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Recently, the relation between Hawking radiation and gravitational anomalies has been used to estimate
the flux of Hawking radiation for a large class of black objects. In this paper, we extend the formalism,
originally proposed by Robinson and Wilczek, to the Hawking radiation of vector particles (photons). It is
explicitly shown, with the Hamiltonian formalism, that the theory of an electromagnetic field on
d-dimensional spherical black holes reduces to one of an infinite number of massive complex scalar
fields on 2-dimensional spacetime, for which the usual anomaly-cancellation method is available. It is
found that the total energy emitted from the horizon for the electromagnetic field is just �d� 2� times that
for a scalar field. The results support the picture that Hawking radiation can be regarded as an anomaly
eliminator on horizons. Possible extensions and applications of the analysis are discussed.
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I. INTRODUCTION

Understanding the physics of black hole horizons, such
as black hole entropy and Hawking radiation, should hint at
how we can construct a quantum theory of gravity.
Recently, there has been progress in understanding the
black hole entropy [1]. The breakdown of a diffeomor-
phism symmetry at a horizon, namely, an anomaly, has
been found to play an important role. Since Hawking
radiation [2] as well as entropy is a property inherent in
horizons, it is natural to expect that Hawking radiation is
also associated with anomalies.

Many years ago, Christensen and Fulling found that
Hawking radiation can be derived from the trace anomaly
[3] for �1� 1�-dimensional Schwarzschild black holes. In
their approach, as usual, boundary conditions both at the
horizon and infinity are required to specify the vacuum.
Hence, it seems difficult to attribute Hawking radiation to a
property of the event horizon. It should also be mentioned
that the method is not applicable to more than 2 dimen-
sions. Recently, Robinson and Wilczek have suggested a
new derivation of Hawking radiation from Schwarzschild
black holes through gravitational anomalies [4]. The re-
markable point is that the derivation is applicable to any
number of dimensions. In their argument, Hawking radia-
tion is a compensating flux canceling the gravitational
anomalies at the horizon. The advantage of the derivation
is that it requires information only at the horizon.
Furthermore, Iso et al. showed that the Hawking radiation
from a Reissner-Nordström black hole can be explained as
the fluxes canceling the gravitational and U�1�-gauge
anomalies [5]. They also clarified the boundary condition
at the horizon. Their technique was applied to rotating
black holes as well [6–11]. The angular-momentum flux
from rotating black holes, which is regarded as a U�1�

current flow, can be calculated as well as the energy flux.
Applications for various black holes are found in [12–22].
Very recently, the extension to black rings, which have a
horizon topology of S1 � S2, was done in [23,24]. The
thermal distribution of Hawking radiation has also been
derived from the anomaly viewpoint [25,26].

Although much work has been devoted to this theme,
these analyses are focused on scalar particle radiations.
Therefore, to verify the universality of the anomaly-
cancellation technique, Hawking radiation for other parti-
cles with nonzero spins should be investigated. In this
paper, we extend the anomaly-cancellation method to the
vector particle radiation from generic spherically symmet-
ric black holes.

The organization of this paper is as follows. In Sec. II,
we investigate the general properties of an electromagnetic
field on spherically symmetric spacetimes. In particular,
we show that the electromagnetic field on the spherical
spacetimes is equivalent to a set of infinite numbers of
complex scalar fields on the �t; r� sector of spacetimes,
where r is the radial coordinate. In Sec. III, using the
results obtained in the previous section, we apply the
anomaly-cancellation method to the photon emission
from spherically symmetric black holes. The final section
is devoted to a summary and discussion. Throughout this
paper, we use units in which c � G � @ � kB � 1.

II. ELECTROMAGNETIC FIELDS ON
SPHERICALLY SYMMETRIC SPACETIMES

A. Dimensional reduction of electromagnetic
field theory

Let us consider an electromagnetic field on
d-dimensional spherically symmetric static spacetimes,
of which the line element is given by

 ds2 � g�d���dx�dx� � �f�r�dt2 � f�r��1dr2 � r2d�2
n;
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where n � d� 2 and d�2
n is the line element of Sn. f�r� is

a function admitting an event horizon, r � rH, where
f�rH� � 0. The surface gravity is given by � � f0�rH�=2.
For the 2-dimensional covariance to be apparent, we also
use the expression of the line element given by

 ds2 � gab�xa�dxadxb � e�2��xa�d�2
n; (2)

where a; b � t; r. The action for the electromagnetic field
is
 

S � �
1

4

Z
ddx

������������
�g�d�

q
F��F

��

� �
1

4

Z
d2x

�������
�g
p

e�n�

�
Z
d�n�FabF

ab � 2FaiF
ai � FijF

ij	; (3)

where xi are the coordinates on Sn. Note that this action is
invariant under the gauge transformation,

 A��x
�� ! A��x

�� � @���x
��; (4)

where � is an arbitrary scalar function.
Now, we decompose the vector potential A� into vector

and scalar modes on Sn [27–30]. These two modes are
decoupled from each other in the action, and one can treat
them separately. The vector modes are decomposed as

 Aa�x
�� � 0; Ai�x

�� �
X
N

���
2
p

�N�x
a�VN

i �x
i�; (5)

where VN
i is the n-dimensional vector spherical harmonic

solving

 �DjD
j � k2

V�V
N
i � 0; DiVN

i � 0: (6)

Here, we denote the covariant derivative on Sn by Di. The
eigenvalue kV is given by k2

V � l�l� n� 1� � 1; �l �
1; 2; 
 
 
�. It should be noted that the l � 0 mode does not
exist for the vector harmonics. N is the index running over
all vector harmonics, which are normalized as

 

Z
d�nV

N
i V

i
N0 � �NN0 : (7)

It is mentioned that, since the gauge parameter ��x��
contains no vector mode, the expansion coefficient
�N�x

a� is gauge invariant. Then, we can carry out the
integration over the angular variables in the action (3) to
give
 

S � �
X
N

Z
d2x

�������
�g
p

e��n�2���@a�N@a��N

� �k2
V � n� 1�e2��N�

�
N	: (8)

From Eq. (8), we see that the vector modes are equivalent
to a set of complex massive scalar fields, coupling to a
dilaton, in two dimensions.

The scalar modes on Sn are decomposed as

 Aa�x�� �
X
M

AMa �xa�SM�xi�;

Ai�x
�� �

X
M

�M�x
a�DiS

M�xi�;
(9)

where SM is the n-dimensional scalar spherical harmonics
solving

 �DiD
i � k2

S�S
M � 0: (10)

The eigenvalue kS is given by k2
S � l�l� n� 1�; �l �

0; 1; 2; 
 
 
�. M is the index running over all scalar harmon-
ics, which are normalized as

 

Z
d�nSMS

�
M0 � �MM0 : (11)

Then, the action (3) becomes
 

S � �
1

4

X
M

Z
d2x

�������
�g
p

e�n��FabM F
M�
ab

� 2k2
Se

2��AaM � @
a�M��AM�a � @a��M�	; (12)

where FMab � @aA
M
b � @bA

M
a . The gauge parameter ��x��

is also decomposed into the scalar harmonics,

 ��x�� �
X
M

�M�xa�SM�xi�; (13)

and the gauge transformations for AMa and �M become

 AMa ! AMa � @a�M; �M ! �M � �M: (14)

From these transformation properties, one can find a
gauge-invariant variable,

 AM
a � AMa � @a�M: (15)

Making use of this variable, we can write the action for the
scalar modes, Eq. (12), as

 S � �
1

4

X
M

Z
d2x

�������
�g
p

e�n��F ab
MFM�

ab

� 2k2
Se

2�Aa
MA

M�
a 	; (16)

where FM
ab � @aA

M
b � @bA

M
a . The action for the l � 0

mode is

 S � �
1

4

Z
d2x

�������
�g
p

e�n�F ab
0 F 0

ab : (17)

This is the action for a 2-dimensional electromagnetic
theory, which has no degree of freedom. Therefore, we
do not consider the l � 0 mode hereafter.

Thus, one can regard Eq. (16) as the action for 2-
dimensional massive electromagnetic fields (i.e., Proca
fields) coupling to a dilaton. Furthermore, in the next part
of this section, we will see that this theory is equivalent to
one for an infinite number of complex scalar fields.
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B. Equivalence between electromagnetic and scalar
field theories

First, note that constraints subsist in action (16). For the
constraints to be apparent, it is convenient to adopt
Hamiltonian formalism [31]. From action (16), one can
read off a Lagrangian as
 

L �
�������
�g
p

�
�

1

4
e�n�F abF �ab �

1

2
k2
Se
��n�2��AaA�

a

�

�
1

2
e�n�� _Ar �A0

t��
_A�
r �A0�

t �

�
k2
Se
��n�2��

2f
AtA

�
t �

k2
Se
��n�2��f

2
ArA

�
r ; (18)

where 
 � @=@t and 0 � @=@r. Here, we have used the
explicit form of a 2-dimensional metric,

 gabdxadxb � �f�r�dt2 � f�r��1dr2; (19)

in the second line and omitted the indexM. Since the l � 0
mode is irrelevant, as we mentioned before, k2

S > 0 can be
assumed.

The conjugate momenta of Aa and A�
a are given by

 	t �
@L

@ _A�
t

� 0; (20)

 	t� �
@L

@ _At

� 0; (21)

 	r �
@L

@ _A�
r

�
e�n�

2
� _Ar �A0

t�; (22)

 	r� �
@L

@ _Ar

�
e�n�

2
� _A�

r �A0�
t �: (23)

The above momenta satisfy the following canonical com-
mutation relations,

 fAt�t; r�; 	t��t; r0�g � fA�
t �t; r�; 	t�t; r0�g

� fAr�t; r�; 	r��t; r0�g

� fA�
r�t; r�; 	

r�t; r0�g � ��r� r0�;

(24)

where f; g represents a Poisson bracket. Equations (20) and
(21) are primary constraints. Now, we define a whole phase
space M � fAa;	a; A�a; 	a�g and a subspace which satis-
fies the primary constraints,M0 � fx 2 Mj	t � 	t� � 0g.
Because of the primary constraints 	t � 	t� � 0, _At and

_At
� cannot be written in terms of the canonical momenta.

However, we can write down the Hamiltonian as

 H 0 � 	t _A�
t � 	

t� _At � 	
r _A�

r � 	
r� _Ar �L

� 2en�	r	r� � 	rA0�
t � 	r�A0

t

�
k2
Se
��n�2��

2f
AtA

�
t �

k2
Se
��n�2��f

2
ArA

�
r :

(25)

In the second line, we have used the constraint equations
	t � 	t� � 0, and the H 0 can be used only in M0. To
construct a Hamiltonian H in the whole phase space M,
H jM0

�H 0 should be required, which is realized by

 H �H 0 ���	t ��	t�: (26)

Here, � and �� are functions of the canonical variables.
Because the primary constraint 	t � 0 must be satisfied

throughout the motion, _	t�t; r�jM0
� 0 must also be satis-

fied for consistency. This condition becomes
 

_	t�t; r�jM0
� f	t�t; r�; H�t�gjM0

� 	r0 �
k2
Se
��n�2��

2f
At � 0; (27)

where

 H�t� �
Z
dr0H �t; r0�: (28)

Thus, we have the following as a secondary constraint,

 A t � �
2e�n�2��f

k2
S

	r0: (29)

The above constraint must also be satisfied at all times, and
we should require

 

@
@t

�
At �

2e�n�2��f

k2
S

	r0
���������M0

�

�
At �

2e�n�2��f

k2
S

	r0; H
���������M0

� �� e�n�2��f�e��n�2��fAr�
0 � 0: (30)

Thus, � is determined as

 � � e�n�2��f�e��n�2��fAr�
0: (31)

In a similar way, from	t� � 0, we also have the secondary
constraint and expression for �� given by

 A �
t � �

2e�n�2��f

k2
S

	r0�; (32)

 �� � e�n�2��f�e��n�2��fA�
r�
0: (33)

Since we have the expressions for� and��, and find out
all the constraints, we can find the physical phase space
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Mphys �

�
x 2 M

��������	t � 	t� � 0;

At � �
2e�n�2��f

k2
S

	r0;A�
t � �

2e�n�2��f

k2
S

	r0�
�
:

(34)

Thus, we can compute the Hamiltonian in the physical
phase space Mphys. Substituting constraint equations (20),
(21), (29), and (32) into Hamiltonian (26), we have

 H � 2en�	r	r� �
2e�n�2��f

k2
S

	r0	r0�

�
k2
Se
��n�2��f

2
ArA

�
r ; (35)

where total derivative terms are omitted. Defining new
canonical variables

 � �

���
2
p

kS
	r; � � �

kS���
2
p Ar; (36)

we can rewrite Hamiltonian (26) as

 H � e��n�2��f��� � e�n�2��f�0�0� � k2
Se
n����:

(37)

One can see that Hamiltonian (37), which is for the
scalar modes of the electromagnetic field on Sn, is equiva-
lent to that for a complex scalar field in the following. Let
us consider the action of a complex scalar field given by

 S � �
Z
d2x

�������
�g
p

e�n�2���@a
@a
� � k2
Se

2�

�	: (38)

From this action, one can easily calculate the Hamiltonian
for this complex scalar field as

 H � e��n�2��f		� � e�n�2��f
0
0� � k2
Se
n�

�;

(39)

where 	 � e�n�2�� _
=f, a canonical momentum of 
�.
Since this Hamiltonian is the same expression as
Eq. (37), it is shown that the original action (16), which
is for the scalar modes of the electromagnetic field, is
equivalent to that for a massive complex scalar field,
defined by (38).

C. Near-horizon behavior

Collecting the results in the previous parts of this sec-
tion, we can write the action for the electromagnetic field
on the spherically symmetric spacetimes in the form

 

S � �
X
N

Z
d2x

�������
�g
p

e��n�2���@a�N@
a��N

� �k2
V � n� 1�e2��N�

�
N	

�
X
M�0

Z
d2x

�������
�g
p

e�n�2���@a
M@a
�M

� k2
Se

2�
M
�M	;

(40)

where summation with respect to M is restored, discarding
the l � 0 mode in the scalar sector. Action (40) is written
in �t; r� coordinates as follows:
 

S � �
X
N

Z
d2xrn�2

�
�

1

f
@t�N@t��N � f@r�N@r�

�
N

�
k2
V � n� 1

r2 �N�
�
N

�

�
X
M�0

Z
d2xr��n�2�

�
�

1

f
@t
M@t
�M � f@r
M@r


�
M

�
k2
S

r2 
M

�
M

�
; (41)

where the explicit form of the dilaton, e�2� � r2, is used.
In the near-horizon limit, r! rH, the mass terms in (41)
are negligible, and the action takes the form

 S ’ �rn�2
H

X
N

Z
d2x

�������
�g
p

@a�N@a��N

� r��n�2�
H

X
M�0

Z
d2x

�������
�g
p

@a
M@a
�M: (42)

Now, we can see that, from action (42), the electromag-
netic field near the horizon in d-dimensional spherical
black holes can be described by the theory for an infinite
number of massless scalar fields on the 2-dimensional
spacetime, whose metric is given by (19), as well as the
case for a d-dimensional scalar field [4]. However, the
difference between the electromagnetic and scalar fields
appears in the number of degrees of freedom. That is, there
are degeneracies both for scalar and vector sectors in each l
mode, whose numbers of degeneracy are denoted by
Dl�n; 0� and Dl�n; 1�, respectively, and are given by [27]

 Dl�n; 0� �
�2l� n� 1��l� n� 2�!

l!�n� 1�!
;

Dl�n; 1� �
l�l� n� 1��2l� n� 1��l� n� 3�!

�l� 1�!�n� 2�!
:

(43)

Therefore, each l mode in action (42) contains Dl�n; 0� �
Dl�n; 1� scalar fields, while for the d-dimensional scalar
field, no vector mode on Sn exists and only Dl�n; 0� scalar
fields are relevant [4]. This difference results in the total
amount of Hawking radiation between photons and scalar
particles. We will revisit this point in the next section.
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III. HAWKING RADIATION OF VECTOR
PARTICLES

From the results in the previous section, it suffices to
calculate the Hawking radiation of the scalar fields to know
the Hawking radiation of the electromagnetic field. In this
section, we review the derivation of Hawking radiation via
the cancellation of gravitational anomalies for scalar fields
[6,10] in order for this paper to be self-contained. Then,
combining such a Hawking radiation result for scalar
fields with the results in the previous section, the total
amount of Hawking radiation for the electromagnetic field
is estimated.

A. Hawking radiation of scalar particles as an anomaly
eliminator

In 2-dimensional spacetime, we will regard the horizon
as a boundary of spacetime and discard ingoing modes near
the horizon since the ingoing modes cannot classically
affect the dynamics of the scalar field outside the horizon.
As a consequence, such a 2-dimensional theory becomes
chiral and a gravitational anomaly might appear.

First, let us split the spacetime into two regions: rH �
r � rH � � where the theory is chiral and rH � � � r
where the theory is not chiral. We will ultimately take
the limit �! 0. It is known that the gravitational anomaly
arises in 2-dimensional chiral theory and takes the form
[32–34]

 raTab � �
1

96	
�������
�g
p �cd@d@a�abc; (44)

where the convention �01 � �1 is used. We define Na
b as

 raT
a
b �

1�������
�g
p @aN

a
b: (45)

In the nonchiral region rH � � � r, we have Na
b � 0,

while in the chiral region rH � r � rH � �, the compo-
nents of N�

� are

 Nt
t � Nr

r � 0; Nr
t � �

1

192	
�f02 � f00f�;

Nt
r �

1

192	f2 �f
02 � f00f�;

(46)

where 0 � @r. In �t; r� coordinates, we can write down
Eq. (45) as

 @rT�O�
r
t � 0; @rT�H�

r
t � @rN

r
t; (47)

where the time independence of Tab is assumed. The sub-
scripts H and O represent the values in the region rH �
r � rH � � and rH � � � r, respectively. These equations
can be integrated to give

 T
�O�

r
t � aO; T

�H�
r
t � aH � Nr

t�r� � Nr
t�rH�; (48)

where aO and aH are integration constants [35]. In particu-

lar, note that aO itself represents the energy flux outside the
horizon.

An effective action for the metric g��, obtained after
integrating out the quantized scalar field, is

 W�gab	 � �i ln
�Z

D’eiS�’;gab	
�
; (49)

where S�’; gab	 is the classical action for one 2-
dimensional scalar field. By an infinitesimal coordinate
transformation in the time direction,

 t! t� �t�t; r�; r! r; (50)

the effective action changes as
 

���W �
Z
d2x

�������
�g
p

�tra�T�H�
a
t�H�r� � T�O�

a
t�O�r�	

�
Z
d2x�t�@rfN

r
t�Hg

� �T
�O�

r
t � T�H�

r
t � Nr

t���r� rH � ��	: (51)

Here, �O�r� and �H�r� are the supports of T
�O�

a
b and

T
�H�

a
b, respectively, defined by the step function � as

 �O�r� � ��r� rH � ��;

�H�r� � 1���r� rH � ��:
(52)

Since the first term in the second line of Eq. (51) cannot be
canceled by the delta-function term, it should be canceled
by a quantum effect of the ingoing modes. The coefficient
of the delta function should vanish to save the diffeomor-
phism invariance at the quantum level. From Eq. (48), this
requirement leads to

 aO � aH � N
r
t�rH�: (53)

We need to know aH to obtain the Hawking flux aO. For
this purpose, we adopt the boundary condition proposed in
[5]. Let us introduce the covariant energy-momentum ten-
sor ~Tab, which satisfies a covariant-anomaly equation,

 ra ~T�H�
a
b �

1

96	
�������
�g
p �ab@aR: (54)

We impose the vanishing of this covariant energy-
momentum tensor at the horizon since the boundary con-
dition should be diffeomorphism invariant. In the present
case, the covariant energy-momentum tensor is given by

 

~T
�H�

r
t � T

�H�
r
t �

1

192	
�ff00 � 2f02�: (55)

The vanishing of this covariant current at the horizon
determines aH as

 aH �
f0�rH�

2

96	
�

�2

24	
: (56)

Thus, we have
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 aO �
�2

48	
: (57)

This is the energy flux in the outside region, obtained by
imposing the cancellation of the gravitational anomaly at
the horizon. This value exactly coincides with the energy
flux evaluated from a thermal spectrum,

 Trt�thermal� �
Z 1

0

d!
2	

!

e2	!=� � 1
�

�2

48	
: (58)

This result suggests that the Hawking radiation of a scalar
field from the spherically symmetric black holes can be
regarded as the anomaly eliminator on horizons. Combined
with the result that the electromagnetic field can be re-
garded as a set of an infinite number of massless scalar
fields near the horizon, the above results also suggest that
the Hawking radiation of a vector field should be regarded
as the anomaly eliminator on the horizon.

B. Sum over vector and scalar modes

Energy flux (57) is that of the contribution from one
scalar field in the 2-dimensional effective action (42). As
mentioned in the last part of Sec. II C, however, Dl�n; 0� �
Dl�n; 1� scalar fields exist in the 2-dimensional effective
action (42) for each l mode.

Now, to clarify the quantitative difference in fluxes
between scalar and electromagnetic fields, let us define
the following quantities:

 F0�L� �
XL
l�0

Dl�n; 0�aO;

F1�L� �
XL
l�1

�Dl�n; 0� �Dl�n; 1�	aO:

(59)

These are the energy fluxes for scalar and electromagnetic
fields, respectively, taking into account the contributions
from l � L modes. The total energy fluxes, obtained by
taking the limit L! 1, diverge for both fields. Their ratio
of F1=F0, however, converges to a finite value depending
on the spacetime dimensions:

 lim
L!1

F1�L�
F0�L�

� n: (60)

This result is consistent with the fact that d-dimensional
electromagnetic fields have d� 2 � n degrees of freedom.
In Fig. 1 we show the L dependence of F1�L�=F0�L� for
some spacetime dimensions. We can say that the conver-
gence (60) is sufficiently rapid, especially for lower di-
mensions. Finally, note that the above fluxes (59) and their
ratio have significance only near the horizon. That is, if we
take into account the scattering by a curvature potential
(grey-body factor), the fluxes for higher angular-
momentum particles will be suppressed. Therefore, the
total fluxes, obtained in the limit L! 1, will converge

for both fields and their ratio will take a different value
from (60).

IV. CONCLUSION

We have shown that Hawking radiation of vector parti-
cles (photons) as well as a scalar field from the
d-dimensional spherically symmetric black holes can be
explained from the anomaly-cancellation viewpoint. This
result shows the robustness of the picture, discovered
recently and applied to many black holes in the case of
scalar radiation, that Hawking radiation can be regarded as
the anomaly eliminator on horizons. The spin degree of
freedom for the vector field appears in the amount of total
energy flux, which is larger than that for the scalar field
with the dimension-dependent factor of d� 2.

It will be interesting to generalize the gravitational
anomaly method to graviton/fermion fields. For the elec-
tromagnetic field, it is essential that the field can be re-
duced to the 2-dimensional theory for massless scalar fields
near the horizon. If we can regard the gravitational field
and fermion field as a 2-dimensional massless scalar field
and a spinor field near the horizon, respectively, we will be
able to calculate the energy fluxes for these fields from the
anomaly point of view. If we succeed in explaining
Hawking radiation for all fundamental fields by the
anomaly-cancellation method, our understanding of black
hole physics will be significantly enriched.

Although we did not show explicitly that the spectrum of
the photon emission is thermal, the fact that the electro-
magnetic field can be regarded as the massless scalar field
near the horizon will enable us to apply the derivation of
the thermal spectrum in the context of anomalies [25].
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FIG. 1 (color online). The ratio of Hawking fluxes between a
scalar field and an electromagnetic field near the horizon,
F1�L�=F0�L� [see Eqs. (43) and (59) for a definition], for various
spacetime dimensions. We can see that, as the cutoff angular
momentum L increases, the ratio for each spacetime dimension
approaches n � d� 2.
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Note also that curvature scattering, which was ignored in
this paper, can be calculated from the 2-dimensional action
(40). Therefore, by making use of the thermal spectrum,
reproduced in [25], one can calculate the total energy flux
observed at infinity from the anomaly point of view.

Some recent studies on the counting of black hole en-
tropy are also related to anomalies [1,36,37]. It will be
significant to give a unified view for both entropy and
Hawking radiation in the present context.
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