordinates is
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T uvATHY _
gw(u): 202+ DI (w+ 1) (u+v+1)’ M+ v=even (1)

0, u+v=odd

Here we see that the elements themselves are independent
of parameter space location making this a constant metric
and therefore simple for template placement. The fact that
the g, (u) elements vanish for u + » being odd indicates a
lack of correlation between adjacent phase expansion
terms, a feature that is exemplified in Fig. 1. In this figure
we show the results of a simulation in which the coherent
mismatch w(u, Au) has been computed in a region in the u
parameter space surrounding a simulated noise-free signal.
The degree of correlation between the parameters for the
cases where u + v is even is clearly indicated by the
diagonal orientation of the mismatch contours. Also evi-
dent from the figure is that the predicted 10% mismatch
contour, computed using the metric approximation given in
Eq. (21), is in good agreement with the simulation results.
The metric itself is a quadratic approximation around the
peak of the log-likelihood ratio and in general is only
expected to be accurate in the regime u << 1. As we
move away from the true signal location, the simulated

<
@ ]

Auy(x10%)

Aur(x10%) 0

2k

Auz(x10%) or

-2

Auy(x107)

FIG. 1 (color online). Shown here are the results of a simula-
tion in which the mismatch w(u) has been computed over a
region in the three-dimensional parameter around the location
of a simulated signal. The simulation models a single segment
of 200 seconds length with signal parameters v = 200 Hz,
a=1second, O =10"*radss™!, ¢e=0.02, and w = 1 rad
(tsc chosen randomly from the range [—P/2, P/2]). Each panel
shows the mismatch as a function of each pair of parameters
where the mismatch has been maximized over all other parame-
ters. The solid black and grey contours indicate the measured
mismatch ranging from w = 0.1 (black) in steps of 0.1. The
dashed red ellipses are those calculated using the metric given in
Eq. (21) on the approximate phase given by Eq. (20).
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contours begin to deviate from their elliptical shape as
higher order contributions to the mismatch become impor-
tant. Fortunately, since by design, the mismatch is the loss
in expected SNR one would typically only ever place
templates according to mismatches O(10%) so as to re-
cover a large enough fraction of the SNR to avoid missing
any signals. We note that in this region the predicted
mismatch using the metric approximation would have dis-
crepancies relative to the true mismatch at a level <0.1%.

The reparametrization of the phase into the u coordi-
nates is in fact entirely equivalent to the approximations
made in so-called acceleration searches [1-3]. Here, in just
the same way as in an acceleration search, the length of
coherent observation coupled with the orbital period de-
termines how many orders of expansion are required to
accurately model the phase. Conversely, given a computa-
tionally limited number of expansion terms, there is a
corresponding limit to the shortest orbital period that can
be searched for a given coherent observation time. Based
on worst case values of ¢, in relation to t,,4, we find that

(22)

(QAT) = <ACI>(n + 1)!)1/<n+1)

2mav

represents a limit on the length of the coherent observa-
tions for an nth order expansion in the u coordinates where
A® is the allowed error in phase between signal and
model. For example, in order to model a v = 100 Hz
signal with a projected semimajor axis @ = 1 second with
error in signal phase A® =7/2 using only an n =2
expansion we would be limited to coherent observations
spanning up to = 1/25 of an orbit.

The number of templates required to cover a parameter
space is proportional to its proper volume, the integral of
the square root of the metric determinant over the parame-
ter space, and is given by

N = &(n, ,Ud)jsdﬂw/detg, (23)

where we have used S to represent the parameter space and
the template density &£(n, w) is a function of the dimen-
sionality of the space n, the desired mismatch w, and the
choice of lattice covering. This gives us

N o g(n, ) AT/ [ v (24
S

as the number of templates required for a single segment.
Note that we do not give the explicit scaling associated
with the parameter space boundaries [as done below in
Egs. (28) and (29)]. The integral over the parameter space
volume is a complicated function of these boundaries and
will behave differently depending upon the relative sizes of
the uncertainties in the orbital parameters, e.g., well-
known orbital period with poorly known time of ascension
compared to poorly known period and well-known time of
ascension. One of the simpler cases one can consider is one
in which the time of ascension is completely unknown.
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In this case the parameter space boundaries in the u space
form a hypercube with limits v ;, <u; < v, and
— Ay Vinax ax < U < Apax Vmax 5ax for k> 1 and the
number of templates is given by

NE:':)) &« f(l’l, M)AT”<”+1)/2(Vmax -

X (aimax Vmax)" ™ Qi 0271, (25)

Vmin)

Here we would like to highlight a general feature of the
reparametrization process. In simplifying the template
placement procedure, in the sense of using a constant
metric, we have introduced parameter space boundaries
in the u space that both vary between segments and are in
general no longer simple hypercubic spaces.

B. The semicoherent metric for short (AT < P)
coherent segments

In order to compute the semicoherent metric in this case,
we make the following assumptions and choices. We as-
sume that we have many individual short coherent obser-
vations of duration AT randomly and uniformly distributed
over the total observation span 7, and that 7 >> P such that
the total span of all observations contains many source
orbits. We also assume that the time of passage through the
ascending node of the orbit 7, has been chosen such that it
is close to t = 0 (defined as the midpoint of the span of all
observations). This is always possible since 7, can be
redefined for any orbital cycle by adding or subtracting
integer multiples of the orbital period.”

The resulting semicoherent metric elements are given in
Appendix C for the case of e < 1, 7> AT, and 7> P.
We also give the approximate Taylor-expanded versions of
the elements applicable in the limit that QAT < 1 where
the segment lengths are far smaller than the orbital period.
It is on these Taylor-expanded results that we now focus.
Note that throughout, Taylor-expanded metric elements are
labeled with the superscript (T).

The specific parameter vector for which our metric has
been calculated is @ = {v, a, 1., , k, 1} and in order to
compute the semicoherent metric itself we use the follow-
ing approximation:

1 M
A%ii’pG“”(a) ME&E gur(6)

7/2 (T

1
~ lim — gur(0, tni))dt g, (26)
2

=T J 1)
where we have replaced the sum over segments with an
integral over the midpoint of each segment (approximated
as a continuous variable in the regime where M > 1).
Under this approximation the semicoherent metric can be
accurately approximated as

"One must be careful to propagate the uncertainty in the orbital
period through to any redefinition of 7.
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Note that we have made the approximation that all off-
diagonal elements can be set to zero, indicating that there
are no parameter correlations. This approximation can be
validated by inspecting each element pair in turn and
noting that the off-diagonal correlation terms are, in all
cases, negligible. A quantitative validation of this state-
ment can be performed by computing the volume element
(the square root of the metric) on each two-dimensional
subspace and noting that the inclusion of the off-diagonal
terms has insignificant effect. Significant correlations
would reduce the volume element and ultimately lead to
a reduction in the number of templates because individual
templates would occupy more space. If we consider,
for example, the parameters v and a, we find that by
including the off-diagonal term in the calculation of the
subvolume element the fractional reduction in the volume
is = a*>Q?/4 which is negligible for all practical orbital
parameter values.

The reason that the metric becomes approximately di-
agonal and that therefore parameter correlations are re-
moved can be explained as follows. The analysis of each
segment can be viewed as an independent measurement of
the signal and its parameters. Recall that we use templates
placed in the u space rather than the physical parameter
space @ because of degeneracies in the physical parameters
for short observation times. This simply means that our
ability to determine certain physical parameters and certain
physical parameter combinations is poor in this choice of
coordinates.

For example, imagine a segment coinciding with a small
fraction of the orbit that places the source at the ascending
node of the orbit. In this case the source is moving towards
us at its greatest speed. We will also focus on a single
parameter pair, the intrinsic frequency v, and the projected
orbital semimajor axis a but note that the proceeding argu-
ments apply equally well to all other parameters. At this
segment epoch we are essentially measuring the maximally

Doppler modulated signal frequency = »(1 + a{)) Hz and
we therefore find that there exists a degeneracy making us
unable to disentangle the true value of the frequency from
that of the projected semimajor axis. The signal can
equally well be estimated within this segment as having a
higher frequency and smaller semimajor axis or vice versa.
In this sense we would say that there exists a negative
correlation between these parameters. A negative (or posi-
tive) correlation implies that an increase in mismatch from
a positive offset in one of the parameters can be counter-
acted by a negative (positive) offset in the other.

If we now examine the behavior of the v, a correlations
at an orbital epoch advanced in time by P/4 seconds,
we find that the source is now moving perpendicular to
the observer’s line of sight. In this case the frequency is
approximately constant for the duration of the segment and
there would be little information in the signal regarding its
orbital acceleration. There now exists no correlation be-
tween v and a and one is able to determine the frequency
quite accurately at the expense of relatively poor determi-
nation of the projected semimajor axis. Advance again by
P/4 and the source is now receding from the observer at its
maximum speed. We now see exactly opposite behavior to
that seen for the initial epoch in that there now exists an
equal in magnitude positive correlation between v and a.
Finally, advancing again by P/4 we find that the correla-
tions have vanished just as for the epoch one-half orbit
earlier.

Under our assumptions that the total observation spans
many orbits and that the short observations themselves are
uniformly distributed over this span, we obtain measure-
ments from all orbital phases. The combination of a pair
of measurements that have approximately equal and oppo-
site correlations will therefore remove those correlations.
With many segments randomly positioned in orbital phase
each one can be approximated as having a corresponding
segment on the opposite side of the orbit. As such, each
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opposing pair of segments removes the correlations in the
final semicoherent measurement.

Shown in Fig. 2 are the results of numerical simulations
whereby the mismatch 2(6, A @) has been computed over
the six-dimensional parameter space surrounding a simu-
lated signal. Overlayed on the plots within this figure are
the analytically derived mismatch ellipses corresponding
to solving Eq. (19) for & = 0.1 using Eq. (27) as the

PHYSICAL REVIEW D 84, 083003 (2011)

semicoherent metric. The simulation comprised of M =
500 coherently analyses AT = 200 second long segments
randomly distributed across an full observation span
7 = 10® seconds. The simulated signal has an orbital an-
gular frequency € = 107* radss™! (orbital period of
17.45 hours), a frequency » = 200 Hz, an orbital semi-
major axis @ = 1 second, and an eccentricity e = 0.02 and
argument of periapse w = 1. It is clear that in this case the
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FIG. 2 (color online).
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The results of a simulation in which the mismatch w(6, A@) has been computed over a region in the six-

dimensional parameter space around the location of a simulated signal. The simulation modeled 500 individual coherently analyzed
segments each of 200 seconds length spread over a period of 7 = 108 seconds. The signal parameters were v =200, a = 1, () =
107* radss™!, e = 0.02, and w = 1 (¢, chosen randomly from the range [—P/2, P/2]). Each panel shows the mismatch as a function
of each pair of parameters where the mismatch has been maximized over all other parameters. The solid black and grey contours
indicate the measured mismatch ranging from g = 0.1 (black) in steps of 0.1. The dashed red ellipses are those calculated using the

approximate metric given in Eq. (27).
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approximations made in the Taylor expansion and discard-
ing of the off-diagonal metric elements were valid since
there is no indication of correlation between parameters.
Correlations would appear as ellipsoidal mismatch con-
tours with semiminor and semimajor axes inclined with
respect to the parameter axes, i.e. tilted ellipses as seen in
some panels of Fig. 1. We also see again at large p > 0.1
mismatches, effects due to the breakdown of the quadratic
approximation used in the definition of the metric. These
deviations from ellipticity, seen the simulated mismatch
contours, can also be attributed to the finite number
(M = 500) of segments randomly distributed over the ob-
servation span. This is due to the fact that the mechanism
through which one can assume the disappearance of the
off-diagonal metric elements is applicable only in the limit
where the number of segments M >> 1. We note however,
that in the region of interest around u ~ 10% the discrep-
ancy between the metric approximation and our simulation
is <1%. To place this in a practical context, using this
metric to place templates with an expected maximum
mismatch between signal and template of 10%, in a worst
case scenario could result in a true mismatch of =~ 11%.

Using the metric result we can compute the number of
semicoherent templates required for a search and the scal-
ings associated with the parameter space dimensions.
Considering the full n = 6 low-eccentricity orbit system
we obtain

_ 5
amin)

Nsemi = AT T Vmax — in/\@max
T \/_M (v v8i)(an

X (Qmax szn)(tasc, max

where we have defined the parameter space S as a six-
dimensional cube bounded by the minimum and maximum
ranges of the parameter vector #. We have used the relation
dkdn = e| cos(2Qw)|dedw in computing the integral over
the eccentricity parameters. We have used lower and upper
bounds of zero and e,,,, respectively, for eccentricity and
assumed that the argument of periapse would always be
completely unknown and, hence, would have a range of
zero to 27r. Note that for the template density we have
assumed suboptimal template placement based on a hyper-
cubic lattice. A reduction of a factor of = 6.8 can be
achieved if an A}, lattice is used in this n = 6 case.

We show in Fig. 3 the regions of parameter space for
which a semicoherent search would require coverage in the
eccentricity parameters « and 7. This requirement is
strongly dependent on the length of the constituent coher-
ent observations, the product of the frequency and semi-
major axis, and the eccentricity itself. As stated earlier, for
the majority of our primary sources, the LMXBs, the
expected eccentricities in these systems are relatively low
(typically <107?). In addition, the computational limita-
tions imposed by the size of the remaining parameter space
forces the coherent observation length to shorter times.
This leads us to the conclusion that in general a circular

- tasc,min)emax’ (28)
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FIG. 3. An orbital parameter subspace represented as the ec-
centricity versus the product of the signal frequency and pro-
jected semimajor axis. The dashed lines correspond to the
semicoherent metric’s requirement for templates in the eccen-
tricity parameters « and 7. Each line represents a different
coherent observation length measured in units of QQAT. Above
each dashed curve a semicoherent analysis would require tem-
plates in the eccentricity parameters for a mismatch p = 0.1.
Correspondingly, as the coherent integration time increases
(relative to the orbital period) a limit is achieved at the boundary
of the shaded region. Below this limit, one need not include
eccentricity in the signal model.

orbit phase model will be applicable to the LMXB sources.
For a circular orbit system, ignoring the « and 7 dimen-
sions, we have the following template scalings:

3

INeire . — AT* 7'(Vmax - mm)(amax ~ %min

semi 36\/_/_L

X (Qmax - tasc,min)- (29)

Note that again we have assumed a suboptimal hypercubic
template lattice and in this n = 4 case a factor of = 2.8
reduction in templates can be achieved using an A, lattice.
We wish to stress that common mistakes made in estimat-
ing the required number of templates stem from the in-
clusion of dimensions that are geometrically “thinner”
than the mismatch coverage of a single template. Such
mistakes can lead to severe underestimation of the number
of required templates. For example, take the parameters of
the simulations for which results are shown in Fig. 2 and
apply them to Fig. 3 which shows the requirements of a
semicoherent search with regards to placing templates in
the eccentricity parameters. We see that for QAT = 0.02
and va = 200 the corresponding eccentricity threshold is
=~ ().1. We would therefore expect a semicoherent search ¢
be unable to distinguish eccentric orbits from circular
orbits for eccentricities below this value. Looking at the
mismatch ellipses shown in Fig. 2 we see that this is indeed
the case, the scale of the ellipses in the « and 7 dimensions
(k> + n* = %) is ~0.1 whereas the signal has eccentricity
e = 0.02. This is a clear example of when one should

mm)(tasc max
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assume a circular orbit model and remove the eccentricity
and argument of periapse from the analysis.

The linear dependence of the number of templates on the
total observation span 7 in both the eccentric and circular
obit cases indicates that an increase in observation span
results in an increase in the number of templates. One can
view this as a “refinement” of the semicoherent template
bank with increasing observation span. For our case this
refinement comes from a single metric element, G, and
governs the template spacing in orbital angular frequency
alone. The reason that we see this behavior is that the way
in which we combine segments in this regime is a function
of the orbital angular frequency (or equivalently the orbital
period). In order to combine short coherent segments over
increasingly large separations in time, one must have an
increasingly accurate determination of the orbital phase. In
short, the longer the observation span the more accurately
one can determine the orbital period and hence more

PHYSICAL REVIEW D 84, 083003 (2011)

templates must be used to cover the corresponding search
dimension ().

C. The coherent and semicoherent metric
for long (AT > P) coherent segments

If the uncertainties in each of the parameter space di-
mensions is sufficiently small or the available computa-
tional power is large enough, then one may be able to work
in the regime QAT >> 1. In this case, one would be able to
construct a search for which it is possible to achieve a
coherent observation length greater than the length of the
orbital period. The metric components can then be approxi-
mated by taking the limit in the regime (AT > 1 (given
in Appendix C). Note that in this regime the physical
coordinates @ = {v, qa, f,, £}, k, n} (as used for the semi-
coherent metric) are a sensible choice upon which to base
our metric. The metric on a coherent data segment can then
be well approximated by

(gw 7]
8aa 0
. 81t
1 0 ~ asclasc
A]l"gng( ) 800
0 8k
L 8nn
TZAT2 T
1212 0
1 12(vaQ))?
- _ .2
6" (vaAT)? ’ (30)
0 3(va)?
! 3(va)?

where nonzero off-diagonal terms have been approximated
as equal to zero. We justify this in the same way as done for
our similar approximation to the semicoherent metric in
Eq. (27). Just as in the semicoherent case, the off-diagonal
terms constitute negligible correlations and their inclusion
leaves the metric determinant essentially unchanged.

In Fig. 4 we see the degree of agreement between
mismatches predicted by the approximate metric and those
generated by signal injections [using Eq. (2) as the signal
model]. Again we see that our diagonal metric approxima-
tion is validated by the clear lack of correlation between
parameters and that the discrepancy between approximated
and simulated mismatches in this case is <0.1%.

Note that unlike the metric on the u parameters this
metric is independent of the epoch of each segment and,
hence, a template bank generated from Eq. (30) can always
be identical in equal length segments. This type of im-
plementation, as we will see in the following section,
can make the combination of results from many segments
a far easier task than for a search using the u coordinates.

In addition, it makes the construction of the semicoherent
metric very simple. Since the semicoherent metric is equal
to the “average” metric (averaged over segments) and in
this case the coherent metric remains unchanged for equal
length segments, the semicoherent metric is

OO = i@ b

and is therefore identical to the coherent metric given in
Eq. (30).

We can again compute the scalings associated with the
number of templates required to cover our six-dimensional
parameter space as done in Eqgs. (28) and (24) giving us

Nco = Nsemi
_ 92

7T6,LL3

X (Qrznax - Q?nin)(tasc,max -

ATZ(Vglax - ngin)(agmx - afnin

Z‘asc,min)emax: (32)
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FIG. 4 (color online).
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The results of a simulation in which the mismatch w(A) has been computed over a region in the six-

dimensional parameter around the location of a simulated signal. The simulation modeled a single coherently analyzed segment of
10° seconds length containing a signal with parameters » = 200 Hz, a = 1 sea, () = 107* radssec™!, sea, ¢ = 0.005, and w = 1 rad
(45 chosen randomly from the range [—P/2, P/2]). Each panel shows the mismatch as a function of each pair of parameters where the
mismatch has been maximized over all other parameters (these are not slices). The solid black and grey contours indicate the measured
mismatch ranging from u = 0.1 (black) in steps of 0.1. The dashed red ellipses are those calculated using the approximate metric

given in Eq. (30).

where we note that, as done in the previous template
number estimates, we assume that each dimension has a
thickness greater than the width of a single template span
in the corresponding dimension. For the circular orbit case
we obtain

circ — circ

Ne = N
m 204 4 3 3

= 27“2 AT (Vmax - Vmin)(amax - amin)

X (Qrzndx - szin)(tasc,max

- tasc,min)- (33)
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In both eccentric and circular orbit cases we have assumed
a suboptimal hypercubic lattice of templates. As stated
in the previous section, reductions of factors of = 6.8
and = 2.8 can be achieved in the numbers of templates
for the eccentric and circular orbit cases, respectively, if an
A lattice is used.

We note that the number of templates in both the eccen-
tric and circular orbit cases does not depend on the total
observation span 7. This means that there is no refinement
in the template bank as one uses larger numbers of seg-
ments. In contrast to the previously investigated regime
AT < P, if there is an offset in the orbital period then the
mismatch from one segment will be identical to the mis-
match from all other segments which will consequently be
identical to the total mismatch. In short, this is because
there are no parameters in our model for which fractional
losses in SNR accumulate beyond a single orbital period,
e.g., if there are offsets in all parameters, the fractional
SNR loss after one orbit will be identical to the total
fractional SNR loss after the next. This is in contrast to
the behavior of the metric and mismatch in the AT < P
regime discussed in Sec. Il A. However, for the same
volume of parameter space, a significantly larger number
of templates would be required in the coherent stage for
segment lengths that far exceed the orbital period com-
pared to the case when the orbital period far exceeds the
segment length.

II1. DISCUSSION

We have presented a brief review of the phase model for
continuously emitting sources in binary systems together
with a review of the parameter space metric defined on the
fractional loss in SNR when offset from the true signal
location in parameter space. We then proceeded to apply
the latter to the former to construct the semicoherent
parameter space metric for application to searches for
such systems in noisy data. In addition, we provide the
outline for the practical application of a search strategy
employing the semicoherent metric in the opposing limits
that the segments that are analyzed coherently span small
fractions of the source orbital period and have durations far
greater than the orbital period.

We have shown that in the short duration segment re-
gime the semicoherent metric on the physical parameters 6
becomes approximately diagonal and, hence, the correla-
tions between parameters are removed. This we attribute to
the averaging procedure applied to the metric elements and
the specific behavior of these elements as a function of
orbital phase corresponding to each segment epoch. While
the metric itself is still a function of location within the
parameter space making lattice based template placement
difficult, the lack of parameter correlations does somewhat
simplify the procedure. We note that for the short duration
coherent segment scenario there is only one term in the

PHYSICAL REVIEW D 84, 083003 (2011)

semicoherent metric that depends on the semicoherent
observation span. This is the element that determines the
precision with which the orbital angular frequency must be
sampled (and conversely the precision with which it can be
determined in the limit of low signal-to-noise ratio). For all
other parameters, the equivalent precisions depend only
upon the coherent observation time, the signal frequency,
orbital angular frequency, and semimajor axis. This result
is identical in nature to that obtained in [19] where it was
found that only one parameter in their isolated pulsar
model, the pulsar spin derivative, was responsible for
refinement of the template bank. The explanation is similar
for both cases, both the spin derivative and orbital period,
in each search respectively, determine how results from
individual segments are combined whereas the other pa-
rameters do not. It is only the parameter () that is capable
of causing an ever increasing offset in the orbital phase
(just as the spin derivative in [19] is capable of causing a
similarly increasing offset in signal phase). As such, co-
herent templates within increasingly separated segments
would experience increasing mismatch for a constant off-
set in €). In contrast, an offset in the time of orbital
ascension (assuming an exactly known orbital period)
would cause the orbital phase to be offset by a constant
amount in all segments. Consequently, the mismatch
would also be constant and, hence, the average mismatch,
equivalent to the total semicoherent mismatch, would also
be constant with respect to the observation span 7. The
consequence of this refinement on the orbital angular
frequency parameter is that the cost of the semicoherent
stage of the analysis can dominate the cost of the coherent
stage. However, one is always able to tune the relative costs
by choosing a shorter or longer segment length. We leave
the analysis of how to optimally make such choices for
future work.

When the duration of the coherent segments is much
greater than the orbital period, there is no dependence
upon the total observation span and the semicoherent metric
is simply equal to the coherent metric since it is constant for
each segment. In addition, just as for the short segment
regime we find that the metric is diagonal and that there
are therefore no parameter correlations. The independence of
the total observation span on the metric can be explained by
the fact that there is no dependence upon any of the parame-
ters in the process of combining the results from each seg-
ment. In contrast to the short segment regime, one need not
know the orbital angular frequency to map a set of physical
parameters in one segment to the corresponding (identical)
set in another segment. This does not mean that parameter
estimation is not enhanced with the addition of more seg-
ments over a longer observation span. In this case it is the
semicoherent accumulation of SNR that improves parameter
estimation while the template density remains constant.

One interesting point to make given this result is the
comparison between the different template scalings with
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the observation parameters for the short and long coherent
duration regimes. For a fixed set of boundaries in the full
six-dimensional parameter space there appears to exist an
observation span at which it becomes favorable (in terms of
using fewer semicoherent templates) to expand the coher-
ent observation time to be consistent with the long coherent
regime. This is because the template scaling with AT is
steeper for the short segment compared to the long segment
scenario. The point at which this occurs is dependent upon
many interdependent factors including the volume of the
parameter space, the relative uncertainties in each dimen-
sion, and how many orders are included in the Taylor
expansion in the # coordinates. This statement is also under
the assumption that the majority of the computational cost
goes into computing the semicoherent detection statistic
and that the cost of computation of the individual segment
statistics is negligible and that the computational cost of a
long duration template is equal to that of a short duration
template. It also neglects the issue that for a short coherent
duration some dimensions are likely to not require tem-
plates. This occurs when the template span is greater than
the parameter space range in that dimension. Note, for
example, the metric elements corresponding to the eccen-
tricity parameters « and 7 for the short and long segment
regimes. The template spacing in a given dimension is
proportional to the inverse of the square root of the corre-
sponding metric element. The ratio between the short and
long segment k template spacing is ~/3/(QAT,), where
AT, here is the short segment duration. Dependent upon
the uncertainty in «, this may mean that templates are
simply not required in the « dimension for the short seg-
ment but are required in the long segment regime. If we
look at all the contrasting template sizes in the short and
long duration coherent segment regimes, we see that in all
dimensions, except the spin frequency » and the orbital
angular frequency (), a template span is greater by a factor
o 1/(QQAT) > 1. The same factor for the spin frequency
metric components is simply equal to the ratio of the short
and long observation lengths AT, /AT, and for templates in
the orbital angular frequency dimension the same ratio is
given by Q7(AT,/AT)). This final result gives the false
impression that by using short coherent segments one is
able to better determine the orbital angular frequency of a
source than by using long segments. We stress here that
template placement is related to, but not equivalent to,
parameter estimation. Template placement using the met-
ric defined on fractional SNR (= the log-likelihood) loss
determines how finely a parameter space must be sampled

)
Pl = ﬁ + o+ " = tep) — av(? (3 + cos[2(t — tye + 1

mid

mid

= 5 Sn200 =ty + 1) )Q]),
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in order to avoid missing a potential signal. Parameter
estimation makes use of the likelihood itself and its accu-
racy improves with SNR.

We mention at this point that the reader may question
our choice of phase model parametrization. It is true that
parametrizations like x = acos(Qt,.), y = asin(Qt,.)
would potentially simplify the metric calculations and
that a rescaling of the frequency parameter could do the
same. However, since a general ““‘fix-all”’ reparametrization
eludes the author, it was decided that the physical parame-
ters were justifiable choices. The fact that the metric ele-
ments are functions of the parameters themselves is
problematic from an implementation sense since this will
potentially make template placement more complicated.
Conversely, the parameter choice leads to a clearer under-
standing of how the semicoherent metric scales with the
unambiguous physical parameters of the system.

In conclusion, in deriving the semicoherent metric for
known binary systems we have provided a necessary tool
for the continued sensitivity improvement of searches for
continuously emitting sources of EM and GW emission.
With focus on GW searches the advanced detector [34]
era is fast approaching and LMXBs are an ever more
realistic detection target. The optimality of search sensi-
tivity at fixed computational cost has been approximately
achieved by the Einstein@Home GW searches [35] for
unknown isolated neutron stars. The achievement has
arisen through the application of semicoherent search
strategies described in [19] and are similar to those out-
lined in this work. It is our hope that search strategies based
on the semicoherent methods described here will be em-
ployed in searches for the prime GW LMXB targets such
as Sco X-1 and Cyg X-2.
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APPENDIX A: REPARAMETRIZED
PHASE COORDINATES

In Sec. IT A there is reference to a reparametrization of
the phase approximation given by Eq. (4) into the u coor-
dinates used in Eq. (20). The u™ coordinates for the mth
segment are mapped onto the physical parameters 6 via

)Q)) = sinf(t — ty + 1)

mid
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M(zm) = aVQZ(Z’)? cos[2(r — fase T t(n)

mid

ugm) = —avQ3(cos[(t — t, + P

mid

)Q] + kcos[2(r — 1, + 17
Q] — sin[(t — £, + 17

)Q] + dxccos[2(t — £, + 17
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Q]+ 7sin[2(r — 1, + 17)Q)), (A2)

mid

)] — 2 sin[2(t — tee + 1) Q), (A3)

mid

)Q] + 49 sin[2(r — 1, + 17)Q)), (Ad)

mid

u” = —avQ4(8m cos[2(t — tye + 1")O] = sin[(1 =ty + )Q] — 8ksin2(r — 1, + 1), (AS5)

Note that we give expressions only up to fourth order in
time. If higher orders are required then it is likely that the
coherent observation time spans a large fraction (or more)
of a single orbital period. In this regime using the Taylor-
expanded phase may not be a sensible choice and it may be
more practical to use the fully coherent metric on the
physical parameters.

APPENDIX B: COHERENT METRIC ELEMENTS
FOR LONG (AT > P) SEGMENT LENGTHS

To leading order in « and n (where appropriate), the
elements of the coherent metric on the physical parameters
space 0 = {v, a, t,, O, k, »} in the limit AT > P and
QAT > 1 are

mEAT?
vy = 3 (B1)
2

8aa = 2721/2(1 + Z) (B2)
81, = 2mva’Q*(1 + €?) (B3)
gaq = ¢V a*AT(1 + &2) (B4)
S = %612772 v? (BS)

I (B6)

2
8va=8up=27" V{a(l + e—) - %cos(@) cos(Q,.) + lcos(QAT)[n sin(20 1) — KCOS(ZQtaSC)]} (B7)

4 Q
5 ATQN . 1 .
8o, = &0 = 4am V{COS( )sm(QtaSC) + > cos(ATQ)[ g cos[2Q1,. ] + KSlH(2QlaSC)]} (BY)
2
g,0 = 80y = M{cos(ﬂtmc) sin(ATQ) + % sin(QAT)[kcos(2Qt,.) — 1 sin(ZQtaSC)]} (B9)
mva r,
8 = 8w = T cos(QAT) cos(2Q01,,.) + S TVaK (B10)
mva . I,
8vn = &g = Q cos(QAT) sin(201¢,,.) + ok vam (B11)
8atye = 81yea = 0 (B12)
2.2
a0 = 800 = — W; a {COS(QAT) cos(20t,e.) + KCOS(QsT)[COS(Ql‘aSC) + co8(3 01, )[1 — 2 cos(QAT)]]
QAT\ .
+ 27 cos( )sm(QtaSC)[cos(QAT)[l + 2c08(201,.)] — cos(2Qt,.) — 1]} (B13)
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8axk = 8ka = %7727/25”( (B14)

8an = 8na = ymViam (B15)

4 QAT
8 0=8qa, =T vzaz{cos(QAT) sin(2Q0t,.) + 201, + ?77 cos<?)[3 cos(Qt,.) +cos(3Q0 1, )(2cos(QAT) — 1)]

+ 43Kcos(Q§T)[3 sin(Qt,g.) +sin(3Q01,.)(2cos(QAT) — 1)]} (B16)
8ipr = it = TV A7 (B17)
Zin = Gy = T2 (B18)

2ox = 8un = —#{% cos(¥>[3 cos(Q1,.) + cos(301,.)(2 cos(QAT) — 1)]
+ 401, — cosQOAT) sin@d01,)] + 5 cosOAT) cos(4Qtasc)} (B19)

gan = 8&na = #{% cos(%)B sin(Q1,5.) + sin(3Q1,4.)(2 cos(QAT) — 1)]

+ g[mzm + cos(2QAT) sin(4Qr,,.)] + g cos(2QAT) cos(4QtaSC)} (B20)
8y = &ni = 0. (B21)

APPENDIX C: SEMICOHERENT METRIC ELEMENTS

Here we give the expressions for the metric elements in the eccentric orbit case for a phase model defined by Eq. (4) on
the set of parameters @ = {v, a, t,, {, k, n}. The following elements are valid in the limits of ¢ < 1 and for 7 > AT and
T> P:

G — mAT?  7a’ (48 + 32 — 24AT20? — 6e2AT?O? — 48 cos(ATQ) — 3e% cos(2ATQ)) (ChH
w3 2QOPAT? ¢ ‘ ‘
G =2 2{1 T e il} — cos(QAT) + e_a cos(ZQAT):”» (C2)
aa TV 4 O2AT? 16 16

—n.2,2.202 2 2 et _¢

faele — 27 vea Q11 + e” — W 1- COS(QAT) + Z - Z COS(2QAT) (€3)
1 1
Goqg = 6a2772,,2AAT2{1 + 2 — WH — 4cos(QAT) + 2 — &2 cos(ZQAT)]} (C4)
(1 — cos(2QAT))
G = 2a2V2W2[1 - SOZAT? ] (C5)
1 — cos(RQQAT

Gy = 2a21/2772|:1 _ 892(AT2 ))] (C6)
G —G —om {1 +€2_2[1 —cos(QAT)"i-ez—ezcos(ZQAT)]} (C7)

va av TV 4 O2AT? 16 16
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Vigse = Gtach = O (CS)
P I 2 2 20AT
G,q = Gqg, = %{1 — cos(QAT) + f—6 - f—6 cos2QAT) — £ sin(ZQAT)} (C9)
G, =G, = 1772ua2;<{1 - #[1 — cos(QAT)]} (C10)
e 2 202AT?
— _1, 1
G,,=6G,, = ST va 77{1 SPAT? [1-— cos(QAT)]} (C11)
Gu,, =G a=0 (C12)
4 av? QAT . et e? QAT .
G.o=Gq, = W{l — cos(QAT) — > sin(QAT) + T + 1 cos(2OAT) — T sm(ZQAT)} (C13)
G,.=G,, = lwzvzak{l - ;[1 - cos(ZQAT)]} (C14)
ax R) 202AT?
G,, =G Ll 1-— ! 1-— 2Q0AT Cl15
an = Gpa =57 V7N W[ cos( )] (C15)
2 2
w.0=Ga, = 2a2772v2tagc{1 + 2 — W[l + — o cos(QAT) — — cos(ZQAT)]} (C16)
1
GtascK = GKIasc = _7T2V26127]{1 - W[l - COS(2QAT)]} (C17)
1
G, =G, = 7T2V2a2K{1 SOPAT [1-— cos(2QAT)]} (C18)
a’v*a?
Gox=Geg = — W(—K — 2Nty Q) + 4nAT? 1, Q3 + (k + 291, Q) cos(ATQ) + kATQ sin(2ATQ))
(C19)
a’vim? ) 3 .
Ga,=Gpo = W(n — 2kily ) + A AT? 1, 7 — (9 — 2k1,, . )) cOS(RATQ) — nATQ sin(2ATQ))  (C20)
Gy = G = 0. 21

The following metric elements are the Taylor-expanded versions, to leading order in AT and in e, of those given above:

2AT2
Gt =" (C22)
3
Gl, = %#szﬂzATz (C23)
Gl = ¢m V' a?QPAT? (C24)
1
Gho = 7277 v2a? QP AT? 72 (C25)
Gry = ta* Q2 AT? (C26)
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G;Fm = %az QA T? (C27)

GI, =Gl = %WzavﬂzATz (C28)

. =Gl ,=0 (C29)

G1, = G, = Lr2a>vQAT? (C30)

G} = GE, = tma® vk AT? (C31)

Gy, = G, = tma®vnQ2AT? (C32)

atpe = Gloea =0 (C33)

G, =Gj, = éw2y2aQAT2 (C34)

Gl = GY, = tm* 2 akQ?AT? (C35)

Gr, = GY, = tm*2anQ*AT? (C36)

GZSCQ = GBIN = a1, VP AT? (C37)
Gl =Gy =~ 212a>nQ3AT? (C38)

tTascn = G,Tmsc = %772V2612K93AT2 (C39)

Gy, = GY = tm VP a? ATH(kQ — 21, Q?) (C40)
Gl = Gy = a2 m2Q + 202 kP, QAT (C41)
Gr, =G, =0. (C42)

The metric given in Eq. (27) is a further approximation in which the off-diagonal terms have been set to zero. This
approximation is valid due to the fact that these terms cause only minor mismatch ellipse rotations in the physical
parameter space. It follows that the diagonal elements themselves are a very good approximation to the eigenvalues of the
metric and the eigenvectors are very well aligned with the physical dimensions of the parameter space.
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