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We discuss the recent proposal of implementing doubly special relativity in configuration space by
means of Finsler geometry. Although this formalism leads to a consistent description of the dynamics of a
particle, it does not seem to give a complete description of the physics. In particular, the Finsler line
element is not invariant under the deformed Lorentz transformations of doubly special relativity. We study
in detail some simple applications of the formalism.
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I. INTRODUCTION

In a recent paper [1] a relation between modified dis-
persion relations and Finsler geometry has been proposed,
and, in particular, it has been observed that doubly special
relativity (DSR) [2– 4] can be realized in ordinary (com-
mutative) configuration space as a (mass-dependent)
Finsler geometry. We recall that Finsler geometry is a
generalization of Riemann geometry whose metric can
depend both on position and velocity [5].

DSR models were first introduced in [2] and postulate a
deformation of the standard Poincaré invariance of special
relativity such that the momenta transform nonlinearly
under boosts, in such a way as to leave invariant a funda-
mental energy scale � (usually identified with the Planck
energy). Such deformation can be obtained by suitably
modifying the generators of boosts, and is not unique.

The implementation of DSR in classical configuration
space is not obvious, and has been extensively debated [6–
9]. It is clear, however, that coordinate transformations
consistent with DSR must be momentum dependent, and
hence the possibility of a momentum (or velocity)-
dependent geometry emerges. A more radical view is that
the spacetime of DSR is noncommutative and its symme-
tries are described by the action of a Hopf algebra, as, for
example, in the �-Minkowski formalism [3,10]. Although
this approach is promising, in this paper we shall not
consider it, but, following Ref. [1], we shall take the
more conservative view that DSR can be realized by the
classical action of Lie algebras on commutative spacetime.

Indeed, the possibility of a velocity-dependent metric in
a classical spacetime has been thoroughly investigated in
Ref. [1]. However, although the formalism proposed there
yields geodesics equations that transform covariantly
under the deformed Lorentz transformations (DLT) of
DSR, the Finsler line element is not invariant. As a con-
sequence, it is not possible to define an invariant separation
between events and it is difficult to identify a physical
proper time in this framework. Moreover, it does not

seem that the Finsler line element is the most natural affine
parameter in this formalism.

In the present paper, we discuss these difficulties and
give some explicit examples in the case of the best known
DSR models.

DLT are a deformation of Poincaré algebra that do not
alter the commutation relations between rotation genera-
tors Mi and boosts generators Ni,

1

 fMi;Mjg � �ijkMk; fMi;Njg � �ijkNk;

fNi; Njg � ��ijkMk;
(1.1)

and between rotations and translations generators pa,

 fMi; p0g � 0; fMi; pjg � �ijkpk; (1.2)

but modify the commutation relations between boosts and
translations generators:

 fNi; pag � wia�p�; (1.3)

where the wia are nonlinear functions of the momentum p
and a dimensional parameter �, usually identified with the
Planck energy. The dispersion relation of the momentum is
defined by means of the Casimir invariant C�p� of the
deformed algebra,

 C�p� � m2; (1.4)

with m the mass of the particle.
According to [1], the Hamilton equations for a free

particle in canonical phase space can be obtained from
the reparametrization-invariant action

 I �
Z �

_qapa �
�

2m
�C�p� �m2�

�
d�; (1.5)

where q are the coordinates of the particle, � is an evolu-
tion parameter which is assumed to be invariant under
DLT, and a dot denotes the derivative with respect to it.
The Lagrange multiplier � enforces the dispersion relation
(1.4), and the summations are performed with respect to
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1We denote spacetime indices by a; b; . . . and spatial indices
by i; j; . . . .
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the flat metric �ab � �1;�1;�1;�1�. Varying with re-
spect to qa and pa, one obtains

 _q a �
�
m
@C
@pa

; _pa � 0: (1.6)

To write the action in configuration space, one can invert
the first equation, obtaining pa � pa�m _q=��. Then, sub-
stituting in the dispersion relation, one can obtain � as a
homogeneous function of _qa of degree one. Finally, sub-
stituting back in the action,

 I �
Z

_qapa� _q�d� �
Z
L� _q�d�: (1.7)

The Lagrangian L depends only on the 4-velocity _q and is
homogeneous of degree one in _q. One can therefore iden-
tify L with a Finsler norm. The Finsler line element is then
defined as [5]

 ds2 �
1

2

@2L2

@qa@qb
dqadqb; (1.8)

and satisfies

 ds � Ld�; (1.9)

by virtue of the homogeneity property of the Lagrangian.
It must be noted, however, that L, and hence ds, is not

invariant under DLT. In fact, from the Jacobi identities one
can deduce the infinitesimal transformation law of the
coordinates qa [7]. Indeed,

 ffNi; qag; pbg � ffpb; Nig; qag � ffqa; pbg; Nig � 0:

(1.10)

Assuming canonical Poisson brackets between phase space
variables,

 fqa; qbg � 0; fpa; pbg � 0; fqa; pbg � �ab;

(1.11)

the last term of (1.10) vanishes, and one gets after integra-
tion

 fNi; qag � �
@wib
@pa

qb: (1.12)

It is then evident that the variation of the Finsler norm
does not vanish in general. We can write in fact

 �iL� _q� � �i� _qapa� �
d
d�
��i�qapa�� � �i�qa _pa�

�
d
d�

�
wiaqa � pb

@wia
@pb

qa

�
; (1.13)

where the term �i�qa _pa� vanishes as a consequence of (1.3)
and (1.12). The remaining term can vanish only if the wia
are homogeneous functions of degree one of the p, which
rules out the standard DSR models, where a dimensionful
parameter � enters in the definition of the wia. Therefore,
also the line element ds is not invariant in general. The

covariance of the geodesics equations obtained by varying
(1.7), however, persists since �iL is a total derivative.

One may notice that in the present formalism the natural
definition of affine parameter seems not to coincide with
the Finsler line element ds � Ld�, but rather with d� �
�d�. In terms of �, the Hamilton equations can in fact be
written in the usual form

 

dqa
d�
� q0a �

1

m
@C
@pa

;
dpa
d�
� p0a � 0: (1.14)

Moreover, since � is a homogeneous function f� _q� of
degree one, one has

 � � f� _q� � �f�q0�; (1.15)

from which one obtains a constraint on the four-velocity
expressed in terms of the proper time f�q0� � 1, analogous
to the relation q020 � q

02
i � 1 of special relativity.

The corresponding equations in terms of the Finsler line
element take a much more involved form. Unfortunately,
however, in general also the affine parameter � is not
invariant under DLT.

II. THE MAGUEIJO-SMOLIN MODEL

In order to better understand the implications of the
previous considerations, it is useful to consider some sim-
ple examples. The simplest one is the Magueijo-Smolin
(MS) model [4], whose Lagrangian formulation has been
studied in [10]. The dispersion relation is

 

p2
0 � p

2
i

�1� p0=��2
� m2; (2.1)

which is left invariant by the DLT

 fNi; p0g � pi

�
1�

p0

�

�
; fNi; pjg � �ijp0 �

1

�
pipj:

(2.2)

From (1.10) follows [7]

 fNi; q0g � qi �
pi
�
q0;

fNi; qjg �
�
1�

p0

�

�
q0�ij �

1

�
�pkqk�ij � piqj�:

(2.3)

As already noted in [4], the deformed algebra is generated
by the standard rotation generators, while the boost gen-
erators are given by

 Ni � q0pi � qip0 �
pi
�
qapa: (2.4)

In order to simplify the calculation of the action, it is useful
to write it as [11]

 I �
Z �

_qapa �
�

2m

�
p2
a �m2

�
1�

p0

�

�
2
��
d�: (2.5)

The field equations then read
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 _q 0 �
�
m

�
�2 �m2

�2 p0 �
m2

�

�
; _qi �

�
m
pi; (2.6)

and can be inverted explicitly,

 p0 �
�2m

�2 �m2

�
_q0

�
�
m
�

�
; pi � m

_qi
�
: (2.7)

Substituting into (2.1) one can obtain � as a function of _q,

 � �

�����������������������������������
_q2
0 �

�2 �m2

�2
_q2
i

s
: (2.8)

The action can then be written in terms of the _q as

 I �
Z

_qapa� _q�d� �
�2m

�2 �m2

Z �
��

m
�

_q0

�
d�: (2.9)

Notice that the last term is a total derivative and does not
contribute to the field equations, that read

 

d
d�

�
_qa
�

�
� 0; (2.10)

or, in terms of the affine parameter � defined in Sec. I,
q00a � 0, as in special relativity. However, now the 4-
velocity satisfies the constraint

 q020 �
�2 �m2

�2 q02i � 1: (2.11)

In terms of the parameter �, the Lagrangian reads

 L �
�2m

�2 �m2 �
�
1�

m
�
q00

�
: (2.12)

Using the Finsler parameter s the equations would take a
much more involved form.

We want now to investigate the transformation proper-
ties of the action. Under the action of a boost Ni, by (2.2)
and (2.3),

 �iL � �i� _qapa� �
1

�
d
d�
�pipaqa�: (2.13)

In order to calculate the variation of �, we consider for
simplicity the two-dimensional case, where one has a
single boost generator and the transformations (2.2) and
(2.3) reduce to

 �p0 � p1 �
p0p1

�
; �p1 � p0 �

p2
1

�
; (2.14)

 �q0 � q1 �
p1

�
q0; �q1 � q0 �

p0

�
q0 � 2

p1

�
q1:

(2.15)

Under these transformations, also the variation of � re-
duces to a total derivative,

 �� �
1

�
d
d�

�
q1 �

p1

�
q0 �

�2 �m2

�2m2 p1paqa

�
: (2.16)

On shell, the variation of L and � take the simpler form

 �L �
�m2 _q1

�2 �m2

�
1�

m _q0

��

�
; �� � �

2m _q1

�
: (2.17)

Thus, although the equations of motion are covariant under
the DLT, neither the Lagrangian L nor the Lagrange multi-
plier � are invariant, but their variation is a total derivative.
This, of course, is a problem if we wish to define an
invariant proper time.

III. THE LUKIERSKI-NOWICKI-RUEGG MODEL

Another important example is given by the �-Poincaré
algebra of Lukierski-Nowicki-Ruegg [3]. In this case

 fNi; p0g � pi;

fNi; pjg �
�
2
�1� e�2p0=���ij �

1

2�
�pkpk�ij � 2pipj�;

(3.1)

and hence [7]

 fNi; q0g � e�2p0=�qi;

fNi; qjg � q0�ij �
1

�
�pkqk�ij � piqj � pjqi�:

(3.2)

The dispersion relation invariant under (3.1) and (3.2) is

 C�p� � 4�2sinh2�p0=2�� � ep0=�p2
i � m2 (3.3)

It is then easy to write down the deformed generators of the
boosts

 Ni � piq0 �
�
2
�1� e�2p0=��qi �

1

2�
�pkpkqi

� 2pipkqk�: (3.4)

Varying the action (1.4) one obtains the Hamilton equa-
tions

 _q 0 �
�
m

�
sinh�p0=�� � e

p0=�
p2
i

2�

�
; _qi �

�
m
ep0=�pi:

(3.5)

In this case it is not possible to invert explicitly the equa-
tions for p in terms of _q, so we expand them in powers of
m=�,

 p0 	m
�

_q0

�
�
m
2�

_q2
i

�2

�
; pi 	m

�
_qi
�
�
m
�

_q0 _qi
�2

�
: (3.6)

Substituting in (3.3),

 �	
�����������������
_q2
0 � _q2

i

q
�
m
�

_q0 _q2
i

_q2
0 � _q2

i

; (3.7)

and finally,

 I 	m
Z � �����������������

_q2
0 � _q2

i

q
�
m
2�

_q0 _q2
i

_q2
0 � _q2

i

�
d�: (3.8)
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In terms of the affine parameter �,

 L	m�
�

1�
m
2�
q00q

02
i

�
: (3.9)

Note that, contrary to the MS case, now L and � do not
differ by a total derivative.

To study the effect of the transformations (3.1) and (3.2)
on the Lagrangian, we again consider the two-dimensional
case, for which

 �p0 � p1; �p1 �
�
2
�1� e�2p0=�� �

p2
1

2�
(3.10)

 �q0 � e�2p0=�q1; �q1 � q0 �
p1

�
q1: (3.11)

Under these transformations, the Lagrangian changes by a
total derivative [see (2.13)],
 

�L �
d
d�

��
p0 �

�
2
�1� e�2p0=�� �

p2
1

2�

�
q1

�

	�
1

2�
d
d�
��2p2

0 � p
2
1�q1�: (3.12)

The transformation properties of � are instead quite in-
volved and its variation under DLT is not even a total
derivative.

IV. CONCLUSIONS

As we have shown, the formalism of Ref. [1] permits us
to write down DLT-covariant equations for the geodesic
motion of a point particle in canonical configuration space
of DSR. However, it does not allow us to define an invari-

ant affine parameter, and hence to identify the physical
proper time.

The situation does not change by passing to noncommu-
tative spacetime coordinates. In fact in this case, in order to
obtain the correct Hamilton equations, one has to modify
the term p _q in the action [7], and the new term is still not
invariant under the DLT compatible with the new symplec-
tic structure. However, one should bear in mind the possi-
bility that in this case the symmetries could be realized by
the action of a Hopf algebra [3,10], which may modify our
conclusions based on the assumption of a Lie algebra
realization.

It seems, therefore, that although Finsler spaces are
useful for studying the motion of DSR particles, they do
not catch the full structure of the theory. This is presumably
due to the fact that Finsler spaces are tailored for the study
of homogeneous dispersion relations, while DSR disper-
sion relations cannot be homogeneous because of the
presence of a dimensional constant �. Moreover, the for-
malism of Finsler spaces is built in such a way as to avoid
the presence of Lagrangian multipliers in the action prin-
ciple [12].

A possible solution might be to consider some general-
izations of Finsler spaces, either defining a metric structure
in the full phase space, instead of configuration space, or
perhaps by relaxing the requirement of homogeneity of the
Finsler metric. A last possibility is that the formalism
works better when a five-dimensional configuration space
is considered as in [9,13].
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