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Using considerations of Mandelstam analyticity and conformal mapping, we have related
the slope parameters for the forward peaks of pp, pp, K*p, and K™p elastic scattering to
equations for the boundaries of spectral functions. From an analysis of the existing data for
large values of energies, the effective shape of different spectral functions has been com-

puted.

I. INTRODUCTION

Simple Regge theory has not been very success-
ful in explaining the recent high-energy data on
hadron-hadron scattering.! It is felt that at least
for exotic channels, background scattering could
be more adequately treated by methods other than
Regge, Pomeranchukon, and cut-exchange theo-
ries. In a dynamical theory of strong interactions
the observed scattering of particles and hadrons
is due to forces generated by exchange of quanta.
This is reflected in the analytic structure of the
scattering amplitude. During the early stages of
development of the dynamics of strong interactions
it was recognized that a scattering amplitude con-
structed to satisfy crossing, analyticity, and uni-
tarity would satisfactorily explain the scattering
phenomenon. However, with the discovery of in-
numerable resonances this program was not found
feasible and Regge theory was used extensively.
With the high-energy data now available beyond
the resonance region, certain general features of
the scattering processes have become obvious.
The present work is aimed at an attempt to con-
firm certain analytic properties of the scattering
cross sections from the over-all grossly smooth
behavior of these observations over a large energy
range. Specifically we shall try to relate the start
of the singularity in the scattering amplitude to the
observed changes in cross sections.

Elastic scattering near forward angles can be
fitted by a simple exponential of the type

ci(_r__ 6_1_(1 b(s)t
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over a large energy range. The forward non-Cou-
lombic peak is quite pronounced and Regge theory
predicts that b(s)~1ns, which is fairly well veri-
fied in intermediate - to high-energy range for a
large number of strong-interaction particle scat-
tering processes. One can therefore hypothesize
that near the forward angles, the scattering am-
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plitude is almost pure imaginary. Furthermore,
in one-pion-exchange processes the contribution
from the real part due to the one-pion term van-
ishes in the forward direction. Therefore the ex-
istence of the pseudoscalar pole will not cause
much trouble in the analysis near the forward di-
rection. The cut structure of the imaginary part
of the amplitude is determined by the region where
the double spectral function is nonvanishing. For
example; in pp scattering, the spectral function
ps: has a boundary defined by

t:tm(s)
tTa T (2)

For a given s, a right-hand cut would start from
tin(S).

In a similar context of studying the analytic
structure of scattering amplitude, the pole singu-
larity in the amplitude was first demonstrated by
Taylor, Moravcsik, and Uretsky,? who used the
Chew-Low® extrapolation in the analysis of experi-
mental data. Improvements have been worked out
by Cutkosky and Deo.? To obtain the fastest rate
of convergence of a series, Cutkosky and Deo®
and Ciulli® have suggested the use of conformally
mapping the entire plane of analyticity into the
figure of convergence. It has now been demon-
strated® " ® that the rate of decrease of the succes-
sive coefficients is related to the distance of the
physical region from the nearest cut, a farther
away cut implying a faster decrease. Using these
ideas we shall fit the experimental data to the ex-
ponential of a conformally mapped variable z,

z=2z(s,t)
= 2(t;,(s), 1). @)

From the best fit, one can obtain ¢;,(s) which can
be easily related to b(s), as will be discussed
later.

The plan of the paper is as follows. In Sec. II
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we review the experimental results for slope pa-
rameters for pp, pp, K*p, and K "p elastic scat-
tering and discuss the predictions of some suc-
cessful models. In Sec. III we obtain a parabolic
variable by suitably mapping the cosé plane. Sec-
tion IV deals with the theoretical formulas for
slope parameters for various processes and how
different formulas can be summarized in a single
generalized formula. In Sec. V we show how to
obtain the effective shape of spectral functions by
matching the experimental data with our analytic
formula. In Sec. VI we discuss our results.

II. REVIEW OF EXPERIMENTAL DATA
AND THEORETICAL MODELS

Experimental data®~!3 on pp scattering show that
the slope of the forward elastic differential cross
section increases with energy above laboratory
momentum 20 GeV/c. Up to 70 GeV/c there is a
steady rate of shrinking. New high-energydata’®™*?
from Serpukhov and the CERN Intersecting Storage
Rings (ISR), however, suggest that shrinking has
slowed and that the slope behaves nearly as In(Ins)
above 500 GeV/c. It is also observed''™'® that as
|¢| decreases the slope parameters for pp elastic
scattering near forward angles at fixed energy in-
crease considerably. There has also been ob-
served a significant change in slope parameters
near the crossing point [¢]|~0.1 GeV?. Available
experimental data® for the slopes of forward dif-
fraction peaks of pp elastic scattering are too er-
ratic to draw any definite conclusion and are at-
tributed to the presence of low-energy resonances
which causes the slope to oscillate markedly about
a mean value. Above laboratory momentum 8 GeV/c
ohe can roughly say that the slope parameter
b5, has reached its asymptotic limit of about 12.7
GeV 2,

Models have been proposed to explain experi-
mentally observed facts and none of them have
been able to explain adequately all the existing
data on pp, pp, K*p, and K p elastic scattering.
Regge-pole theory predicts that the slope of the
diffraction peak shrinks as Ins. A linear extrapo-
lation in Ins from the Serpukhov data to the slopes
of pp scattering gives a poor fit as seen in our
graph (curve III, Fig. 3).

Kaplan and Schiff,'* taking the nonflat Pomeran-
chukon trajectory and using the eikonal model,
have obtained good fits to the Serpukhov data for
bpp scattering. Theoretical difficulties arising in
the calculations using the Regge-eikonal model
have been recently discussed by Swift.'®* Koshaka
and Takagi'® have taken a flat Pomeranchukon
whose residue is proportional to the square of a

form factor of the proton. Although they have ob-
tained good fits to the Serpukhov data, the fit is
poor for the ISR (CERN Intersecting Storage Rings)
data. Kawasaki and Yonezawa'” have proposed a
simple two-channel diffraction model which is con-
sistent with the observed behavior of the forward
slopes for pp scattering alone. Leader and Pen-
nington'® have introduced a new kinematic Lorentz-
invariant variable which succeeds in explaining all
the existing data for the slopes of pp and K*p scat-
tering which are exotic in the s channel. Pinsky'®
has proposed a set of kinematic variables which
explains dips and breaks observed in pp and pp
elastic diffraction scattering. A geometrical
Regge model was proposed by Barger and Cline?*®
to account for the shrinkage-antishrinkage pattern
of elastic hadron-hadron scattering. It has been
recently®! pointed out that there is not even a qual-
itative explanation of the shrinkage-antishrinkage
pattern. An empirical extrapolation rule b =b,
+b,s™"2 proposed by Barger, Geer, and Phil-
lips??:2® successfully correlates the data for pp and
pp slope parameters. This according to the au-
thors may come from a Regge pole and cut model,
a cancellation of parameters occurring for pp
scattering. Carreras and White?* have studied
diffraction slopes for pp, pp, K*p, K p scattering
by introducing a dipole form factor and an energy-
dependent interaction term into the Chou-Yang
model. Their result accounts only for the gross
high-energy behavior of the slope parameter.

III. THE CONFORMAL MAPPING

Recently a model to describe the high-energy
scattering of hadrons was proposed by the present
authors®® which incorporates the assumed analytic
properties of scattering amplitudes. Here we show
that using similar conformal mapping, the model
can consistently explain the main features of all
the existing data for forward slopes of pp, K*p
scattering at all measured energies and partially
explain the intermediate~ to high-energy behavior
in case of the nonexotic processes pp and K ~p.

The main idea is to emphasize the need for max-
imal use of Mandelstam analyticity to propose the-
ories of high-energy scattering. As has been al-
ready noted, the scattering near very forward an-
gles is mainly due to the imaginary part of the
amplitude and the imaginary part of the amplitude
is an analytic function except for the location of
the cuts given by the Mandelstam spectral func-
tions. Since the spectral function boundary is
curved, the location of the start of the cut changes
with energy. We shall show that the variation of
the slope parameter is related to the variation in
the location of the start of this cut. So the shape
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of the boundary of the spectral function can be in-
ferred by studying the dependence of the slope pa-
rameter on energy.

In Ref. 25 the elastic cuts of the scattering am-
plitude in the x =cos6 plane were mapped on to the
branches of a parabola with the origin as the focus
in the z plane, and the entire cut x plane of analy~
ticity was mapped into the interior of the parabola.
The scattering amplitude was then expanded in
Laguerre polynomials in the new mapped variable
with a suitable weight factor.

To apply this idea to the slopes of elastic had-
ron-hadron collisions we consider the x =cosé
plane in which the right-hand cut extends from
x=x,(s) to » and the left-hand cut extends from
x==x_(s) to ==, the physical region lying from

=-1to x=+1. We fold the x plane in such a way
that the left- and right-hand cuts coincide. The
physical assumption involved in coinciding the
start of the cuts is to weight equally the right- and
left-hand cut contributions. One can fold to an ar-
bitrary point for unequal-mass scattering, but
this will introduce another parameter to the theo-
ry. The conformal mapping

Y=2X+X_ =X, (4)

places the cuts symmetrically with respect to the
origin in the y plane. The points x=+1 and x=x,
are mapped onto the points

Y max =2+x-—x1~ (5)
and
VYin=X_+X,, (6)

respectively. We then apply the transformation

2 _ .2
W= ymax yz’ (7)

yin2 =~ Ymax
which folds the cuts into the region —» sw < -1 of
the negative real axis of the w plane and the phys-
ical region is mapped into the region

ymax2

O<sws< 5

yin2 = Ymax
of the real axis. Finally the transformation
1
z= ?(sinh"wﬁ:)z (8)

maps the entire cut x plane into the interior of a
parabola in the z plane with the origin as focus,
the cuts being mapped onto the branches of the
parabola. The variable z is the same as one ob~
tained by Cutkosky and Deo® for forward angles.
The fact that a simple exponential-like equation
(1) fits the data indicates that the rate of conver-
- gence is determined by b(s). So b(s) is directly

related to the distance of the forward angle to the
nearest cut. The problem, however, is one of
correct extrapolation to near ¢=0 which will be
achieved more efficiently by our mapping. For
small ¢ and for b(s, #) it is enough to represent the
scattering cross section ag?2°

%‘-;— =Ae %%, 9)
The mapping has been constructed with an aim to
hypothesize that @ is not an energy-dependent pa-
rameter, because as energy increases, the physi-
cal region spreads over the real axis from 0to «
whereas the distance of the cut from ¢=0 for all
energies is just —7°. It is easy to see that the con-
siderations presented above do not hold true if
x,>x_, i.e., the right-hand cut is farther away
than the left-hand cut. The forward angles do not
lie closest to the cut and in such a situation o may
not be energy-independent. This may happen for
pp or K~p scattering at lower energies.

Our Eq. (9) is assumed to be an adequate repre-
sentation of shape factors for small angles in an
energy-dependent analysis and o is a constant.
The variation of slope parameter with energy
which we define is given for small ¢ as

d do
bls, )= 1n< E)' (10)

IV. GENERALIZED FORMULA
FOR SLOPE PARAMETERS

- In this section we study the slope parameters
separately for pp, pp, K*p, and K "p scattering
and show that a single generalized formula holds
for all these four processes. The analyticity
structures of scattering amplitudes for nucleon-
nucleon scattering and kaon-nucleon scattering
are shown in Fig. 1 and Fig. 2. Boundaries (a),
(b), (e), and (f) in Figs. 1 and 2 represent only
the over-all boundaries and we have neglected the
detailed overlapping structures which arise in ka-
on-nucleon scattering. For pp elastic scattering
the Mandelstam variables are

S =4(q2 + mz):
==2¢*(1 ~cosb), (11)
==2¢*(1 +cos®b),

where 6 is the c.m. scattering angle and ¢ is the
magnitude of the momentum in the c.m. system,
and m is the mass of the proton. It is well known
that the boundary of the spectral function p, is
given by hyperbolas [curve (a), Fig. 1], asymp-
totes to the extreme hyperbolas being ¢, =4m .2,
sm =4m?®. At sufficiently lower energies the con-



252 B. B. DEO AND M. K. PARIDA 8

y ,?%///:/‘v/ Z //‘ \
/ - IIQ Z “9////"

FIG. 1. Analytic properties of the Mandelstam
amplitudes for nucleon-nucleon scattering. Curves (a),
(b), (e), and (f) indicate theoretical predictions for
A=0.139 GeV. Curves (c) and (d) indicate the new
boundaries of pg, andpg, predicted from this analysis
with A= 0.579 GeV.

FIG. 2. Analytic properties of the Mandelstam am-
plitudes for kaon-nucleon scattering. Curves (a), (b),
(e), and (f) indicate over-all theoretical predictions for
A=0.139 GeV. Curve (c) indicates the new boundary for
pge With A; = 0.579 GeV, and curve (d) indicates the new
boundary for pg, with A, = 0.597 GeV predicted from this
analysis.

tribution of the second term in Eq. (2) becomes
important in deciding the position of the elastic
cut. However, keeping the asymptotes unchanged
one can still represent the hyperbola by the for-
mula

4

soam? (12)

brpp=4m 2+
where {z,, stands for the right-hand elastic cut
position for pp scattering in the ¢ plane. The cur-
vature of the portion of the hyperbola around its
turning point is now significantly affected by A.
Similarly the boundary of the spectral function p,,
can be represented by

_at (13)

tpp=4m 2+ .
Lop Tt S Am?

We write

X, =1+tg, /267,

(14)
x_=1+1,,,/2¢%.

Now using Egs. (4)-(14) we observe that for pp
scattering

_ Opp _ tnep"Zt
bon(s, )= Lrps <1 4¢° +11,)

o In{Vw +[(w+1)]'/?}

[w(w+1)]1/2 (15)

Equation (15) expresses a ¢ dependence of the slope
parameter in addition to its s dependence. Experi-
mental data®~'® also indicate that & has a ¢ depen-
dence at fixed s. The exact ¢ dependence of b(s, ¢)
from Eq. (9) may be misleading, however. For

pp scattering we observe that

44

s—4m,? (16)

tr5p=4 m2+
which represents the boundary of p,,. The bound-
aries of p,, and p,, are represented by two hyper-
bolas [curves (e) and (f), Fig. 1]. Thus t5; will
be represented by the minimum of ¢, and £, as
specified below:

h=dmat
N 1
t,=4m?+ —4;n =,

where A, =m , for the boundaries. In formulas (16)
and (17) s refers to the square of the c.m. energy
of the pp system. Proceeding in the same way as
for pp scattering we see that



bpls, t) = Qb <1

tRp',,—Zt)
trpp

- 4¢° +1 5

o In{vw +[(w+1)]*/?}

[w(w +1)]172 (18)
For K'p elastic scattering
44
- A" I
L s =AM+ S T (19)
and
4
trrp=(mp+mf+ i (20)

s=(mg+m)’
where m ; is the mass of the kaon and m , is the
mass of the A hyperon. Thus we find in a simi-
lar manner

[¢]
bi+p(s, 1) = tR::: <1

_ __lrgrp=2t >
4%+t g+p=A/s

« In{vw +[(w+1)]*/%}

[w(w +1)]*72 ’

(21)

and A =(m? - m, 2. For K~p elastic scattering

4x,4

s=(mg+mp’ (22)

trx-p=(my+mq P+
and {z -, is given by the minimum between £, and
t, as specified by the following formula [curves
(e) and (f) in Fig. 2]:

4
b=dm?e —ha (23)

s—(mA+m1r)2 ’

43,2

= |- AL S—
t,=4m, +s—(m,(+m)2' (24)
Thus
Qx=p tri=-p— 28 >
- = 1-
br-sls, 1) tRK'p( 4%+t x-p=A/s

« In{vw +[(w+1)]*/2}
[w(w +1)]12 :

In formulas (22)-(25) s, ¢°, and ¢ refer to the
K~p system.

It is interesting to note that for the above four
processes the slope parameters are reproduced
by a general formula

(25)

b(s, t)= f‘_<1 __t_E_—_Z_t___>
R

T4 +t,~-A/s

y In{vw +[(w+1)]*2}
[w(w +1)]*2 ’

where A =0, for equal-mass elastic scattering.
When t=0, Eq. (26) gives

t
L)
4q2+tL> ' @27

(26)

b(s, o):tf‘;<1
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Formula (27) can be compared with the result of
Leader and Pennington'® (for the process m+M
-m+M)

2(M?%+m?) (M?-m?)?
1o B OO0 ] (28)

b(s, 0)=BO[-

We observe from Eq. (26) that b(s, f) decreases
with an increase in the magnitude of momentum
transfer |#|. The decrease of the slope parameter
for increasing values of |¢| has been explained in
Ref. 23 by considering a curved P trajectory, a
curved P residue, and P with destructive cuts and
also in Ref. 27 by considering current-current in-
teraction in the droplet model. The experimental
information concerning such types of behavior has
been reviewed by Carrigan.?®

It should be noted?® that the expression for y,,,,
[Eq. (5)] is true only when 4¢? +¢,> t;. This for-
mula is different when ¢5>?,, a condition which is
satisfied when ¢% -0 in Kp elastic scattering and
can be easily verified from Fig. 2.

V. DETERMINATION OF EFFECTIVE BOUNDARIES
OF SPECTRAL FUNCTIONS

In this section we show how experimental data
are used to predict the boundaries of spectral
functions according to our new formula for slope
parameters.

(a) pp scattering. We tried to parametrize pp
scattering data®~!3 by varying A, thereby changing
the shape of the boundary of spectral functions in
the low-energy region. For A =0.139 GeV, which
gives the theoretical boundaries of p; and pg,
[curves (a) and (b) of Fig. 1] we find a sharp rise
of the slope parameter after threshold and after
s reaches a few GeV? the slope parameter becomes
a constant. This is shown by curve I in Fig. 3 and
gives only the gross behavior of the slope parame-
ter at high energy. The variation of the slope pa-
rameter at lower, intermediate, and high energies
is correctly explained by taking A nearly equal to
4 times the pion mass. Thus Eq. (15) gives a good
fit by eye to the Serpukhov data, ISR (CERN Inter-
secting Storage Rings) data, and data at low ener-
gies for

| ¢|=0.05 GeV?,
a,,=1.28,

and (29)
A =0.579 GeV .

This fit has been shown by curve II in Fig. 3. In
Fig. 3 we have also shown the variation of slope
parameters with |¢| while the other parameters
remain the same as in curve IIL
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FIG. 3. The slope parameter of the forward peaks for pp elastic scattering as a function of s and for different values
of ¢ (¢ is in units of GeV?). Only those data points for which |¢| = 0.17 GeV? have been taken from Refs. 9-13. The
solid lines are our predictions. Curve I is the prediction of the theoretical boundaries. Curve II is the curve obtained

with the parameters given in (29). The straight-line curve III is based on a fit to the Serpukhov data

+ 0.94 Ins.

(b) Bp scattering. For Pp scattering the experi-
mental data® on slope parameters fluctuate rapidly
with energy in the low-energy region due to reso-
nances. We tried to fit the data with Eq. (18) by
keeping the value of A fixed at 0.579 GeV (the value
predicted by fits to the pp slope parameters) and
varying A;. We find that a reasonably good inter-
polation for the pp slope parameters is obtained
for

| t]=0.05 GeV?,
ajz,=1.467,

and (30)
A,=0.139 GeV .

We find that above a few GeV/c of incident labora-
tory momentum our slope approaches its constant
asymptotic value. This is shown by curve I in
Fig. 4. We find that the value of A, corresponds
to the pion mass which is the theoretical value.

In Fig. 4 we have also shown the variation of slope
parameter with | .

With the knowledge of A and A; we can now plot
the effective shape of the spectral functions. This
has been shown in Fig. 1. Curves (c) and (d) rep-
resent effective boundaries of p,; and p,, corre-
sponding to the value of A =0.579 GeV, and A,
=0.139 GeV gives the theoretical boundaries

10, p(s,0) =

[curves (e) and (f) in Fig. 1]. Curves (a) and (b)

in Fig. 1 correspond to the theoretical boundaries
of p,; and pg,, respectively, for A =0.139 GeV. It
is well known that at least at low energies the two-
pion cut is very weak and our analysis corrobo-
rates this view.

(c) K'p scattering. For K'p scattering the pro-
cess of parametrization is the same as for pp
scattering. A reasonably good fit to the experi-
mental data is obtained by Eqgs. (19), (20), and
(21) for

| £|=0.05 GeV?,

ay+,=0.852,

A, =0.578 GeV, (31)

and
A, =0.597 GeV .

This fit is shown by curve II in Fig. 5. Curve I
of Fig. 5 shows the theoretical predictions for
A;=21,=0.139 GeV and gives only the gross fea-
tures of very-high-energy scattering.

(d) K™p scattering. The experimental data for
K"p elastic scattering also show rapid fluctuations
in the low-energy region due to the presence of
resonances. While trying to fit the data with Eq.
(25) we kept the value of X, fixed at 0.597 GeV as
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FIG. 4. Slope parameter of the forward peaks for pp elastic scattering as a function of s and for different values of
¢ (in units of GeV?%). Curve I is obtained with the parameters given in (30). The data points are from Ref. 9.
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FIG. 5. Slope parameters of the forward peaks for K*p elastic scattering as a function of s and for different values of
¢t (¢ in units of GeV?). The data points are from Ref. 9 and the solid lines are our predictions. Curve II is obtained from
the parameters given in (31). Curve I is the prediction of the theoretical boundaries (a) and (b) of Fig. 2 for A;=2,
=0.139 GeV.
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FIG. 6. Slope parameters for the forward peaks as a function of s and for different values of¢ (in units of GeV?) for
K~p elastic scattering. The data points are from Ref. 9. The solid lines are our predictions. Curve I is the prediction

with the parameters given in (32).

predicted by the fits to the K*p data and found rea-
sonably good fits for

| £|=0.05 GeV?,
y-p=0.840,

and (32)

A=A,
=0.139 GeV .

This has been shown by curve I in Fig. 6. In Fig.
6 we have also shown the variation of the slope pa-
rameters with | /| . We find from curve I that the
slope parameter approaches its asymptotic limit
after a few GeV/c of laboratory momentum. The
values of X, and A, now correspond to the pion
mass, which is again the theoretical prediction.
With the knowledge of A;, A,, A; and A,, we can
now plot the effective boundaries pg;, Pus Pius
and p,; . Curves (a) and (b) in Fig. 2 are the theo-
retical boundaries corresponding to the values of
A, and A,, each equal to 0.139 GeV. Curves (c) and
(d) correspond to A, =0.578 GeV and A, =0.597 GeV,
respectively. Curves (e) and (f) are the theoreti-
cal boundaries which correspond to the values of
Az and A, each equal to the pion mass. This again
confirms our earlier observation that at low ener-
gies the strength of the discontinuity across the
two-pion cut is weak.

VI. CONCLUSION

To summarize we observe that our parabolic
variable gives a good account of the slope parame-
ters of the forward peaks for pp, pp, K'p, and
K"p elastic scattering at all measured energies.
The shapes of the boundaries of the spectral func-
tions py and pg, near their turning points play an
important role in determining the shrinkage in
pure diffraction scattering. For very high ener-
gies, the constancy of the slope parameters can
be visualized as being given by the asymptotes to
the boundaries of the spectral functions.

As has been pointed out earlier, a new feature
appears in K7p scattering as ¢?-0. In this limit
tpx-p, becomes greater than /;,-, and the expres-
sion for y,,, becomes different.?® The calculated
value of the slope parameter becomes slightly neg-
ative at ¢2=0. There is a possibility that this
phenomenon can also arise in pp scattering for
suitable effective boundaries p,, and p,, of Fig. 1.
It is the feeling of the present authors that this
peculiar feature may be incorporated into some
conformal mapping to explain the observed shrink-
age and antishrinkage pattern in pp and K scat-
tering.**

Recently from considerations of analyticity and
threshold requirements in the ¢ channel, the struc-
ture in cross sections observed near the crossing
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point | ¢| ~4 m .2 has been explained by Barshay and
Chao.® Our formula has been shown to be highly
sensitive to the variation with | /| and we hope it

can adequately account for the structures observed
in various hadron-hadron collision processes.
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