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Supposing only Lorentz and the gauge invariances of the Lagrangian, we derive energy and angular
distributions for 7 — u* u™ ™ lepton flavor violating decay process. Using these results, we discuss
methods to determine the parameters associated with the lepton flavor violating interactions.
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L. INTRODUCTION

Lepton flavor violating (LFV) decays, for example, u —
ey, T— uy, u — e conversion and 7 — 3u are being
studied extensively by experimentalists [1-4], and by the-
orists [5-9]. Also, the high energy reactions e*e™ — we,
e e~ — ue, as well as extension to other generations
pmp — 7 are studied within the context of the next linear
collider [10]. Especially, a large number of 7 decay events
are collected in B factories and we hope that LFV decay
mode of 7 may be found in the near future. In that case, the
Super B factory [11] might give us the large number of
7 — 3u events. We might also hope to observe the energy
and polarization distributions.

In 7 — 3u decay, we can measure all the energies and
directions of the final state muons. For definiteness, let us
say that we want to investigate the 7 decay. B factories
generate back to back 7" 7~ pairs. As mentioned in Sec. I,
the polarization of 7 can be observed statistically by
correlation of momenta of decay products of both 7 and
7~ [12]. For u* — ete®e™ process, the differential
branching ratio, which is a function of energies of 2
positrons in the final state and the polarization of u™ in
initial state, is already derived in Ref. [5]. The structure of
weak interaction which causes the pu — evv decay was
investigated by Michel [13]. He introduced Michel pa-
rameters which proved to be very useful. We follow the
similar strategies and formulate the method with which we
can probe the structure of LFV interactions starting from a
general Lagrangian.

The general Lagrangian for 7+ decaying to w™ u™ ™
supposing Lorentz invariance and gauge invariance is writ-
ten as:

.E = ‘EFF + ‘E)/’ (1)
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Lip = —2v2Gr{g) (Fruer)(rir) + 82(Fp i) (B i)
+ 83(TrYamr) (BrY" HR)
+ 84(FLyam )@y pr)
+ 85(FrYamr) (ry* 1r)
+ 86(TLYar ) (BrY 1p)} (2)

.E,y = _2\/—2_Gpm7-{AR7_'R0'a’8/.LLFa'B
+ A T 0P uRFopt + A(iD%yy — my)u
- %FQ'BFaB’ (3)

where m, and m, are the masses of the u= and 77,
respectively, G is the Fermi constant. {7;, fi;, g} and
{Tr, g, M} are the Dirac spinors with the helicity opera-
tors, (1 * 75)/2, respectively. For example, 7 = 7(1 —
ys)/2and pp = (1 + ys)u/2. 0°F = {(y*yP — yPy®),
D* = 9% + jeA®, FP = 9@AP — 9BA®, A% is the photon
field and e = —|e| is the electron charge. £, represents
T — w7y interaction as well as the terms present in ordinary
QED. These terms generate diagrams in Fig. 1. So, A; and
Ay are the coefficients of interactions in which the inter-
mediate photon has the left polarization, and the right
polarization, respectively. The coefficients g; ~ g¢ in
Ly are the coefficients of various 4-Fermi type interac-
tions. These terms generate diagrams in Fig. 2. Using the
Fierz transformation, it is shown in Appendix A that
Eq. (1) is the general Lagrangian.

For convenience, we summarize our major results here,
assuming that enough events are collected.

(1) We have shown that the absolute values of the

FIG. 1. These are the diagrams produced from L,,.
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FIG. 2. These are the diagrams produced from L.

coefficients  [g112/16 + [g3]> + |g21?/16 + [g4]%,
lgsI® + lgql* |Agl> +1ALI%, Re[g3A7 ] +
Re[g4A%], and Re[gsA; ]+ Re[gsAx] can be ob-
tained by measuring the energy distributions of
decay products of 7.

(2) We have shown that the absolute values of the co-
efficients |g,|2/16 + |g5%, 1g21>/16 + lg4l?, lgsl,
lgel, 1Agl, |ALl, Re[g3A]], Re[gsAk], RelgsA7],
Re[geA%], Im[g3A} ] + Im[g4A%], and Im[gsA} ] +
Im[gsA%] can be obtained by measuring the mo-
mentum distribution of decay products of 7~ in
addition to the energy distributions of decay prod-
ucts of 7.

(3) In some suitable cases, we can determine |g,|, |g-|,
lg3l, and | g4/, independently, and phases arg[g4A% ],
arg[gsA} ], arg[geAz], and arg[gsA;] as shown in
Sec. IX.

(4) Ttis interesting to note that there is a possibility that
some information on 7— u7y could be obtained
before 7 — w7y decay is measured. For example,
Re[g4A%] and Re[g3A] ] arise from the interference
terms between the four Fermi interaction amplitudes
and the 7 — u7y decay amplitudes. The decay rate
for 7 — wuy is quadratic in |Ag| or |A,| while the
observables given in Re[g4A%] and Re[g;A] ] are
linear in |Ag| and |A;|. So the interference effect
may be seen before the decay rate for 7 — uy is
seen.

This paper is organized as follows. Section II gives the
differential branching ratio of 7+ — u*u"u~ decay.
Also, a general formula which yields information on the
current structure for 75 — u* u® u™ decay is derived. In
Sec. III, we pick the energetic one of the two ™ in the
final state and analyze its energy dependence. In Sec. 1V,
we discuss physics implications of our results using only
the results of Sec. III. In Sec. V, we give the energy
dependence of w ™. In Sec. VI, we discuss physics impli-
cations of our results using only the results of Sec. V. In
Sec. VII, we discuss physics implications of our results
using the results of Secs. IV and VI. In Sec. VIII, we give
77 polarization dependence of the branching ratio in addi-
tion to the energetic ™ energy dependence and analyze
the results. In Sec. IX, we discuss physics implications of
our results using the results derived in the previous section.
Section X contains the concluding remarks.

II. GENERAL FORMULA

In this section, we derive the differential branching ratio
for 77 — u" u u” decay including 7* polarization, and
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the general formula for the observables which are relevant
for the actual experimental situation.

The final state contains two w* mesons. The one with
higher energy is denoted as w;. The other is denoted as w,.
M~ is denoted as us.

In the real experiment, the processes we want to detect
are

ete™ = 77 (s") 77(s7) = vy + a + anything

oy o (4)

where a is a particle which has the charge —1. So we must
calculate the differential cross section for these processes.

Here, we use the center of mass frame of e e~ initial
state, which we call frame 1. In the rest frame of 7+, which
we name frame 3, the momenta of ., u,, u3, and 7* are
denoted as p; = (E\, p1), p2 = (Ep, P2), p3 = (E3 p3),
and p, = (m,,0), and finally the polarization of 7" is
denoted as s*. s~ denotes the polarization of 7~ in the
rest frame of 7~. Here, s™ - p, = s~ -k, = Oand (s™)> =
—1 where k, is the momentum of 7~ in the 7~ rest frame
which we call frame 2.

For definiteness, we set the relations between frame 1, 2,
3, as follows and they are depicted in Fig. 3.

Frame 1 is the center of mass frame of e* e~ Defining
the 7% momentum as p, and the initial state positron
momentum as p’e +, we set the z direction in this frame as
the direction of p/., y direction is the same as p/. X p’
and the x direction as (p. X p;) X pl..

Frame 2 is the 7~ rest frame. We set the z direction in
this frame as the direction of p’.. The y direction is the same
as that of the frame 1. The x direction id defined by (p/. X
py) X p’.

Frame 3 is the 7" rest frame. We set the directions in this
frame as the same as those of frame 2.

T frame 3

z

frame 2
z

Y

FIG. 3. The relation between frame 1, frame 2, and frame 3. 5
is the angle between p’. and p!.
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There are four ingredients that are used to compute the

differential cross section for the process shown in Eq. (7).

(1) The narrow width approximation where we approxi-
mate

ete” = 77(sT) 77(s7) = vy + a + anything

‘—>M1 w2 3

is described in Appendix B 3.
J
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(2) The differential cross section for ete™ — y* —
77 (s*)77(s7) is presented in Appendix B 1.

(3) The differential branching ratio for 7~ (s~) — v, +
a + anything is presented in Appendix B 2.

(4) The differential branching ratio for 7% (s*)—
M1 Moy 1S given below.

The differential cross section for this process do is written
as [14]

do do(ete” — 7(s")77(s7)) dBr(v (s~) — v, + a + anything)

A0, dnyd L dpdk, o >

+5T *s

dQ &k,

% dBr(7*(s™) — i popts)

dxldxdesz//

&)

S implies sum over polarizations. k, is the momentum of the particle a in 7~ rest frame. The definitions of () and ¢ are

written in the next paragraph.

We have computed the branching ratio for 7 (s™) — u w,u including m » dependences. However, for now we confine
our discussion to where we can approximate m ﬂ/ m, = 0. The result is

dBr(77(s%) = uypops)

dxldxdeleﬂ 277'2

where the definitions of Gy(xy, x,) and G{(x, x,) are writ-
ten in Appendix C. Br(7 — pv9) is the branching ratio of
™" — utv, v, decay.

2E, 2E, 2E,
X = , Xy = s X3 = . (7)
m; m; m;
frame 3
> P3
Yy

///T ¢ T

FIG. 4. Definition of # and ¢ in frame 3

= 3aBilr = uod) Gy ) + 7RGl x2) | ©

{
Note that x|, x, and x; take values between O and 1, and
x; + xp + x3 = 2., is the solid angle defined in Fig. 4
and ¢ is the angle between the p,-p; plane and z-p; plane
as defined in Fig. 5. P; = {p,, Po, p; X p,} where p, =
pi/Ipil and p, = p,/Ip>l-

Substituting the concrete representations, Eq. (10) be-
comes

FIG. 5.

¢ is the angle between the p,-p; plane and the p;-z
plane. ¢ is the angle between p; and p;. y is the angle between
p;and p,. 0= ¢é =7 7= y =27
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do sin’ny sin’n
+ cos?n + + (1 + cos’n — sts
dQdx,dx,dQ dpdky s s +Z+ 4q* [( Ty ) ( Ty ) o
2 .2 -2
sin sin
=S¢+ ¢ Z %[(1 + cos?n + 7277> + (1 + cos’n — 72n>sjsz’ — Bsin’nsy sy
+gT +st

sin2n

1
+ <l + ?>sin2ns;s; -

<
<[ G100 —s~ kG300 |
Carrying out the summation for *s*

“+ o . *
and s~ using s; 57 =

do
dQdx,dx,dQ . dyd’k,

X [Go(xl, xz)G?(ya)<

.
sin?n\ A
X {(1 + cos’n — 7>kaZP,»Z — Bsin’nk,, P, +

_sin2n

This expression is the general formula of the process (7) as
long as we stay sufficiently away from singularity at m,,

0. In following sections, we will start analyzing from this
expression.

IIL. Gy(x;): ENERGY DEPENDENCE OF pu,

In this section, we derive the formulas convenient for
investigating the structure of the LFV four Fermi interac-
tions, using the w; energy dependence of the differential
branching ratio for 7 — 3 decay mode.

Our first priority is to discuss the observable which is
easier to detect and analyze. So here, we integrate the
polarization dependence as follows. First, we integrate
over dQdQ) . di,

do Br( 7)Br(7~ + a + anything)
= — = bnT7— ve)bpr\t —v a an mn
dx,dx,dk, “ g yHimg
640’8

><23)\

1
Go(x,,xz)Ga(ya><2 o ) (10)

Next, we integrate over d>k,,,

(sFs

2
Go(xy, xp) + Zs+ - P,Gi(xy, xz)}Br(T_ — p, + a + anything)
7 T

= 4Br(7 — uwvd)Br(t™ — v,

(kAaxPiz + kAazPix)}:|-

- +s+s_)} 5 Br(7 — uvp)

miA,
®)
0;j» Eq. (17) becomes
. 3028
+a+ anythlng)m
n’y
) - 3G, 2)G30)
1y ., =«
(1 + —2>sm Nk, Py
Y
9)
[ 2
do  32mwa’p
2 +— |Br(r—
dx1dxz q* ( y? ) rr = pv?)
X Br(r™ — v, + a + anything) Gy (x;, x,). (11)

Equation (11) allows us to obtain Gy(x;, x,). It has the
arguments x; and x,. Even that expression , however, is
pretty complicated for a discussion here. We thus discuss
only the x; dependence integrating over x,. For the physi-
cal region, we found that the effect of neglecting muon
masses in the differential branching ratio for the 7 — 3u
decay introduces an error of O(2m,, /m.).
Now we define

ar = (B 4 1gsp) + (28 + 1)

by =lgs|* + Igel?

¢y = leAgl? + leA, P (12)
d, = —(Re[gzeA]] + Re[gseAr])

e; = —(Re[gseAr] + Re[gseA] ]).

Then, G, integrated over x, is
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Golx) = [ dnsGor, x)
1
= §J1(2X1 — D{6(1 — x)(2x; — 1)
+ p1a(6x; — 5)(2x; — 1)

+ 3 puGe = 2 — 1)

4 22x; — D —x; +1)
+§c+{ (I —=x)

+ 322 — 2%, + 1)@[%}}, (13)
—_—

where

Ji =310ay +Tby +72d, + 54e.)
Jipia = 34a, + by +48d, + 12e.) (14)
Jipi, = b + 8e.).

We have defined p,, and p,;, to take values between 0 and
1. We now discuss how c,, J;, p;, and p;;, can be
determined from the x; dependence of G,.

First, to determine c,, it is convenient to define the
function

Fi(xp) = 3(1 — x)Go(x). (15)

By choosing the kinematics such that x; — 1 for the func-
tion F(x;), we can obtain ¢, as

Fi(x)l, =1 = c:2xy = D3 —x; + D=y = ¢
(16)

Next, we subtract the term containing the coefficient c .
and define another function,

Go(x;) — (4, x term)
2x; — 1)

Fy(x)) =
== %J1{6(1 - Xl)(le - 1)
+ p1a(6x; — 5)(2x; — 1)

42 B — 2w - 1)}, (17)

where

( . )=i 2(2x; — D2 —x; + 1)
Ccy, xiterm 3 c+{ 1 —x)

X1

= xj}. (18)

+3(2x3 — 2x + l)log[
We can then determine the parameters J;, py,, and py,
from the shape of F,(x;) using

1
[ Fa(xp)dx, = 3571, (19)
12

PHYSICAL REVIEW D 77, 073003 (2008)
Fy(x)l=1 = 31P14 (20)

and

Fy(x)ly =2 = 31115 (21)

respectively.

IV. PHYSICS FROM G(x;) DISTRIBUTION OF pu,

The conclusion of the previous section is how to deter-
mine the parameters, ¢, Ji, P14 P1p- Using only these
parameters, a., b;, d+, and e, cannot be determined.
However, if we take some special cases which are ex-
plained bellow, we can restrict the allowed regions of a .,
b,,d,,and e,.

A. What happens ifoneof a ,b,,c,,d e, =0?

If we impose that one of a,, b, c,, d,, and e, is zero
from other experimental results or supposing some specific
models, the results are as follows. When a, = 0, also
d, =0and

Ji = 3(Tb, + 54e)
Jipia = 3by + 12e.) (22)
Jip, =3(by + 8ey).
When b, = 0, also e, = 0 and
Ji =310a, +72d)
Jipia = Yda, +484d.) (23)
Jip1, = 0.

When ¢, = 0,alsod; = e, =0 and

Jy =110a, +7b,)
Jipia =34ay +by) 24
Jipi, = %b+‘
When d, =0,
Ji =310a, +Tby + 54e,)
Jip1a = 34ay + by + 12e) (25)
Jipiy = Abs + 8ey).
When e, =0,
Ji =310a, +7b, +72d,)
Jipia =34a, + b, +48d,) (26)
Jip1y = 3b+.

If any one of a,, by, ¢4, d;, and e, is zero, we can
determine a., b, c;, d;, and e, from only the x;
distribution.
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B. Results if either a, # 0, b, # 0,d, # 0ore, # 0
Similarly, When only a, # O,

J1 =¥a+ Pla =% P =0. (27)
When only b, # 0,

Ji :%ZM Pla :% Pib :%- (28)
When only a,, cy,d, # 0 but a, is negligible,

Jy = 24d. P =1 P, =0. (29)

When only b, c,, e, # 0but b, is negligible,
P, =1 (30)

In these case, p;, and p;; are independent from a, b,
d,,and e,.

J1=18€+ plaz%

C. What happens if 7 — uy dominates?

If the 7 — w1y type interaction, which has coefficient
¢4, is much larger than other interactions, only ¢, , d;, and
e, may be determined since d; and e, are not quadratic
but linear of 4-fermi type interactions. In this case,

J; =6(4d, + 3e,),
Jip1a = 6(4d, + e4), G
Jip1, = 18e..
From Egs. (D3) and (D5) in Appendix D,

- & L(Jl(l - P1b)>2

ay

cy Ci 24 (32)
b, = et _ 1 (Jipi)?
T e e\ 18 )7

So, we can determine a, and b, lower limits, though we
cannot determine a, and b, directly.

D. Lower limits of ¢, when 7 — uy is highly
suppressed

We give three types of ¢, lower limits. Especially, these
are very useful when 7 — w7y is highly suppressed com-
pared with 7 — 3 and ¢, cannot be directly determined.

First, we give the relations,

§J1p1y = by + 8e,
301 = 501p1a = 2J1p1p = —12(4dy + ey),
3J1 = 3Jip1a — 5oy = 4ay — 2ey), (33)

301+ Jipra —ipy = 12(ay +8dy)
6J1 — 10411, — $11p1p = 3(by — 32d,),
3J1 = 3J1p1a — 2J1p1p, = 4ay t by
from Eqgs. (14).
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Using Egs. (33), (D3), and (D5),
1 (3Jy=51ip1a — 211p1)*
122 X5 3J, = 3J1p1a — 2J1p1p
_ (4d, + e,)? - (4d, + e,)?
5(4a, +by) 5(4% + %)

(4% + 1)
=C+;27§C+. (34)
5(46—2+ +1)

This becomes an equality when a,c,. —d% =0, b, c, —
e2 =0,andd, = e,.

When a, > c¢,,if6J, — 10J,p,, — %le”, =3(b; —
32d,) <0 and no special cancellation between b, and
32d,, then b, —32d, = O(-32d,) and b, =
0(32d,) < 4a, . So, using Eq. (D3),

1 (6J, = 10J,p14 — 371p1)?

256><32 3J1_3J1p1a_2-]1p1b
(b, —32d.)? 32242

=" 7" =0—————)=0(.). 35
256(d4a, + by) (256 % 4a+> (cx) 39

We note here that 4a, + b, is similar to 4(a, — 2e.) and
4(a, + 8d.) in this situation. So, we have a similar result
if the denominator on the left-hand side of Eq. (35), 3J; —
3J1p1a — 2J1p1p, =4a4 + b, is exchanged by 3J; —

3J1p1a — FJ1p1y = 4ay —2e;) or (3 +Jipy, —
BJ1p1,)/3 = 4a + 8d.).
Similarly, when b, > c,, if 3J,—=3J1p1, —

2J1p1, = 4(ay —2e;) <0 and no special cancellation

between a, and 2e,, then a, —2e, = O(—2e,) and
a; = 0Q2e,) <K b, /4. So, using Eq. (D5),

1 (BJy = 3J1p1a — 29—211»0117)2
8 3J1 = 3J1p1a — 2J1p1p

_(ay — 2e,)? - 2%e% -
" 4(4a, + by) (9<4b+> = 0(c,). (36)

We note here that a, + b, /4 is similar to a, — 2e, and
a, + 8d, in this situation. So, we have a similar result if
the denominator on the left-hand side in Eq. (36), 3J; —
3J1p1a — 2J1p1p = 4a. + by is exchanged by §J,p1, =
b+ + 8€+ or (6.]1 - lOlela - %lelb)/3 = b+ - 32d+

If we suppose that b, = 0 from some special models or
other experimental results, we have ¢, lower limit from
(23) and (D3),

3J, — 54p1)* 5
1 ( 1 lpla) =t = Cy. 37
1728 J, —Jipia a+

Similarly, from (22) and (D5), if we suppose that a, =
0 from some special models or other experimental results,
1 (31, —14J1p,)* _ €}

=T <,

1080 ‘]1 - 3J1pla +

+ (38)
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E. A bound for d

1. Without using information c

We obtain a bound for d, using information from the
Go(x,) measurement without using information on ¢, .
From the Eq. (14),

1 9+3p1, = 10py, _ 8 ay
36 3—3p1, —2p1, 4ar+by  4a, +by
(39)
Ifd, =0,
OSL9+3pla_10ple1 (40)
36 3_3p1a_2p1b 4
since a_, b, = 0. So, if
9+3 - 10
Pla Pib <0, 41)
3=3p1a = 2P0
then d, <O0; if
9+3 - 10
Pla Pib >0, 42)
3=3p1,—2p1
then d. > 0; and if
+3 - 10
0= 9 Pla Pib _ 9, (43)

3=3p1a — 2P
then, from Eq. (33),

3-3p1a—2p1p

3-3p1a —2p1p
32 ’

-7
: 32

=d, =,

(44)

Furthermore, we can determine the d .. allowed region as
follows. Using the fact

ay

1
0=_—9* —_ 45
4a, + b, 4 (45)

which becomes the equation when a;, =0 and b, =0,
respectively,

8 _ 1 9+43p;, —10py
da, +b, "7 36 3—3p1,—2p1,
8 1
= ° 4. +-. 46
da, +b,. T 4 (46)

The solution of this inequality about d becomes

—9 + 15J1p1a T A1p1p
144
1 £ 34ipia — 10J,p1p

288

=d,

(47)

This becomes an equality, when b, =0 and a; =0,
respectively.
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2. Using information c .
We obtain a bound for d, using information from the
Gy (x,) measurement with using information on c .
From Eq. (14),
Ji

36 O+ 3p1, — 10py)cy. (48)

aycy t+8dicy =
This becomes
L+ 31, 10py)e, =& +8die. (49)

since a,c, — d% = 0 as explained in Appendix D. Using
Ct > 0’
Ji

36¢,

2
9+ 3p1, — 10p;,) = (d—+ + 4) —16. (50)
Ct

The solution of this inequality about d becomes

J
- 4C+ - C+\/ﬁ(9 + 3p1a - 10p1b) + 16 = d+
+

J
= —4c, +cy ! (9 + 3py, — 10py,) + 16.
36¢,
(5D

So we have another limit of d .

F. A bound for e,
1. Without using information c .

We obtain a bound for e, using information from G(x;)
measurement without using information on c .
Similar to the subsubsection IVE 1,

4 Pib 8 by

— = + , (52
93—3p,, —2p1, 4as+b, " 4a, + b, (52)
and if e, = 0,
4 Pl
0=- =1 (53)
93 =3p1a = 2P

This becomes the equation when b, =0 and a, =0
respectively. So, if
Pib
3=3p1a— 2p1

<0, (54)

then e, <O0; if

Pib
s A~ >, 55
3=3p1a—2p1, 4 (53)
then e, > 0; and if
Py 9
0=—————""——=—, (56)
3=3p1a—2p1, 4

then, from Eq. (33),
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3_3P1a_2p1b§e §J13_3p1a_2p1b

— 8 * 8
(57)

Furthermore, we can determine the ¢, allowed region as
follows. Using the fact

b
—— =1, (58)

0s—— =
4a++b+

which becomes the equation when b, =0 and a; =0,
respectively,

8 <4 P
da + by 93 =3p1a = 2p1»
= e, +1 59
4a, + b, °F (59)

The solution of this inequality about e becomes

Jipw _ 3 = 3Nhpe —20p1 _ 1P
_ =e=< . 60
18 8 ¢="1g - ©0

This becomes an equality, when a, =0 and b, =0,
respectively.

2. Using information c

We obtain a bound for e, using information from the
Go(x;) measurement with using information on c, .
Similar to the previous subsection, from Eq. (14),

bicy +8eicy = %lelhc+- (61)
This becomes
sTipip,cr =€ +8eicy (62)

since b, c, — e% = 0 as explained in Appendix D. Using
c. >0,

€y

<— + 4)2 ~ 16, (63)

Ct

4Py
9 ¢4

The solution of this inequality about e, becomes

Jipw

Ct

+4

- 4C+ - 2C+

Jip1p

Ct

=e. = —4c, +2c, + 4. (64)

So we have another limit of e .

V. Go(x3): ENERGY DEPENDENCE OF p5

In the previous section, we have discussed how the
values of parameters c, Ji, p14, and py, can be obtained
from G, but we have not determined the values of a, b,
d,, and e, . This will be the subject of this section.
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In the previous section, we gave x; dependence for G.
In this section, to determine the values of a., b, d,, and
e, we give x3 dependence of differential branching ratio.
As in the previous section, we do not discuss the polar-
izations. For most of the analysis, muon mass dependence
can be neglected. But, as we shall see, in some part of the
phase space, m,, dependence must be taken into account.

To study the formula of the G as function of x5, we give
the following prescription. We can get the x; dependence
of Gy(x,, x,) by using x; + x, + x3 = 2. From the condi-
tion x; = x, and the relation x; + x, + x3 = 2,

=1--—=. 65

X1 2 ( )

So, if all muon masses can be neglected, we have 1/2 =

x; = land 0 = x3 = 1 as shown in Fig. 6. The integration
of x; in the x; — x5 plane is given by

1
j dx;Go(x, x3). (66)
1—(x3/2)

When x; = 1 in massless limit of muons, the photon in
Fig. 1 becomes on shell and the propagator becomes
singular. This leads to a divergence of x; = 1 in the dif-
ferential branching ratio for 7 — 3u decay.

So we have to be more careful with the range of x;
including the muon mass dependence. The on shell con-
straint p3 = m2, leads to

\:1:3 =2 —2x

physical region

L1

FIG. 6 (color online). The physical region for 77 — o3
is the area which is included in the curved line and beside the
right side of the line x3 = 2 — 2x;. Near the line x; = 1, the
differential branching ratio is singular since the intermediate
state photon becomes real.
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82 xxs 1, . 5=
I+1—x1—x3+—123—§p1'p3 X%_82ﬂx%_82=0,

(67)

where 8 = 2m,,/m,. The true integration range for x, is
given by Egs. (65) and (67) with —1 =p;-p3 =1 as
shown in Fig. 6. We find it convenient to approximate the
domain of integration as 1 — 3 =x; =1 - (?)2. Here,
the upper bound of x; is decided as follows. First, we
calculate the total branching ratio of the ¢, sector inte-
grated on the true physical region in O(5%). Next, we
calculate the total branching ratio of the ¢, sector inte-
grated on the approximated region. Finally, we set the
approximated upper bound to match these two total
branching ratios. This approximation allows us to avoid
the divergent region. With this approximation, we give the
x3 dependence of G as

1-(458/3)*
Go(x3) = ] dleo(Xl, x3)
1—=(x3/2)

1 2
= —J3x3{x3(1 —x3) + P3ax3(x3 - —>

2 3
1
+ p3p(xs — 1)(x3 - g)}
+4c {2x3 — 3x3 +2(2x% — 2x3 + 1)
N
X 1 ) 68
og[ o }} (68)

where

1
J3 ==(12a; + 5b, + 144d, + 36¢
3 3( + + + +) (69)

J3p3s = by + 12e, J3p3p = 48d.,.

First, to determine c,, it is convenient to define the
function

Go(x3)
8log /X3

By choosing the kinematics such that x; — 0 for the func-
tion F5(x3), we can obtain ¢, as

F3(x3)|5,—0 = ¢ (71)

F3(x3) = (70)

Next, we define the function

Go(x3) — (c4, xsterm)

Fy(x3) = o
1 2
= 513{?53(1 —x3) + Psax3<x3 - §>
1
+ pap(x3 — 1)<x3 - §>} (72)

where
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(c4, xsterm) = 4c+{2x3 —3x3 +2(2x3 — 2x3 + 1)

X 1og[34\§ }} (73)

From the function F4(x3), we can obtain the values of J3,
D34, and ps;, by fitting the experimental data as follows:

1
]0 dx3F4(x3) = 1—12J3

Fy(x3)ly=1 = §13p34
F4(x3)|x3=0 = %13/031;-

(74)

In addition to J4, p1,, and py; from the previous section,
the parameters a ., b, d, and e, can now be determined.
For example,

ar =351+ 3ps, = pap) = 31p1s
by =311p1p — 233 (75)
dy = 3513p3p

—1 _1
er =333 — 5J1P1p-

From the differential cross section which are the func-
tions of x; and x,, x;, and x3 or x, and x3, all we can
determine are the quantities a,, b, ¢y, d, e,. Now, we
will discuss some specific cases in which we can go further.

VL. PHYSICS FROM G(x;) DISTRIBUTION OF .,

Similar to Sec. IV, we have some bounds fora,, b, d,,
and e, from the analysis of the previous section.

A. What can we conclude if one of
a,b,c,d,e =0?

If we impose that one of a,, b, c;, d, and e, is zero
from other experimental results or supposing some specific
models, the results are as follows. When a, = 0, also
d, =0and

Jy; = %(SbJr + 36e.)
J3p3a = by + 12¢4 (76)
J3p3p = 0.
When b, =0, also ¢, = 0 and

J3=4ay +12d,) J3p3 =0 J3p3, = 48d,.
(77)
When ¢, = 0,alsod; = e, =0 and
J3 =3(12a; +5b,) J3p3a = b4 J3p3, = 0.
(78)

When d, =0,
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Jy =3(12a, + 5b, + 36e.)

J3p3q = by + 12ey (79)
J3p3p = 0.
When e, =0,
J;=Y12a, +5b, +144d,)
J3p3a = b+ (80)
J3p3p = 48d.

If any one of a, b, c,, or e, is zero, we can determine
a, by, cy, di, and e, from only the x3 distribution.
However, if d, = 0, then we cannot determine a,, b,
and e, , independently.

B. Results if either a, # 0, b, # 0,d,. # 0,0ore,. 0
Similarly, When only a, # O,

J3 =4a., P3a =0, p3p = 0. (1)
When only b, # 0,
J3 = %b+» P3a = % p3 = 0. (82)

When only a, cy,d, # 0 but a, is negligible,

P = L. (83)

When only b, c,, e, # 0but b, is negligible,

J;=48d,,  p3, =0,

J3 = 12e,, J3p3a =1, J3p3, = 0. (84)

In these case, p;, and ps;, are independent from a, b,
d,,and e,.

The results in subsection IV B and here are summed in
the Table 1.

C. What happens if 7 — uy dominates?
Similar to subsection IV C, in this case,
J; =12(4d, + ey),
J3psa = 12e, (85)
J3p3p = 48d..

From Egs. (D3) and (D5) in Appendix D,

TABLE I.  values of J's and p’s in some cases.
Ji Pla P1p J3 P3a P3b
& el
(B) 30+ i % 30+ 5 0
© 0 — — 0 — —
D) 24d ., 1 0 48d ., 0 1
(E) 18e., % 1 12e, 1 0

PHYSICAL REVIEW D 77, 073003 (2008)

a >ﬁzlwz b >é=i%2
T T ey \ 48 e el \ 12 )7

(86)

So, we can determine the a; and b, lower limit, though we
cannot determine a and b, directly.

We note here that since the relation J;p3, = 48d, is
always true, a, lower limit is always determined.

D. Lower limit of ¢ . when 7 — uy is highly suppressed

We give three types of ¢, lower limits. Especially, these
are very useful when 7 — w1y is highly suppressed com-
pared with 7 — 3u and ¢ cannot be determined directly.

First, we give the relations,

3J3 = 5J3p3, — 3J3p3 = 12(ay — 2e),

3J3 = 3J3p3, — 3J3p3p = 2(6a+ + D), (87)
J3p3q = by + 12e,
J3p3p, = 48d

from Egs. (69).
Using Egs. (87) and (D3) and the fact that a,, b, = 0,

(J3p3)° _ 6d% - & <,
576(J3 = J3p3a — J3p3p)  Oar T by a.
(88)
Using Egs. (87),
(J3p3p)* d; (89)

192(3J3 = 5J3p34 — 3J3p35) T as - 2e

Here,if c, < b, ,thenJ3p3, = by + 12¢, = O(b,) and
b+ = (9('12€+|) SO, if (3.]3 - 5J3p3a - 3J393b)/12 =
J3p3,, this means a, —2e, = O(b,) and then a, —
2e; =~ a,. So, using the relation (D3),

(J3p35)°

=c,. 90
192(3J;3 — 5J3p3, — 3J3p3p) o 0

If
3.]3 - 5J3p3a - 3J3p3b = 12(a+ - 2€+) < 0, (91)

b, > c, and there is no special cancellation between a
and 2e,, then a, —2e, = 0O(—2¢,) and a, =
0OQ2e.) < b, /6. So,

(3J5 = 5J3p3, — 3J3p3)° _ (ap —2e.)?

864(J3 — J3p3, — Japzy)  4(6as + by)

2

= (o(‘i) = 0(cy). (92)
by

We note here that 6a . + b is similarto b, + 12¢, in this

situation. So, we have a similar result if the denominator of

the left-hand side in Eq. (92), J3 — J3p3, — J3p3, =

2(6a, + b,)/3 is exchanged by 2J3p3,/3 =2(b, +

12e4)/3.
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From (77) and (D3), if we suppose that b, = 0 from
some special models or other experimental results,

Jpw) _ &
L Uspw)” _di _ 93)
242 J3 - J3pb ay

Similarly, from (76) and (D5), if we suppose that a,. = 0

from some special models or other experimental results,

— 2 2
1 BhLShp)” e (94)
864 J3— Jipia by

E. A bound for e
1. Without using information c .

We obtain a bound for e using information from the
G (x;) measurement without using information on ¢, .
Similarly to the subsection IV F,
2p3a 12 b+
= e, + s
3 — 3p3a - 3p3b 6Cl+ + b+ 6Cl+ + b+

95)
andife, =0,

2p3a
0= =1L (96)
3=3p3. —3p3»

This becomes the equation when b, =0 and a; =0
respectively. So, if

P3a

— <0, 97
1 = p3q = pap ©7)
then e, <O0; if
P3a 3
—_— > 98
L= p3s—p3 2 ©8)
then e, > 0; and if
3
0=— P32 (99)
1= p3a —p3p 2
then, from Egs. (87),
1-— — 1-— -
_13#5 e, = h#. (100)

Furthermore, we can determine the e, allowed region as
follows. Using the fact

b,
= =1 101
0 6a, + b, ’ 101y

which become the equation when b, =0 and a; =0,
respectively,

12 2034 12
e, = =
6Cl+ + b+ 3 - 3p3a - 3P3b 6a+ + b+

e, + 1.

(102)

The solution of this inequality about e, becomes
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(103)

=303+ 5hspsa + 3P0 ., < T3Psa

24 12
This becomes the equality, when a; =0 and b, =0,
respectively.

2. Using information c

We obtain a bound for e, using information from the
Gy (x,) measurement with using information on c .
Similar to subsection IV F 2, from Eq. (69),
bicy +12e,c. = J3p3pC4- (104)
This becomes
J3p3p,cr = €4 + 12e, ¢

(105)

since b, c, — e% = 0 as explained in Appendix D. Using
c. >0,

J 2
1303 (ei + 6) 36, (106)
Cy Cy
The solution of this inequality about e, becomes
J J
—6c, —cy [2P 1 36=e, = —6c, +c, [P 4 36
Ct cs
(107)

This becomes the equality when b, c, — e% = 0. So we
have another limit of e .

VIL PHYSICS IMPLICATIONS FROM G,(x;) AND
Gy(x;) DISTRIBUTIONS

From the analysis of both of Gy(x;) and G(x3) distri-
butions, we can determine notonly a, b, c,,d,and e
but also in more detail in some suitable cases as explained
in this section.

Introducing new real parameters {ry, ry, r3, ra, rs,
Ve, I'rs rL} =0 and 27> {61, 02, 03, 94, 05, 06’ GR’ 0L} =
0, the effective coupling constants can be explained as

i0,

gl:”lew': 82 = e,
— . if — i
g3 = rze’”, 84 = r4e™, (108)
gs = rse's, g6 = ree'’,
eAg = rre'fr, eA; = rpe'
Then,
—1(2 1 2 24 2
ay =q(ri+ry) +r3+r;g
b+ = r% + r%,

109
cy = ”%e + r%, ( )
dJr = —rsrp COS(93 - GL) — FaTR COS(04 - 0R),

e, = —rgrgcos(Bg — Og) — rsrycos(6s — 0,).
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A. What can we say if a,c, — d% = 0?
From Eq. (D3) in Appendix D, a, c; — d% = 0 only if
83€AR = g4eAp, (110)

Im[gzeA] ] + Im[g,eAr] = 0, (111)
g1 =8 =0 (112)
In that case,
ryrgel®t0R) =y, @0t 0L) (113)
from the relation (110). This means
r3FR = ryr
{933 R; 0r 4=L04 — 0, 04 — 0 = 2m. (14)
Then, from the relation (111),
rarp sin(@; — 0p) + rargsin(6, — 6g)
= r3rpsin(f3 — 0;) + ryrpsin(6; — 6;)
= (ryry + ryrg)sin(6; — 6;) = 0. (115)
This means
rarp +rarg =0 and/or 63 — 60, =0, =7 (116)

Here, r3r; + ryrp # 0because of the conditions (112) and
(D4). Then ;5 — 6; = 6, — 0 = 0, =7 and

dy = F(r3rp + rarg). (117)

The sign of right-hand side is minus if 6; — 8; = 6, —
0r =0and plusif ;3 — 0, = 04, — 0 = =
In these cases,
a, = r% + rﬁ
- 2 2
cy =r5+tr
PR (118)
d+ = +(r3rL + r4rR)
F3Fp = Fylp.
One of these conditions is dependent on others. For ex-

ample, one condition ¢, = r% + r? can be expressed using
other conditions as

rarL 2
ﬁ _ (rrpt+rrg)* (VR rL+rarg) = 72 + p2
C T T T, TRt
3 .
o (119)
P
L=c,

ay

since a,c, — d% = 0. So, there are only three indepen-
dent conditions in (118). Using one of r3, 4, 7, and r, we
can express others. For instance, if we know rp from other
experiments or some special models, we can represent
other coupling constants as

PHYSICAL REVIEW D 77, 073003 (2008)

— 2

rp =afCcy — TR
o |d|rg
ry = (120)
Ct
2
ry = Ja, |1 — %
Ct
Here, we note that if {rs, ru, rg, r.} # 0,
a+ _ |51 _ |g4]? ld. | _ | g5l _ | g4l
C+ leAL | leAgl? C+ leAr|  [eAgl
(121)

from the relation (110).

If r; = 0, then r;, = 0 from the relations (110), (112),
and (D4). Similarly, rp =0 if r, =0; r; =0 if r, = 0;
and ry =0if rg =0.

B. What if it so happens that a.c, — d% >0?
When a,c, — d% >0, at least, one of the relations
83Ar — 84AL # 0,
Im[g3A7 ] + Im[g4A%] # O,
81 #0,

g8 #F0

(122)

is satisfied.

First, if g3Ap — g4A; # 0, then g3 # g4 and/or A, #
A;. This leads to parity violation which is defined in
Appendix E. Next, if Im[g3A}]+ Im[g4A%] # 0, then
the relative phases of one of g;A; and/or g4A% have non-
zero values. This leads to CP violation. If g; # O or g, #
0, the scalar current and/or pseudoscalar current exists.

C. What can we say if b,c, — e2 = 0?

From Eq. (D5) in appendix D, b, c, — % = 0 only if

85€AR = geeAL (123)
Im[gseA; ]+ Im[ggeAr] =0 (124)
In that case,
rsrpel0st0r) = pop oil0s+0L) (125)
from the relation (123). This means
rsrp = rgr
{055 R; 0r 6=L06 — Og, 05 — 0g = 277, (126)
Then, from the relation (124),
rsry sin(fs — 0;) + rergsin(fg — 6z)
= rsrp sin(fs — 0;) + rergsin(6s — 6;)
= (rsry + rgrg)sin(@s — 0,) = 0. 127)
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This means

rsrp +rerg =0 and/or 65— 6, =0, *7. (128)

Here, rsr; + rerp # 0 because of the conditions (D6).
Then 05 - 0L = 06 - HR = O, + 7 and

e = F(rsry + rerg). (129)

The sign of right-hand side is minus if 65 — 6, = 64 —
0r = 0and plus if 05 — 0, = 05 — Op = =7
In these cases,

— 2 2
b+—r5+r6

_ 2 2
cy =rptrg (130)
ey = F(rsrp + rerg)

rsrp = Igl'r.

One of these conditions is dependent on the others. For
example, one condition ¢, = r% + r? can be expressed

using the other conditions as

r6rL 2
3 _ (rsrptrerg)* ('R "L r6rR)

212
+ r5+r6

Y

S

— = r%e + r,%
ﬁJrrz
7 e (131)

2
5T

since b,c, — €% = 0. So, there are only three indepen-
dent conditions in (130). Using one of rs, r¢, 7z, and r;, we
can express others. For instance, if we know ry from other
experiments or some special models, we can represent
other coupling constants as

— | 2
rp =a/Cy — IR

o |e+|rR
e = , (132)
C+
2
rs = /b1 — £
Ct
Here, we note that if {rs, re, rg, ri .} # 0,
by _ gl _ lgel lecl _ lgsl _ sl
C+ leALl?  leAgl?*’ Ct leAL]  leAgl
(133)

from the relation (123).

If rs = 0, then r;, = O from the relations (123) and (D6).
Similarly, rg = 0if rg = 0; rs = 0if r;, = 0;and rg = 0 if
rp = 0.

D. What if it so happens that b, ¢, — ¢ >0?
When b, c, — e%r > (), at least, one of the relations
8sAr — 86AL 7 0, Im[gsA} ] + Im[gsA%] # O
(134)

is satisfied.
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First, if gsAp — geAr # 0, then g5 # g4 and/or Ap #
A;. This leads to parity violation which is defined in
Appendix E. Next, if Im[gsA]]+ Im[gsA%] # O, then
the relative phases of one of gsA; and/or g¢A% have non-
zero values. This leads to CP violation.

E. What if one of A;, Ag, 23, 2425, 26 = 0?

We reveal here that even if a,cy —d% >0orb .c, —
e% > 0, we can determine the lower limit of |g5|, |g4l, |gsl,
lgel, leAg|, and [eA; | in the case A;, = 0, A = 0,A, = 0,
Ar =0, gz or g5 = 0 and g4 or g4 = 0, respectively. If we
restrict that A; = 0 from other observation for example
T — vy decay or some specific models,

2
+_ 2.2 2

— = rscos“(0, — 0p) = ,

o 4 (04 ®) = lgal (135)
2

= Reos(05 — Oe) = gl

C+

So, the lower limit of |gy4|, |g¢| is determined. Similarly, if
AR = 0,

2
+ o 2002 2
— = rjcos*(6; — 6;) = |gsl*,
R 3 3 L 3 (136)
2
C—+ = ricos’(0s — 0;) = lgs|%
4
if g3 =0,
d’ ri o ,
a. = S L P rgcos® (04 — Og) = rrpcos*(6, — Og)
Tt
= |eAgl*; (137)
if g5 =0,
o2
= Foos’(0s — 00 = leAsls  (138)
4
and if g4 = 0,
dx r% o y
'R = S AR ricos*(0; — 0;) < ricos*(6; — 6;)
ooyt
= |eAL|2; (139)
if g¢ =0,
o2
o = ricos’(6s = 0;) < leA, | (140)
+

The lower limits of |g4l, g6l lg3l, gsl, leAgl, and |eA;|
are determined in each case.
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F. What can we say about parity and CP symmetries?

If parity or charge symmetry exists,

ry=ry, r3 = ry, rs =T, 0; = =0,
05 = t06’ rp = rp, 0R = i@L (141)
So,
7252
a,c, —d> = % + 4r3rksin’(0; — 6,) (142)
from Eq. (D3), and
bicy — et =4ririsin®(6s — 0;) (143)

from Eq. (D5). If a,cy —d% # 0, then |g,| = |g,] # 0
and/or CP is violated. If b.c, — % # 0, then CP is
violated.

If both parity and CP symmetries exist,

ry=rn, r3 = Iy, rs = re, 0;=0,=0,m,
0s =0c=0, m, rg = rp, g =6, =0,
(144)
So,
2.2

avey —di =Lt (145)

from Eq. (D3), and
b+C+ - ei = O (146)

from Eq. (D5). When a,c, —d% # 0, |g;| = |ga| # 0.
|

do
dx,dx,dQ . dydy,d,.dcosb,,

- Y6, xz)Gg(ya){(z -
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G. What happens if Br(7 — py) times the fine
structure constant is much smaller than Br(7 — 3u)?

In the case ¢, << others, we cannot determine ¢, di-
rectly. However, using the relations (D3) and (D5),

2 2
>d_+ = &

C+ = C+ = .
a;’ by

(147)

So, we can determine the ¢, lower limit.

This method is very useful to predict the 7— uy
branching ratio in the case that 7 — 3u is detected while
7 — w7y has not been detected, yet.

VIII. ANGULAR DISTRIBUTION, G (x,)

As we shall see, angular distribution of the particle a in
7— v, + a + anything will give us information about a_,
b_,c_,d_,e_,f,,and g,.

The general formula (9) contains all the information.
However, it is too complex to analyze it here. So, we
integrate about d{) to simplify the formula. Furthermore,
we introduce three formulas, which are the general formu-
las integrated about three kinds of azimuthal angles of the
momentum k, as explained in Figs. 7-9 to simplify the
formula, respectively. Thanks to this prescription, we ob-
tain three simple formulas which are convenient to analyze
here.

Consider the double differential distribution, where d° k,
is replaced by dk,d cosf.d¢:

ZByZ

1
= Br(r — wv?)Br(s~ — v, +a + anything)aziz/\“[Go(xl, xz)G?(ya)<2 + —2>
mTqA, Y

1 ~ ~ 1 A
?>kazP,~z — B, Py + (1 + ?>kaxP,~XH, (148)

where y, = 2E,/m,. 3 ,Gi(x}, )P;;, 3 ,Gi(x1, x2)Pyps > ;Gi(xy, X,)P;, can be obtained by considering three single

differential distributions as follows.
Integrate d¢ ., then

do
dxdx,dQ,dydy,d cosb,,

1\~
— ZGf(xl, xz)Gg(ya)<2 - 7>kazpizi|.

And using the equation

do
dx,dx,dQ) didy,

then

= 27Br(7r — uvv)Br(r~ — v, + a + anything)

= 47Br(t — uvv)Br(r~ — v, + a + anything)

o’ By; . 1
772612)L,1 |:G0(x1’ XZ)GI (ya)<2 + ?)
(149)
a’By; 1
szzf\ Gol, xz)G‘f(ya)(Z + ?>, (150)
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frame 2 frame 2

k
“ x k,

FIG. 7. The polar coordinate of frame 2. The north pole is z

direction. FIG. 8. The polar coordinate of frame 2. The north pole is x

direction.

do _

1 do a’Bys
dxdx,dQ ., dydy,dcosb,, 2 dxdx,dQ . dydy,

= —27Br(7 — uv?)Br(r~ — v, + a + anything) ——>—
TG A

1\~
X G300,)(2 = 23 Jfue 3 G 5P (151)

Similarly, taking the coordinates as Figs. 8 and 9, we have the equations

frame 2

FIG. 9. The polar coordinate of frame 2. The north pole is y
direction.
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d 1 d 2By?2
7 7 = —27Br(t — uvy)Br(t~ — v, + a + anything) @ BYa

dx,dx,dQ dpdy,dcosb,, 2 dx,dx,dQ,dydy, 7P,
1\,
X G305,)(1+ 5 Jour Y G w0 P, (152)
2 72 Z 1 2
and
do ! do 27Bi( PB(r~ — v, + a+ anything) % 24
- = = 27Br(t — pvd)Br(t~ — v, + a i
dx,dx,dQ, dpdy,d cosd,, 2 dx,dx,dQ,dydy, “ g gy
X G4 (ya) BHay > Gi(x1, :2)Pyy, (153)
{
respectively. where
From the above three equations, we pull out the quanti-
ties, 1—x 1—x
ps- P =1-2—"2,  Py-p=1-2 L,
ZPifo(xl, x2), Ps b X1X3 P3 “ P2 XpX3
(154) (156)

ZPinf(Xl, x2),
ZPisz(Xl, Xx2).
i

First, using these quantities, we analyze G (xq, x,) and
G3(x;, x,) contemporary. G (x;, x,) which is the p; com- g1 I? g2
PACITRY) porary. Gy (xy, X3 P3 a_=< + | 3|2>_< +|g4|2>,

ponent of > ;P;Gi(xy, x,) is defined as 16 16
_ 2 _ 2
G, (x1,%2) = P3 = D PiGi(xy, xp) b- = lasP gl (157)
’ ; - 2 2
, c = leAgl* — leAL ],
= P3 - P1Gi(x;, x2) + P3 - P2G5(xy, x3) d_ = —(Re[gzeAl] — Re[gqeAL]),
= Psti:PixG?(prz) + P3yZPin‘§(x1,xz) e = —(Re[ggeAL] — Re[gseAr]),
+ Pz PiGixy, 1), (155)
7 G3, (xy, x,) becomes
Gy ) = [ Gy (w1, x)
1
- 6[4(2x1 e 2x; — 1) — 4x;) + 12d_(2x; — 1) + 3e_ (3 — 2x,)}
2 —13x, + 13 1 -
T8 |y, —pFI T B30I 3202 — 2x; + 1) log| —— | + 24 1og[2(1 — x)]
(1 —=x) X1
+ b_{(8x7 — 32x; + 23)(1 — 2x;) — 24(1 — x;)* log[2(1 — xl)]}}. (158)
To determine the value of coefficient c_, we define the Fs(x))ly,= = c—. (160)
function .
So we can determine the value of c_.
31 = x,) Then, to determine the valuesofa_, b_, d_,and e_, we
Fs(x,) = A V) G (x)). (159) define another function subtracting the term of coefficient
s(xy g ;X1 .

The value of Fs5 where x; = 1 is Fe(x)) = 6{G}, (x)) — (c—term)}, (161)
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where

(x? = 13x; + 13)
(1—x 1)

1 —
—3(2x3 — 2x; + l)log[ x]}
X1

(c_term) = 80{2(2}(1 —

+ 241og[2(1 — xl)]}. (162)

We will find that the 4 aspects of this function lead to the
determination of parameters a_, b_, d_, and e_. The value
of Fg where x; = 1 is

F6a = F6(xl)|x1=l =4a_ +b_ +48d_ + 12e_. (163)
The gradient of Fg where x; = 1 leads to
1 d
Fﬁb F6(x1)|x =1 =3b_ +32d_. (164)
6 dx, :
The gradient of Fg where x; = 1/2 leads to
1 d
Fe. = 3 d_x1F6(x1)|x‘:1/2 = —b_ +8e_. (165)

The integration value of F leads to
1
F6d = 6]; dX]FG(xl) =6a_ — b_ +48d_ + 24e_.
2

(166)

From the previous four equations, we can determine the

parameters a_, b_, d_, and e_:

a_ = g(_loF&l + 3F6b - 9F6C + 8F6d)’ (167)

= E(_6F6a + 3F6b - 3F6L‘ + 4F6d)! (168)
d_= 6L4(18FG“ - 7F6b + 9F6c‘ - 12F6d)’ (169)
e_ = E(_6F6LI + 3F6b - Fﬁc + 4F6d)‘ (170)

Next, we analyze G§(x;, x,) using the relation
; (p )

Qmw9=£LJ2-ZPGmw» (171)

B, X

Integrating it over x,, we define the quantity G§(x;) as
X1

G%(xl) = j; d)Cng(Xl,Xz)
—

X1
ﬁ[@ﬁr{(bq 1)(2x% - 2)C1 - 1)

+3(x; — Dy log|:1 ; xl“

1

172)

where

PHYSICAL REVIEW D 77, 073003 (2008)

f+ = —(Im[gseA] | + Im[g4eA%])

(173)
g+ = —(Im[gseAR] + Im[gseA] ]).
Here, we define the function
6(1 — x)
Fi(x;) = G3(xy) 1 (174)

(1—2x 1)2.
Thus we determine f, and g, from

Fr(x))ly,=1 = —8f+ + 2g-, Fr(x)ly, =12 = 38+

(175)

So we can determine the values of a_, b_,c_,d_, e_,
f+,and g separately. Adding this result to the result of the
previous section i.e. a., by, ¢4, d4, and e, we can
determine the values of [g|?/16 + |g5|%, |g,|%/16 +
%% LesP, lgoP. 14zl [A, P, Re[gsA;], Relg,Apl,
Re[gSAZ:L Re[gGA;]’ Im[g:%Az:l + Im[g4A;]v and
Im[gsA; ] + Im[gsA%], separately. Moreover, in some suit-
able cases, we can determine |g;| and |gs| (also |g,| and
|gal), separately. To separate these is the main purpose of
the following subsection.

IX. PHYSICS IMPLICATION FROM G (x;)
DISTRIBUTION OF u;

In Secs. III and V, we studied that a,, b, ¢y, d,, and
e, are determined by the energy distribution. In Sec. VIII,
we also studied that a_, b_, c_, d_, e_, f,, and g, are
determined by the energy distribution and the angular
distribution.

Here, we study some special cases using these parame-
ters. Using Eq. (108), each parameter defined in (157) and
(173) is represented as

a_ = %(r1 - r2) + r3 - r
b_ = r% — ré,
c_=1%—r,
kReE (176)
d_ = —ryr;cos(0; — 0;) + ryrg cos(f, — 6g),
e_ = —rglp COS(06 - HR) + rsryp COS(05 - 0L),

[+ = —ryrpsin(03 — 6p) — ryrgsin(fy — O),

—TIglR Sin(GG - GR) — Isryp, Sin(t95 - 0[4)

A. A sufficient condition for existence of scalar and/or
pseudoscalar current

We make three types of relations which may reveal the
existence of scalar and/or pseudo scalar current in this and
following two subsections.

First, in this subsection, we give a sufficient condition
for existence of g; and/or g,. Using the fact that

073003-17



A. MATSUZAKI AND A.I. SANDA

PHYSICAL REVIEW D 77, 073003 (2008)

[ r3
. o . _ 4 1 + 2 |72 + 2 >
(r3 rysin(6; — 67 )sin(6, — 6g) 6 16" "

(177)
and the relation
d% +d* —a_c_ —a-c-
2+ = 5 _ G+l 3 a-c- _ r3r? 4 rirk + 2rsrpryrg sin(f; — 6;) sin(04 — 0z) — 24+ 3 a-¢
ey —c. ricp+co _ ,
= _T:s ki o~ 1% ki —+ 2131 rarg sin(0; — 6,) sin(8, — ), (178)
we can make a relation
2 2 2 2 2,2 4 2,2 > 5
lg1[PleA, | 1+6|g2| leAgl® - M7 * rark 16r2rR — 2rLrR<r3r4 sin(6; — 6,)sin(64 — Og) + :—16 +r3 1% + rﬁ)
ajcy —a_c_ 1 d> + d*
- 5\/(613 —a)@ - ) - fi - S (179)
[
If sin(; — 0,) = g, =0 and (a; +a_)/2 = |g;3|*>. On the
dicy —da_co 1 other hand, if the left-hand side is larger than zero, at least,
TS @ — e - ) - lgsl sin(05 — 8,) £ 0 or g # 0. [gslsin(63 — 6,) # 0
) ) means CP violation. g; # 0 means that the scalar and/or
_di td- >0 (180) pseudoscalar current exists. Similarly, we make the rela-
2 ’ tion,
then

lg11?leA > + |gs|*leAg]* > 0. (181)

So, in this case, we can get the result that g; and/or g, # 0.

B. What can we say about g{, g,, and/or CP violation?

We now give relations which are convenience for deter-
mining the existence of scalar and/or pseudoscalar currents
and/or CP violation of the Lagrangian. One of them is

a, +ta_ <d+ + d_>2 2

2 2 Cy — C_

2
) r

= r3sin(6; — 0;) + % = (.

If the left-hand side becomes zero and @, + a_ # 0, then

|

(182)

a+_a__d+_d72 2
2 < 2 >c++c_

2
= P2sin2(6, — O) + % = (). (183)

If the left-hand side becomes zero and @, — a_ # 0, then
sin(@, — 6g) = g, # 0 and (ay —a_)/2 # |g4]*. On the
other hand, if the left-hand side is larger than zero, at least,
|g4lsin(8, — O0g) # 0 or g, # 0. |g4|sin(6, — O0g) # 0
means CP violation. g, # 0 means the that scalar and/or
pseudoscalar current exists.

C. Existence of g; and/or g,, or the values of Im|[g3eA] ]
and Im[g eA}]

Finally, we have two more relations. The first one is

ar ta_c.—c_  (dy+d_ 2+ a, —a_cy tc_
2 2 2 2 2

r? . r2
1_16 + rR\/r§s1n2(04 — 0p) + 1—2

= rL\/r%Sin2(6‘3 - QL) +

2
T

= rL\/r%Sinz(Q:; - GL) + 16

16

2
+ rR\/rZsinz(éu — 0g) + 2 = ryr|sin(6; — 0;)| + ryrglsin(@, — 6x)| = ||

(=)

(184)
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It becomes an equality when
=g,=0
{g 1= & ] ) (185)
Im[g3eA] JIm[g,eA%] = 0.

In that case, from the relation (184) and the conditions
(185), Im[g3eA] ] and Im[g4eA%] are determined as

. ar+a_cy —c_ d, +d_\2
Im[g3eAL] == |f |\/ * a - < a )
+

2
Im[gseAR] = — |f+|\/

If f, =0, it means Im[g;eA]] =
Im[g;eA] JIm[g,eAR] = 0.
We derive another relation from (178)

2Tm[gzeA] ] Tm[g,eAR]

_C++C__d+_d_2
(=)
(186)

Im[g4eA}] = 0 since

a+C+

—a_c_ +di + d*

= 2 —
/5 2 2

1
+ R(|g1|2|€1‘\L|2 + 1g2I*leAg[?)

PHYSICAL REVIEW D 77, 073003 (2008)

When the equation of (184) is not an equality and
22 —(aycy —a_c_ )+ (d% +d~) =0, then we can
derive, wusing (185), that g; # 0 and/or g, # 0.
Furthermore, if 2f% — (aycy —a_c_) + (d% +d>) >
0, then Im[g;eA;]# 0 and Im[gseAR]# 0 since
Im[g3eAL]Im[g4eA 1> 0. In that case, CP symmetry is
violated and the sign of Im[g3eA] ] and Im[g4eA%] is the
same as that of —f, .

D. Im[gseA;] and Im[ggeA%]
Here, we give the method to determine Im[gseA; ] and
[ gseAy ]
Substituting the relations
Im[gseA] * = |gs|*|leA,|* — Re[gseA} T,

188
Im[geeALT = lgoPledgl? — Re[ggedLT (158)

to

Im[gseA; * = (g+ + Im[gseA}])?

= Im[geeARF + g3 + 2g.,Im[ggeA%]
(189)

> l{2f«2+ —(ayes —a e )+ (B +d2)).  (187) the imaginary part of gseAy is represented only by the
2 observables as
|
_ 2 _ 2 2 2 2 2 2 £2
o1 —ImlgeeAR]* — g% +ImlgseA; P gol’leArl” — Re[geeAR® + g5 — lgsI*leAL” + Re[gseA]]
Im[ggeAR] =
28+ 28+
_ _bico—b.c,—2eie +2g% (190)
4g '
So, if g # 0, Im[ggeA}] can be determined independently. Similarly, Im[gseA; ] is represented as
Im[gseAs] = ImlgseA P + g5 — Im[geeAr]* _ lgsI’leAL” — Re[gsA; > + g% — lgel*leArl” + Re[gseAR
> 2g4 2g4
_ _bocy —byc_ t2eie + 282 (191)
4g. '
1fg+ # 0. f+ = —r3rp Sin(03 - 0L)!
Even if =0,
g; b dy = —ryrpcos(03 — 0y), (194)
cy tc_ Oy —b_ e, +e_
ha 5 3 —< 5 ) = Im[ggeAR]* (192) ¢ =1
and So,
cy —c_ b, +b_ e —e_ s di + £
. - ( _ ) — Im[gseA; . (193) T e
So we can determine the absolute values of Im[gseA; ] and a, ta_ di+fi gl (195)
Im[ggeAR]. 2 cq 16 16’

E. What can we say if one of Ay, A}, g5, 24, = 0?

If we restrict that Ap = 0 from other experiments or
some specific models, then

cy = |€AL|2-

In this case, |g;| and |g;| are determined independently.
Similarly, if A; =0,
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EAL
—— =g’
C+
ay —a- i+ f1 gl (196)
2 cy 16 °
Cy = |€AR|2;
if g, =0,
2 2 2 — 2
@i+ f2)——— =gl
C+ — C_
ay +a_ 5 0 2 |g1|2
5 (d% f+)c+_c_ T (197)
ay —a— _ |82|2,
2 16 °
and if g; =0,
(@ + 1) ——— = laul”,
cy +c_
a, —a. 2 |12
—(d%2 + #2 = °< 198
2 e f+)c++c, 16’ (198)
ay ta_ _ 8112
2 16

F. CP violation

The master formula (9) contains a part,
)
Sin“m\ . N
(1 + cos’n — 7 )kazP3Z — B2sin’nk,, P3,

sin2n

IN., » N .
+ <1 + ?>Sm2nkaxP3x - T(kaxp3z + kazP3x)'

(199)
In this part, each term is proportional to
ko (D1 X P1)2, an(f’l X 1)y, kax(B1 X D1
kax(B1 X B1)z + ke (Br X P1) (200)

Supposing CPT theorem, time reversal is equivalent to
CP transformation. In time reversal, momentum flips their
directions. In fact,

lEa - _ﬁw ﬁl - _f)l) f)Z - _ﬁZ' (201)
In this transformation, (200) flip their signs. This means the
(199) part in (9) flips its sign. This part proportions to g or
f+. These coefficients are the imaginary parts of the inter-
actions. So, if they do not vanish, then CP symmetry is

violated.

G. A, Ap > others

If aBr(7 — wy) is large compared to 4-fermi sector of
Br(7 — 3u), here « is the fine structure constant, it may be
difficult to determine |g;| to |ge| directly from 7 — 3u. It

PHYSICAL REVIEW D 77, 073003 (2008)

may be still possible to get a bound for these coupling
constant from interference effects as follows.

lg3]* = r3 = ricos’(0; — 0,) = gd(;—i_i:dc_)j (202)
lgal? = 2 = eos(8, — 0z) = % (203)
lgsl? = 12 = r2cos2(05 — 6,) = 5;—7_1_)2) (204)
26> = 12 = rPeos?(8 — O) = % (205)

H. A;, Ap < others

If aBr(7 — wy) is small compared to Br(r — 3u), we
can still get some lower bounds from the amplitudes of
7 — uy decay as follows.

_ riricos* (63 — 0;)  (dy +d_)?

|€AL|2 == r% = = s
%4_ 2 2(ay ta-)
(206)
leA, > =r? = r3rgcos’(0s — 6,) _ (e —e )
e 72 206, +b)
(207)
leA | = r2 = TarEcos’(6s — 6p) _ (dy —d-)?
Rl — 'R = 2 = y
% + r% 2(a+ - a,)
(208)
leAg|? = 12 = rgrgcos’(0 — 0p) _ (e +e )
S 2 26, —b)
(209)

X. CONCLUDING REMARKS

Neutrino oscillation suggests that flavor quantum num-
ber is not conserved not only in the quark sector but also in
the neutrino sector. Kobayashi-Mazkawa ansatz implies
that if the neutrino sector violates the flavor quantum
number, the charged lepton sector also does it. In the
standard model, this violation is too small to determine
in any designed future experiments. However, in some new
models, it is suggested that this violation is going to be
determined. If a 7 — 3w event is detected, there are many
models which are suitable to the first experimental result.
However, no models except one model at least are true. So,
if a 7 — 3 event is detected, our analysis must be neces-
sary to figure out if one model is allowed or forbidden.
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We assumed only Lorentz and gauge invariance of the
Lagrangian and locality of the action. So, if we cannot fit
the data to the differential cross section, it means a viola-
tion of Lorentz or gauge invariance.

From energy distributions (|g;|?/16 + |g5|?) +
(g217/16 + 1g4l?), lgsI® + lgsl* |ARI* + IALI%,
Re[g4A%] + Re[g3A] ] and Re[ggAR] + Re[gsA] ] can be
determined. Using the angular distribution of decaying
products of 7+ and 77, we can determine (|g|*/16 +
lg31%), (Ig21*/16 + 1g41?), lgsl, Igel, 1Agl, 14, ], Re[g4A%],
Re[g3A7 ], RelgeAr], Re[gsA], Im[g4AR] + Im[g;3A7 ],
and Im[geA%] + Im[gsA; ] independently. We can deter-
mine the argument of relative phases, arg[g4A%] and
arg[g;A7 ], if Im[g4A%] and Im[g;A;] have the same
sign, and if there are no scalar and pseudoscalar interac-
tions. Similarly, we can also determine the argument of
relative phases, arg[g¢A%] and arg[gsA; ], if g is nonzero.

Even if the 7 — w1y process is suppressed by a factor of
100 or more than the 7 — 3w process, we may still esti-
mate the branching ratio of 7 — u+y from these interfer-
ence:

Br(r—3u interference) Ja g3t git8 1 g

> 1,
Br(t— uy) A+ A,

(210)

where « is the fine structure constant. In concrete terms,
for instance, even if |eA;|*> is too small to determine
directly, we may be still able to get a lower bound (d, +
d_)?/{2(a, — a_)} as explained in subsection IX H.

Comparing to 7 — 3 mode, the reactions in Ref. [10],
which will searched in future colliders such as ILC are the
complementary modes of LFV. Those modes are high
energy events. In ILC, its center of mass energy is about
500 GeV. So, the intermediate particles which have the
large masses O(500 GeV) are not decoupled. Then, there
is no intermediate mass suppression and the discovery
potential will be much higher than that of the 7— 3u
decay mode. Any lepton decay modes do not have this
feature.

However, there are some advantages in the 7— 3u

mode.

(1) ILC has not run yet while the B-factory has already
run.

(2) In ILC, since the electron positron beam will be
polarized in the initial state, the LFV cannot be
discoverd if the “wrong” polarization is chosen.

(3) In ILC, since the beam polarization is only left or
right, they cannot observe the CP feature.

(4) Since the initial states in ILC are electron and
positron, ILC cannot search the event which has
one tau and three muon in initial and final states
while the B-factory does.

The Ref. [9] has a similar title as ours. However, we

emphasize the following differences.

PHYSICAL REVIEW D 77, 073003 (2008)

(1) They do not refer to the polarization of tau since they
assume the Large Hadron Collider experiment, in
which the tau pair cannot be identified.

(i1) So, they also do not refer to the CP feature.

(iii) They do not show the Michel’s method but the Dalitz
analysis.

(iv) They neglect the scalar and tensor type interactions
in the analysis.

(v) They assume the minimal flavor violation of the
charged lepton sector in part.
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APPENDIX A: FIERTZ TRANSFORMATION
In Eq. (2), the terms

(Trir) (@ ar),
(FLur)(Brpr)
(fRUaBML)(ﬂRU'aﬁML)y
(FLOapur) (0P g),
(TLOaptr) (AR *Buy),
(TrOapir) (Ao ug),

(AL)

which are naively assumed particularly do not appear. The
reasons are as follows.
First, using the equations

(1 rO* o) (W3R 0 W)
= —6(1xPar) W3rthar) + (bR har) (g thar)
(A2)

and

(1 rO* ar) (g0 21
= —6(1xar) Warthar) + Hh1ro o) (W3R o ihar),
(A3)

where the ¢, = (1 = vs)¥;/2, g = (1 + y5)ihi/2,
i = (1 + vs5)/2, g = (1 — y5)/2, and ¢; where
i = {1, 2, 3, 4} are the Dirac spinors. Then,

(1RO o1 ) (3RO wuthar) — iR ar)(W3r0 0 ar)
= —4(1rthar) P3rtor) + AW ror) (apihar)  (A4)

and also exchanging L and R,

(10" o) (W3 0y Par) — (D1 0# ar) (3 0 ag)
= — 4 ) WL thar) + 4 Par) (s bog).  (AS)
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Next,

(&1RU”V‘/’2L)(1Z3LUWI//4R)

= ZQ(‘Z]RDWR)(%LD%L) =0 (A6)

where I'; = {1, v5, 0#"} and C; are some coefficients.
Finally,
('ﬁlL‘//zR)(‘/_/SR%L) = _%(EZ’lLY#I/ML)(’»ZsR’)’M’»bzR)- (A7)

Then,

(1 ¥2r) Wagtar) — (1 ar) (agihar)
= HWy o) Wary uibag) — Wy bar)

X (P3rY uthar)} (AB)
and also
(1r2n) W3 bar) — Wiripar) (WL har)
= HWiry*or) W31 w¥ar) — Wiry* dar)
X (P30 ¥ wibor)}- (A9)

So it is proved that Eq. (2) is the general form of 4-Fermi
type interactions.

APPENDIX B: PARTS OF MASTER FORMULA

1. Production cross section of 7 pair with the
polarizations

Defining s* as 7 polarization vector in frame 3 and 2,
respectively, the differential cross section for the process
ete” — y*— 71(sT)7r(s7) in the center of mass frame,
frame 1 is [14]:
do(ete” = 77 (sT)77(s7))

dQ
2 .
L ’f[(l + cos’n + sm;;)
4 Y

sin“7
2 >s+

LS Bsin“nsy sy

. sin27

(sFsp + s s;)}
(B1)

where a =~ 1/137 is the fine structure constant, 8 =
IpLI/E, y=(1 — B2 =E/m,, E is the energy of
e’ or e in the initial state, and |p’| is the absolute value
of momentum of 77. As described in Fig. 3, 7 is the angle
between the momenta of e* in the initial state and 77.
q*> = (p!. + p,-)* where p/, and p/,- are the momenta of
e’ and e~ in the initial state, respectively. ) is the solid
angle for the 7+ momentum. We note that the quantities, E,
Ip7l, pl-, and Q are defined in frame 1.
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2. Differential branching ratio for 7~ decay

The differential branching ratio for the process 7~ —
v, + a + anything in the rest frame of 7~ is [15];

dBr(77(s”) — v, + a + anything)
&k,

= Br(r~ — v, + a + anything)

TmiA,

X [Gi(y,) — s - kK G (ya)], (B2)

where G¢(y,) and G5(y,) are the functions of y, defined in
each a. These are written in the table 1 of Ref. [15]. Here,

A, = f dyay2Gi(y,), (B3)
2E,

Vo =2a, (B4)
mT

E, is the energy of a, k, = k,/|k,| and k, is the momen-
tum of the particle a.

We note here that physical vector quantities which we
treat in this process are only s~ and ﬁa. The only scalar
made by these vector quantities is s~ - ﬁa So, we can
explain the differential branching ratio, Eq. (B2) by only
two terms which are proportional to G¢(y,) and s~ -
k,G4(y,), respectively.

3. Narrow width approximation

The narrow width approximation is

1
|p* = (m —iT'/2)?

r
~ T 8(p?> — m?), where — < 1.
ml’ m

(B5)

4. The total branching ratio

In Eq. (11), if \/? = myy) Which is the Upsilon 4§
mass, the differential cross section in the center of mass
frame, frame 1 is

do 64ma’ 2m? 4m?
d_xldx2 = G()(xl,.X'Z) ) (1 + 2 > 1—

2
My (45) My (45) MY (45)
X Br(t — uv?)Br(r™ — v, + a + anything).

(B6)

Then, the total cross section is
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(1-(48/3)%)
o= f f dx dx;
(1=(x3/2)) dxldXS

) . 4m?
2
My (44)

_ 64ma’ <] 2m?2

2 2
3my gy My (45)

X Br(t — puvp)Br(r™ — v, + a + anything)

1 1
X |:§a+ +Zb+ +4d+ + 26+

3
3 <24log{45} - 13>c+} B7)

2 3
—(241log| — | — 13 ) =20.
3( og[46} 3) 0.8

where
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since § = 2m,, /m,. Here, we derive the total cross section
in center of mass frame of initial electron and positron
since the total cross section is Lorentz invariant under the
boost for the beam direction. So, this expression is able to
apply to the B-factory experiment.

APPENDIX C: G’S

Using the width T'(1 — pvv) = m3G%/(19273), the
differential branching ratio concerning the polarization of
Tis

dBr(17" (s%) = pypous) 3 _ s
dxldxdewa = 2—Br(7‘ /.LVV)|:G()(X1, )Cz) +st PiGi ()Cl, Xz):|. (Cl)
Go(xy, x,) and Gi(xy, x,) are as follows.
1. Gy(xy, x)
Golx, x) =4a, 2 —x; —x)(x; +x — D)+ b (1 — xpx; + (1 — x3)x)
_ _ _ Y
+a0, U WA= n) + (1= 0w+ (- x)) | 16d, (x; + xy — 1) + 4e. (2 — x; — x5)
(I =x)(1 = xy)
(C2)
2. Gf(xl, x3)
Gi(x1, xp) = —da_xy(x; +x, — 1) + b_x;(1 — x;) + 4c_ P =x) #2060 txp -1 - 1)
(1 —=x)0 = x,)
x(x; +xp = D(=x3 + x1(x, —2) +2) x1((2 = x)(1 = x)? + xp(1 = xy)?)
—4d_ —2e_ , C3
T —x) (1~ —x) ©
G3(xy, x2) = Gi(x, xy), (C4)
Gi(x x)=[—2f Gcp+x,— 1) — g, (x, + x —2)}M (C5)
32 B 2 I 2 (x; = Dl = 1)

APPENDIX D: DERIVATIONS OF RELATIONS, a. c.

Here, we introduce a convenient formulas a. ¢
formula, we can determine more about current structure.
Using the relations

—d% and b,c,

- di AND b+c+ - 82+
— ei to use in Secs. IV, VI, VII, and IX. Using this
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arcy —lgzeA; + g4eAxl

— 2r3rprarg cos(0; —
_ 2

= r3rR 2r3rRr4rL COS(63 + HR

= |ryeirpe’fr — ryeiir, e

= |g36’AR

and

lgzeA; + gaeApl? — d% = r3r: + rirk + 2ryrpryrgcos(6; — 6, —

PHYSICAL REVIEW D 77, 073003 (2008)

= l6(rl + rz)(rL +r2) + (r3 + r4)(rL +r3) — r3rL - rﬁr%
— 0, + 0g)

0, —6,) + r4rL + %(r% + r%)(r% + r%)

0,2 + E(r1 +r3)(r? + r3)

- g4€AL|2 16(r2 + r2)(r + r%e)

— 2r3rprargcos(03 — 6;) cos(0, — Og) — rirkcos?(64 — Or)

= r3risin®(03 — 0;) + 2r3rpryrg sin(03 — 6;) sin(6, —

= {ryr; sin(6; — ;) + ryrgsin(6, — Ox)F

= (Im[g3eA} ] + Im[geA}])%

we give a useful relation

aicy

In this formula, there are three terms. Each of them has
zero or positive value. The first term (|g,]* + |g,|%) X
(leA;|*> + |eAg|?)/16 has the information about scalar
and pseudo scalar currents. The second term |gzeAx —
gseA, |? has information about parity symmetry. The third
term (Im[gzeA} ]+ Im[gseA}])> has information about
CP symmetry.

Ifa;, =0,thenr; =r, =r; =ry,=0and also d, =
0. Similarly, if c;, = 0,thenrp = r;, = Oand alsod, = 0.
In these cases, we cannot use the interference effect. So, we

consider only the case
a, = O, Cy = 0 (D4)

when we use this formula.
Similarly,
|rseifs rpei®x — reeifor eifL|?
+ {rsrp sin(0s — 0,) + rerg sin(fg — )}
= |gseAr — gseAL|* + (Im[gseA] ]

+ Im[ggeAR])* = 0.

2 =
bic, — e =

(D5)

In this formula, there are two terms. Each of them has
zero or positive value. The first term |gseAg — ggeA, | has
information about parity symmetry. The second term
(Im[gseA; ] + Im[ggeAs])*> has information about CP
symmetry.

Ifb. =0, then rs = rg = 0 and also e, = 0. Similarly,
if ¢, =0, then rp = r; =0 and also e; = 0. In these
cases, we cannot use interference effect. So, we consider
only the case

—d% =+ 3)(r} + rg) + e et — ryeirpe

= Lg1l? + lgal)(eALl? + leAg]?) + |gseAr

(D1
04 + 0g) — riricos*(6; — 6;)
Og) + rirzsin®(0, — 60)
(D2)
iele + {r3rL Sin(03 - 0L) + YuTR Sin(04 - 0R)}2
— gaeA ] + (Im[gseA]] + Im[gseAz])? = 0. (D3)
b, #0, cy #0 (D6)

when we use this formula.

APPENDIXE: C, P,T, AND CP TRANSFORMATION

We define charge (C), parity (P), time reversal (7), and
CP transformations.
In the Lagrangian, C transformation is

818 8§81 83 8y 84 &
85‘—’82 86‘—’g§ AR<—>AZ AL‘_’A;’
(E1)
P transformation is
818 81 8 838 838
858  gi——8¢ Ar——Ap,  Ap—A]
(E2)
and T and CP transformations are
18] 8§28 8378 848y
g5<—>g§ g64—>g2 AR<—)A}k2 AL4—>A>£
(E3)
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APPENDIX F: OBSERVABLES IN e*¢~ CENTEROF s useful for converting the variables from By, B85, - -, B,
MASS FRAME to ay, ay, * -, a, [14].
To write it briefly, we define s, cn, s¢, cd, 56, c0, sif,
cy, s&, cé, sy, and cy as sinm, cosn, sing, cos¢, sinb,
do cosf, siny, cosy, siné, cosé, siny, and cosy, respectively.
dada, - da, Also we define the quantities p}, p}, p’, k., as the quantities
D1, P2 P3, k, in frame 1. First,

The relation

_ do
deIdBZ cee,dBy,
X []8(a; = ai(Br. Bor -+ Bu)dB1dBy -~ dB,,
i=1

(F1)
|
1 0 0 O vy 0 0 yB 1 0 0 0 1 0 0 0 E;
;10 cen 0 sy 0O 1 0 O 5 0 cp —s¢p 0|0 c6 O s6 0
P3 0 0 1 0 0 01 0 0 s¢ ¢c¢d O0J|O0O O 1 O 0
0 —sm 0 c¢n vB 0 0 vy 0 o0 0 1 0 —s6 0 cO/)\E;s
02 0 0 vyB 1 v(1 + Bch)
_ smyB c¢cm 0 sqmy sbc | _ cnsOcd + sny(B + ch)
Bl "0 0 1 0 || sese | TE s056 (F2)
cnyB —sn 0 cny ch —smsbce + cny(B + )

Here, 6 and ¢ which are defined in Fig. 4 represent the direction of ps in frame 3. 5 represents the direction of 7% in
frame 1.
Next,

0
cn
0
—s7
1 0 0 0 1
0 c6 0 s6 0
0O 0 1 0 0 s¢ cy
0 —s6 0 co 0
Y 0 0 B 1
smyB cm 0 sny || chdlcOcsé + s0c) — sd(sipsé) E, (F3)
0 0O 1 0 sp(cOcfsé + s0cé) + cP(sisé)
cnyB —sm 0 cmy —sOciysé + cOcé

where i is the angle between p,-p; plane and ps3-z plane as represented in Fig. 5. Similarly,

4 0 0 B 1
p | smyBem 0 smy || chlcOepsy + s6cx) — sdsipsx) | (F4)
P 0 0O 1 0 sd(cOchsy + scy) + coh(spsy) | >

cnyB —sm 0 cny —sfOcysy + cOcy

B

S = O O
©“
3
(e)
S = O O
(e)
o
<
|
©“
<
- O O O

S O O =
o
o
S O = O
S O O =
n
<
)
Sy

E

o
)
o = O O
©“
)
—_— O O =

Here, as Eq. (156),

1_
coséE=1-—2 2 _

ps - Pu siné = y/1—cos?£, (F5)
X1X3
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and

(Fo6)

where siny = 0 since 7 = y = 2.
Finally, we use the three ways to explain &/, for the benefit of the simplicity of the phase space integral. The coordinates
are as Figs. 7-9, respectively.

(1]
(2]
[4]

(6]
(71

(9]

1 0 0 0 y
. 0 ¢cn O sn) 0
@ 0 0 1 0 0
0 —sn 0 cnp/\—vB

Y 0 0 —yB

_| —smyB c¢nm 0 sqmy
0 0 1 0
—cnyB —sm 0 cmy

0% 0 0

J —snyB c¢n 0

@ 0 0 1
—cnyB —sn 0

0% 0 o0

W =|"smB cm O

@ 0 0 1
—cnyB —snm 0

0o 0 -— '}’B Ea
1 0 0 |k,|sinf,. cose,,
0 1 0 |k,|sinf,. sing,.
0 0 Y |ka| COS@az
E,
|k,|sinb,, cose,,
|k,|sind, sing,, D
|kl cosb,.

—vB E,
sy |k, | cosf,,

0 || Ikl sind, cosdbe, )
cny Ikal Sineax Sin(;bax
—yB - E,
sy k,|sinf,, sing,,,

0 |k,|cost,, )
cny |k,|siné,, cosg,,
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