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We find that the chromomagnetic instability existing in neutral two-flavor color superconductivity at
moderate densities is removed by the formation of an inhomogeneous condensate of charged gluons and
the corresponding induction of a magnetic field. It is shown that this inhomogeneous ground state is
energetically favored over a homogeneous one. The spontaneous induction of a magnetic field in a color
superconductor at moderate densities can be of interest for the astrophysics of compact stellar objects

exhibiting strong magnetic fields as magnetars.
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I. INTRODUCTION

It is quite plausible that color superconductivity (CS) is
realized in the cold and dense core of compact stellar
objects. For matter densities high enough to guarantee
the quark deconfinement, and sufficiently low to consider
the decoupling of the strange quark mass M, the quarks
can condense to form a two-flavor color superconductor
(2SC) [1]. At higher densities, for which M, cannot be
regarded as extremely large, the three-flavor phases gCFL
[2] and CFL [3] will appear, respectively, with increasing
densities. Matter inside compact stars should be neutral
and remain in B equilibrium. When these conditions along
with M, are taken into account in the dynamics of the
gluons in the gCFL phase (or for that matter in the 2SC
phase if the s-quark is decoupled), some gluon modes
become tachyonic [4,5], indicating that the system ground
state should be restructured.

The quest to find the stable ground state at the realistic,
moderate densities of compact stars has led to several
interesting proposals. Some of the most promising possi-
bilities are a modified CFL-phase with a condensate of
kaons [6] that requires a space-dependent condensate to
remove the instability; a Larkin-Ovchinnikov-Fudde-
Ferrell (LOFF) phase on which the quarks pair with non-
zero total momentum [7]; and a homogenous gluon con-
densate phase [8]. At present it is not clear if any of these
proposals is the final solution to the problem.

In this paper we will show that there is one more possible
solution: an inhomogeneous condensate of charged gluons
that induces a rotated magnetic field. Our solution is found
in the Meissner-unstable region of the so-called gapped
2SC phase [9], but we expect that it could also be realized
in the three-flavor theory. It has the peculiarity of preserv-
ing the electromagnetic gauge invariance U, (1) of the
color superconductor. As will be shown in our derivations,
this inhomogeneous phase is energetically favored over the
one with homogeneous gluon condensate and no induced
magnetic field. We will also discuss its possible relation to
a LOFF-type phase.
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In a previous paper [10], we investigated the formation
of an inhomogeneous gluon condensate in a color super-
conductor. However, apart from the fact that in the current
work we are going to consider a two-flavor theory, while in
Ref. [10] we studied a three-flavor system, there is a
fundamental difference between the genesis of the conden-
sation phenomenon that we will discuss in the present
paper and the one found in [10]. In Ref. [10] the conden-
sation of gluons was the response of the color supercon-
ductor to an externally applied and sufficiently strong
magnetic field. In that case, if no magnetic field is present,
no gluon condensate is formed. Therefore, the gluon con-
densation in [10] was a magnetic-field-induced phenome-
non. On the other hand, in this work, no external magnetic
field is present to begin with. The condensation phenome-
non here is connected to a Meissner instability triggered at
moderate densities by a pairing stress associated with the
neutrality and B-equilibrium constraints. Such instability
occurs in the gapped 2SC color superconductor at moder-
ate densities when the effective Meissner mass of the
charged gluons becomes tachyonic. As we shall show
below, in this situation an inhomogeneous condensate of
charged gluons emerges to remove the chromomagnetic
instability created by the pairing mismatch.

In the case of the gluon condensation produced by a
sufficiently strong magnetic field [10], the anomalous
magnetic moment interaction of the spin-1 charged fields
with the external magnetic field led to a phenomenon of
antiscreening, so that the backreaction of the condensate on
the applied field was such that it boosted the in-medium
magnetic field strength. This antiscreening is a well-known
phenomenon that occurs in all the instances of charged
spin-1 field condensation in the presence of a strong mag-
netic field [11,12]. Amazingly, as we will show in this
paper, the system predisposition to boost an in-medium
magnetic field through the magnetic moment of the spin-1
charged condensate works in favor of the spontaneous
generation of a rotated magnetic field in the unstable
region of the gapped 2SC when no external magnetic field
is present. Indeed, in this case the currents associated to the
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inhomogeneous condensate of charged gluons induce a
nonzero rotated magnetic field in the system. Hence, the
magnetic field here is a consequence of the gluon conden-
sation, while in [10] it was the other way around. The
spontaneous induction of a rotated magnetic field in CS
systems that have pairings with mismatched Fermi sur-
faces is a new kind of phenomenon that can serve to
generate magnetic fields in stellar compact objects as
magnetars.

The plan of the paper is as follows. In Sec. II we present
the effective theory of the gluonic phase with electromag-
netic interactions in the neutral two-flavor dense QCD. The
arising of an inhomogeneous gluon condensate to remove
the chromomagnetic instability caused by the Fermi-
surface pairing mismatch in the 2SC color superconductor
at moderate densities, as well as the corresponding induc-
tion of a rotated magnetic field are investigated in Sec. III.
Finally, in Sec. IV we discuss the significance of the
reported findings for the astrophysics of highly magnetized
compact objects.

II. NEUTRAL TWO-FLAVOR DENSE QCD WITH
ELECTROMAGNETIC INTERACTIONS

In the gapped 2SC phase the solution of the neutrality
conditions Q,/du; = 0, with w; = u,, ws, m3, and gap
equation 9€)5/dA = 0, for the effective potential (), in the
mean-field approximation, led to w3 = 0, and nonzero
values of u,., and wg, satisfying ug < w, < u for a
wide range of parameters [9]. Here u is the quark chemical
potential, w, the electric chemical potential, and the
“chemical potentials” wg and w5 are strictly speaking
condensates of the time components of gauge fields, ug =
(\/?;g/2)(Gf)8)) and u; = (g/2)(G£)3)>. The nonzero values
of the chemical potentials produce a mismatch between the
Fermi spheres of the quark Cooper pairs, du = u,/2.

The gapped 2SC turned out to be unstable once the
gauge fields {G(l), Gf), Gif), K, K}:, Gi,ﬁﬂ} were taken
into consideration. As shown in Ref. [4], the gluons GQ’Z’S)
are massless, the in-medium 8th-gluon Gi = sinHAM +
cosfG?, has positive Meissner square mass, and the
K-gluon doublet K|, = (G — iGy, G — iGL)) has
Meissner square mass that becomes imaginary for A >
8u > A/+/2, signalizing the onset of an unstable ground
state. The mass of the in-medium (rotated) electromagnetic
field A u = COSOA, — sinﬁGi is zero, which is consistent
with the remaining unbroken U(1),,, group. Note that even
though the gluons are neutral with respect to the regular
electric charge, in the 2SC phase the gluon complex dou-
blet K, has nonzero rotated charge 0=0- %Tg of
magnitude ¢ = &/2, with & = ecosf, Tg the 8th color
generator, and Q the conventional electric charge operator
[13].
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In what follows, we will find a stable ground state
solution near the critical point du, = A/+/2. Close to
that point the absolute value of the square magnetic mass
|m3,] is very small, thus allowing analytical calculations.
The tachyonic modes in the Meissner-unstable gapped 2SC
are associated only to charged gluon fields. It is natural to
expect then that a new, stable ground state should incor-
porate the condensation of these charged gluons. In general
we should allow for an inhomogeneous condensate. Given
that this kind of solution may generate rotated electromag-
netic currents, the rotated electromagnetism should be
included in the general framework of the condensation
phenomenon. With this aim, we start from the mean-field
effective action of the 2SC gauged Nambu-Jona-Lasinio
model depending on the gluon fields, rotated electromag-
netic field, diquark condensates, and chemical potentials,

1 L. A28V
P = = [l + 2| T -
+T, (1)
where a = 1, ..., 8, G is the four-fermion coupling,  the

inverse temperature, V the 3-dimensional volume, f w =
d,A, — d,A, is the conventional electromagnetic strength
tensor, I', is the gauge-fixing action, and I, =
I Trin(S™' + G4T% + A,I'*) is the fermion contribution
obtained after integrating out the quark fields in the grand
partition function of the neutral 2SC phase [14]. In Fq, S is
the quasiparticle propagator in the Nambu-Gor’kov space;
It = diag(gy*T,, —gy“TJ) is the Nambu-Gor’kov
gluon vertex, and I'* = diag(ey*Q, —ey*Q) is the
Nambu-Gor’kov electromagnetic vertex. In principle, S
depends on the diquark condensate, chemical potentials
and possible condensates of gauge fields.

We assume a weak-coupling approximation (o, < 1).
Then, expanding the logarithm up to second order in the
gauge fields, we obtain I', =Ty — 1 [d*x[G4 114 Gb +
A, II#7A, ] All the quantities contributing to ', the ef-
fective action (I'y = % TrinS~!), as well as the polarization
operators for gluons (IT%, = 1 Tr{I'4’ ST S]) and photons
(IT#” = 1 Te[T'#ST*S]), have been found in the hard-
dense-loop approximation of the neutral 2SC phase [4].
The absence of linear terms in the expansion of I'y is due to
the zero trace in the color index, which is a consequence of
color neutrality, (J°) = 0 (i.e., zero tadpole), required to
preserve the theory non-Abelian gauge symmetry [15].

In this derivation we used t"Hooft gauge to avoid mixing
between the gluons and the fluctuations of the diquark
condensate. Details of the implementation of t’Hooft
gauge in the 2SC theory can be found in [14]. The scalar
modes associated to the fluctuations of the diquark con-
densate come from the spontaneous breaking of the color
gauge group. Therefore, they are unphysical and only serve
to provide the longitudinal degrees of freedom of the
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gluons that acquire a mass due to the symmetry breaking.
The decoupling of the scalar modes from the gluons occurs
in the t'Hooft gauge for arbitrary values of the gauge
parameter A. Later on we will choose A = 1 because it
simplifies the calculations in the gluon sector. As always,
physical parameters as Debye and Meissner masses do not
depend on A.

III. INHOMOGENEQOUS GLUON CONDENSATE
AND INDUCED IN-MEDIUM MAGNETIC FIELD

To investigate the condensation phenomenon triggered
by the tachyonic modes of the charged gluons, we can
restrict our analysis to the gauge sector of the mean-field
effective action (1) that depends on the charged gluon
fields and rotated electromagnetic field. For a static solu-
tion, one only needs the leading contribution of the polar-
ization operators in the infrared limit (p, = 0, |p| — 0).
Under these conditions, the gauge sector of the effective
action can be written as

= [ x{ ) — SITLK,

[mM(S,u,lth - ( /~‘L3)28/.LV + quN,uV]K KI

— ﬁVK,u|2

# U P = (KL + R
@

2“‘“ [1-— 25“ the Meissner mass with

a=p—Ee+ % and as = £ " [4], the last term in 2)
comes from the I', term in (1), taken in the 't Hooft gauge

where m?, =

with gauge -fixing parameter A, I p =0, = i(jﬁﬂ and
fM,, -9 A . In (2) the Debye mass mp was not
1ncluded since it w111 not be substantial for our derivations.
The chemical potential w3, although it is zero in the
gapped phase, should be in principle taken into account
in the analysis of the new phase, since the K-condensate
will break the remaining SU(2), symmetry.

At this point let us consider for a moment that we have
an external rotated magnetic field H. In this case the
effective action (2) becomes that of a spin-1 charged field
in a magnetic field (see for instance [16]). If we work in the
region where mﬁ — ,ug >0, the ground state is stable
(m3 = 0 in the stable region). Under these circumstances,
we know [10] that when gH = GH, = mi, — ,u,8, the ef-
fective magnetic mass of one of the charged gluon modes
becomes imaginary due to the anomalous magnetic mo-
ment term i f wKu K I This field-induced instability trig-
gers the formation of a gluon-vortex state characterized by
the antiscreening of the magnetic field.

Now, let us go back to the situation of interest in the
present work, that is, a system with no external magnetic
field. As usual in theories with zero-component gauge-field
condensates [17], ug gives rise to a tachyonic mass con-
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tribution. This tachyonic contribution creates a region of
instability in a density interval for which m3, is still posi-
tive. Let us elaborate on this point. Using the results of [4],
one can easily realize that when the density is decreasing,
coming from values where du < A/+/2, the different
chemical potentials accordingly change in such a way
that the pairing mismatch du increases. Consequently,
the Meissner mass m,zw decreases and, at some density
value, it crosses the line of ug, leading to a tachyonic
effective Meissner mass (m3, — u2 < 0) for the range of
densities between the crossing point and the value where
dp = Su., even though m%, >0 in this interval. Once
dp = S, the Meissner mass square m?, becomes nega-
tive itself, so the two terms of the effective Meissner mass
give tachyonic contributions. Although the instability in
the region where m3, > 0 is a direct consequence of the
pairing mismatch, it formally resembles the instability
produced by an external magnetic field on an otherwise
stable color superconductor [10]. The formal role of the
magnetic field is played here by wg. Borrowing from the
experience gained in the case with external magnetic field,
we would expect that this Meissner instability will also be
removed through the spontaneous generation of an inho-
mogeneous gluon condensate (K;) capable to induce a
rotated magnetic field, thanks to the anomalous magnetic
moment of the spin-1 charged particles. Having this in
mind, we propose the following ansatz:

lG
50

where we took advantage of the SU(2), symmetry to write
the (K;)-doublet with only one nonzero component. Since
in this ansatz the inhomogeneity of the gluon condensate is
taken in the (x, y)-plane, it follows that the corresponding
induced magnetic field will be aligned in the perpendicular
direction, i.e., along the z-axes, (f|,) = B. The part of the
free-energy density that depends on the gauge-ﬁeld con-
densates, F, = F — F9, with F,o = =T’y = Q denot-
ing the system free-energy density in the absence of the
gauge-field condensate (G =0, B = 0), is found, after
fixing the gauge parameter to A = 1 and using the ansatz
(3) in (2), to be

_ BZ S T2 A~ 2114
j’g—T—ZG I1°G + 2¢°|G|

= pg) —myllG2. @)

= G(x,y)(0,1,—i,0), (3

—2[2G B +(p5

From the neutrality condition for the 3rd-color charge it is
found that ;3 = wg. The fact that w; gets a finite value just
after the critical point m3, — u3 = 0 is an indication of a
first-order phase transition, but since g is parametrically
suppressed in the gapped phase by the quark chemical
potential ug ~ A%/ u [4], it will be a weakly first-order
phase transition. Henceforth, we will consider that u; =
Mg in (4), and work close to the transition point 6u = S ..
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which is the point where m3, continuously changes sign to

anegative value. For very small, negative values of m3,, the

gluon condensate and the induced magnetic field should be

very small too, thereby facilitating the calculations.
Minimizing (4) with respect to G* gives

- I1°G — 23 B +|m3,))G + 2¢%|GI*’G = 0.  (5)

Equation (5) is a highly nonlinear differential equation that
can be exactly solved only by numerical methods.
Nevertheless, we can take advantage of working near the
transition point, where we can manage to find an approxi-
mated solution that will lead to a qualitative understanding
of the new condensate phase. With this aim, and guided by
the experience with external fields, where the solution is
always such that the kinetic term IfIMK,, — ﬁ,,KlLI2 is
approximately zero near the transition point, we will con-
sider that when 6u =~ du,. our solution will satisfy the
same condition. Hence, we will look for a minimum solu-
tion satisfying

M2G+GBG=0. (6)

With the help of (6) one can show that the minimum
equation for the induced field B takes the form

24|G|> — B =~ 0. (7)

The relative sign between the two terms in Eq. (7) implies
that for |G| # 0 a magnetic field B is induced. The origin
of that possibility can be traced back to the anomalous
magnetic moment term in the action of the charged gluons.
This effect has the same physical root as the paramagnet-
ism found in Ref. [10], where contrary to what occurs in
conventional superconductivity, the resultant in-medium
field B becomes stronger than the applied field A that
triggers the instability. The antiscreening of a magnetic
field by the condensation of charged spin-1 fields has been
also found in the context of the electroweak theory [12].

Using the minimum Eqgs. (5) and (7) in (4), we obtain the
condensation free-energy density

Fo=—2(g— PIGI ®)

The hierarchy between the strong (g) and the electromag-
netic (§) couplings implies that F.<0. Therefore,
although the induction of a magnetic field always costs
energy (as can be seen from the positive first term in (4)),
the field interaction with the gluon anomalous magnetic
moment produces a sufficiently large negative contribution
to compensate for that increase. Consequently, as seen
from (8), the net effect of the proposed condensates is to
decrease the system free-energy density.

It follows from Egs. (5)—(7) that near the phase transi-
tion point the inhomogeneity of the condensate solution
should be a small but nonzero correction to a leading
constant term
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IGI* = Ag/zlm3 1 /24% + O(miy) f(x, y), ©)
GB = Agyglmy| + O(mi)g(x, y), (10)
with A, = (¢2/3* — DL

The explicit form of the inhomogeneity can be found
from (6), which can be written in polar coordinates as

r2

1 1 1 .
[;a,(ra,) a0 = i) - 4§4}G(r, 6) = 0.

(1D

In the above equation we approached the rotated magnetic
field by its leading in (10), used the symmetric gauge A; =
—(B/2)€;jx;, and introduced the characteristic length ¢ =
1/A/5lm3,|. Using just the leading contribution of B in
(11) is a consistent approximation if we simultaneously
drop the 4’—;4 term and restrict the solution to the domain

r < £. Notice that this domain is indeed a large region
because near the critical point the magnitude of m,, is very
small, hence ¢ becomes very large. The most symmetric
solution of Eq. (11) is the one that preserves the SO(2)
symmetry in the (x, y) plane. Hence, proposing a solution
of the form G(r, 8) ~ R(r)e'X, with y a constant phase, the
equation for R(r) reduces to [rd,(rd,) + g—i]R(r) =0.Itis
solved by the Bessel function of the first kind Jo(r/&).
Then, the gluon condensate can be written as G(r) =
(1/52G€)Jo(r/ €) expiy, which is consistent with (9), as
in the domain of validity of this solution (r < £) the series
can be approximated by its first terms. Accordingly, the
modulus of the condensate square satisfies

1 r?
278 4q7EY
The improved solution for B is found substituting (12) back
into (7). The induced field B is homogeneous in the
z-direction and inhomogeneous in the (x, y)-plane.

As always, the choosing of a particular gauge condition
(A = 1 in this case) is dictated by convenience. As occurs
in other gauge theories, the particular form of the conden-
sate solution G(r, #) and the effective action (or the effec-
tive potential in the case of constant condensates) are
gauge-dependent. There is nothing wrong in that, as none
of these quantities is physically measurable. What is gauge
independent is the effective action evaluated in the mini-
mum solution. Therefore, if the result (12) is plugged back
into (8), one obtains a gauge-independent quantity repre-
senting the free-energy density of the ground state.

One may wonder whether this inhomogeneous gluon
condensate forms a vortex state. To answer this question
we can compare our results with the case with external
magnetic field [10]. For this we should notice that the
mathematical problem we have just solved is formally
similar to that where the instability is induced by a weak
external field. This would be the situation when the 2SC

IG]* =~ 12)
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system approaches the transition point from the stable side
(real effective magnetic mass) and the external magnetic
field is slightly larger than a very small but still positive
effective mass square H = H, = m}, — u2 < 1. We
know that at large m3, — u3 the condensate solution is a
crystalline array of vortex-cells with cell’s size ~¢ < 1.
At smaller m3, — w3 the lattice structure should remain,
but with a larger separation between cells, since in this case
& > 1. However, the use of a linear approximation to solve
the equations in this case only allows to explore the solu-
tion inside an individual cell (r < &). This is the same
limitation we have in the linear approach followed in the
present paper. Therefore, we expect that when the non-
linear equations will be solved, the vortex arrangement will
be explicitly manifested.

The idea of removing the 2SC chromomagnetic insta-
bility with the help of a gluon condensate has been pre-
viously considered in Ref. [8]. In that work a homogeneous
gluon condensate with no rotated magnetic field was pro-
posed. Near the transition point the homogeneous conden-
sate produces a contribution to the condensation energy
density that can be approximated as j_Fg =

- ﬁlmﬂl“%/mé, with m3 = 4a??/37. In this case, the
condensation energy in a circle of radius ¢£, with ¢ being a

c<l1, is F,=

constant g

dimensionless satisfying

— % YZ—% On the other hand, for the G — B condensate
considered in the present paper, the corresponding con-
densation energy is F, = —c*m|m3;|/24*, which is found
integrating the free-energy density (8) evaluated in the
solution (12) in the circle of radius c¢. Taking into account
that near the transition point Imﬁ,fl < mg, [4], one can see
that the inhomogeneous gluon condensate is energetically
favored over the homogeneous one.

We should stress that as éu — du, becomes much
larger, the contribution of G and B in the quasiparticle
propagator S cannot be neglected, thereby affecting the gap
equation (as shown in [18], a sufficiently strong magnetic
field can qualitatively influence the gap). As a conse-
quence, the inhomogeneity of the gluon condensate will
be naturally transferred to the diquark condensate. Hence,
a LOFF-type phase may appear as a backreaction of the
inhomogeneous gluon condensate on the gap solution. It is
natural to expect that the additional reduction in free-
energy due to the G — B condensation will make this phase
energetically favored over a pure LOFF one [7].

We anticipate that a G — B condensate will likely re-
move the chromomagnetic instability in gCFL too. In the
gCFL case there are four gluons with tachyonic masses.
Following the results of the last paper in Ref. [5], the four
tachyonic gluons are A;, A,, and two combinations of As,
Ag, and Ay. A third combination of A;, Ag, and Ay is
massless, hence it represents the rotated electromagnetic
field in the gCFL phase. Notice that in the unstable gCFL
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phase the gluons A; and A, acquire rotated charge since
they couple to the new rotated electromagnetic field
through its A; component. This implies that A; and A,
are analogous to the charged gluons that become tachyonic
in the 2SC case. If A; and A, condense in an inhomoge-
neous condensate following the same mechanism we found
in the present paper, this condensate could induce a rotated
magnetic field and also give real masses to the two combi-
nations of A3, Ag and A,, that were tachyonic. Of course, it
is possible too that in addition to the condensation of the
charged gluons, the other two tachyonic combinations also
condense in the gCFL case. The only way to find out which
scenario is the most energetically favored is by doing
explicit calculations. However, exploring this idea will be
more challenging, as one will have to deal with a strongly
first-order phase transition.

IV. ASTROPHYSICAL CONNOTATIONS

A common characteristic of neutron stars is their strong
magnetization. Their surface magnetic fields range from
B = 17X 108G (PSR B1957 + 20) up to 2.1 X 103G
(PSR B0154 + 61), with a typical value of 102G [19].
There are observational discoveries of even strongly mag-
netized stellar objects—known as magnetars—with sur-
face magnetic fields of order B ~ 10'*~10'°G [20]. In the
core of these compact objects, the field may be consider-
ably larger due to flux conservation during the core col-
lapse. By applying the scalar virial theorem it can be shown
that the interior field can reach values of order B ~ 108G
[21].

The observed stellar magnetic fields are supposed to be
created by a magnetohydrodynamic dynamo mechanism
that amplifies a seed magnetic field due to a rapidly rotat-
ing protoneutron star. Thus, the standard explanation of
the origin of the magnetar’s large magnetic field implies
that the rotation should have a spin period <3 ms.
Nevertheless, this mechanism cannot explain all the fea-
tures of the supernova remnants surrounding these objects
[22].

It has been found [4] that when §u = A in the neutral
2SC model, the absolute value of the magnetic mass be-
comes of order m,. This implies that the inhomogeneous
gluon condensate found in our paper could produce a
magnetic field of order of magnitude in the range
~10'%-10"7G. As discussed in Refs. [23], the possibility
of generating a magnetic field of such a large magnitude in
the core of a compact star, without relying on a magneto-
hydrodynamics effect, can be an interesting alternative to
address the main criticism [22] to the observational conun-
drum of the standard magnetar’s paradigm [20]. On the
other hand, to have a mechanism that associates the exis-
tence of high magnetic fields to CS at moderate densities
can serve to single out the magnetars as the most probable
astronomical objects for the realization of this high-dense
state of matter.
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