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The decay rates for vector meson pseudoscalar meson+photon have been calculated
using the same assumptions as previously used for the decay V ee. The results are com-
pared with experimental data.

Recently the leptonic decay rates of vector me-
sons 1'(V- ee) have been calculated in the frame-
work of an algebraic model. ' The decay was pos-
tulated to be described by the charge components
of a vector and axial-vector octet of transition op-
erators V„"and A „,where p, = 0, 1, 2, 3 and n
= 0, 8, +1, +2, +3. Within the framework of the al-
gebraic method these transition operators must be
elements of the algebra of observables, ' and they
are assumed to be the simplest algebraic expres-
sions with the right symmetry properties that can
be formed from the generators: E (charges),
F (axial charges), P„, L~„(m omentu m, angular
momentum, boosts), 1'„(generalized Dirac vec-
tor), and the discrete operators C (charge conju-
gation), P (space inversion), and T (time rever
sal). This leads to the expressions'

A'„" =(P„,P.}, a&„'& =-,'(fr„,p},P.}.
For the case that [ p, r„]=0, V~„'~ can be written
V„'"={pr„, E„}=r„(p, Ej andA„" can be
written in a similar form. p is a quantity with di-
mension Mev which must appear for dimensional
reasons. Experimental data as well as theoretical
considerations in Ref. 1 lead to the requirement
that p not be an SU(3) scalar. The assumption

p=fM,

where M is the mass operator and g is a constant
on the subspace of strangeness-zero mesons' is
supported by the experimental data for V- ee.

We will now use the same method with the same
assumption as in Ref. 1 to calculate the radiative
decay of vector mesons.

For the radiative decay of vector mesons
yn @{0)n+ y{1)n

jf jf

V(o)~ {P E }
A n A{0)n+ A{a)n

v'„""=-,'f[r„,p},z.}, (V=vector meson, P =pseudoscalar meson) the de-
cay rate is given by

d3k d3r= g Sz" &z
' &(E,-z, -z„)l&r,P, k, ~, ps ITIQ, ) I'

2Ey 2EP P

d3k d3 3' &(E, -z -Ey) "@ (5 )(»;k, &, p ITIp *s, s„V&'P y 2@ c v v t» P
Pol

k, A. are the photon momentum and polarization;

pP is the pseudoscalar-meson momentum; pv, s, s3
are the vector-meson momentum, spin, and spin-3
component; I &/~(p~) I' is the expectation value for
the momentum pv in the ensemble of decaying vec-
tor mesons; Q—means summation over the photon

Pol
polarizations and averaging over the vector-meson
polarizations. The number c is due to our nor-
malization of the generalized hadron states Ip„,o. )
(Appendix B of Ref. 4). The transition operator T
is split as in Ref. 1 or 4 into a leptonic part L
and a hadronic part H), .

T = L "H), .

H), = Gentil,

[P„P",&~] = G T {R,p'}

[P„P&,If,]=C x {{y",, p).p).

[P., [P",If.]]=Ck(~,p*},

[P„,[P",ff,]]=Gx8S,p], p}

(Sa}

(Sb, )

(Sb,}

(3c,)

(Sc,)

The electromagnetic transition operator g" is
given by

In Ref. 1 we considered two possibilities for Hz.
We will consider here the following three possibil-
ities for Hz.
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8„", =[(P„+pr „),[II, +(I//3 )H, +G, +(1/ 3)G,]).
(4)

If p is an operator in case b, then ansatz (6b) of
Ref. 1 can be expressed in several forms; there-
fore we have in cases (Sb) and (Sc) two different
subcases (Sb, ), (Sb,) and (Sc,), (Sc,). The ansatz
(3a) is in analogy to the treatment of the weak in-
teraction; ansatz (Sc) is suggested by the photon
propagator term in the usual treatment of electro-
magnetic interaction; for ansatz (Sb) no theoretical
justification seems to exist, but it is this ansatz
that leads to best agreement with the experimental
data.

To calculate

This also involves the assumption that the pseudo-
scalar mesons are purely octet and there is no
mixing. [Any reasonable assumption of mixing
will not change the conclusion of this paper.
With a pseudoscalar mixing angle 6f~ one wouM
have, instead of Eq. (24c),

0 184+ 18%= fd- al cose~,

so that 8~ =30' will be within the experimental
limits for P -gy. With such an angle all predic-
tions would remain within the experimental bound
and the CERN-Bologna value for I"

(&P -qy) would
be in even worse disagreement with our model. ]
Therewith,

A. =(y, P, k, X, pp f T fp~, V), (5)

we follow the calculation of the corresponding ma-
trix elements in Befs. 1 and 4, and insert a com-
plete system of hadron states fo.j„&

A =+f —(y P, k, x, p [I'[p„,

x (P', p; III, IP„V&.

For the calculation of the hadronic matrix ele-
ments we use the results of Ref. 1. With (4) we
obtain

(8)

In order to know precisely what this complete sys-
tem of hadron states is, we would have to know the
representation containing the vector mesons V and
the pseudoscalar mesons P of the algebra that de-
scribes our one hadron model and which is gener-
ated by the operators P&, L&, , F&, E, I', C, P,
7, and perhaps others. Not only do we not know
the representation, but also the algebra is not
completely known to us. In fact, the main purpose
of the calculation is to discover some further
properties of this algebra of which we already
know that it contains A, ~, ~ r„,' E(SU(3)s ), and
probably E(SL(3,C)» ). Therefore, the spec-
trum of c. = (I,I„.. .s",C„.. . ) cannot be derived
and we can only hope that the intermediate states
we choose are in the spectrum of n. ' As I.' is not
to change the quantum numbers n, only those ma-
trix elements of L' are different from zero for
which n is the same as in the final state, i.e.,

n =-(Ip, I,pY=O, [8],C„=-l,s =0 . . . )

PI

and we assume that there is only one such state.

&P'fS'„'IV&=&P',p~l[p, G, +(I/v 3)G, ] r„fpy,V&.

(9)

All the other terms of (4) give zero contribution to
the above matrix element: (P'

f
V'„"o

f V) =0,
(P' A~„'~c V& =0 because P„doesnot change spin;
(P' V~"o V) =0 because II( does not change parity
and changes charge parity [cf. (Va) and (5a) of Ref.
21 Only A'„"ohas transformation properties under
the C-P-T-extended Poincard group [cf. (10b),
(12b) or (5c), (Vb), (14) of Ref. 2] which leads to
(P'

f

A~„'~c
f V) v 0. This result (9), making the axi-

al charges responsible for the decayI V- Py, might
appear strange. It is, however, the only simple
possibility within the framework of this algebraic
model and is the only possibility if one assumes
the existence of P' in the spectrum of n. If P'
would not be in the spectrum of a, a much more
complicated mechanism for V- Py would have to
be assumed in order to get (yP f

T
f V& e 0. As we

shall see in the following it is just this result (9)
which leads to conservation of parity in the pro-
cess V-Py.

The calculation of (9) is straightforward follow-
ing the lines of Ref. 1:

& P '
f
8'„'

f V) = (pp + p, ) & (P ')
f G f (V) & & n = n„,s = 0

f
I'„

f n = I, s = 1, s, = x &

"'I.j'"(P~ )2c~ E~ (p~ )5'(p~ —(~~/~y)py). (10)

Here p. are the eigenvalues of the operator p in the state o. ; ((P') fG f (V)& is the matrix element of the
operator
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(P') = (I =I (p), Es =Is(s), F = 0, f 8 3 ),
(V)=(r=f„,f„,y=o, (I, S/),

and n~ is the principal quantum number n for the pseudoscalar mesons. As the pseudoscalar mesons are
also to be described by the generalized Dirac representation, ' the only possible value for n~ is n„=Oas
s =O. Theo'

I,„'"(P~)&n=0, s =0I I'„In=1,s =1, s, =))) = fs„(P~,»,

(1S)

c is the number that characterizes the generalized Dirac representation, and e„(p„,)).) is the vector-meson
polar lzat j.on vectox'.

Consequently, if H„is given by (Sa), we have

&P' p~ IH, lpFl'& =("(ps +pv) &(I")IG I (I') &fs, (P v,))Scp E~ (p~ )S'(p~ -(m~ /mv)pv);

if H„is given by (Sb„},

(14a)

&I" ps IH, lpga*&= " ." '. " — «(P'}IGI(I')&f's.(Pv»Sc~ E~(p~)S'(P~ -(m~/»v}pv)
p)" pz'

(14b,)

ifH„is given by (Sb, ),

". 6&(&') IG l(l')&fs, (Pv, )))Scp E~ (p~ )()'(p~ -(m p/mv)pv);
Pw

and if H„is given by (Sc,), we have

(14b,)

(14c,)

and a similar expression for (Sc ). We insert this into (8) and obt»»«ol»wing expression f» &:

g = &y, p; k, )t.(,)„ppIL,'I(m p/m), )p)„I"& s,(p», &(~))g,

where g is

(p~~+p) ) for case a~

(p~~+p) )(ppi +py )(my m p ) for case b ii
g=af &(p) IGI(y')&)( (p~ +p~)'(m~'- m p') '

(p„,+p~)(p~, 2+ p„')(mv- mp)"' for case c„
(p~, +)'p( „m- m}' fox' cRSe c2»

The leptonic part I' for the process considered here is determined in complete analogy to the leptonic
part fox' the lepton pairs in Befs. j. and 4 and does not require any new principles. However, its particular
form is new as we have not considered photons before. It is also determined in this case from the re-
quirement thRt it does not contRln any dynamics Rnd hRS R pQx'ely klneQlatical function R principle which
is actually transcribed from the theory of radiation. In this way we obtain the following analog of Eq. (4)
of Ref. 1 or Eq. (S.11)of Ref. 4:
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where e„(k,X) is the photon polarization vector and the constant a has been determined in Ref 4. . Equation

(17) inserted into (15) gives

A. = P "ge"""e,(P„&v)e„(k,~&„))k&P&P)o6 (k+PP pv)
2m p 2mv

(18)

where we have use/'

gpss CV

mp mv

To obtain the decay rate we insert (18) into (1) and again make the usual assumption:

I (t'v(pv) I =2EV(PV)&v6 (pv q)

i.e., that the ensemble of decaying vector mesons is exactly at rest.

4

r= I, J ~
Il(z, 22()l('(-(I-I-r )

~
— I('"""e(q, (( ))r„()',(r(()('()(( (.I' )6 ~ .r'.16m p'm v'

Pol

(19)

m '
r(v- ) rI(((„,( I' z~=m, *((—

mv

then we have for gv»

(20')

Under the integral we have the standard expres-
sion; performing the integration and summation,
and averaging over the polarizations we obtain the
result:

4
1r m23

16m p2m v2 24 " m v'

(20)

If we write (20) in the standard form'

Experimental decay rates are known for the fol-
lowing radiative decays of vector mesons' ':

(d- v'r, 4- v'r

For Q- qy there are two different experiments
which give results in disagreement with each oth-
er."%hereas the CERN-Bologna value is in bet-
ter agreement with previous theoretical consider-
ations, the Orsay value'" is in better agreement
with our model.

The experimental values of gvp„calculated from
the experimental decay rate (20') are the follow-

ing:

where

4m m

m
'~2 a2

4 Gf&(p)IG~(&)) PPv,

(g~, y
(=2.82 GeV '+10%

from world average (Particle
Properties Table),

(g~, ~ ~

= 2.44 GeV ' + 13%

~Pp+Pv
m pmv

(PP +Pv)
(m V' —mP') V)IPIIIV

for case a,

for case b„

from latest Orsay data, '

~g&, ~

=0.184 GeV '+18%

from latest Orsay data, '
PP+Pv)(PP +Pv )

PPV () 2 2P —
((

( )
for case bI )

jge„~(
=0.89 GeV '+16%

(PP+ P v)'
(222 V mP)2m Vm

for case c„ from latest Orsay data, '

PP PV)(PP PV ) f
( - )'

~ge„„(=1.66 GeV ' +12%

from the CERN-Bologna data.

(21') The SU(3) matrix elements are given by
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& (n) I
G

I (0)&
=

(1 I INI I0) sln9,

&(v') IGI(4)& =

+&ll INI I0&»»,

&(n) I& I(&)&
= — —, &1I IN I Il&, »ns (23)

1
&ll IN I Io& cose,

&(&')IGI(~)& =-

+&1I INI I o& cos8

&(v') IG l(p')& =
~q ~q &11 INI 11).

Here (1 I IN I IO) is the singlet-octet reduced ma-
trix element for the F and (1 I I Nl I1), is the sym-
metric octet-octet reduced matrix element of E
l(1/~6)(2)"'(l

l INI I 1),=&]. (The antisymmetric
octet-octet reduced matrix element does not occur
here because the antisymmetric Clebsch-Gordan
coefficients are zero for the cases under consid-
eration. ) Even if we fix 8 to be the SU(6) value e
=35.2', which we shall do for the following, we
are left with two arbitrary parameters (1 I I Nl I 1),
and (1

I IN I I 0) to fit the three meager experimen-
tal data (22). We write (23) in the following way:

(a) 0.280 =
I
-d +2a

I
(u&- wy) (Orsay),

(b) 0.0166= Id +a
I (Q- vy) (Orsay),

(c) 0.164= ld-al (Q- qy) (Orsay),

(24)

where we have introduced

1/2 4
d=D /C, a=A/C, C=-

w a'G

Equations (24) are three equations for the two un-
knowns a and d, and we can check the consistency
of them. Because of (24b) we set a =-d+a and
have

I
d +a

I
=

I
~

I

=0.0166 +18%,

we choose d & 0 and have to distinguish the two
cases: e&0, a&0. For e&0 we calculate 3d from
(24a} and 2d from (24c), and obtain

—=1.V6 +33%
3d
2d

and for e &0 we calculate from (24a) and (24c):

3d
d

=1.68+33%.

Thus case b, fits the experimental data within
the experimental errors for

one uses the Orsay data, as the CERN-Bologna val-
ue for Q -qy gives a good fit with ansatz (3c,). We
use the Orsay values and consider first case b, .
From Table I and Eg. (23') we obtain

& (n) I G
I (0)&

=
3

(D' —A),
sgng@„&= sgng

as well as for

(6 &0)

((v') IG I(0)) =(D'+A),

&(n)I&I( )) =-
6

(&'+2A),1

((wo) IG l((u) &
= — (D' —2A),

1

& (v')
I
G

I
(p') &

=—

&(n') I
G

I
(p') &

= (-')'"D',

where we have introduced

D' = (6)'"&ll IN I I ». ,

A =(-) (ll INI lo&.

(23'}

sgn gq „„=-sgng&, (e & 0) .

The same is true for case b„' the corresponding
numbers are

I
e

I
= 0.021 + 18%,

3d—=1.30+33% for e &0
2d

3d—= 1.19 + 33% for e & 0.
2d

For case a we obtain

I c
I
= 0.022 s 18%,

We shall now show that the experimental data
(22) rule out case a but fit both cases b, and b„
if we use for the operator p the assumption that
fitted the decay rates of V-ee, ' i.e., p=&M. In
case c the ansatz (3c,) can also be ruled out; how-

ever, ansatz (Sc,) leads to disagreement only if

—=O.VV+33% for 6&0
2d

3d—=0.6V +33% for @&0.

Therewith we have seen that case a, i.e., the an-
satz (Sa) for the electromagnetic transition oper-
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TABLE E. Fit of the experimental data for cases (3a), {3b&), and (3b2).

Case a

1—pPv(a)

(GeV ~)

8.68

Case b&

~~Ppv{b ~)

(GeV ~)

9.20

Case b2

1
W pPv(b2)

(GeV-~)

12.30

Case c~

1—
3 PPV{ci)

(GeV )

13.06

Case c2

1
ppv (c'2)

{GeV-')

17,40

8.40

2.81 5.10

11.06

9.36

11.40

17.01

14.43

31.22

M ~ f/ "j/

P'-7t'
&'- nv

9.06 17.6

12.5+ 7%

19.0 + 40%

Case a

&N&'~
ppv {a)

Case b&

gypsy 0
&3 V(&i)

l

Case b2

+exp t 3

ppv(b 2)

Case c&

aV,'t'
ppV {c~)

Case c2

g VP'y &'

ppv {c2)

C0~ 'gP

P 7I

g0

0.24

0.022

0.60
0.32

0.307
0.265

0.021

0.326
0.175

0.238 + 10%
0.199+13%

0.0166+ 18%

0.177+ 12%
0.095 + 16%%uo

0.187
0.224

0.0161

0.0975
0.0523

0.164
0.140

0.0127

0.0532
0.0285

world average
Qrsay

CERN-Bologna
Qrsay

ator 0„is ruled out by the experimental data for
the radiative decay of vector mesons.

For case c, with the Orsay values of Table I we
obtain

[~ l
=0.0127,

—=3.89+25% for e&0
3d
2d

—=4.01+25%%up for a&0.3d=
2d

For case c, the Orsay values lead to a similar re-
sult:

—= 3.5+ 25'%%u.
3d
2d

—=1.57+25%%up for a&0.3d=
2d

Ansatz (Sc,) is also ruled out by the CERN-Bologna
value.

Whereas the experimental data for the decays
V- ee cauld not distinguish between the assump-
tions (Sa) and (Sb) for H„but already required that

p was an operator, the experimental data for the
decays V- Py clearly rule out the assumption
(Sa). Unfortunately, because of the uncertain ex-
perimental data, assumption c cannot be excluded.
The experimental situation seems to favor assump-
tion (3b), for which no theoretical justification can
be given. In the following we calculate some pre-
dictions for case b.

For case b, we calculate

Thus, if the Orsay values are correct, case c can
be safely ruled out. However, with the CERN-
Bologna value for Q -3i y, a good fit is obtained for
ansatz (3c,). The numbers are (using the world
average value for e- vy)

d = 0.097+ 16%%up

d =0.078 + 16/p

for e &0 and a =-0.080+0.013,

(25)

le )=0.0161, for E &0 and a =-0.095+0.013.

3d—=1.52+25%%up for e&0
2d j3

From these values we obtain the reduced matrix
elements:
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A =-0.080C+14% for sgnge„y

= sgng@ffy s

A = -0.095 C + 13% for sgngz
„„

= -SgIlgtt, ~y .

With the values for d and ~ we can predict the
branching ratios

r (~n y) r(p' v-'
y)

r(p'- n y)
r(&ony) '' r(~- vy) ' r(p'- v'y) '

%e obtain

g~qy Pq~ 1 cf +20
g „p„~d —2a

=0.19+18%%uo for case b, with e &0

(=0.33+10% for case b, with &&0)

and therewith

(25')

and therewith

I'(p'- v'y) 0.124+ 24%%uo for e & 0
r(&a&- v y} 0.0'f3+24% for e &0.

So the predicted decay rate for p'- v'y is (using
r(~- voy) =O.SO Mev)

99 keV + 45% for sgngq„y = sgnge, yI"(P - & 'Y) =
58 keV+45% for sgng&„y =-sgng~, y.

The experimental limit for this decay rate is

r(p'- w'y) & 250 keV.

In the same way as above we calculate

'";-"y}=o.ss. 14%r(p'- vy)

and therewith predict

87 keV + 60% for sgnge „y= sgnge„yr p 'oy)=
52 keV+60% for sgng&„y —--sgng&„„.

r(~- y}r) =0.005+36%= 1% for case b, , e &0I' &o- vy

(=0.016+lo%%u0=2%%up for case b~, e &0}.

(26)

In case b, we obtain

r(u&- y}y} 0.9% for c&0
r(&u- vy) 1.3%%uo for e«0.

The experimental limit for this branching ratio
1S11~ 12

r(~- ny)
r(& v y) exp

For the p'- m'y decay we obtain

gpogoy ppp (1/M2)d
g, y p, -(1/M)(d —2a)

0.35y12% for e &0 in case b,
0.28+ 12% for e &0 in case b,

The recently obtained experimental limit for this
decay rate is"

1 (p'- y}y) & 570 keV.

In the above calculation we have used the Orsay
value for r(u& v y). The results with the world
average value lie within the errors and do not
change our conclusions.

Finally, we point out the disagreement of as-
sumption (31) with the value of the CERN-Bologna
group for r(P -yI y): From (24a) and (24b) one cal-
culates

d-a=0. 191+0.031 (0.224) for e &0,

d-a=0. 181+0.031 (0.214) for m&0.

The numbers in parenthesis are obtained if we

take the world average values instead of (24a).
Prom the experimental value in the Table I we
calculate

TABLE H. Comparison of experimental and predicted data for the radiative decay of vector mesons.

lg ~l
lee.y I

lg~y I

1 (co qy)/I', (M mp)

~(v'- w)
r(p'- gv)

Experimental

2.44 GeV 1+13%

0.184 C V-'+ 18%

0.89 GeV ~+16%
1.66 GeV + 12%

&7.5%

&250 keV

&570 keV

Predicted

input

input

1.14 GeV ~+25%

(1+0.3) /p

99 keV+45 jp

87 keV+ 60%

'See Ref. 8.
See Ref. 9.
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~

d - a
~

= 0 303 + 13% ~

Using the ansatz b„the disagreement is worse.
Ansatz a is also ruled out with the CERN-Bologna
value for f'(P- qy).

We summarize the comparison of the predictions
of our model using assumption (Sb) with the experi-
mental data in Table II. (The predicted numbers
are those obtained for sgng&„&—- sgng@, z. ) Here we
have used ansatz (3b,); ansatz (Sb, ) gives similar
values. Ansatz (3c,), though not included in the
comparison of Table II, fits the CERN-Bologna val-
ue very well but is excluded by the Orsay values.

We observe that the experimental data for the
radiative decays are really not so good as to sup-
port some theoretical considerations just by them-
selves. However, they are good enough to definitely
rule out ansatz (3a), which could not be done in

Ref. 1, because each ansatz, (3a), (Sb), and (3c),
leads to the same results for p-ee.

In conclusion, our algebraic model gives a de-
scription of the leptonic and radiative decays of
vector mesons if we assume the transition opera-
tor If~ is given by (Sb) or by (Sc,) and that p "M.
These are the two assumptions that have not been
used in previous applications of the algebraic mod-
el and therefore constitute new information about
the algebra of observables describing the physical
system of hadrons which we wish to construct em-
pirically.
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