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Broken phase scalar effective potential and d-derivable approximations
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We study the effective potential of a real scalar ¢* theory as a function of the temperature T within
the simplest d-derivable approximation, namely, the Hartree approximation. We apply renormalization at
a “high” temperature T, where the theory is required to be in its symmetric phase and study how the
effective potential evolves as the temperature is lowered down to 7 = 0. In particular, we prove
analytically that no second order phase transition can occur in this particular approximation of the theory,
in agreement with earlier studies based on the numerical evaluation or the high temperature expansion of
the effective potential. This work is also an opportunity to illustrate certain issues on the renormalization
of ®-derivable approximations at finite temperature and nonvanishing field expectation value and to
introduce new computational techniques which might also prove useful when dealing with higher order

approximations.
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I. INTRODUCTION

The two-particle-irreducible (2PI) effective action [1-5]
offers a general and systematically improvable approach
for resumming infinite classes of Feynman diagrams of a
given quantum field theory. One of its most compelling
aspects is that it appears to be applicable to a wide variety
of situations ranging from out-of-equilibrium settings to
finite temperature calculations in equilibrium. In fact, the
first orders of approximation of the 2PI effective action
seem to capture already many interesting features of quan-
tum field theories. In the case of scalar fields for instance,
including the first nonlocal, field independent contribution
to the 2PI effective action is enough to obtain a controlled
(nonsecular) time evolution which shows thermalization at
late times, at least at the level of the two-point function
[6,7]. In equilibrium, the same orders of approximation
lead to a rather good convergence of some thermodynamic
quantities, such as the pressure [8], indicating that part of
the infrared physics is properly taken into account. These
observations are not limited to scalar theories but concern
also theories coupling scalar and fermionic degrees of free-
dom (out-of-equilibrium) [9] or gauge theories (at finite
temperature) [10,11]. Some more genuine nonperturbative
effects can be captured by combining the 2PI effective
action with a large-N type expansion [12,13]. In the non-
equilibrium context the 2PI 1/N expansion at next-to-
leading order proved to be particularly fruitful for the study
of a variety of problems, such that thermalization [12-14],
preheating [15,16], transport coefficients [ 17—-19], nonther-
mal fixed points [20], decoherence [21], and topological
defect formation [22,23]. In equilibrium, the 2PI formal-
ism was applied to phenomenological studies in various
approximations, see [24] and references therein as well as
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[25,26]. Of course, one can easily imagine that certain
nonperturbative features are beyond reach within the 2PI
framework or its present approximations. However, higher
order approximations of the 2PI effective action or its
generalization to 3PI, 4PI, ..., NPI effective actions [27],
although numerically unaffordable at present, could allow
to capture an increasing number of such effects in the
future [28-30]. Some investigations in these directions
can be found in [31-34].

Concomitantly with the increasing number of applica-
tions of the 2PI effective action, new insight has been
gained on technical aspects regarding its renormalization.
The systematic renormalization of approximations based
on the 2PI effective action was first understood in the case
of scalar theories at finite temperature both in the real-time
formalism [35,36] and in the imaginary time formalism
[37,38]. It was then extended to the case of scalar theories
coupled to fermions [39] and also to abelian gauge theories
[40]. Another important extension consisted in including
the possibility of nonvanishing field expectation values, of
relevance for the determination of the effective potential
and thus the study of phase transitions [38,41-45]. The
renormalization of models with more complicated global
symmetry was studied in [46]. From all these studies, a
certain consensus has emerged that the renormalization of
approximations based on the 2PI effective action seems
always possible provided certain extensions of the renor-
malization procedure are allowed in order to cope with
certain approximation artifacts. For instance, in the pres-
ence of nonvanishing field expectation values, it is well
known that there exist different expressions for the two-
and four-point functions and more generally for higher
n-point functions. Although equivalent in the exact theory,
these various expressions differ within a given approxima-
tion and bring their own divergences which can only be
absorbed by allowing for apparently more counterterms
than usual [38]. Some of these counterterms are fixed by
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means of the usual renormalization conditions. The others
are fixed by imposing consistency conditions, that is con-
ditions which would be satisfied automatically if no ap-
proximation was considered at all [38,47]. The fact that the
consistency conditions do not involve the parameters of the
theory is crucial to maintain the number of such parameters
to its expected value, despite the larger number of counter-
terms. In fact, these apparently different counterterms
should be viewed as different subseries of the complete
perturbative counterterm series and thus should agree when
no truncation of the 2PI effective action is considered.

In this paper we illustrate partly these issues regarding
renormalization by revisiting one of the simplest approx-
imations of the 2PI effective action at nonzero field and
finite temperature in the case of a real scalar field, the so-
called Hartree approximation. The calculation of the finite
temperature effective potential of a real scalar ¢* theory in
the Hartree approximation and the order of the phase
transition that it predicts have been discussed many times
in the literature [14,48-52]. Similar discussions exist for
different approximations in the O(N) model with N = 2,
see [53]. There is a wide consensus on the fact that the
order of the phase transition predicted by this approxima-
tion is first order, even though all existing studies are either
based on numerical evaluations for particular values of the
parameters or involve a high temperature expansion which
is not justified for all values of parameters. Part of the
originality of this work is that, without relying on a high
temperature expansion, it presents a complete analytic
confirmation of these results, in the whole parameter space.

In Sec. II, we briefly recall how the effective potential is
computed using the 2PI effective action. The main ingre-
dient is the resolution of a self-consistent equation for the
two-point function, the so-called gap equation, which enc-
odes the resummation of particular classes of Feynman
diagrams. The Hartree approximation corresponds to the
leading order of a systematic approximation scheme for
evaluating the 2PI effective action and the corresponding
gap equation is then an equation for a self-consistent mass.
This equation encodes the resummation of superdaisy dia-
grams [49,54,55] and is discussed at length in Sec. III. We
first recall how renormalization of the self-consistent mass
is performed at finite temperature and nonvanishing field
expectation value, following a slightly different presenta-
tion than the one which is usually found in the literature
(although equivalent in practice). We put the emphasis on
the fact that not all the divergences of the gap equation lead
to divergences of the self-consistent mass. The quadratic
divergence of the gap equation is indeed responsible for a
divergence of the self-consistent mass, which needs to be
absorbed in the renormalization of the bare mass, as usual
(Secs. III A and III B). In contrast, the remaining logarith-
mic divergence of the gap equation does not lead to a
divergence of the self-consistent mass. Instead, it makes
this self-consistent mass trivial in the continuum limit, that
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is equal to the renormalized mass, independently of the
value of the temperature or the field expectation value.
In this respect, the renormalization of the bare coupling
does not appear as a way to absorb any divergence in the
self-consistent mass but as a way to avoid triviality
(Secs. IIIB and IIIC). As it is well known, the price to
pay for defining a nontrivial scalar theory by means of
coupling renormalization is that the theory needs to be
regarded as a cutoff theory, with the cutoff A taken below
a certain scale, known as the Landau scale Ap. It is then
important to discuss how calculations can be made insen-
sitive to A in this context. This is discussed in Sec. III D,
where we provide a complete analytical discussion of the
solutions of the gap equation for any value of A, below and
above the Landau scale. Finally, in Sec. III E, we present a
new look at the gap equation based on ‘“‘evolution” or
“flow” equations for the thermal and field dependence of
the self-consistent mass: these equations not only provide
an efficient way to solve the gap equation, but they also
shed a new light on its renormalization. Section IV is then
devoted to the analysis of the effective potential in the
Hartree approximation. Its renormalization is described
in Secs. IVA and IVB with an emphasis on the links
with the more general approach presented in [38] and the
distinction between renormalization and consistency con-
ditions. Sections IV C and IV D discuss analytically the
shape of the effective potential as the temperature is
lowered from an initial high temperature 7', where the
theory is chosen to be in the symmetric phase, down to
T = 0. We prove, in particular, that, depending on the
values of the parameters, there is either no transition or a
first order phase transition. Section V is devoted to a
discussion concerning the renormalization in the broken
symmetry phase and to conclusions.

II. THE 2PI-RESUMMED EFFECTIVE POTENTIAL

In what follows, we consider a real scalar ¢* theory in
four dimensions at finite temperature, defined by the
Euclidean action:

Sle] = fOI/T dT/d3x

1 En 2 M0 o Aoy

X (2(8740) Ty (Vey + et + T ) (D
where the inverse temperature sets the size of the compact
interval for temporal integration, and mg and A, denote,
respectively, the bare mass and the bare coupling. Notice
that in order that the spectrum be bounded from below, one
should restrict to Ay = 0. In what follows, we restrict our
attention to the case Ay, > 0.

The 2PI formalism provides a representation of the
effective potential y(¢) corresponding to S[¢] in terms
of 2PI diagrams. More precisely, it is obtained as the value
taken by the 2PI functional:
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with

_ oy
- 5G

- 3)
6.Gy
In Eq. (2), ¢ represents a homogeneous field configuration
and G(iw,, ¢q) a function of the Matsubara frequency
w, = 2mnT and the three dimensional momentum gq.
We have also adopted the notation

T _ . _ dq .
,[Q f(Q) = T;j;f(lwn» q) = T;f(zT)j,f(lwm q)
4)

Finally, the functional —®[¢, G; Ay] corresponds to all
0-leg 2PI diagrams that one can draw in the shifted theory
Sl + o] — S[p] — (8S/8¢)e at finite temperature with
propagator G. This functional cannot be computed exactly.
So-called ®-derivable approximations consist in retaining
in ®[¢p, G; Ay] only certain classes of diagrams. In this
paper we consider the well known Hartree approximation
which corresponds to the truncation

PP, G; Ap] = %d)z [QT G+ %([QT G)2. (5)

According to the above discussion, in order to compute the
corresponding effective potential, we first need to deter-
mine the stationary propagator G .

III. GAP EQUATION

The stationarity condition (3) can be expressed equiv-
alently as

260
G, (0)=0*+m}+—— 6

21 =0 oo, ©
where Q% = w2 + g°>. We have used the subscripts ¢ and
T to stress the fact that the solution G¢,T depends on both
the field ¢ and the temperature 7. In what follows, we shall
omit this notation, unless specifically needed. In the case of
the Hartree approximation (5), the propagator takes a very
simple form, namely, G(Q) = 1/(Q* + M?), with the mass
M obeying the so-called gap equation:

Mzzm%-i-%l:(ﬁz-i-/QTG_]. )

We shall explain how to solve this equation later, in
Sec. [ITE. Before doing so, a fundamental difficulty needs
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to be bypassed, namely, the fact that the gap equation only
makes sense within a given ultraviolet regularization.
It follows that its solution(s) can depend strongly on the
chosen regularization, unless something is done to remove
this sensitivity. This is what renormalization is all about in
this context.

Let us choose for instance a three dimensional, rotation
invariant regularization. After performing the Matsubara
sum, the sum-integral entering the gap equation reads

explicitly':
T 1+ 2n,
f G= f T )

where g, = (¢* + M?*)'2 and n(e) = 1/(eP® — 1). The
term corresponding to “‘1°” in the numerator of Eq. (8) is
particularly sensitive to A. An explicit calculation leads to

[ r_r I:A\/ A? + M2Arcsmh<A)]
g<A 28q 8 M
9

which shows that the gap Eq. (7) possesses terms which
depend quadratically and logarithmically on the scale A.
What is meant by this is that if we would take A to infinity,
for fixed m3, Ay, and M?, the right-hand-side of the gap
equation would diverge quadratically and logarithmically.
However, one should keep in mind that not all these
divergences lead to a divergence of the solution of the
gap equation.2 The purpose of the remainder of this section
is to clarify the connection between the sensitivity of the
gap equation to the scale A and the sensitivity of its
solution(s) to this very same scale and to explain how the
later can be removed, or at least substantially reduced.

A. Quadratic divergence

Let us first prove that the quadratic divergence of the gap
Eq. (7) leads to a divergence of its solution M?. We first
prove that there is a unique solution for large enough A
and then that this solution diverges with increasing A.
To this purpose, it is convenient to write the gap equation

as 0 = f(M?) with
1 K W LD

"Depending on the context, we use the notations Q < A and
q < A to designate the same three dimensional regularization.

21t is true that these dwergent terms lead to quadratic and
logarithmic divergences in the coefficients of the formal pertur-
bative expansion of the solution M? in powers of A,. However, it
is not true that they all lead to a divergence of M?, see the
subsequent discussion.

fAM?) = - +
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and G = 1/(Q* + M?) and study the positive® zeros of
fa(M?). The derivative of this function with respect to
M? reads

_ Ao [T

G?, 11
2 Jo<a an

fA0R) = ~1

which is always strictly negative because Ay > 0. It follows
that £, (M?) decreases strictly from

R L W

to fa(00) = —oo [the regularized tadpole integral in
Eq. (10) is suppressed for M? > AZ, T?]. Then, the exis-
tence of a solution of the gap equation depends on the sign
of f4(0). Even though the parameter mj could be negative,
the quadratic and positive divergence in f,(0), given
explicitly in Eq. (9), implies that there exists a value of
A above which f,(0) = 0 and the gap equation admits a
unique solution M?. For the same reason, given a mass u,
there exists a value of A above which £ (u«?) = 0 and thus
M? = p?. This shows that the solution M? diverges as
A — oo, for fixed m(z) and Ay, as announced.

B. Renormalization of the mass. Triviality

Since the quadratic divergence of the gap equation de-
pends neither on ¢ nor on 7, it can be absorbed by adjust-
ing the divergent part of m3. On the other hand, the finite
part of m3 can be used to impose a condition at a given
value of ¢ and a given value of 7. We choose ¢ = 0,
T = T, and impose the renormalization condition

M<2;’>:0,T* = m3. (13)
The parameter m3 is positive by construction because it
is a solution of the gap equation at ¢ = 0 and 7 = T,.
We shall choose it strictly positive in what follows. The
renormalization condition (13) is quite natural when study-
ing how the system evolves as the temperature T is de-
creased from a high temperature 7, where the system is
required to be in the symmetric phase, see Sec. I'V. It can be
rewritten as a choice of the bare mass, namely,

A Ty
2,2 0
my = my

Gy, 14
2 Jgor ©F (14)

with G, = 1/(Q*> + m%). With this choice, the gap
equation reads 0 = f, (M?), with

*We shall only be concerned with positive (M? = 0) solutions
of the gap equation. For a discussion of negative solutions of the
“explicit” form of the gap equation at zero temperature, that is
the gap equation where the integrals have been performed
explicitly for M?> >0 and then extended to any value of M?,
see [56].
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~ A T Ty
fA(MZ)E—M2+mi+—°|:¢2+[ G- G*].
2 O<A O0<A
(15)

The dependence of the gap equation on A has been
changed by the renormalization procedure, and we need
to reconsider its possible solutions and their dependence
on A. As before, we do so by discussing the zeros of the
function f,(M?).

Notice first that £ (M?) = f/\ (M?) is strictly negative in
view of Eq. (11). It follows that the function f,(M?)
decreases strictly from

- A T 1 T
fro=m+ 2o+ [ - [" 6] a6
2 o<A Q 0<A
to fr(c0) = —oco [the regularized tadpole integral in

Eq. (15) is suppressed for M?> A%, T?]. Using
Eqs. (8) and (9), it is easily checked that £, (0) diverges
logarithmically like cm3 InA, with ¢ > 0. Then, there ex-
ists a value of A above which f,(0) =0 and the gap
equation admits a unique solution M. For the same reason,
for any Am? >0, fx(m3 + Am?) diverges logarithmi-
cally like ¥cAm?InA. Then, there exists a value of A
above which f,(m2 — Am?) = 0 and f,(m% + Am?) =<0,
and thus [M? — m%| = Am?. This proves that M?> — m3
as A — oo, for fixed A,. Using the gap equation
0 = fA(M?) as well as Eqgs. (8) and (9), it is possible to
determine precisely how this limit is approached. We
obtain

_ 872 1) Ngx
Mz—mi~l[¢2+f ] (17)
n q €

q

where &} = (¢° + m3)!/? and 8.n, = n, — n¥, with n}
the thermal factor at temperature T,. Thus, unlike what
happened with the quadratic divergence, the logarithmic
divergence of the gap equation (the one that remains after
mass renormalization) does not lead to a divergence of the
solution M2.* Rather, if we insist in taking the limit A — oo
for fixed A, the solution of the gap equation converges
to the renormalized mass mZ% for any value of the field ¢
and the temperature T. This illustrates the triviality of ¢*
theory [55], at least in the particular approximation con-
sidered here. Equation (17) shows that the trivial limit is
approached rather slowly (logarithmically).

“The absence of divergence in the solution of the mass
renormalized gap equation means that the resummation of super-
daisy diagrams encoded in this equation formally resums the
perturbative logarithmic divergences associated with each dia-
gram of this series into a convergent contribution. That pertur-
bative divergences can be resummed to nondivergent expressions
was observed in [45,57].

125026-4



BROKEN PHASE SCALAR EFFECTIVE POTENTIAL AND ..

C. Renormalization of the coupling. Landau pole

The previous analysis has shown that, for the particular
choice of mass renormalization we have considered, the
triviality of ¢* theory is related to the presence of a
logarithmically divergent term in the gap equation. In order
to define a nontrivial theory, one can absorb this divergence
in a redefinition of Aj. Using the formula (see Appendix A)

T — Ty — 5*”5
f G = G+ f L (18)
O0<A O<A g<A &4

as well as the identity

G — G, = —(1> — m2)G,G
= —(* = m3)G} + (> — m3G3G, (19)

it is clear that the logarithmic divergence in Eq. (15) is

entirely accounted for by the term —(M? — m3) [ 2*< 1\ G3.

Isolating this contribution and defining an effective cou-
pling A, [58] such that

L (20)
e Ay 2Joen

the gap equation 0= f,(M?) can be rewritten as
0 = g, (M?) with

A T Ty
gA(Mz)E—M2+mi+—*[¢2+/ G- Gy
2 0<A 0<A
Ty
+(M? = m3) ] Gi]
O<A
_ 2 2 M o 5*"%
=M +my +—| ¢+
2 g<A &4
T,
+ (M?* — m2)? [Q<A G}(G], (21)

where, in writing the second equality, we have made use
of Egs. (18) and (19) to obtain an explicitly convergent
expression that we will use later. If we insist in keeping
the bare coupling A, fixed and positive, then, according to
Eq. (20), the effective coupling A, goes to zero as
A — o0 and we recover the trivial result with /% — m3 ~

ALo? + j'q S*nsz/sg]/Z, in agreement with Eq. (17). In
contrast, fixing the value of A, allows to avoid tri-
viality. This corresponds to the following redefinition
of Ay (Aq is then ¢ and T independent as it should):

1 1 (n
——= G3. 22
N 2 Jen O (22)

1 —_—
Ao
However, it appears that in order to maintain Ay > 0, and in
turn a meaningful microscopic theory, one needs to restrict

the cutoff A below a certain scale known as the Landau
scale or Landau pole A, defined by
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11 (n
0=——= G3. 23
Ve (23)

In other words, the nontrivial Hartree approximation has a
meaning only if it is considered as describing an effective
theory. Notice that, from Eq. (23), it follows that A, >0
(negative values of the renormalized coupling could be
possible with other renormalization schemes without vio-
lating the requirement Ay > 0). More explicitly, using
Eq. (A4), we obtain

() ]
— = ——| Arcsinh| — ) — ———=
Ao 167 N rem

o -y
+2 i (24)
2 q<Ap 28q

In the limit A, — 0%, A, — o0 with A~ ul 3™/

where 1, depends on my and Ty:

* * k!

2 = o2 — 16 [ oS0 25
M*—TeXP( 77/,]2323)' (25)

D. Ultraviolet sensitivity

Because, in the Hartree approximation at least, a non-
trivial @* theory is only to be considered as a cutoff
theory, we need to wonder how calculations done within
such a theory can be made almost independent of the
cutoff A. The main idea is that, if one considers the regime
Ap > T,, m,, ¢, T, one can choose the cutoff A such that
both requirements A, > A and A > T, m,, ¢, T are met.
Then, because all divergences of the gap equation have
been absorbed in the redefinition of the bare parameters,
we expect that its solution M? be almost cutoff indepen-
dent, up to terms of order Ty /A, m,/A, ¢/A, T/A < 1.
The Hartree approximation offers the possibility to illus-
trate this issue, for one can study its solutions as a function
of A, in particular, as A — o0, and thus assess under which
conditions these solutions can be considered practically
insensitive to A for A < A,,.

The analysis of the solutions of the gap equation
0 = gA(M?) as one varies the cutoff A is given in
Appendix B where, in order to simplify the discussion,
we restrict our analysis to the “‘regime of interest” that is a
regime where both A and A, are much larger than all the
other scales T, my, ¢, and T. The result of this analysis is
that the number of solutions of the gap equation depends on
the values of A and ¢?, as we represent in Fig. 1 and
explain in what follows:

(1) For A <A, there is a “critical” value (T, A)
of ¢? such that the gap equation admits a unique
solution if ¢? = ¢2(T,A) and no solution if
¢? < ¢2(T, A), see Fig. 1. Notice that ¢2(T, A) is
not necessarily positive. In practice it is useful to
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1 nﬁ(T,.w

03(T,e0)

03(T)

Ay A=co

FIG. 1 (color online). Number of solutions of the gap equation
0 = g, (M?) in the (A, ¢?) plane in the regime of interest, that is
when A, Ap > T,, my, ¢, T. Orange areas correspond to no
solution, green areas correspond to one solution, and the blue
area corresponds to two solutions, as indicated also by the labels.
In the regime of interest ¢; ~ Aj/(87%) and ¢y(T, ) ~
A2/(47%¢?) are both high scales.

know when it could become strictly positive, signal-
ing the fact that the gap equation has no (positive)
solutions if 0 = ¢? < ¢2(T, A). To this purpose,
one writes, see Appendix B,

2C n
PUT A) = == —f % (e
* q<A C]
with
A * T. G2
C*Emi-i-—*[—[ n—q~|—mi[ G—;:I
2 q<A q O<A Q
(27)

Clearly, ¢2(T, A) is strictly positive if the para-
meters A, Ty, m,, and A, are such that C, <0
and the temperature 7 is strictly below a certain
critical temperature 7, defined by

j‘ ng _ 2Cy
q<A {4 /\* '

Using Eq. (27), it is easy to check that ¢2(Ty, A)
is strictly negative. It follows that 7, < T. More-
over, in the regime of interest, one can neglect the
dependence of Cy and of the thermal integrals with
respect to A. The critical value ¢2(T, A) is then
independent of A (this is the reason why it is repre-
sented by an horizontal line in Fig. 1), and one has
d2(T) = (T? — T?)/12 with T? = —24C,/A,.
(2) For A = A, anew “relevant” scale appears:

Ty
%= [" a.>o
0<A,

(28)

(29)
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see Appendix B. It is such that ¢3 > ¢2(T), and the
gap equation admits no solution if ¢> = ¢2, one
solution if 3 > ¢* = ¢2(T), and again no solution
if 2 < ¢2(T), see Fig. 1. Notice that, in the regime
of interest, ¢5 ~ AZ/(877) is a high scale.

(3) Similarly, for A > Ap a new relevant scale
(T, A) > ¢2(T) enters the discussion. The gap
equation admits no solution if ¢>> ¢3(T, A),
one solution if ¢* = ¢3(T, A), two solutions if
¢(T, A) > ¢* = ¢Z(T), and one solution if
¢* < ¢2(T), see Fig. 1. The value of ¢3(T, A) as
A — A is nothing but ¢3. Moreover, in the regime
of interest, one can show that d)%(T, A) decreases
with A, from ¢3(T, AJ) = ¢; to ¢3(T, ) ~
A7 /(47%e?), another high scale.

The previous analysis shows, in particular, that the
unique solution of the gap equation, which exists for
A <A, and ¢? = ¢Z(T) and which we shall call the
physical solution, behaves rather differently, depending
on the value of ¢?, as one increases the value of A.
If ¢>= qﬁg, as we show in Appendix B, the physical
solution diverges as A — A In contrast, if qﬁf, > ¢ =
¢Z(T), nothing of this kind occurs: the physical solution
can be extended beyond the Landau scale and a second
solution, which we call the unphysical solution, appears.
If ¢ > ¢? > p3(o0), there is value of A, at which the two
solutions merge into one solution and then cease to exist
(without diverging). On the contrary, in the convergence
window ¢i(00) = ¢ = ¢2(T) the two solutions can be
extended to A — o0, and one can then assess how rapidly
they converge to their limiting values M2,. To do so, we
take a derivative of the gap equation 0 = g, (M?) with
respect to A. We obtain

oM> _ _ 1 9gp
aA gh(M?) oA’

(30)

where dg,/dA corresponds to the explicit dependence of
gx with respect to A. An implicit dependence is also
present, through M?, which explains the appearance of
g¢'\(M?) in the previous formula. We are allowed to divide
by g/\(M?) because, as long as ¢ < ¢p(), one has
gj\(Mz) # 0, see Appendix B. Moreover, this remain true
in the limit A — oo, It follows that

oM? 1 IgA

-~ 22 . 31
aA gho(M3,) A | =iz
Then, a simple calculation using Egs. (A1), (A4), and (B1),

(M2, — m3)?
A

o> 3
aA 6472 gl,(M3,)

(32)

or, in other words,
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FIG. 2. Convergence of the physical solution of the renormalized and A-dependent gap equation at different values of the field for
m32/T2 = 0.5, A, = 20, and T/T, = 0.012. The dashed vertical line, common to both plots, indicates the location of the Landau scale.
The left panel shows the dependence of the rescaled physical solution with respect to the cutoff A. The right panel illustrates the
validity of the asymptotic formula (33) represented by the solid lines. The inset shows the behavior of the solution for two values of the
field which lie outside of the convergence window (see text for details).
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where we have expressed all the masses in units of the
renormalized mass m,. Although we did not make it ex-
plicit, the limiting value M2, depends on T and ¢. In the
case of the physical solution M2 increases strictly from 0
at ¢* = ¢2(T) to a very large value M3(c0) ~4A2/e? at
¢* = p3(0) ~ AZ/(472€?), see Appendix B. Thus, in the
regime of interest, such that in particular ¢ < A,
M?,/m3 is of the order 1 or smaller and the scale multi-
plying the convergence factor 1/A? in Eq. (33) is a low
scale of the order of mi << A} or smaller [the factor
1/g% (M%) can only improve the convergence, for it goes
to zero when M3, — 0]. Then, the insensitivity of the
physical solution to the scale A is expected to be observed
already for values of A below the Landau scale A,,. This
expectation is confirmed by the numerical results presented
in Fig. 2, which shows the convergence of the physical
solution as A — oo for increasing values of ¢: for small
values of the field the physical solution has already con-
verged for values of A well below the Landau pole, while
for very large values of ¢ the convergence, if it happens,
occurs for values of A above the Landau pole. This is a
clear illustration of why, although there exists a Landau
pole Ap which forces us to choose the cutoff A < Ap, one
can define, in some region of the parameter space, a theory
whose results are almost insensitive to the cutoff A.

E. Flow approach to the gap equation

To conclude this section, we present an elegant way to
solve the gap equation. This approach is also interesting on
formal grounds because it gives a new perspective on

renormalization. It could also be used for higher order
approximations.

Let us assume that the solution of the gap equation is
known for some ¢ and T, and let us ask how this solution
changes as we vary ¢ or T. The change in the solution is
governed by evolution or flow equations that we now
derive. Let us first express the infinitesimal change of M?
with respect to ¢2. From the original bare gap Eq. (7) and
using the fact that the bare parameters mj and A, are ¢
independent, we obtain

aM?* A T 9G Ao Ay [T -, dM?
— =1+ —|==-5 G*—,
Ip* 2 0<A ¢ 2 2 Jo<n 09

(34)

where we used 6G = —G?86G ™. Collecting the deriva-
tives of M? on the same side of the equation, this can be
rewritten as

oM> vV
— =, 35
with the function V defined by
1 1~
l_ =—+ G>. (36)
%4 /\0 2 O<A

Similar manipulations are possible to express the infini-
tesimal change of M? with respect to T. Using the fact that
the bare parameters are 7 independent, one writes

o> _ /\0( 9 /T )G Ao [T G0V
oT 2 \aT Jo<a 2 Jo<a 9T’
where the notation (9/9T [{,_,)G defined in Appendix A
refers to a derivative with respect to the explicit thermal

(37)
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dependence, not the implicit one, hidden in G. As before,

this can be rewritten as
9 (T _
(— f )G. (38)
0T Jo<na

A similar strategy can be used to express the infinitesimal
variations of V itself. We obtain

oT

ov V(1

— = G, 39
d? 2 Jo<a 59)

wv__ E(i ] )Gz
Jd 2 aT O<A

73

+ V—UT G’3)<i [T )G. (40)

2 \Jo<A T Jo<a
The interesting feature of Eqgs. (35) and (38)—(40) is that
they are explicitly finite, without the need to impose any
renormalization condition. They can be used as an alter-
native tool to solve the gap equation. The only information
that remains to be specified are the initial conditions for M?
and V, for instance at ¢> =0 and T = T,. The initial
condition for M? reads Mj_,, = mj which is nothing
but the renormalization condition (13). As for V, its initial
condition reads

Vo1, = A (4D

and it is easily checked that it can be reinterpreted as the
renormalization condition corresponding to the choice of
Ag in Eq. (22). Thus, specifying the initial conditions in the
flow approach corresponds to imposing renormalization
conditions in the standard approach.5 As already discussed,
m?% and A, are taken strictly positive.

In practice, it is more convenient to solve the evolution
Egs. (35) and (38) coupled to the explicit and renormalized
expression for V, which we obtain from combining
Egs. (36) and (22):

1 1 1 T  _ T,
— =—+= GZ—f Gz]. 42
Vv Ay 2[ 0<A 0<A * 42)

Because ¢2(T,) < 0, we first solve the Eq. (35) at T = T,
from the initial condition M§5=0,T* = m2 >0 and obtain
the function M7, ;. . For each value of ¢, the solution M7, ;.
is then used as the initial condition for the flow Eq. (38),
which we solve from T, for decreasing values of T.
We obtain in this way the function M7 ;. for any value of
¢ and T [with ¢? = ¢2(T)]. This method will be used in
the next section where we evaluate the effective potential.
Notice finally that V = — A,/ g’ (3?), where g , (M?) is the

SThis is similar in spirit to the approach followed in [59].
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function introduced in Eq. (21) to discuss the solutions of
the renormalized gap equation [see Eq. (B2) for its deriva-
tive]. We are only interested in the physical solution to the
gap equation. Irrespectively of the value of A, this solution
is such that g/, (M?) < 0, see Appendix B, and thus V > 0.
From Egs. (35) and (39), it follows then that M2 and V
increase with ¢?2. In particular at 7 = T, and for any ¢?2,
one has M? = mZ2 and V = A,. We will make use of this
remark later.

IV. EFFECTIVE POTENTIAL

Once the mass M and the propagator G have been
determined, one can evaluate numerically the renormalized
version of the effective potential to be given in Sec. IV B
and study its change of shape as the temperature 7 is
lowered from the high temperature 7', possibly triggering
a change of phase. In this section we show that a large part
of the analysis can be done analytically. We prove, in
particular, that in the Hartree approximation, for those
values of the parameters such that there is a phase tran-
sition, the latter cannot be of second order. To this purpose,
we use information on the geometry of the effective po-
tential, such as its curvature, as well as information on the
location of its possible extrema, as given by the field
equation. Notice that our analysis will be performed in
the presence of a cutoff A below the Landau scale A,,.
After renormalization of the effective potential, see below,
and for parameters such that A, is much larger than all
other scales in the problem, the renormalized effective
potential computed with A < A, will be essentially the
same as the one computed in the limit A — co. We shall
use this simplification when evaluating the effective poten-
tial numerically.

A. Geometry of the effective potential

The geometry of the effective potential is encoded in its
field derivatives. For instance, the curvature for a given
value of ¢ reads

. 5%y
M?=_—=
S¢?

T _ T __ OM?

—mpr g2 [0 G- [0 @t

2 2 Jo<a 2 0<A ad

(43)

where we made use of the stationarity condition (3) and
8G = —G*8G™'. From the flow Eq. (35), one obtains
OM?*/d¢ = V. Plugging this into Eq. (43) and using
Eq. (36), we arrive at

M? = M* + Vp* — Ay, (44)

Similarly, the fourth derivative of the effective potential
at ¢ = 0 is given by
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. 5y 3 . 9P
Vooo=——7 =)\——/\f Gy .
L I S i Tl e
(45)

The same argument as for M? leads to
V 4—0 = 3Vy_o — 2A. (46)

These results illustrate the general discussion given in the
Introduction concerning the existence of different defini-
tions of n-point functions in a given approximation of the
2PI effective action. For instance, the two-point function
(here simply a mass) could be defined either from the
solution M? of the gap equation or from the second deriva-
tive M? of the effective potential. Although these two
definitions should coincide for any value of ¢ and 7 in
the absence of approximations, Eq. (44) clearly shows that,
in the Hartree approximation, they coincide for ¢ = 0
only. For other approximations, the discrepancy between
the different definitions of the two-point function can also
be observed for ¢ = 0. Similar remarks apply to the four-
point function. Notice however that these discrepancies
always appear as higher order effects. In the present case
for instance, if we consider a formal expansion in power of
the bare coupling Ay, we obtain M? — M? = O(A3) as well
as V — V = O(A), which show that the discrepancies are
beyond the accuracy of the Hartree approximation.

More generally the discrepancies between the different
definitions of a given n-point function are always of higher
order as compared to the accuracy of the 2PI truncation
that one considers and are thus of little relevance a priori.
However, this is only true for n = 6. Forn = 2 and n = 4,
the discrepancies between the different definitions of
n-point functions can be divergent, and they are thus
negligible only after divergences have been properly ab-
sorbed. For instance, the two different definitions of the
two-point function can bring independent quadratic diver-
gences. In order to remove them, one needs to allow for
two independent bare masses following the general pre-
scription of [38]. It turns out that in the case of the Hartree
approximation, the quadratic divergences are not indepen-
dent but equal®, which allows one to work with only one
bare mass. Nevertheless the sensitivities M> and M? with
respect to A are radically different for, as we have seen
above, M? is defined for any value of A with A-dependent
terms of the form 1/A?, whereas, due to the presence of A,
in Eq. (44), M? diverges as A — A, . For the same reason,

the sensitivities of V and V with respect to A are different.
One possible way out is to argue, in a way similar to [49],
that if one considers A K Ap, but much larger than all
other scales in the problem, the additional sensitivity of M>
and V as compared to M2 and V is a very mild one. Here we

5This has to do with the fact that the two definitions of the
mass coincide for ¢ = 0.
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follow a different approach’ in line with the general pre-
sentation in [38], which is generalizable to higher order
approximations. Since the difference of sensitivity with
respect to A comes from the fact that the two definitions
V and V of the four-point function differ within a given
approximation, it is natural to introduce a bare coupling A4
different from A, in such a way that the original 2PI func-
tional reads

m} A 1 (T
Gl =T g2 4 2 4+_f InG"~!
Mo.G1=" 0+ ot w5 [7

1 (T A T
+_f (Q2+mg)G+—°¢2[ G
2 O0<A 4 O0<A

+ % ( [Q:A G)z. (47)

Clearly A enters the definition of V as before, whereas A,
appears as a tree level contribution to V. With this modi-
fication, using the same steps as those leading to Eqs. (44)
and (46) we obtain

. L 1
M? =M + V2 + 2(As = 34097 (48)

V g0 = 3V g0 + (A4 — 3A). (49)

We can now adjust A, such that V is as insensitive to A as
V, that is up to terms of order 1/AZ. This however does not
fix the finite part of A4. In order to fix the later without
introducing additional parameters, and following [38,47],
we impose the consistency condition:

Vo—or, = Ve—or. (50)

at the renormalization point ¢ = 0 and T = T, condition
which should hold automatically if no approximation was
considered. This condition translates into a particular
choice of the bare parameter Ay:

Ny — 34 = =2, (51)

Using this particular choice, the derivatives of the effective
potential become then

M? =M+ (V= 1) (52)
Vg0 =3Vy4o0 — 21, (53)

Notice that M? and V are now both cutoff insensitive: the
renormalization of V automatically took into account the

"Despite this different point of view, our conclusions regarding
the order of the phase transition will be the same as those in [49].
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renormalization of M?. We stress that this is only specific
to certain approximations. In general, one would need to
introduce a second bare mass, which one would fix by
imposing another consistency condition. Notice also that,
if we expand the bare couplings in powers of the renor-
malized coupling A, using Egs. (22) and (51), we find that
Ay — Ag = O(A3), in line with the fact that the artifacts
that the introduction of a second bare coupling A, is meant
to cure lie beyond the accuracy of the Hartree approxima-
tion. As a final remark, recall that, as we have shown in
the previous section, M> = m% >0 and V = A, >0 at
T =T, and for any ¢2. It follows that M?> = m2 >0 at
T = T, and for any 2. This means that the effective
potential at the initial temperature 7 = T, is strictly
convex.

B. Renormalized effective potential

We are now in a position to derive a finite expression
for the effective potential. Using Eq. (7) in Eq. (47) the
effective potential y(¢) = y[ ¢, G] reads

1 . M* — m}
= — + 9
y($) a0 (Ay — 30 o
1 [r _ 1 [T _

+ = f InG™ '+ = 0’G. (54

2 Jo<a 2 Jo<a
|

M4 mi 1
_ 0) = — * _ 4 [ o,

y(¢) — v4(0) D ¢t + W an 2 ) g, 4

[\ |

&q

=),
2,

NI'—‘

which is our final form for the renormalized effective
potential.® This formula for the effective potential differs
from that in [49] in that we have used the additional bare
parameter A4. The approach we have followed here to
obtain a finite effective potential can be generalized to
higher orders of approximation, see for instance [43].

C. Extrema of the effective potential

At any temperature, the extrema of the effective poten-
tial (47) are given by the field equation:

(58)

O
g3
S

_8The first two integrals can be done analytically with the result
(M* — m%)/(12872) in the limit A — oo,

[arin - ey g e ]
482

n*
[ 2T, In(1 — e~ #i/Tx) + m2 =2

PHYSICAL REVIEW D 83, 125026 (2011)
Using Egs. (36) and (51), we arrive at

M4

y($) = ——¢4 v

270

T
+ 1[ [lnG + 0°G — 1M4G2] (55)
2 O<A

Expanding the integrand for large Q we observe that it has
no quadratic or logarithmic divergence, only a quartic one
of the form [7,_, (InQ* + 1). We can thus write

4
My Ay M7
M) ="5 12¢ 2V "3

_ = _ = T
—1nQ2—M2G——M4G2]+—f [InQ?+1].
2 2 Jo<A

(56)

f ’ [ln(Q2 + A1)

The first integral is convergent. The second is divergent,
but one can convince oneself that its divergence is 7 and ¢
independent. Then, if we subtract the effective potential
evaluated at Ty and ¢ = 0, we obtain an explicitly con-
vergent expression

M_z_@]_lf [g*_ _mi_mi]
26, 8ei] 2J,aal® T 267 8e

/

(57)

In making this equation explicit one can take advantage of
the stationarity condition (3). In the Hartree approxima-
tion, and taking into account the newly introduced bare
coupling A4, we arrive at

T
0= (m + 24+ f G -).
d) 0 d) 2 O<A ¢
Using the relation (51) as well as the gap Eq. (7), we finally
arrive at the system of equations:

(59)

0= ¢(% ¢* — Mé) and 0= g,(M%, ¢?), (60)
where we have made explicit the dependence of g, (M?)
with respect to ¢. Notice that this system of equations is
explicitly finite. This is not surprising, for, once the second
and fourth derivatives of the effective potential have been
renormalized, the effective potential is renormalized (up to
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an overall constant) and so is any information that can be
extracted from it such as the location of its extrema.”
According to Eq. (60), the trivial extremum ¢ = 0 only
makes sense as long as the gap equation at ¢ = 0 has a
solution. This ceases to be true if ¢2(T) is strictly positive,
that is when C, < 0and T < T, see our earlier discussion.
On the other hand, the nontrivial extrema obey the system

¢ — M3 and 0=g, (M} ¢°).  (61)
which we rewrite conveniently as

P2 = M?; and o=hA(M§3), (62)

Zle

where the function 4, (M?) does not depend on the field
and is given by

3 3
hp(M?) = gA(MZ:/\—M2> = EMZ + ga(M?, ¢* = 0),
*
(63)
with first and second derivatives equal to
3

Iy (M2) = 2+ g (M), (64)
W) = g (M), (65)

The nontrivial extrema of the effective potential can thus
be obtained from the zeros of 4, (M?), which we discuss
below. Notice that, from Eq. (52), the curvature of the
effective potential at the nontrivial extrema is given by

~o —__2)‘*)‘2:_ ( 1 g)‘z
2A, MAOY)
= —-——= = . 66
: ,A(M%)qb (66)

Because g/, (M?) <0 when A < A,. see Appendix B, the
sign of the curvature is the sign of &', (M?).

“Notice that the way we have obtained an explicitly renormal-
ized field equation differs in spirit from that followed in [60] for
the case of the O(N) model. There, the field equation was similar
to the one in Eq. (60) with A, replaced by the bare coupling
(denoted by A in Ref. [60]). Since the latter had no divergence to
absorb in the field equation, it was then identified to the renor-
malized coupling (although this identification was not possible at
the level of the gap equation). Even though this result is correct
and agrees with Eq. (60), its justification in [60] hides the origin
of the difficulty, namely, the existence of multiple definitions for
n-point functions and does not allow a generalization to higher
orders of approximation. For a discussion of similar issues, see
also [61].
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D. Temperature dependence of the effective potential

Let us now discuss the zeros of &, (M?) and the corre-
sponding curvature encoded in Eq. (66) and deduce the
shape of the effective potential as we decrease the tem-
perature from T down to T = 0. Because hX(Mz) > (), the

function A\ (M?) increases strictly from 4/, (0) = —oo to
3 300, 1 A [T
Wi (o) ==+ g/ (0) == —"Z=_4"% G2 >0,
AR =5t =53 =315,
(67)
where in view of (B5) we have used g’, () = —A,/Aj and

then Eq. (22). The function h/\(M?) has to vanish for
some M2. It follows that the function 4, (M?) has a mini-
mum at M? = M?2: hy(M?) decreases strictly from /, (0)
to ho(M?2) and then increases towards /(o) = co. The
number of nontrivial extrema of the effective potential
depends thus on the signs of /1, (0) and &, (M2) which we
now discuss.

Let us consider /,(0) first. It is nothing but g, (0) at
¢ =0, see Eq. (63), and thus from the discussion above
Eq. (B6)

Ay ng

A
hA(0)=—7*¢%<T,A)=C*+7 e (68)
q

where C, was defined in Eq. (27) and depends on the
parameters. As we have seen below Eq. (28), ¢2(T, A) is
strictly negative for T = T,. It follows that %,(0) is
strictly positive for 7 = T,. Moreover, the previous
formula shows that 4, (0) decreases strictly as we lower
T and reaches Cy at T = 0. If the parameters are such that
Cy >0, then h,(0) remains strictly positive down to
T=0.1f C, =0, hy(0) remains strictly positive down
to 7 > 0 and vanishes at 7 = 0. If C, <0, /1, (0) remains
strictly positive while 7> T, (0 < T, < Ty), vanishes at
T = T, changes sign, and remains strictly negative down
to T = 0. The same type of analysis needs to be done for
hx(M?). Using Eq. (21), we obtain

_ 1 - A Oy Nge
hy(M2) = = M2 + 2+—*[[ -
A( e) D) e mi ) 4<A 82
_ T, _
L2 — m2)? GiGe]. (69)
O<A

Clearly, h (M. >0 at T =T,. Moreover, because
n\(M.) =0, the thermal dependence of h(M,) is the
explicit one, encoded in the tadpole integral. It follows
that /1, (M?) decreases as one decreases T. We shall denote
by D, its value at T = 0. If the parameters are such that
D, >0, h(M?) remains strictly positive all the way down
to T = 0. If D, = 0, it remains strictly positive down to
T >0 and vanishes at T = 0. If D, <0, h,(M?2) remains
strictly positive, while 7> T, (0 < T, < T,) vanishes at
T = T,, changes sign, and remains strictly negative down
toT =0.
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A priori, discussing the signs of /,(0) and h,(M?)
involves nine cases, depending on the values of C4 and
Dy, and thus nine regions in parameter space. However,
because C, and D, are the values of 4, (0) and h,(M2)
at T=0 and h,(0) > hy(M2), we have necessarily
C, > D,, which reduces the number of regions to five:

e))

Region corresponding to C, < 0: For such parame-
ters, h, (M?) changes sign at T, and h, (0) changes
sign at T, < T,. The evolution of the effective po-
tential as we decrease T from T, down to 7 = 0
goes as follows:

(i) For T, < T = T,, both h,(0) and h,(M?) are
strictly positive and the effective potential has
only a trivial extremum at ¢ = 0. It is a mini-
mum because M> = M?>0 at ¢ = 0. The
effective potential is convex, see Fig. 3(a).

At T =T, hy(0) is still strictly positive but
h(M?) vanishes: in addition to the trivial mini-
mum at ¢ = 0, a nontrivial extremum appears.
According to Eq. (66), its curvature is zero. The
only possibility is that it is an inflection point of
the effective potential, see Fig. 3(b).

For T, < T < T, h,(0) is still strictly positive
and h(M?) is strictly negative: in addition to the
trivial minimum at ¢ = 0, two nontrivial ex-
trema are present. According to Eq. (66), the
nontrivial extremum closest to ¢ =0 is a
maximum and the other one is a minimum,
see Fig. 3(c). As it will become clear in the
next point, it turns out that in this temperature
interval there is a temperature T, (T, < T, <

T,) at which the minima are degenerate and

(i)

(iii)

2

3

“)
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below which the nontrivial minimum becomes
the absolute minimum, see Fig. 3(d).
At T =T,, h,(0) vanishes and h,(M?) is
strictly negative: the nontrivial extremum
which corresponded to a maximum is at
¢ = 0 and merges with the trivial minimum.
The curvature at ¢¢ = 0 is zero. Because there
is still a nontrivial minimum at ¢ # 0, the only
possibility is that at 7 = T, the effective po-
tential presents a maximum at ¢ =0, see
Fig. 3(e), with the consequence that there
was a temperature T, (T, <T,<T,) below
which the nontrivial minimum became the ab-
solute minimum.
(v) For T <T,, the gap equation has no solution
at ¢ = 0: the trivial extremum disappears.
The effective potential is defined only for
¢? = ¢2(T) and has a single nontrivial mini-
mum, see Fig. 3(f).
Region corresponding to C, = 0: Itis just a curve in
parameter space. The same analysis as above applies
except from the fact that 7, = 0. The final shape of
the potential is that of Fig. 3(e).
Region corresponding to Cyx >0 and D, < 0: The
same analysis applies except from the fact that there
is no 7. The final shape of the potential at 7 = 0 is
either that of Fig. 3(d) or that of Fig. 3(c), but
without evaluating the potential we cannot decide
whether or not the nontrivial minimum became the
absolute one at some temperature.
Region corresponding to C, >0 and D, = 0: It is
just a curve in parameter space. The same analysis

(iv)

02 7e-09 | TST=0.2213 ——
6009 | 3.5e-09
0.15 5e-09 3e-09
4e-09 F 2.5e-09
0.1 3e-09 26-09
26-09 |
1.56-09
0.05 1e-09 |
1e-09
0 -
0 ‘ : : ) : ‘ : : : ) 5e-10 ‘ : : : : )
0 02 04 06 08 1 0 0.05 0.01 0.015 0.02 0.025 0.03 0 0.005 0.01 0.015 0.02 0.025 0.03
o/T+ O/T.
T/T.=0.2259 - ; TST.=0.2214 —— 3e-05 To0 —
1e-08 ¢ ; §
© T/T.=0.2257 —— Se-07 2.56-05
8e-09 (d) ; 25607 (e) 26-05 ®
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FIG. 3. The temperature evolution of the effective potential obtained for m3 /T2 = 0.1, A, = 3 in the limit A — oo by evaluating
Eq. (57) with M? calculated at T, using the ¢>-flow Eq. (35) and at T # 0 using the T-flow Eq. (38). On each plot, a constant has been
subtracted for convenience, without affecting the physical interpretation.
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applies except from the fact that there is no 7, and
T, = 0. The final shape of the potential is that of
Fig. 3(b).

(5) Region corresponding to Cyx > 0 and D, > 0: There
are no T, or T,. The final shape of the potential is
convex, see Fig. 3(a).

The previous discussion shows that, if there is a phase
transition, it is first order due to the finite jump in the
location of the absolute minimum of the effective potential
(see Fig. 3). The transition occurs at 7 = T, while T and
T, correspond to the upper and lower spinodal tempera-
tures at which a maximum and a minimum of the potential
merge.

These conclusions are valid for a given value of the
cutoff A < A,. As we have explained in the previous
section, if we want the results to be independent of the
cutoff A, we need to choose the parameters such that
A, > my, Ty, T so that it is possible to choose A below
the Landau scale but larger with respect to all other
scales.'® In what follows we choose T, = 1, which sets
the mass unit. Since we are only interested in values of T
below Ty, it is then enough to choose my and A, such that
Ap/ m,. >> 1. For definiteness, we choose to work in the
region of parameter space such that In(A,/m,) > 5. Note
that, in this regime

MT =0) _ mye
m= 2A

N IR
eXp —24ar qT < 1,
p

which we obtained from the equation h\(M?) =0 at
T = 0 and for A > m,, T,. One can show in the same
way that D,, which is defined as hy(M2) at T =0, is
given by

Av -
MA(T = 0). 71
Y o( ) (71)

D*:C*_

Regions 2., 3., and 4. are such that C, =0 and
D, =0, that is 0 = C, = A, M%(T = 0)/(327%). Thus,
they form a very narrow band, indistinguishable from the
curve C, = 0 whose equation is'’

"%For practical purposes, it is then enough to compute the
effective potential for A = oo without introducing any substan-
tial difference as compared to the effective potential at A < A,,.
One can also perform an analytical study of the effective
potential for A > A . The only subtlety is that g’/(M?) can be
positive for M? > /\7192p and the discussion around Eq. (66) needs
to be revisited. One can convince oneself that the zeros of 1(M?)
are all low scales, lying below the high scale M2, and correspond
thus to negative values of g’(M?).

"For practical purposes this curve can be approximated using
the high temperature expansion: A,(my) = 2m%/(T3/12 —
my Ty /(87)).

FIG. 4. Parameter space and order of the phase transition. The
labels on the curves indicate the value of ln(Ap /my). We focus
on the region In(A,/m,) > 5, which is such our results can be
considered cutoff insensitive for a cutoff A below the Landau
scale. Note that this region lies below the thick curve that is in
the region of validity of the condition (B12) which played a role
in part of our analysis of the gap equation.

Ae(my) = 2mi[ﬁnj — mi fQT Z’z;]_l. (72)

The parameter space is then essentially divided in two
regions, see Fig. 4. The lower (grey) region, corresponding
to region 5. of the analysis above, is such that no phase
transition occurs between T = T, and T = 0. The upper
(white) region, corresponding to region 1. of the analysis
above, is such that a first order phase transition occurs at
T = T,. The temperatures 7, and T can only be accessed
numerically. We find that for moderate values of the pa-
rameters A, and m} the first order phase transition is
rather weak, that is for reasonable values of the parameters
the difference between T, and T, is small and also for
T. < T < T, the nontrivial minimum is close to the trivial
one. The first order nature of the phase transition is an
artifact of the Hartree approximation which corresponds to
a O(A) truncation of the 2PI functional at skeleton level.
Since this effect is rather weak, an improvement of the
truncation by including the order-A? and field-dependent
skeleton contribution to the 2PI functional seems to turn
the phase transition into second order [43], in accordance
with universality arguments.

For phenomenological applications a parametrization of
the model is needed, which is usually done at zero tem-
perature. For this reason it is interesting to know which
values of the parameters m3 and A, at T, are of interest. In
the region of the parameter space where there is a phase
transition 7', increases steeply with A,. Therefore, in order
for the phase transition to occur at a reasonable value of
temperature compared to 7, one needs to restrict the
possible values of the parameters in the m% — A, space.
The accessible values of ¢(7 = 0) and M(T = 0) when
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FIG. 5. Dependence of the solution of the field equation at
T = 0 on the parameters in the region of the parameter space,
where T,./T, = 0.3 (T, increases with A,.) The labels near the
solid curves refers to the solution M of the gap equation at 7 = 0.

the restriction T,./T, = 0.3 is imposed can be seen Fig. 5.
This means that the region of the parameter space which is
interesting in practice is a relatively narrow one, close to
the curve given in Eq. (72). Setting 7, = 1 GeV, these
values are in the range of the pion decay constant, pion
masses, and the transition temperature in the O(4) linear
sigma model.

V. CONCLUSIONS AND DISCUSSION

We have studied the phase transition of a real scalar ¢*
theory in four dimensions at lowest order in the 2PI formal-
ism. Because of the existence of the Landau pole, this
model needs to be considered in the presence of a cutoff
lying below the scale of the Landau pole. For values of the
parameters such that the Landau pole is much larger than
all other scales, renormalization ensures insensitivity of
the results with respect to the cutoff scale already below the
Landau scale. We have illustrated these questions at the
level of the gap equation by investigating under which
conditions the cutoff can be continued above the Landau
pole to infinity without noticing any sensible change in the
solution of the gap equation. We have also studied the
effective potential and proven analytically that if there is
a phase transition, it is weakly first order, confirming ear-
lier studies based on a numerical evaluation or a high
temperature expansion of the effective potential.

Let us end by emphasizing that even though we imposed
the renormalization and consistency conditions in the sym-
metric phase, we could have imposed them in the broken
phase as well. Because ¢ = 0 is not always accessible, we
need to impose these conditions at ¢ = v # 0 (where v is
arbitrary for the moment). The bare mass m} and the bare
coupling A are used to impose the renormalization con-
ditions

PHYSICAL REVIEW D 83, 125026 (2011)
Miﬁzv,T=O = m2 >(0 and Vz]ﬁ:v,T:O = A>0. (73)

Unlike what happened at ¢¢ = 0 in the symmetric phase,
the curvature M7,_, r_, is not equal to M%_, ,_. This
truncation artifact can be overcome by using the bare
coupling A4 to impose the consistency condition:

o2 )

M b=v,T=0 qu:u,T:o' (74)
Notice then that the consistency condition,

Vgmv.r=0 = Vgmv,r=0- (75)

fixes the value of v in terms of m? and A. An explicit
calculation leads to'?

v? 6
— = . 76
m> A —3A%/(3277) (76)

)C2

One can then check that v cannot be interpreted as the
value of ¢ (minimum of the potential) at 7 = 0 which,
given the renormalization and consistency conditions, is
such that ¢2_,/m? = 3/\. Reversely, if one chooses v as
the value of (]3 at 7 = 0, which is the usual choice, then
v?/m?* =3/A and one cannot impose the consistency
condition (75). In this later case, we have checked using
similar arguments as above, that the transition cannot be
second order.

The impossibility to impose simultaneously the consis-
tency conditions (74) and (75) at the minimum of the
potential needs to be regarded as a truncation artifact.
It can be cured by exploiting the fact that in higher orders
of approximation of the 2PI effective action, two bare
masses mj and m3 are usually needed to renormalize
different quadratic divergences in M? and M2, see for
instance [43]. It is true that in the Hartree approximation
these quadratic divergences are equal, but we could still
allow for different finite parts to m3 and m3 and use them to
impose both consistency conditions at the minimum of the
effective potential. Notice that this approach and the one
involving only one bare mass are not completely equiva-
lent. They both agree at leading order in A but differ
beyond this order: in the first approach, some of the con-
sistency conditions, which reflect an exact property of the
theory, are sacrificed, whereas in the second approach,
what is sacrificed is the fact that in the exact theory there
is only one bare mass. The second approach can be viewed
as a renormalization improvement over the first one, for
exact properties of the theory are reflected at the level of
the renormalized quantities not at the level of the bare ones.
It is then interesting to wonder how such an improvement
affects the order of the transition. Interestingly, before
exploiting the consistency condition (75) a second order
phase transition is possible for parameters such that

2This shows, in particular, that A < 3272%/3 =~ 105.
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v?/m* < 1/A. However, the consistency condition (75)
leads once again to a relation between v>/m? and A:

A4 <3/\

_ B )v6 3N vt v2
3272 \3272

" —16772W_AW+3' (77)

For positive A, this equation has a positive solution v?/m?
only for A < 32772 /3. Moreover, it is possible to show that
v?/m? > 3/ A, and thus the region v>/m? < 1/A cannot be
accessed. For parameters such that v>/m? >3/, it is
again possible to convince oneself that the transition can-
not be of second order. Then, our conclusions on the nature
of the phase transition in the Hartree approximation remain
unchanged even within this extended renormalization
scheme. The impossibility of a second order phase
transition is an artifact of the Hartree approximation.
Therefore, it would be of interest to see to what extend
one could apply the analysis and methods of the current
work to more complicated approximations of the 2PI func-
tional, in which there exist in the literature numerical
evidence for the occurrence of a second order phase tran-
sition [43]. Investigations in this direction are under way.
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APPENDIX A: USEFUL IDENTITIES

With a three dimensional and rotation invariant regulari-
zation, the tadpole integral can be written as

[T (_7:[ 1+2n8q=[n G-l—[ S*nsqy
0<A g<A 28q 0<A g<A &4

(AD)

with &, = (¢* + M)'2 n,=1/(ef* — 1), and S,n, =
n, — nx, with n} the thermal factor at temperature T.
The infinitesimal version of Eq. (Al) is also useful and
is obtained after taking a derivative with respect to 7 in

Eq. (A1) followed by the limit 7, — T. We obtain

T T oG 9 (T _
itUp ) ot Gr [ )o@
aT \J o<a o<A 0T oT Jo<a
with

0 T _ ng
(— [ )G = f —1 >0, (A3)
aT O0<A g<A &4
and where the dot in 7, represents a derivative with
respect to the explicit thermal dependence so that 1, =

(e/T?)n.(1 + n.) > 0. Similar formulae can be obtained
for the bubble integral, for instance:

PHYSICAL REVIEW D 83, 125026 (2011)

1+2(n, —e

T —
f,.e=]
0<A g<A 4e;

B /T* o +/ Suny, = £,041y,
O<A q<A 283 '

where the prime in n/, denotes a derivative with respect to
energy so that n, = —(1/T)n.(1 + n,) <0. The infini-
tesimal form of Eq. (A4) reads

T T 9G? 9 T _
atUpe @)= fooar G [y o 9
aT \Jo<a o<A 0T T Jo<a

with

!/
7'z,

(A4)

/

N
T Jo<a g<A 282

APPENDIX B: SOLUTIONS OF THE
RENORMALIZED GAP EQUATION

In order to discuss the solutions of the gap equation
0 = gx(M?), we study the zeros of

(A6)

A T
gA(M2)E—M2+m1+—*[¢2+/ G
2 0<A
Ty Ty
—f Gy + (M2 — m2) Ga], (B1)
0<A 0<A
with first and second derivatives given by
A T Ty
aon=-1-2[[" @-[" a] o
2 LJo<a 0<A
T
gl (M?) = A, G>. (B3)

O<A

It is useful to notice that g,(M?) and g',(M?) can be
written as

A
M?) ==
ga(M?) X

T T,
+ﬁ[¢2+/ G—f G*], (B4)
2 0<A 0<A

(M? = m3)

1 1
) =~

2 (53

' Gz].
0<A

We shall also use the explicitly renormalized form of
g (M?) given in Eq. (21). As explained at the beginning
of Sec. IIID, we perform our analysis in the regime of
interest, that is where A and A, are much larger than all the
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other scales Ty, my, ¢, and T. Moreover, we are only
interested in positive solutions M? of the gap equation.

1. Solution for A < Ap

The function g/{(M?) is strictly positive, see Eq. (B3).
It follows that g/, (M?) increases strictly from g/, (0) = —o0
[the bubble integral in Eq. (B5) diverges positively
as M?> — 0] to g/\(0) = —A,/Ay [the bubble integral
in Eq. (B5) is suppressed as M?>> A%, T?]. Because
A <A,, it follows from Eq. (22) and the definition of A,
given in Eq. (23) that Ay >0 and therefore g/, (c0) <O.
In consequence g)\(M?) <0 and the function g,(M?)
decreases strictly from g, (0) = A (> — ¢2(T, A))/2,
where

2m?2 S | T, T,
s n=-7" " o[ G [ 6
Ax 0<AQ 0<A 0<A

(B6)

to ga(o0) = —oo (the tadpole integral in Eq. (B4) is
suppressed as M? > A2, T?). Then, the existence of a
solution to the gap equation depends on the sign of g, (0)
or, in other words, on the value of ¢> as compared to
GL(T, A): if ¢p>> ¢2(T, A), the gap equation admits a
unique and strictly positive solution; if ¢ = ¢2(T, A),
the unique solution to the gap equation is equal to zero;
if ¢ < ¢p2(T, A), the gap equation has no solution.
Notice that, so far, ¢2(T, A) does not need to be positive.
In practice however, we shall consider only positive values
of ¢? and it is useful to determine when ¢2(T, A) is
positive as well. Using the explicitly convergent form of
gx(M?) given in Eq. (21), it is convenient to write

2C
PUT, A) = — A*—[ g,
* q<Aq

(B7)

with

A l’l* Ty G2
C, = m? +—*|:—f -4 4+ 4[ —*:I. B8
=T g<A q e 0<A Q2 ®3)

If the parameters A, T, m,, and A, are such that C, = 0,
it is clear that ¢2(T, A) is negative for any value of T, and,
therefore, it is of no relevance in practice because the gap
equation admits a solution for any value of ¢> = 0 and T.
On the contrary, when C, <0, then ¢2(T, A) becomes
strictly positive for 7 < T, with the critical temperature
T, defined by

(B9)

In this case, ¢2(T, A) becomes relevant because the
gap equation admits a (positive) solution only for
¢? = ¢2(T, A). Moreover, in the regime of interest, one
can neglect the dependence of C, and of the thermal

PHYSICAL REVIEW D 83, 125026 (2011)

integrals with respect to A. The critical value ¢2(T, A) is
then independent of A and one has ¢p2(T) = (T2 — T?)/12
with T2 = —24C, /A,

2. Solution for A = Ap

From the definition of A, in Eq. (23), this case
corresponds formally to 1/Ay = 0. The function g/, (M?)
increases strictly from g/ (0) = —oc0 to g/ (oc0) =
— A/ Ag = 0. It follows that g’ (M?) < 0 and the function
g (M?) decreases strictly from g, (0) = A (¢ — ¢p2(T))/2
to gp(00) = A (¢p? — ¢2)/2 [the tadpole integral in
Eq. (B4) is suppressed as M? > A?], with

Ty
b; = [ G, > 0.
0<A,

The existence of a solution to the gap equation now de-
pends on the signs of g, (0) and g, (o) or, in other words,
on the value of ¢? as compared to ¢2(T) and ¢2. Notice
that, because g, (0) > g (c0), we have ¢2 > ¢2(T). We
can thus distinguish three different regimes: if ¢* = 2,
the gap equation has no solution; if ¢3 > ¢* = ¢Z(T),
the gap equation admits a unique solution, which vanishes
for ¢? = ¢2(T); if $p> < ¢2(T), the gap equation has
again no solution. Notice that, in the regime of interest,
¢3 ~ A3/(872) is a large scale.

It is important to stress that the behavior of the solution
M? of the gap equation as A — A; is rather different
depending on the value of ¢2. To see this, note that for a
given u, the limit of g5 (u?) as A — A, is A (¢p? — @2 +

£<Ap G,)/2, see Eq. (B4). Clearly, if ¢* = ¢3, this limit
is strictly positive for any w, which means that, for any u,
there exists a value of A < A, above which g,(u?) =0
and thus M? = u?. This shows that the solution of the gap
equation diverges as A — A, when ¢ = 3. If ¢ < ¢3,
nothing of this kind happens, and the solution can be
extended beyond the Landau scale. We now study what
happens beyond this scale.

(B10)

3. Solutions for A > A,

This case corresponds to Ay <0. The function g/, (M?)
increases strictly from g/, (0) = — oo to g, () == /g >
0. It follows that g/, (M?) vanishes for some My(T, A) [in
view of Eq. (B5) this mass does not depend on ¢?]. Then,
the function g, (M?) has a minimum at M* = M3(T, A): it
decreases strictly from g,(0)= A, (> — ¢2(T))/2 to
gA(MZ(T,A))=A,(¢p*— ¢3(T, A))/2 and then increases to-
wards g, (c0) = oo [the tadpole integral in Eq. (B4) is
suppressed as M? > A?]. The existence of solutions to
the gap equation depends now on the signs of g,(0)
and g, (My(T, A)) or, in other words, on the value of ¢?
as compared to ¢2(T) and ¢5(T, A). Notice that because
ga(0) > g (M3(T, A)), we have ¢p(T, A) > ¢Z(T). We
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can thus distinguish four different regimes concerning the
number of solutions to the gap equation: if ¢ > ¢3(T, A),
there is no solution; if ¢* = ¢5(T, A), there is one solu-
tion, equal to M3(T, A); if ¢3(T, A) > ¢* = ¢2(T), there
are two solutions, one smaller than M}(T, A), the other
larger than M3(T, A); if ¢? < ¢Z(T), there is again one
solution, larger than M3(T, A).

It is useful to study the dependence of M(T, A)
and ¢3(T, A) on A. Let us consider My(T, A) first. It
is defined by g/ (M;(T, A)) =0. Using Eq. (B5), it
follows already that My(T, A) — o as A — A because
—1/Ap— 0%. Let us now show that, in the regime of
interest, M%(T A)>m2 or, in other words, that
g'\(m%) < 0. From Eq. (B2), we write

A T Ty
o) =-1-2 " ci-[" 6]
2 0<A 0<A

A T=0 T,
o[ [l

2 0<A 0<A

A ne — eyn
S R e (B11)

28*3 ’

2 Jy p

where we have used Eq. (A4) and the fact that the bubble
integral increases with T and A. Then g’A(mi) <0 if we
require that

* %/
o) n* or T EqMye
> ! (B12)
A ), 2e}?
In terms of the Landau pole this condition reads
A A n* _ S*H*i
! [Arcsmh( ) 7]3] = f %7*38",
1672 Ml A2+ m? a>A,  deg
(B13)

which is clearly fulfilled in the regime of interest. Finally,
in order to study the A dependence of My(T, A), let us
take a derivative with respect to A in the defining equation
0 = g/\(M3(T, A)). We arrive at

o _ 1 ag)

aA gh(M3) oA~

(B14)

Using Eqgs. (B2) and (A4), this reads more explicitly

ehly)

L [”2(”87\—
oA 24() 27 47

1 +2(n% — &exnk)
- . : ] (B15)

*3
4e’y

Now, because T =< T, and My(T, A) > m, the right-hand
side of this last equation is strictly negative and My(T, A)
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decreases strictly with A. Because it is bounded from
below, it has a limiting value M3(T, 00), which one could
determine from Eq. (B2). In the regime of interest, one
obtains M3(T, ) ~ 4A5/e?.

Consider finally ¢5(7, A), which is defined as the par-
ticular value of ¢? such that g, (M3(T, A)) is equal to zero.
Making the field dependence of g, (M?) explicit we can
then write

0 = gA(M(T, A), $3(T, A)). (B16)

Taking a field derivative with respect to A and using the
fact that g/, (M3(T, A)) = 0, we obtain

dgn Iy gy

== —=+ == B17
ap> OA A BI7)
A straightforward calculation using the explicitly conver-
gent form of g, (M?) given in Eq. (21) leads to
ad _ A_2 (312 2y

dA 2772 P " 94
where G, = 1/(Q* + M3), the propagators are eval-
uated for ¢> = A2, and ¢, denotes the continuous
Euclidean frequency at 7 = 0. In the regime of in-
terest M3(T, A) > M3(T, ) > mj. One can thus ne-
glect the thermal contribution in the previous formula.
It follows that ¢5(T, A) decreases strictly with A.
For A — A}, the minimum M3(T, A) of g,(M?) is sent
o 00, Thus gy(3) = A,(¢2 ~ $3(T, A))/2— g (c0) =
A(¢p? — ¢5)/2, and thus ¢3(A;) = ¢5. Moreover, using
Egs. (B1) and (B2) with g4, (M3(c0)) = 0, we obtain

Gi(_?p + thermal, (B18)

Oy Mgx _ T _
- [ 22 e — iy [ GG
g € 0

q

P3(c0) =
(B19)

which is strictly positive for T = T,. In the regime of
interest, only the zero temperature contribution of the
second term dominates, and we find

2( 00) 0’
2
R e R [ 3T())
A2
47T26 (B20)

Notice finally that

oM* a1

W = Eigk(ﬂlz)' (B21)

This shows that, as one increases ¢, one of the solutions
increases while the other decreases. They both become
equal to My(T, A) when ¢? = ¢5(T, A). This applies, in

particular, to the case A = oo,
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