
Coupled and extended quintessence: Theoretical differences and structure formation

Valeria Pettorino1 and Carlo Baccigalupi2

1Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 16, D-69120 Heidelberg, Germany
2SISSA/ISAS, Via Beirut 4, I-34014 Trieste, and INFN, Sezione di Trieste, Via Valerio 2, I-34127 Trieste, Italy

(Received 8 February 2008; published 14 May 2008)

The case of a coupling between dark energy and matter [coupled quintessence (CQ)] or gravity

[extended quintessence (EQ)] has recently attracted a deep interest and has been widely investigated both

in the Einstein and in the Jordan frames (EF, JF), within scalar-tensor theories. Focusing on the simplest

models proposed so far, in this paper we study the relation existing between the two scenarios, isolating

the Weyl scaling which allows one to express them in the EF and JF. Moreover, we perform a comparative

study of the behavior of linear perturbations in both scenarios, which turn out to behave in a markedly

different way. In particular, while the clustering is enhanced in the considered CQ models with respect to

the corresponding quintessence ones where the coupling is absent and to the ordinary cosmologies with a

cosmological constant and cold dark matter (�CDM), structures in EQ models may grow slower. This is

likely to have direct consequences on the inner properties of nonlinear structures, like cluster concen-

tration, as well as on the weak lensing shear on large scales. Finally, we specialize our study for interfacing

linear dynamics and N-body simulations in these cosmologies, giving a recipe for the corrections to be

included in N-body codes in order to take into account the modifications to the expansion rate, growth of

structures, and strength of gravity.
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I. INTRODUCTION

The increasing amount of cosmological observations has
been recently pointing out that the Universe is nearly
spatially flat, with an expansion rate of about
70 km=s=Mpc and with a 76% contribution to the total
energy density due to a nonclustered, negative pressure
component responsible for the acceleration in the cosmic
expansion, known as dark energy. The energy level of this
component is markedly lower than almost all known physi-
cal quantities, except perhaps the neutrino mass differ-
ences, and this motivated big efforts in order to
understand its physical properties. Interesting hints have
been obtained studying scenarios in which the dark energy
is dynamic, i.e. described by an evolving and fluctuating
scalar field, the quintessence. In particular, several inves-
tigations have been devoted to study the possibility that the
dark energy might be coupled to other entities in the
Universe, altering the dynamics of the quintessence field
itself as well as the evolution of structure formation. It is
then essential to understand the impact of such a coupling
on both cosmological expansion and perturbation dynam-
ics, in view of a clear prediction of observable effects for
the next to come experiments.

Two main efforts have been recently carried out in a
nearly parallel way. On one side, within the usual frame-
work of general relativity (Einstein frame, EF), the effect
of a coupling between dark energy and dark matter
[coupled quintessence (CQ)] has been deeply investigated
both in the linear [1] and nonlinear regimes [2,3], including
the effects of such models on the cosmic microwave back-
ground (CMB) [4–6], on supernovae [7–9], on the matter

power spectrum [10], on structure formation [11,12], also
via N-body simulation [13], as well as different choices of
the coupling [14–19]. The possibility of an interaction
between dark energy and neutrinos has also been inves-
tigated [20,21], leading recently to the proposal of growing
matter scenarios [22–24]. Instabilities within coupled dark
energy theories have also been addressed [25–27].
On the other side, a wide variety of analyses has been

carried out for evaluating the possibility that the gravity
perceived by dark energy and matter deviates from general
relativity (GR). In this latter case, extensions of GR have
been considered, in which the dark energy might derive
from a nonminimal interaction to gravity via an explicit
coupling between quintessence and the Ricci scalar
(Jordan frame, JF). This is the case of scalar tensor theories
[28–40], which are known as extended quintessence (EQ)
scenarios in the framework of dark energy. One of the most
interesting results in this framework consists in the so-
called ‘‘gravitational dragging’’ [36]: the coupling to grav-
ity introduces an effective potential in which the quintes-
sence scalar field rolls, acquiring a dynamics which is a
purely gravitational effect. Eventually, EQ energy density
perturbations can be dragged to cluster through the cou-
pling with the gravitational potential activated by the dark
matter, its density perturbations reaching nonlinearity at
scales and redshifts relevant for the structure formation
process. In particular, the growth of dark energy perturba-
tions in the nonlinear regime within EQ has been addressed
in [40].
Furthermore, in the case in which, in the EF, dark energy

couples universally to all matter fields, the two parallel
investigations can also be conformally related by Weyl
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scaling, which allows one to go univocally from one rep-
resentation to the other. Although the resulting physical
effects must be equivalently present in both frames, some
features might more naturally appear in one representation
than in the other and vice versa.

In this paper, we identify the theoretical relation be-
tween the simplest and most popular examples of both
coupling choices for CQ and EQ. On the basis of this
analysis, we work out the main phenomenological differ-
ences in terms of the growth of linear perturbations, which
turn out to behave in a markedly different way for the two
models considered. Finally, we propagate our investigation
to the inputs required by N-body simulations in view of
future applications, giving a table of the modifications
required in both scenarios for taking into account the
modified growth rate of perturbations and the strength of
gravity. This work is organized as follows: we first devote
Sec. II to Weyl scaling, recalling how it is possible to relate
EQ to CQ via a conformal transformation; afterwards, in
Sec. III we investigate the background dynamics, compar-
ing CQ in the simple case of a constant coupling (III A) and
EQ in scalar tensor theories (III B); we then proceed by
studying linear perturbations (Sec. IV), again presented
within both cosmological approaches (IVA and IVB).
We will then point out in particular, how in the
Newtonian limit (V) the Euler equation is modified
(Secs. VA and VB), in view of N-body simulations to be
realized in both frameworks and for which we specify the
required corrections (Sec. VC). Finally in Sec. VI we
compare the results and set our conclusions.

II. WEYL SCALING

Before handling a parallel analysis of the background
and linear perturbations in CQ and EQ models, it is com-
pelling to clarify the fact that the two frameworks are
strictly related through a conformal transformation called
Weyl scaling [41–46]. It is important to stress that altering
general relativity via scalar tensor theory (Jordan frame,
JF) is equivalent to coupling a scalar field universally with
all matter fields within general relativity (Einstein frame,
EF). Although the two reference frames must lead to
identical observable effects, the description of the same
model can in fact rely on different and unequally simple
equations when seen in the two frames. In this sense,
simplicity and naturalness of one frame are not in general
preserved in the other one. Going from one frame to the
other and vice versa according to the model, profiting of
this frame equivalence, can therefore represent a valuable
tool to easily explore a wider set of choices for the coupling
functions and the potentials involved: a nasty choice in one
frame might, in other words, look much simpler in the
other frame, allowing us to easily stress remarkably new
features, more difficult to achieve in the frame of origin. A
frame-independent approach has also been considered [45]
leading to a reformulation of the Boltzmann equation and

linear perturbation theory in terms of frame-independent
quantities.
Authors usually refer to CQ models when they consider

a quintessence scalar field coupled, in the Einstein frame,
to the dark matter fields. The action considered in this case
usually appears as follows:

S ¼
Z
d4x

ffiffiffiffiffiffiffi�gp �
1

2�
R� 1

2
Zð�Þ�;��;� �Uð�Þ

�mð�Þ �  þLkin; 

�
; (1)

where g is the determinant of the background metric, R is
the Ricci scalar, � ¼ 8�G where G represents the gravi-
tational constant, as found in Cavendish-like experiments.
In the assumption of flat Friedmann-Robertson-Walker
cosmologies, the line element can be written as ds2 ¼
�dt2 þ a2ðtÞ�ijdxidxj, where aðtÞ is the scale factor and

t represents the cosmic time variable. The choice of mð�Þ
specifies the coupling to  matter fields while Lkin; 

includes kinetic contributions from all components differ-
ent from �.
In the Jordan frame, a scalar tensor theory in which EQ

holds is in general described by the following action:

S ¼
Z
d4x

ffiffiffiffiffiffiffi�gp �
1

2�
fð�;RÞ � 1

2
Zð�Þ�;��;� �Uð�Þ

�m0
�  þLkin; 

�
: (2)

The scalar field � characterizing the generalized gravita-
tional interaction has its kinetic energy and potential speci-
fied by Zð�Þ and Uð�Þ, respectively. In this case the mass
m0 is a constant and does not depend on the scalar field �.
Note that we consider here natural units, c ¼ 1. Compared
to general relativity, the Lagrangian has been generalized
by introducing an explicit coupling between the Ricci
scalar and the scalar field, achieved by replacing the usual
ricci scalar R with the function fð�;RÞ. This new term,
which has the effect of introducing a spacetime dependent
gravitational constant, may either be interpreted as an
explicit coupling between the quintessence field � and
gravity (or equivalently, in the Einstein frame, between
dark energy and matter), or as a pure geometrical modifi-
cation of general relativity admitting a nonlinear depen-
dence on R [47]. For simplicity, the classes of theories in
which fð�;RÞ assumes the simple form fð�;RÞ=2 ¼
�Fð�ÞR=2 have been widely considered in the context of
dark energy cosmologies.
Weyl scaling consists in a conformal transformation of

the metric which, joined to a redefinition of matter fields,
allows one to rewrite action (2) into (1) or vice versa:

g�� ¼ A2ð�Þ~g�� (3)

g�� ¼ A�2ð�Þ~g��; (4)
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ffiffiffiffiffiffiffi�gp ¼ A4ð�Þ ffiffiffiffiffiffiffi�~g
p

; (5)

R ¼ ½Að�Þ��2f ~R� 6~g��ðlnAÞ;�ðlnAÞ;�g; (6)

 ¼ A�3=2ð�Þ ~ ; (7)

where we have used the tilde accent to identify quantities in
the EF and distinguish them from those in the JF. Note also
that the scaling factor Að�Þ is related to the coupling Fð�Þ
via the following relation:

A2ð�Þ ¼ 1

�Fð�Þ : (8)

When applying Weyl scaling to the action (2) with Zð�Þ1
for simplicity, we obtain that the rescaled action appears to
be

~S ¼
Z
d4x

ffiffiffiffiffiffiffi�gp �
1

2�
~R� 1

2
~Zð�Þ�;��;� � ~Uð�Þ

�mð�Þ~� ~ þ ~Lkin; ~ 

�
; (9)

where

~Zð�Þ ¼ A2ð�Þ
�
1þ 6

�

A2
;�

A4ð�Þ
�
; (10)

~Uð�Þ ¼ A4ð�ÞUð�Þ; (11)

and both the mass and the kinetic term for matter fields
now also depend on �:

mð�Þ ¼ m0Að�Þ (12)

~L kin; ~ ð ~ ;�; ~g��Þ � i~� ~��r�
~ þ i

3

2

A;�
Að�Þ

~� ~��r�
~ :

(13)

Note that the nonstandard kinetic term ~Z in (10) is always
positive and one could further reabsorb it by redefining the
scalar field � implicitly into ’ in such a way that�

@’

@�

�
2 � ~Zð�Þ: (14)

This allows one to rewrite action (9) in the usual form:

~S ¼
Z
d4x

ffiffiffiffiffiffiffi�gp �
1

2�
~R� 1

2
’;�’;� � ~Uð’Þ

�mð’Þ~� ~ þ ~Lkin; ~ 

�
: (15)

We have now all the means to find out, given a certain
action (2) in the Jordan frame, which is the equivalent
action (15) in the Einstein frame. In the parallel analysis
that will follow in this paper, we will eventually refer to
two particular choices of the coupling in CQ and EQ
scenarios. In particular, we will consider two of the sim-

plest and most popular choices, that is to say a quadratic
coupling in the Jordan frame for EQ [34,40,43,48] and an
exponential coupling in the Einstein frame for CQ [1,2]. In
order to have a feeling of a possible comparison between
the two different models, we illustrate here how they look
like in the same, Einstein, frame, after Weyl scaling a
quadratic EQ model. In the case of EQ with a quadratic
coupling, we will work with so-called ‘‘nonminimally
coupled’’ theories, widely used in previous works on this
topic (see [34] and references therein), in which Fð�Þ is the
sum of a dominant constant term plus a piece depending on
�:

Fð�Þ � 1

8�G� þ ��2: (16)

Here �� � 8�G�, where G� represents the ‘‘bare’’ gravi-
tational constant [42], which is in general different from G
and is set in such a way that locally 1=�þ ��2

local ¼
1=ð8�GÞ in order to match local constraints on general
relativity determined by a combination of G� and the local
value of fð�;RÞ such that G � G� Rf jlocal. In order to

recover the equivalent action in the Einstein frame, we
apply Eqs. (8) and (10)–(12), thus obtaining action (9) in
which

~Zð�Þ ¼ 1
G
G� þ ���2

þ 6��2�2; (17)

~Uð�Þ ¼ 1

½GG� þ ���2�2Uð�Þ; (18)

mð�Þ ¼ m0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j GG� þ ���2j

q : (19)

Notably, in this frame the coupling to matter fields, the
kinetic term, and the potential do not look as straightfor-
ward as in the original action.
Another very popular choice is represented by induced

gravity (IG) [34,43,48,49], in which only the quadratic
coupling

Fð�Þ ¼ ��2 (20)

is considered and no constant term is present. It can be
easily seen, by applying Eqs. (8) and (10)–(12), that in this
case we recover action (9) in which

~Zð�Þ ¼ 1

���2
ð1þ 6�Þ; (21)

~Uð�Þ ¼ Â
1

�2�2�4
Uð�Þ; (22)

mð�Þ ¼ m0ffiffiffiffiffiffiffiffiffiffiffiffi
���2

p : (23)

In this case it is also straightforward to solve Eq. (14)
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analytically, obtaining

� ¼ DeC’; (24)

for �> 0, where C and D are constants and we have

defined C � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�=ð1þ 6�Þp

. The latter expression, substi-
tuted in (22) and (23) allows one to recover action (15) in
which

~Uð’Þ ¼ D4

�2�2
e�C’Uð�ð’ÞÞ; (25)

mð’Þ ¼ m0Dffiffiffiffiffiffi
��

p e�C’: (26)

Applying Weyl scaling to IG theories leads, as expected
[43,49], to CQ models in which the mass of matter fields
depends exponentially on the scalar field ’. We therefore
recover the simplest and most popular choice in CQ inves-
tigations [1] and we will ourself adopt this choice in this
paper when dealing with CQ in the Einstein frame.
Furthermore, since Uð�Þ is usually almost constant in
order to match the present constraints on the amount of
quintessence, the transformed potential in the Einstein
frame behaves as an exponential. As appears clear from
the previous analysis, IG theories in the Jordan frame (or
equivalently CQ models in the Einstein frame with an
exponential coupling in the Lagrangian) have a crucial
difference from the nonminimal coupling choice described
by Eq. (16) in the Jordan frame. Indeed, IG (or CQ with an
exponential coupling) forces the coupling constant � to be
positive in order to get the right sign for attractive gravity
in action (2); on the contrary, the choice (16) also allows
negative values of � and can therefore lead to an opposite
correction to background and perturbation dynamics, as we
will see in detail in the following section.

III. BACKGROUND DYNAMICS

In this section we define the CQ and EQ models we
study in the following, and review their dynamics for what
concerns the cosmic expansion, highlighting the aspects
which will be relevant for the behavior of linear
perturbations.

A. Coupled dark energy

We will follow as much as possible previous works on
this topic [1,3], considering the simplest models in which
the dark energy scalar field and CDM are coupled via a
constant coupling appearing in the conservation equations.

The equations used to describe the background evolution
of each component (	) involved in the interaction follow
from the consideration [50] that the coupling can be treated
as an external source acting on each stress energy tensor
T��ð	Þ in such a way that the total stress energy tensor is

conserved:

T��;� ðcÞ ¼ �CcTc�;� (27)

T
�
�;� ð�Þ ¼ CcTc�;�; (28)

where Cc is a constant, Tc is the trace of T��ðcÞ and the

subscripts ðcÞ, ð�Þ stand for CDM and dark energy, respec-

tively. Baryons do not couple with dark matter or dark
energy. The constant coupling term used here can be
achieved starting from the following Lagrangian:

S ¼
Z
d4x

ffiffiffiffiffiffiffi�gp �
1

2�
R� 1

2
�;��;� �Uð�Þ

�mð�Þ �  þLkin; 

�
; (29)

in which the mass of cold dark matter fields depends
exponentially on � [51]:

mð�Þ ¼ m0e
�Cc�; (30)

thus corresponding, in the JF, to IG cosmologies, as seen at
the end of the previous section. Here, for simplicity, we do
not include the baryonic component.
Equations (27) and (28) specialized for � ¼ 0, provide

the conservation equations for the energy densities of each
component, given by 
0

c ¼ �3H
c � Cc
c�
0 and 
0

� ¼
�3Hh� þ Cc
c�

0 for the two coupled species and 
0
r ¼

�4H
r since Cr ¼ 0 for radiation. 
r takes into account
the radiation contribution, including both photons and
neutrinos, both decoupled from the other species. We
have further defined h� � pa þ 
a ¼ �02=a2, where the

latter equality comes from the expression of the energy
density 
� defined from the (0, 0) component of the stress

energy tensor present in (28) and therefore given by the
usual


� ¼ 1

2

�02

a2
þUð�Þ; (31)

whereUð�Þ is the potential in which the dark energy scalar
field rolls. Note that 
� is still equal to the standard one

characterizing uncoupled quintessence models since, as we
have seen, the coupling is provided in (27) and (28) as an
external contribution to the standard stress energy tensor;
nevertheless, unlike what happens in the uncoupled quin-
tessence case, only the sum 
c þ 
� is conserved while 
�
is not conserved by itself.
Analogously, the pressure of the quintessence scalar

field is defined as

p� ¼ 1

2

�02

a2
�Uð�Þ: (32)

For what concerns the background dynamics, the evolution
of the scalar field is described by the Klein-Gordon equa-
tion, which reads as follows:

�00 þ 2H�0 þ a2U;� ¼ a2Cc
c; (33)
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where U;� is the derivative of the potential with respect to

�.
The CDM conservation equation can be formally inte-

grated out:


c ¼ 
c0
a3

e�Ccð���0Þ (34)

giving the dependence of 
c from the scale parameter, once
the dynamics of �ðaÞ is known.

The evolution in time of the scale factor is provided by
the usual Friedmann equation, so that

H 2 � a2

c þ 
� þ 
r

3
: (35)

For convenience we have defined 
̂ � 8�G
 ¼ 
=M2 and

�̂ � �=M in units of the reduced Planck mass M2 �
1=8�G ¼ M2

P=8�, where G is the gravitational constant.

The coupling constant Ĉ � CM is therefore dimension-

less; we have then omitted the ^ and redefined 
̂ � 
, �̂ �
�, and Ĉ � C for simplicity.

A detailed analysis of the background has already been
addressed in [1] in the case in which Uð�Þ is an exponen-
tial and in [3,8,13] for a more general treatment. In par-
ticular, the critical points of the trajectories in the phase
space of the system have been widely investigated in [1].
We just recall here that in the case in which both the
potentialUð�Þ and radiation are neglected, it is straightfor-
ward to find the critical points of the system, corresponding

to d�crit=d	 ¼ ð� ffiffiffi
6

p
;þ ffiffiffi

6
p
; 2CcÞ where we have defined

	 ¼ log½að�Þ�. The third critical point is the only one
providing a stable attractor during matter dominated era
(MDE) [1]1 along which the evolution of the dark energy
scalar field follows the trajectory:

�ðaÞ ¼ 2Cc logaþ�0; (36)

where we have put today’s value of the scale parameter
equal to a0 ¼ 1. Substituting in (34), we get


c ¼ 
c0
a3

a�2C2
c : (37)

We can nowmake use of the Friedmann equation, specified
in the case in which there is no radiation and the potential is
negligible, to obtain the scale parameter dependence on the
conformal time during MDE:

aMDEð�Þ / �½2=ð1þ2C2
cÞ� (38)

as well as H ð�Þ:

H MDEð�Þ ¼ 2

1þ 2C2
c

1

�
; (39)

or equivalently, in terms of the cosmic time aMDEðtÞ /
t½2=ð3þ2C2

cÞ� and HMDEðtÞ ¼ 2=½ð3þ 2C2
cÞt�. We stress here

that, as we can see from the four latter expressions, the
effect of the coupling on the Hubble parameter and on the
scale factor during MDE, when the potential is negligible,
does not depend on the sign of the constant Cc, both of
them being only a function of C2

c. With this choice of the
coupling, we can thus only have a one direction effect,
being that of slowing down the universe expansion with
respect to the standard case in which Cc ¼ 0.
We can numerically solve the equations describing the

background, in order to obtain the full evolution of the
energy densities of both cold dark matter and the scalar
field, as shown in Fig. 1. In the left panel, the energy
densities of a cosmological constant (dotted), radiation
(long dashed), CDM (solid), and coupled quintessence
(dashed) in the case in which C ¼ 0:05 have been plotted.
We have used an inverse power law shape for the potential
Uð�Þ which was first proposed in [52] and often used in
quintessence models since then [53,54]:

Uð�Þ ¼ U0

�
�0

�

�
�
; (40)

where�0 is the value of the scalar field today and � will be
typically fixed to�0:2 in order to have a flat potential and a
consequent equation of state for dark energy which is close
to �1 today, in order to be consistent with observations
[55–58]. Another popular choice is given by an exponential
potential [1,51,59], though we are not interested here in the
explicit expression of Uð�Þ, which does not modify our
considerations. The amplitude of the potential (40) and the
initial amount of CDM are fixed in order to have their
values today again in agreement with the present con-
straints [55–58].
As shown in Fig. 1 (left panel), the presence of the

coupling has a drastic effect on the behavior of the scalar
field energy density. In the uncoupled case quintessence
behaves pretty much as a cosmological constant due to the
rather flat potential. If however the coupling to CDM is
active, � accelerates and the dark energy density is at-
tracted by the evolution of the species to which it is
coupled: in particular, after a period of transition due to
the particular choices of the initial conditions, �
� is

dragged by CDM to follow a trajectory which strictly
mimics the CDM path, therefore behaving as an effective
pressureless component. We will refer to this effect as
‘‘dark matter dragging’’ in analogy to the ‘‘gravitational
dragging’’ first discussed in [36] in which the coupling of
the scalar field to gravity via a modification of general
relativity imprinted a similar pattern to the scalar field
dynamics, both on background and on perturbations. In
this scenario, the matter scaling is also modified by the
coupling with the field; the resulting regime of cosmologi-
cal expansion driven by the field and CDM tracking each
other is known as �CDM era, see [3] and references
therein.

1The three critical points correspond to the last three critical
points in Table I in [1].
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In both models here considered, � rolls down an effec-
tive potential provided by the coupling to dark matter
[right-hand side of Eq. (33)] or by modified gravity
[right-hand side of Eq. (44), next paragraph]. Note how-
ever that, despite the analogy with gravitational dragging,
during dark matter dragging the dark energy scalar field
does not exactly slow roll on the effective potential, as it
happens in the gravitational dragging case: when the cou-
pling to dark matter is considered, � acquires a strong
acceleration from the dark matter field, that makes terms
like �00 give a non-negligible contribution in Eq. (33), an
occurrence which is absent in the EQ case, as we now
discuss.

B. Extended quintessence

As illustrated in the first section, scalar tensor theories
are described by action (2) that we rewrite here for conve-
nience:

S ¼
Z
d4x

ffiffiffiffiffiffiffi�gp �
1

2�
fð�;RÞ � 1

2
�;��;� �Uð�Þ

�m0
�  þLkin; 

�
: (41)

We have chosen Zð�Þ ¼ 1 to simplify the notation. We
further set fð�;RÞ ¼ �Fð�ÞR so that the function Fð�Þ
fully specifies the explicit coupling to gravity via its de-
pendence on some scalar field �. When the additional
scalar field introduced in the coupling plays today the
role of the dark energy field, leading to an accelerated
expansion of the universe, we refer to it as extended
quintessence, see [37] and references therein. The limit
of general relativity is achieved with !JBD � 1 where
!JBD is defined as

!JBD � F

F2
�

; (42)

and F� is the derivative of F with respect to�. The current

constraints set the present value !JBD0
to be larger than

40 000 in the Solar System [60], and greater than about 120
from cosmology [61]; being on markedly different space-
time scales, the two are considered as independent and
complementary [62]. Within these theories, the Friedmann
equation describing the expansion of the Universe is modi-
fied with respect to the usual case:

H 2 ¼
�
a0

a

�
2 ¼ a2

3F

�

fluid þ 1

2

�02

a2
þUð�Þ � 3HF0

a2

�
:

(43)

Besides the extra term at the end of (43), which is usually
quantitatively negligible, the most important effect to point
out is the presence of the multiplying factor 1=F substitut-
ing the usual 8�G; as a consequence, extended quintes-
sence cosmologies behave as theories in which gravity
depends on a varying function and not on a gravitational
constant anymore. Note that now all fluids but� satisfy the
usual conservation equation 
0

	 ¼ �3Hh	 including
CDM, which now scales as 
c ¼ 
c0=a

3. The evolution
of the scalar field is explicited by the Klein-Gordon equa-
tion, which again gets contribution from the coupling to
gravity, enhancing the background dynamics of � and
giving rise to the R-boost effect illustrated in [63]

�00 þ 2H�0 þ a2U;� ¼ a2

2
F;�R; (44)

where F;� andU;� are the derivatives of the coupling Fð�Þ
and of the quintessence potential Uð�Þ with respect to �.
The term on the right-hand side has the effect of altering
the potential Uð�Þ into an effective potential in which the
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FIG. 1 (color online). Energy densities of CDM and dark energy. The left panel shows the case of coupled dark energy for C ¼ 0:05
as well as for C ¼ 0 vs 1þ z, where z is the redshift. The right panel shows the case of extended quintessence for both positive and
negative coupling corresponding to !JBD0

� 30. During MDE the energy density of the scalar field (the nonconserved one) is more

enhanced in the case of coupled dark energy than in extended quintessence, in which the dynamics of the R-boost has its major
influence during RDE. The plotted densities are in units of Mpc�2.
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scalar field rolls. This effect, responsible for the gravita-
tional dragging [36], is an analogue to the one produced by
the right-hand side of Eq. (33) due to the coupling to matter
fields, within the Einstein frame, as shown in Fig. 1 right
panel: here we plot the energy densities of radiation (long
dashed), CDM (solid), and EQ in the case in which the
coupling to gravity is positive (dashed) or negative (dot-
ted). The energy density of the scalar field has a similar
behavior during RDE (R-boost effect), independently of
the sign of �, while the two patterns detach a bit during
MDE. The plot has been obtained solving numerically the
equations for the background in the case of nonminimal
coupling, with Fð�Þ given by (16). Again, the effect of the
coupling on the background evolution is that of enhancing
the amount of dark energy in the past, due to the gravita-
tional dragging set on by the additional term in the Klein-
Gordon equation (44). Though in the quadratic case the
gravitational dragging shows in particular during RDE,
note that the time at which the dragging ends depends on
the choice of the model and on the values of the coupling
parameter. An exponential coupling in the Lagrangian
would have a bigger effect, lasting up to MDE and more
recent times [39]. Although the phenomenology and the
energy density scaling is clearly analogous for the CQ and
EQ models plotted in Fig. 1, it is important to stress here
that the sign of the coupling leads however to a different
correction in the Hubble expansion parameter. Indeed,
while in coupled dark energy the Hubble parameter does
not depend on the sign of the coupling constant during
MDE [Eq. (39)], in extended quintessence a positive and a
negative coupling lead to different sign corrections, either
enhancing or reducing the Hubble parameter with respect
to the standard cosmological constant case (�CDM). The
effect is shown in Fig. 2: here we plot the Hubble parameter
versus redshift for �CDM (solid), coupled quintessence

with C ¼ 0:1 (dotted), and extended quintessence with a
positive (long dashed) or negative (dashed) coupling. For
the chosen coupled quintessence model, with a constant
coupling, the Hubble parameter is bigger in the past than
the usual �CDM case, independently of the sign of the
coupling constant. The chosen extended quintessence case,
instead, can lead to both higher and lower values in the
past, depending on the sign of the coupling. Note also that
the switch in sign does not lead to perfectly opposite
contributions: when the coupling is negative the effect is
bigger than in the case of a positive coupling with the same
absolute value. A reason for this to happen might be that in
the first case the extra term in the Klein-Gordon equation
adds to the usual potential, favoring an easier enhancement
of the dynamics of the field; on the contrary, for a positive
constant, the extra term contrasts the effect of Vð�Þ, mak-
ing it more difficult to enhance the dynamics of the field.
Finally, we recall that in this context, the Ricci scalar can

be written in terms of the cosmological content of the
Universe:

R ¼ � 1

F

�
�
fluid þ 3pfluid þ�02

a2
� 4U

þ 3

�
F00

a2
þ 2HF0

a2

��
; (45)

where 
fluid and 
fluid are the energy density and pressure
summed up over all possible cosmological components but
�.

IV. LINEAR PERTURBATIONS

Here we perform a comparative analysis of the behavior
of linear perturbations in the two scenarios. As we show in
a moment, the main difference highlighted in the previous
section persists at this level, as in the Newtonian limit
which is outlined below.

A. Coupled dark energy

The linearized perturbation equations can be derived,
following the notation of [50], from

�ðT��;� ð	ÞÞ ¼ �ðQ� ð	ÞÞ; (46)

with Q� ð	Þ ¼ ð�aQ	; 0Þ being the source term for the 	
component. In particular, comparing with Eqs. (27) and
(28), for the case of a constant coupling here considered the
source is defined as

Q� � Cc �
c ��
0

a
(47)

Qc � �Q�: (48)

For � ¼ 0, one gets the perturbed energy conservation
equations, while for � ¼ i (spatial index) we can recover
the first order Euler equations. In the Newtonian gauge in
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FIG. 2 (color online). Hubble parameter vs redshift for CQ and
EQ with a nonminimal coupling (for positive and negative
couplings). The case of �CDM is also shown for reference.
The value of � corresponds to !JBD0

� 30. H is in units of

Mpc�1.
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which the nondiagonal metric perturbations are fixed to
zero, the linearized conservation equations for the matter
component and for the scalar field, respectively, read as
follows:

�
0
c þ 3H�
c þ �
ckvc þ 3 �
c�

0

¼ �Ccð �
c��0 þ ��0�
cÞ; (49)

v0c þ ðH � Cc ��
0Þvc ¼ �kð�þ Cc��Þ; (50)

�
0
� þ 3H ð�
� þ �p�Þ þ k �h�v� þ 3 �h��

0

¼ Ccð �
c��0 þ ��0�
cÞ; (51)

�h�v
0
� þ ð �h0� þ 4H �h�Þv� ¼ k�p� � k �h��

þ Cck �
c��; (52)

�
0
r þ 4H�
r þ k43 �
rvr þ 4 �
r�

0 ¼ 0; (53)

�
 rv
0
r � k

4
�
r ¼ �k �
r�; (54)

where k is the wave number, v	 is the velocity perturbation

(along the direction of ~k) for the 	 species, and � is the
gravitational potential coming from the metric perturba-
tion; in particular, � ¼ �� if we neglect the anisotropic
stress. Note that the latter is rigorously zero for the present
scenario, as opposed to the EQ case as we will see in a
moment. Thus the only source of that here is represented
by neutrinos, due to their viscosity for having decoupled in
a markedly relativistic regime. Also note that the two latter
equations hold only if we neglect baryons, otherwise
Thomson scattering with photons should be taken into
account. A more convenient way to express Eq. (49) is to
rewrite it in terms of �c � �
c=
c as

�0
c þ kvc þ 3�0 ¼ �Cc��0: (55)

The gravitational potential � is related to the background
and perturbed densities and velocities of the various com-
ponents via the following expression:

� ¼ a2

2k2

�

¼ a2

2k2

�
�
c þ �
� þ �
r

þ 3
H
k

�
�
cvc þ 4

3
�
rvr þ �h�v�

��
: (56)

Or, equivalently, in a more compact form and in terms of
the �ð	Þ as

� ¼ 3

2
�2

�X
i

�ið�i þ 3ð1þ!iÞ�viÞ
�
; (57)

where we have defined � � H =k and where �c ¼
ða2
cÞ=ð3H 2Þ and the sum is extended to all components,
including dark energy. Note that dark energy perturbations
contribute to the gravitational potential and therefore on
the dark matter perturbations through Eq. (55). Deriving
with respect to the conformal time, making use of
Eqs. (49)–(52) as well as of the background conservation
equations and substituting the expression of � given by
(56), we get the following simplified expression for �0:

� 0 ¼ �H�� a2

2k

�
�
cvc þ 4

3
�
rvr þ �h�v�

�
: (58)

The energy density perturbation for the dark energy
scalar field can be expressed in terms of ��, � and their
derivatives in the following way:

�
� � 
��� ¼ 1

a2
½�0ð��Þ0 þ a2U;���þ ð�0Þ2��:

(59)

We recall that the latter expression, holding in the
Newtonian gauge, can be derived from �T0

0ð�Þ of the dark
energy scalar field when comparing it to the usual one for a
fluid of pressure p� and energy density 
� [or, equiva-

lently, directly perturbing (31)]. Analogously, for the ve-
locity perturbation in the Newtonian gauge, one has

h�v� ¼ k

a2
�0��; (60)

which can be derived from the �T0
jð�Þ component of the

perturbed stress energy tensor. Making use of the two latter
expressions, � and �0 can be rewritten as

� ¼ ½�0ð��Þ0 þ 3H�0��þ a2U;���þ 3H 2½�cð�c þ 3�vcÞ þ�rð�r þ 4�vrÞ��
2k2 � ð�0Þ2 : (61)
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� 0 ¼ � 1

2

�
�0��þ 2H�þ 3

H 2

k

�
�cvc þ 4

3
�rvr

��
: (62)

Note also that due to the definition of the energy density
and pressure of the quintessence scalar field (31) and (32)
the perturbed pressure appearing in Eq. (52) is simply
equal to

�p� ¼ �
� � 2U�ð�Þ��: (63)

As regard to the dark energy scalar field perturbation, ��
can be either written using (59) or it can be gained when
solving the perturbed Klein-Gordon equation:

��00 þ 2H��0 þ ðk2 þ a2U;��Þ��þ 4 ��0�0

� 2a2U;�� ¼ 3H 2�cCc½�c � 2��: (64)

In Fig. 3 the density perturbation of CDM divided by the
scale parameter and normalized to one today is shown; the
latter quantity is the cosmological growth factor for CDM.
The curves have been obtained by numerical integration
and correspond to the case of CQ (dotted) as well as EQ
case, for a positive (long dashed) or negative (dashed)
coupling, as we will expose in detail in the following.
The �CDM case is also shown for reference (solid): as it
is well known, in the latter scenario the growth factor is
almost constant during the matter dominated era (MDE,
�c / a), while it increases going back in time due to the
presence of radiation. The cosmological parameters of
these scenarios are as defined in the previous section. We
postpone further comments to this figure to the end of this
section, when we expose the EQ case, too.

B. Extended quintessence

CDM variables follow the usual uncoupled equations,
written here in Newtonian gauge:

�0
c ¼ �kvc � 3�0; (65)

v0c ¼ �Hvc þ k�: (66)

Note that, in contrast with the CQ case, as we will see later,
in EQ the two gravitational potentials � and � are not
equal in module, since the anisotropic stress is in general
different from zero. As we show now, however, this is not
the major source of difference between the two scenarios.
As shown in [33,36], the perturbed Einstein equations

can still be written formally as

�G
�
� ¼ ��T

�
� ; (67)

where G
�
� is the usual Einstein tensor and �T

�
� is the total

stress energy tensor, summing up all species:

�T
�
� ¼ �T

�
� ðfÞ þ �T

�
� ð�Þ: (68)

In particular, the conserved stress energy tensor for � is
given by

�T�� ð�Þ ¼ �T� mc
� ½�� þ �T� nmc

� ½�� þ �T� grav
� ½��;

(69)

where, in the Newtonian gauge:

�T� mc
� ½�� ¼ 1

a2
ð��02 ��0��0Þ �U;��� (70)

�T
� nmc
� ½�� ¼ � 3H

a2

�
2� � �0

H

�
F0 þ 3H

a2
�F0

þ F;�R

2
��þ

�
k2

a2
� R

2

�
�F; (71)

�T� grav
� ½�� ¼ 3H 2

a2
�Fþ

�
1

�
� F

�
�G�

� : (72)

Carrying the last term of expression (72) to the left-hand
side in the perturbed Einstein equations, we can rewrite
Eq. (67) as

F�G�
� ¼ �T� mc

� ½�� þ �T� nmc
� ½�� þ 3H 2

a2
�F

þ �T
�
� ðfluidÞ: (73)

The (0, 0) component of (73) reads

1
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FIG. 3 (color online). Growth factor as a function of redshift
for coupled dark energy and extended quintessence with a non-
minimal coupling (for positive and negative couplings). The case
of �CDM is also shown for reference. The value of �
corresponds to !JBD0

� 30.
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2k2

a2
� ¼ 1

F

�
6H
a2

ðHFþ F0Þ� � 3

a2
ð2HFþ F0Þ�0

þ 1

a2

�
�0��0 ��02� þ a2

�
U;� � F;�R

2

�
��þ

� 3H�F0 �
�
k2 þ 3H 2 � a2

R

2

�
�F

�
þ 
f�f

�
:

(74)

The (0, j) component of (73) gives the following equa-
tions:

½2HFþ F0��� 2F�0 ¼ �0��þ �F0 �H�F

þ a2

k
�T0

j fluid: (75)

Combining the two previous equations to get rid of�0, we
get the Poisson equation in EQ cosmologies, which is

2k2

a2
� ¼ 1

F

�
� 1

a2

�
�02 þ 3

2

F02

F

�
�

þ 1

a2

�
3

�
H þ F0

2F

�
�0��þ�0��0 þ 3

2

F0

F
�F0

þ �
�
k2 þ 6H 2 � a2R

2
þ 3H

2

F0

F

�
�F

þ a2
�
U;� � F;�R

2

�
��

�
þ 
f�f

þ 3

k

�
H þ F0

2F

�
hfvf

�
; (76)

where we have used that in the Newtonian gauge
�T0

j fluid ¼ vfhf. Finally, the Klein-Gordon equation which

describes the evolution of the EQ scalar field is

��00 þ 2H��0 þ
�
k2 � a2

2
ðF;��R� 2U;��Þ

�
��

¼ �0ð�0 � 3�0Þ þ a2

2
ðF;�R� 4U;�Þ� þ a2

2
F;��R;

(77)

where

�R ¼ � 2

a2
½ð3H� � 3�0Þ0 þ 3H ð3H� � 3�0Þ

� ðk2 � 3H 0 þ 3H 2Þ� � 2k2��: (78)

These equations hold in general for any choice of the
function Fð�Þ. In order to solve the equations numerically,
we again set the case of nonminimal coupling, in which
(16) is valid.

The results of the numerical integration are shown in
Fig. 3. As a reference, we normalize the growth factor to a
common value at present time. In the CQ case, the coupling
to CDM has the effect of lowering the growth factor with
respect to the �CDM case; this means that, for a fixed
primordial normalization of the perturbations, the CQ

structure formation is enhanced with respect to a �CDM
case, independently on the sign of the coupling constant, as
it is known from earlier works [3]. The EQ phenomenology
is completely different, as the structure formation may be
slower than the �CDM case, depending on the sign and
magnitude of the coupling constant. This may have inter-
esting consequences for constraining these theories from
the observations of cosmological structures in the mildly
and full nonlinear regimes, as we see in the next section.
Note that, consistently with the analysis of the previous
section, in the EQ case the departure from the �CDM case
is again bigger for a negative coupling.

V. NEWTONIAN LIMIT

A coupling between dark energy and matter or gravity
could indeed have observable effects on structure forma-
tion, due either to the interaction between species which
behave differently with respect to gravity or because of a
modification of gravity itself. We perform here a derivation
of the Newtonian limit for cosmological perturbations in
CQ and EQ scenarios [3,30,35]. This part of the work
represents the interface to numerical simulations of struc-
ture formation in these scenarios. Previous works on this
subject considered the cases of CQ only [3,13]. We do
expect to be able to track the differences outlined in the
previous sections also in the present context.

A. Coupled dark energy

We strictly follow the notation of [3,13] and we special-
ize the previous general equations to the case in which � �
H =k� 1. This choice corresponds to the Newtonian
limit, that is to say scales much smaller than the horizon.
When the Newtonian limit holds, the expressions of both
the gravitational potential � and its derivative �0 can be
largely simplified and become approximately equal to

� ¼ 1

2k2
½�0ð��Þ0 þ 3H�0��þ a2U;���

þ 3�cH 2�c�; (79)

� 0 ¼ �1
2�

0���H�: (80)

Substituting �0 in the perturbed Klein-Gordon equa-
tion (64), we get the following equation describing the
evolution of �:

��00 þ 2H��0 þ ðk2 þ a2U;�� � 2�02Þ��
þ�ð�4H�0 � 2a2U;� þ 6H 2�cCcÞ

¼ 3H 2�cCc�c: (81)

In the Newtonian limit k� H and the latter equation can
be further simplified: the term containing � can be ne-
glected since � is order k�2; within the terms multiplying
��, we neglect the contribution of the potential, which has
effect only at very recent times, when the acceleration
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takes over; furthermore, the remaining piece k2 � 2�02 can
be rewritten as k2ð1� 2�2ðd�=d	Þ2Þ � k2, where 	 �
loga. Supposing that also ��00 and ��0 can be neglected
(this can be further checked a posteriori), Eq. (81) in the
Newtonian limit reduces to

��� 3�2�cCc�c; (82)

stating that �� is of order �2 and can therefore be ne-
glected, together with its derivative, in Eq. (79) with re-
spect to the last term:

� � 3
2�

2�c�c: (83)

By looking at the right-hand side of Eq. (50) we can
formally define the quantity:

�c � �þ Cc��; (84)

which reads

�c ¼ 3
2�

2�c�cð1þ 2C2
cÞ; (85)

where we have used the approximated expression (82) for
�� obtained by solving the KG equation in the Newtonian
limit. The latter equation reads in real space as

r2�c ¼ � a2

2

c�cð1þ 2C2

cÞ; (86)

and if we explicit the units contained in 
, 2 we then have
that �c behaves like a new gravitational potential satisfy-
ing

r2�c ¼ �4�G�a2
c�c; (87)

where we have defined G� as

G� � Gð1þ 2C2
cÞ: (88)

In this way, we formally recover the usual Poisson equa-
tion, where the effect of the coupling is partially included
in the redefinition of the gravitational potential �c and
partially in a varying gravitational constant G�.

The equations for the CDM component [(50) and (55)]
can also be analogously simplified and read, in the
Newtonian limit, as

�0
c ¼ �kvc; (89)

v0c þ ðH � Cc ��
0Þvc ¼ �k�c: (90)

Deriving the first equation and combining it with the
second, it is straightforward to obtain

�00
c þ ðH � Cc�

0Þ�0
c � 3

2H
2�c�cð1þ 2C2

cÞ ¼ 0: (91)

Furthermore, Eq. (90) allows us to clarify how the Euler
equation, relevant for the interaction of dark matter parti-
cles within structure formation, changes due to the pres-

ence of a coupling between dark matter and dark energy
(Einstein frame). Taking into account expression (84) and
rewriting (90) in real space coordinates, the equation fi-
nally reads as a modified Euler equation:

rv0c þ ðH � Cc�
0Þrvc þ 3

2H
2�c�cð1þ 2C2

cÞ ¼ 0:

(92)

Supposing now that CDM is concentrated in one particle of
mass mc at a distance r from a particle of mass Mc at the
origin, we can rewrite the cold dark matter density con-
tribution as

�c�c ¼ 8�GMce
�Ccð���0Þ�ð0Þ
3H 2a

; (93)

where we have used the fact that a nonrelativistic particle at
position r has a density given by mcn�ðrÞ [where �ðrÞ
stands for the Dirac distribution] with number density n ¼
e�Ccð���0Þ given by Eq. (34) and we have assumed that the
density of theMc mass particle is much larger than 
c. The
Euler equation in cosmic time dt ¼ ad� then reads

r _vc ¼ � ~Hrvc � 4� ~GMc�ð0Þ
a2

; (94)

where we included the mass scaling in a new redefinition of
the gravitational constant

~G ¼ G�e�Ccð���0Þ ¼ Gð1þ 2C2
cÞe�Ccð���0Þ; (95)

and the further effect of the coupling on the friction term is
a redefinition of the Hubble constant:

~H ¼ H

�
1� Cc

_�

H

�
: (96)

Though the choice of including the exponential correction
in a redefinition of the gravitational constant might be
convenient for numerical purposes, we can as well rewrite
Eq. (94) as

r _vc ¼ � ~Hrvc � 4�G� ~Mc�ð0Þ
a2

; (97)

in which gravity is still governed by a gravitational (though
modified) constant and the time dependent extra contribu-

tion is included in the mass ~Mc � Mce
�Ccð���0Þ of dark

matter: when dark matter particles interact with each other,
each dark matter particle sees other one as possessing a
‘‘modified’’ mass which takes into account the nonstandard
scenario due to the coupling.
Along the attractor (36), the full corrections to the

gravitational constant and to the expansion assume the
following expressions:

~G ¼ Gð1þ 2C2
cÞa�2C2

c ; (98)

~H ¼ Hð1� 2C2
cÞ; (99)

2Recall that our energy densities are equal to 
̂ ¼ 8�G
 and
we have redefined 
̂ ¼ 
 for simplicity.
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~M ¼ Mca
�2C2

c : (100)

This clearly shows how the corrections behave regardless
of the sign of the coupling constant. At the end of this
section, we will focus on this aspect again, comparing the
corrections to the strength of gravity in CQ and EQ.

B. Extended quintessence

In the limit of small scales, in which k� H we can
proceed in simplifying the equations for EQ in a way which
is analogous to the one adopted in CQ. Neglecting time
derivatives (negligible in the Newtonian limit with respect
to spatial derivatives) and the potential, the Poisson equa-
tion (76) reduces to

2k2

a2
F� ¼ � k2

a2
F;���þ 
f�f; (101)

which reads, in real space, as

Fr2� ¼ �4�Ga2
f�f �
F;�
2

r2��: (102)

From the traceless part of the perturbed Einstein equations
[component (i,j)], we get the gravitational potential rela-
tion

ð� þ�Þ ¼ ��F

F
; (103)

so that in general the right-hand side, representing the
anisotropic stress, is different from zero in scalar tensor
theories. Equation (102) can then be equivalently written,
in terms of �, as

Fr2� ¼ 4�Ga2
f�f �
F;�
2

r2��: (104)

In the approximation we are considering, the perturbed
Klein-Gordon equation given by (77) only receives con-
tribution from

�� ¼ F;�½� þ 2��: (105)

Substituting (103), we obtain

�� ¼ FF;�

Fþ F2
;�

� ¼ � FF;�

Fþ 2F2
;�

�: (106)

Further substituting in (101), the Poisson equation can be
rewritten in the usual way

2k2

a2
�E ¼ 1

F

f�f; (107)

or, in real space, as

r2�E ¼ � 4�G

F
a2
f�f; (108)

if we redefine the gravitational potential as

�E ¼
�
1þ 1

2

F2
;�

Fþ F;�
2

�
�: (109)

Note that we could have equivalently substituted ��ð�Þ in
(104) thus obtaining

r2�E ¼ 4�G

F
a2
f�f; (110)

if we redefine the gravitational potential as

�E ¼
�
1� 1

2

F2
;�

Fþ 2F;�
2

�
�: (111)

The Euler Eq. (66) is then modified according to

v0c þHvc þ k

�
1þ F2

;�

Fþ F2
;�

�
� ¼ 0: (112)

Substituting the expression for �ð�EÞ given by (109) and
making use of the Poisson equation (107) we get

v0c þHvc þ a2

2k

f�f

2ðFþ 2F2
;�Þ

Fð2Fþ 3F2
;�Þ

¼ 0; (113)

which in real space reads as

rv0c þHrvc þ 3

2
H 2�f�f

2ðFþ 2F2
;�Þ

Fð2Fþ 3F2
;�Þ

¼ 0; (114)

where we have defined �f � 
f=
crit and 
crit �
3H 2F=a2. For comparison with the CQ case investigated
in the previous paragraph, suppose now that the only other
fluid present is CDM, concentrated in one particle of mass
mc at a distance r from a particle of massMc at the origin,
such that

�c�c ¼ 1

F

Mc�ð0Þ
3H 2a

; (115)

due to the fact that in this framework cold dark matter is
uncoupled from dark energy and approximately scales in
the usual way 
c / a�3. Substituting the latter expression
in (114), we get

r _vc þHrvc þ 4� ~GMc�ð0Þ
a2

¼ 0; (116)

in terms of the cosmic time, where we have included the
extra contribution in the redefinition of the gravitational
constant, which is now varying in time:

~G ¼ 2ðFþ 2F2
;�Þ

ð2Fþ 3F2
;�Þ

1

8�F
: (117)

The latter formalism is general for any choice of Fð�Þ. For
illustration we specify our final results to the nonminimal
coupling choice given by (16). In this case
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~G ¼ ½ 1
8�G�

þ ð1þ 8�Þ��2�
½ 1
8�G�

þ ð1þ 6�Þ��2�
1

½ 1
G�

þ 8���2� : (118)

For small values of the coupling, that is to say �� 1, the
latter expression becomes

~G

G�
� 1� 8�G���2 (119)

which manifestly depends on the sign of the coupling �. In
Fig. 4 we compare the behavior of the correction to the
gravitational constant in CQ and EQ theories, for different
values and signs of the coupling constants. As we stressed
in this section, in the CQ case the correction is independent
on the sign of the coupling constant, just as expected since
the theory corresponds to the case of induced gravity,
which, as discussed in the first section, forces the sign
dependence in order to maintain gravity as an attractive
force; note also how at present the value of the gravita-
tional coupling is larger than the corresponding �CDM
case, as it is evident from (98). On the other hand, in the EQ
case, the sign has the effect of increasing or decreasing the
gravitational strength.

C. Recipe for N-body users

We conclude this section by summarizing the quantities
needed as an input for N-body simulations when consid-
ering CQ models or EQ models as discussed in this paper.
An N-body code which wants to take into account the
modified gravitational strength between different species,
as well as the modified perturbation growth rate, needs to
read tables with the modification listed in Table I for both
sets of cosmologies. The expansion history, represented by
the Hubble expansion rate, needs also to be modified,
although it is not listed in the table.

Three typologies of corrections are considered: the
gravitational interaction between dark matter (DM) parti-

cles, the friction term due to a modified expansion, and the
mass of the interacting species.
When dealing with CQ models, all three corrections are

active: the gravitational interaction between DM-DM par-
ticles changes, the friction term provides an extra contri-
bution due to the coupling, and the mass of the DM
particles also changes with time and depending of the
coupling. In the case in which we also consider baryons
(B), noncoupled to the scalar field � or to CDM, the
gravitational interaction between DM-B or B-B is the usual
Newtonian one, since noncoupled baryons satisfy the stan-
dard Euler equation. Furthermore, no correction to the
baryon mass is required.
On the contrary, when EQ cosmologies are considered,

only the gravitational correction needs to be applied. The
effect of the coupling is all included in an effective gravi-
tational ‘‘constant,’’ which changes with time according to
Eq. (118) for all the species considered. Both the friction
term and the mass term remain unaltered.

VI. CONCLUSIONS

In this paper we performed a comparative analysis of the
theoretical framework and phenomenology of cosmologi-
cal perturbations in two of the main scenarios where the
dark energy is explicitly coupled with dark matter (coupled
quintessence, CQ) or gravity (extended quintessence, EQ).
Weyl scaling the two theories, we fixed the expressions of
the two scenarios in the Jordan and Einstein frames. This
showed how they lead to markedly different phenomenol-
ogies, even if in the Jordan frame they differ only by a
constant term into the function multiplying the Ricci sca-
lar: while the CQ case is bounded to produce effective
corrections to gravity which increase its strength, the EQ
case is able to provide corrections in both senses. This has
important consequences which we highlight in the rest of
the paper.
We show that indeed linear perturbation growth may

actually accelerate or slow down in EQ cases with respect
to a case in which the dark energy is uncoupled, while in
CQ scenarios perturbations can be enhanced only. In order
to set up a suitable framework for the realization of N-body
simulations in these cosmologies, we derive the Newtonian
limit for both, again highlighting the different behavior that
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FIG. 4 (color online). Gravitational correction as a function of
redshift for CQ and EQ models. The value of � corresponds to
!JBD0

� 30.

TABLE I. Summary of corrections required to run N-body
simulations in CQ and EQ scenarios.

Correction type CQ EQ

Gravity ð�G=G�Þ DM-DM 1þ 2C2
c

~G=G�
Gravity ð�G=G�Þ B-DM 1 ~G=G�
Gravity ð�G=G�Þ B-B 1 ~G=G�
Friction ð�H =H Þ 1� Cc�

0
H

1

Mass ð�m=mÞ DM e�Ccð���0Þ 1

Mass ð�m=mÞ B 1 1
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the gravitational corrections possess, never neglecting the
role of quintessence fluctuations. Finally, we list the quan-
tities which need to be modified in N-body codes for taking
into account the corrections to the expansion, strength of
gravity as perceived by different species, as well as the
modified perturbation growth rate, in body scenarios, when
performing simulations of nonlinear structure formation.

Our work opens up the possibility of measuring the
effect of nonminimal dark energy models in numerical
simulations of structure formation, thus being able to con-
strain them through observations. N-body simulations
nowadays reach the extension of thousands of Mpc, where
indeed the interplay between large and small scale behav-
ior of gravity really matters. Possible deviations from the
ordinary behavior of gravity in general relativity, which
might be consistent with nonminimal dark energy models,
have to be detected coherently on all scales in order to

provide convincing evidence. This capability can be built
only by understanding properties and differences between
the ways in which such deviations could manifest, devel-
oping capabilities for simulating and detecting them in
large scale numerical simulations of structure formation
and finally constraining them through observations. This
work completes the first step in this path.
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