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Geometrically engineering the standard model: Locally unfolding three families out of Eg
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This paper extends and builds upon the results of [J.L. Bourjaily, arXiv:0704.0444.], in which we
described how to use the tools of geometrical engineering to deform geometrically engineered grand
unified models into ones with lower symmetry. This top-down unfolding has the advantage that the
relative positions of singularities giving rise to the many “low-energy’” matter fields are related by only a
few parameters which deform the geometry of the unified model. And because the relative positions of
singularities are necessary to compute the superpotential, for example, this is a framework in which the
arbitrariness of geometrically engineered models can be greatly reduced. In [J.L. Bourjaily,
arXiv:0704.0444.], this picture was made concrete for the case of deforming the representations of an
SUs model into their standard model content. In this paper we continue that discussion to show how a
geometrically engineered 16 of SO/, can be unfolded into the standard model, and how the three families

of the standard model uniquely emerge from the unfolding of a single, isolated Ey singularity.
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L. INTRODUCTION

In [1], Katz and Vafa showed how to geometrically
engineer matter representations in terms of the local sin-
gularity structure of type Ila, M-theory, and F-theory com-
pactifications. In that framework matter and gauge theories
both have purely geometrical origins: SU,,, SO,,, and E,
gauge theory arise from the existence of codimension four
singular curves of certain types in the compactification
manifold [2]; and massless matter representations arise
from isolated points (in type Ila or M theory) or curves
(in F theory) along the singular surface over which the type
of singularity is enhanced by one rank.

Despite the extraordinary generality of this framework,
it has not been widely used phenomenologically. This is
largely because the description of the isolated enhance-
ments of singularities giving rise to various matter repre-
sentations is inherently local: although the geometry near
any particular enhancement could be described concretely,
the framework had nothing to say about numbers, types,
and relative locations of different matter fields. This global
data was either to be determined by duality to a concrete,
global string theory model,' or suggested via the
a posteriori success of a given set of relative positions
(as in e.g. [4,5]).

Another way to relate the number and relative positions
of (enhanced singularities giving rise to) matter fields was
given in [6]: in that paper, we described, for example, how
a local description of the geometry giving rise to a massless
5 of SU5 could be smoothly deformed into a local descrip-
tion of a (3,1) and a (1,2) of SU; X SU, which live at
distinct points—related by a single deformation parame-

*ibourjai @princeton.edu
'Geometrically engineered models in M theory are dual to
intersecting brane models in type II, for example (see e.g. [3]).
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ter. A cartoon of what was described in that paper is shown
in Fig. 1.

In this paper we describe pedagogically how to extend
that idea to engineer analogies to SOy and E¢ X SU,
grand unified models.? Although in [6] we were able to
analyze explicit unfoldings of SO, and SUg singularities
sufficiently well by sight, this will not be possible for our
present examples. All of the examples in this paper involve
the unfolding of isolated E, singularities; and although
algebraic descriptions of these are known and classified
[7], it would be unnecessarily cumbersome and unenlight-
ening to analyze them explicitly as we did in [6].
Therefore, in Sec. I we describe a much more powerful
and elegant language in which to study these resolutions.

In Sec. III we describe in detail how the unfolding of a
16 of SO, into the standard model is derived in the
language of Sec. II. This is achieved in two stages: in the
first stage, we unfold the 16 into 10 ® 5 ® 1 of SUs; we
then unfold the resulting SU5 model into a single ““family”’
of the standard model. At the end, all the relative positions
of the singularities of the family are set by the nonzero
values of two complex structure moduli, thereby greatly
reducing the arbitrariness of their relative positions.

The next most obvious example would be a description
of how a 27 of E¢ geometrically unfolds into the standard
model. However, there are two reasons to leave this ex-
ample to the reader: first, it is a most natural extension of
the results of Sec. III; second, it is a consequence of the
Eg X SU, grand unified model which we describe in
Sec. IV. Although not given as an example in [1], it is
not hard to see? that a single isolated Eg singularity at the
intersection of a codimension four surfaces of types Eg and

2As described in Sec. 1V, the resolution Eg — E¢ X SU,
naturally starts as a theory with three 27’s of E4 related by an
SU, family symmetry.

3This is described in Sec. II.
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FIG. 1 (color online). A cartoon of the geometric deformation
of a 5 and 10 of SUs into the standard model as described in [6].
The surface over which the singularities are enhanced is coor-
dinated by a complex parameter ¢ and the geometry is deformed
by changing the value of a complex parameter s. The relative
locations of the “resolved’ singularities are given in terms of s.

SU, gives rise to matter in the representation (27,2) &
(27,1)® (1,2). It is easy to see how this would unfold
into the matter content of three families—one coming
from each of the 27’s. That three families emerge from
Eg is a general consequence of group theory and can be
understood from the fact that Eq X SU; is a maximal
subgroup of Ejg into which the adjoint of Eg partially
branches into an SUj triplet of 27’s.

As in the preceding paper [6], this work is presented
concretely in the language of Calabi-Yau compactifications
of type Ila string theory, which can also be naturally
extended to F-theory models. Here, we engineer the ex-
plicit local geometry of (noncompact) Calabi-Yau three-
folds which are K3-fibrations over C!. If type Ila string
theory is compactified on this threefold, a four-dimensional
N = 2 theory with various massless hypermultiplets will
result. But if, for example, the C! base of this threefold
were fibred as an O(—2) bundle over CP!, the resulting
total space would be a Calabi-Yau fourfold* upon which F
theory would compactify to an N = 1 theory with chiral
multiplets. However, because the manifold over which the
singular K3’s are fibred in M theory is a real, three-
dimensional space, our fibrations over C! do not have a
direct application to M theory.

It would of course be desirable to have a similar descrip-
tion of geometric unfolding explicitly in the language of
G,-manifolds so that this picture could be realized con-
cretely in M theory as well. This is particularly important
in light of the recent advances in M-theory phenomenology
(e.g. [8,9]). By extension of the work of Berglund and
Brandhuber in [10], such a generalization should be rela-
tively straightforward, but we will not attempt to do this
here.

II. RESOLVING E,-TYPE SINGULARITIES

Recall that a gauge theory in type Ila string theory can
arise from compactification to six dimensions over a sin-

“This is just one example of the ways in which these Calabi-
Yau threefolds could be fibred over CP! to result in a Calabi-Yau
fourfold.
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gular K3 surface (similar statements apply to M theory and
F theory) [2]. The complex structures of the singular
compactification manifolds giving rise to SU, (= A,,—),
S0O,, (= D,), and E,, gauge theory are given in Table [—
where the surfaces are labeled conveniently by the name of
the resulting gauge theory.’

We can generalize this discussion by considering a
complex, one-dimensional space B over which a smooth
family of singular K3 surfaces are fibred. If almost every-
where over B the K3-fibres have singularities of a single
type, then compactification of type Ila string theory over
the total space will give rise to gauge theory in four
dimensions of the type corresponding to the typical fibre.
Massless charged matter will arise if over isolated points in
B the type of fibre is enhanced by one rank. The geometry
about a single such isolated point where the singularity is
enhanced was described in detail by Katz and Vafa in [1].

The representation of matter living at these ‘‘more-
singular” points was also given in [1]: suppose that G D
H X U, and that the rank of H is one less than G; then, if
there is an isolated G-type singularity over a surface of
H-type singularities, the resulting massless representation
is given by those parts of the decomposition of the adjoint
of G into H X U, which are charged under the U,.

Because the question of how to (smoothly) deform the
surfaces of Table I into ones of lower rank has intrinsic
mathematical interest, it is not too surprising that all pos-
sible two-dimensional deformations have been classified.
Our discussion below will make use of the notation and
results presented in [7].

In our present work, we are interested in deformations of
E, singularities into ones of lower rank. Unlike SU,, sin-
gularities, the resolutions of which are easy enough to read
off by sight, the algebraic complexity of E, singularities is
formidable. To appreciate what is meant by this, consider
the resolution of E;. From Table I we know that an E;
singularity is locally isomorphic to the surface x> + y* =
16yz®> in C3. Its full resolution in terms of the seven
deformation parameters 7 = (1, t,, ..., t;) is given by

—x2 =y} + 16y + e,(Dy*z + €(D)y* + €5(D)yz
+ €19(D2? + €Dy + e4(Dz + €13(7) = 0, (1)

where the €, (7) are nth order symmetric polynomials in the
components of 7 which are tabulated over several pages of
the appendix of [7].

A naive way to determine the type of singularity found
by resolving E; ““in the direction 7> would be to expand
Eq. (1) completely using the explicit functions €, (7), find
each of its singular points, and expand locally about each

*It is of curious historical interest that the equations listed in
Table I were first identified by Fleix Klein in 1884 [11]. The
reader may also be amused that the full resolutions of these
surfaces were almost completely classified—up to a few com-
putational errors—by Bramble in 1918 [12].
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TABLE 1. Hypersurfaces in C? giving rise to the desired orbi-
fold singularities.

Gauge group Polynomial
SUn (EAnfl) xy:Zn
$0,, (=D,) x4yl =1
E¢ 2=y +7
E, X2+ 33 =16y
Eg X2+ y3 =7
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TABLE II. The roots of the singularity resulting from the
resolution of E, in the direction 7. This is a reproduction of
Table 4 of Ref. [7].

Equation Root
ti - tj =0 = e; — ej
L+t =0 = e e — e~ e
6 - _ N6
=11, =0 = 2e0 = X1 €,
7 — 7
Ztil + Zj=2 tij = 0 = 360 - 261'1 - Zj=2 el‘j

until an isomorphism with a singularity of lower rank in
Table I was clear. This is the way, for example, that [1]
demonstrated that the resolution of E; in the direction
(0,0,0,0,0,10) gives rise to Eg for r # 0. All of the results
in this paper could be verified in this way. Luckily, how-
ever, Katz and Morrison described a much more powerful
and direct way to analyze the deformations of E, singu-
larities [7].

We would like a pragmatic answer to the following
question: what is the type of fibre found by resolving an
E, singularity in the direction f? That there is an easy
answer to this question makes our work much simpler.
Although an adequate treatment would take us well beyond
the scope of our present discussion, the answer given in [7]
is at least very easy to make use of% for each of the
equations in Table 11 satisfied by the components of 1, the
singularity has the corresponding root. Given the list of
roots, it is then a straightforward exercise to construct the
Dynkin diagram corresponding to the singularity.’

In an admittedly bad notation, we consider each of the n
deformation parameters #;(¢) to be functions of ¢, the local
coordinate on the base space B. A (non-Abelian) gauge
theory will be present if there are roots implied by Table II
which are preserved for generic values of . And charged
massless matter will exist if at isolated points {z,} an
additional root is added—or, in terms of Dynkin diagrams,
if an additional node is added. At each isolated point we
can therefore identify the resolution G — H and thereby
determine the resulting representation.

III. GEOMETRIC ANALOGUE OF SO,y GRAND
UNIFICATION

A. The description of a 16 of SO,

A necessary starting point to describe the unfolding of a
16 of SO into the standard model is a description of the

®Of course, this answer does depend on the parametrization
used. As stated before, we are working with the conventions of
[7].

]’Misusing the notation of [7] in a way applicable only to SU,,,
S0,,, and E,, one can think of the vectors e; as an orthonormal
basis in Minkowski space which is equipped with a mostly plus
metric. Then roots are vectors in this space of norm +2. Each
(positive) root gives rise to a node in the resulting Dynkin
diagram, and two nodes are connected by a line if their inner
product is —1 and disconnected if they are orthogonal.

initial geometry as was done in [1]. We will briefly review
that construction in the language described above before
we unfold it, first into an SU5 model, and later all the way
into SU3 X SU2

Let ¢ be a local complex coordinate on the space B over
which is fibred the resolution of E4 parametrized by 7 =
(t,1,1, 1t —21). To be clear, for each value of ¢, the vector 7
describes an explicit surface in C? given in Ref. [7] analo-
gous to that of Eq. (1) above.

Considering the rules of Table II, we see that for an
arbitrary value of ¢ # 0 the root lattice of the fibre is

{ (g —e; — e —e) }
(e1 —ey) (€2 — e3) (e3—eq) (eqg—es)|
(2)

where we have displayed the roots suggestively so as to
reproduce the SO,y Dynkin diagram. At r = 0, however,
Eg is restored. So we have an isolated Eg fibre over the
point ¢ = 0, while for any ¢ # 0 the fibre is SOy. This
gives rise to SO, gauge theory with a single massless 16
located at the origin in the 7-plane.

B. Unfolding the 16 of SO, into SU;

We would like to unfold the manifold described above
into one with SUs gauge theory. It is not hard to guess in
what ““directions” 7 we may deform the geometry so that
the fibre over a generic point is SUs. Let a denote a
parameter independent of ¢ which adjusts the whole ge-
ometry over the region which is coordinated by ¢. Then let
the fibre over ¢ be given by the resolution of Eg in the
direction (¢, 1,1, t, t + a, —2t — a). Obviously when a = 0
the situation is the same as above and results in a single
massless 16 of SO,y. However, when a # 0 the situation is
different: for generic values of ¢ it is easy to see that the
simple roots are

—es—eg) (e —e) (ex—e3) (e3— ey}
(3)

which means that the generic fibre over ¢ is just SUs—and
so the resulting gauge theory is SUs.

To find what matter representations exist, we must de-
termine over which locations ¢ the rank of the fibre is
enhanced. This means we are seeking special values of ¢
(determined by a) at which an additional equation in

{(6’0_@1
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TABLE III. The locations on the complex ¢-plane over which
the singularity of the fibre is enhanced, and the representations of
SUs X U, that result.

Location Fibre Representation of SU5 X U,
3t+2a=0 SUs X SU, 14
3t+a=0 SOI() 10_1
t=0 SU6 53

Table II is satisfied. For each of these points, we can draw
the resulting Dynkin diagram to determine the fibre over
that point, thereby determining the representation which
arises there.

It is not hard to exhaustively find all these ‘‘more-
singular” points. They are give in Table III. Notice that
we have included the U,-charge assignments that result;
these are normalized as in the appendix of [13].

C. Unfolding a 16 of SO, into the standard model

To complete our task and unfold the 16 of SO all the
way to the standard model, we must deform the fibres by
another “global” parameter, which we will denote b. It is
not hard to guess a direction over which the generic fibre
will be SU; X SU,: try for example (¢, 1,1, t+ b, t+
a, —2t — a — b). Again, we notice that for a general loca-
tion # and generic fixed values a, b # 0, the singularity has
the root structure

{(ey —ex) (ex—e3)}®{(eg— ey

which is visibly SU; X SU,.

Like above, it is a straightforward exercise to determine
all the locations over which the singularity is enhanced,
and the resulting representation which arises. These points
including their resulting representations (with U,-charges
as normalized in [13]) are listed in Table IV. The entire
unfolding is reproduced graphically in Fig. 2.

—es—e)h (4

IV. GEOMETRIC ANALOGUE OF E¢ X SU,
GRAND UNIFICATION

After having completed the unfolding of a 16 of SO
into the standard model, it is natural to ask if this idea can
be extended to relate all the singularities of the standard
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SQxUy; SGU1pU), SUx SUXUMUNRUN),
(t,t,t,:,t+u,-2t-a) (t,r,t,t+b,t+a,-2t-a-b) GQ,,Z‘\ EQX B EQW Tocation

¢ b V() 0 5 1 [stearbeo
1/5,, 11 6 -1 1 |3t+a+2b=0

-t Q 32 1 -1 1 | stra+b=0
2 v, (31) 4 -1 1 3t+a=o

16 - d, 31 2 3 1| st+beo

E > L2 3 3 1 (=0

FIG. 2. An illustration of the resolution of a geometrically
engineered 16 of SO, into the standard model as a function
of two complex structure moduli a and b as described in Sec. III.
The coordinate along the base space is ¢ and runs vertically in the
diagram. When a = b = 0, along the left-hand side, there is just
one isolated Eg singularity at t = 0. When b =0 but a is
allowed to vary, this single singularity splits into three, and
any a = constant slice will have three isolated singularities in
the complex t-plane as shown above. Moving rightward in the
diagram, at the dashed line a is held fixed and b is allowed to
grow, causing the three enhancements of SUs to break apart into
six total isolated singularities over SU3 X SU,, which is shown
on the right-hand side. Also shown are the (appropriately nor-
malized) U, charges of fields obtained via this multiple unfold-
ing.

model as perhaps the unfolding of a single isolated singu-
larity of higher rank. The answer is in fact yes—and there
is a sense in which precisely three families arise if the
notion of ‘“‘geometric unification” is saturated.

Because a 16 of SO, arises from the resolution Eg —
S0y, it can only be unfolded out an exceptional singular-
ity. Clearly the highest level of unification one can achieve
along this line would be to start with a resolution Eg — H
where H is a rank-seven subgroup of Eg which contains
SOy The possible “top-level” gauge groups are then E-,
E¢ X SU,, and SO,y X SU5;. We choose to study Eg —
Eg¢ X SU, as our example because it will naturally include
a description of the unfolding of 27 of E into the standard
model, which is interesting in its own right, and because it
follows quite directly from our work in Sec. III.

The initial geometry which we will deform into the
standard model is given as follows. Let ¢ be a complex
coordinate on the base space B over which is fibred the
resolution (1,7, 0,0, 0,0, 0, 0) of Eg. Clearly, when t = 0 we
recover Eg; when ¢ # 0 we see that the roots of the fibre are

TABLE IV. The locations on the complex ¢-plane over which the singularity of the fibre is
enhanced and the representations of SU; X SU, X U, that result.

Location Fibre Representation of SU; X SU, X U, Name
3t+2a+b=0 SU; X SU, X SU, 1,1), Vi
3t+a+2b=0 SU; X SU, X SU, 1, 1) e
3t+ta+b=0 SUs 3,2), 0
3t+a=0 SU, X SU, (3,1)_y4 us
3t+b=0 SU, X SU, (3.1), ds
t=0 SU; X SU; (1,2)_5 L

046004-4



GEOMETRICALLY ENGINEERING THE STANDARD MODEL.: ...

{ (eg —e3 — ey — es) ]f
(e3—e4) (es—es) (es—es) (eg—e7) (e7—eg)

®{(e; —er)} (5)

which is visibly Eg X SU,. Following the general rule to
determine the representation resulting from a given reso-
lution [1], we find that at + = 0 lives massless matter
charged in the (27,2), ® (27,1)_, & (1, 2); representation
OfE6 X SUZ X U1¢.

To avoid pedantic redundancy, in Fig. 3 we have sum-
marized in great detail the entire unfolding into SU; X
SU, X Uy, X Uy, XUy, XU, XUy,. An outline of the
steps involved in deriving this unfolding is given presently.

First, the unfolding of the Eq X SU, gauge theory into
E¢ gauge theory is obtained by defining the fibre over ¢ to
be given by the resolution of Eg in the direction (¢ + a, t —
a,0,0,0,0,0,0) for some a # 0. This clearly kills the SU,
node of the fibre in Eq. (5). There are five locations at
which the singularity is enhanced by one rank, giving rise
to three 27’s and two singlets as shown in the left-most
section of Fig. 3.

The rest of the unfolding is a natural application of the
work in Sec. III. Let us now set the fibre over ¢ to be given
by the resolution (¢ + a, # — a, b, b, b, b, b, —2b) of Eg for
arbitrary complex deformation parameters a, b # 0. From
Sec. III we see immediately that the generic fibre is SOq.
A thorough scanning for possible solutions to equations in
Table II shows that there are 11 isolated points on the
complex t-plane over which the singularity is enhanced.
These correspond to the “breaking” of each 27 of E¢ into
16©10® 1 of SOy, while the singlets remain singlets.
This is seen in the second vertical strip (from the left) in
Fig. 3.

Again, following our discussion above, it is easy to
guess possibilities for the next two resolution directions.
First, we set the fibre over 7 to be given by (¢ + a, t —
a, b,b,b,b, b+ ¢, —2b — ¢) which will result SU;5 gauge
theory with matter content corresponding to the ‘“canoni-
cal” decomposition of three 27’s of Eg with two singlets.
And finally, the full resolution of the E¢ X SU, grand
unified model into SU; X SU, can be given by letting
the fibre over ¢ be given by the (t+a,t —a, t, 1t +
d, t+ ¢, —2b — ¢ — d) resolution of Eg for (generic) arbi-
trary fixed complex structure moduli a, b, ¢, d # 0.

V. IMPLICATIONS

Let us clarify what we have done. For a given set of
fixed, nonzero complex structure moduli, the resolution
given above describes the explicit, local geometry of a
noncompact Calabi-Yau threefold, which is a
K3-fibration over C!. If type Ila string theory is compacti-
fied on this threefold, the resulting four-dimensional theory
will have SU; X SU, gauge theory with hypermultiplets at
isolated points as given in Fig. 3 which reproduce the
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spectrum of three families of the standard model with an
extended Higgs sector and some exotics. Alternatively, if
one takes this (noncompact) Calabi-Yau threefold and
fibres it over CP! as described in Sec. I so that the total
space is Calabi-Yau, then F theory on this space will give
rise to N =1 supersymmetry with SU; X SU, gauge
theory and chiral multiplets in the representations given
in Fig. 3. And although it does not follow directly from our
construction above, considering the close similarities be-
tween two- and three-dimensional resolutions of the sin-
gular K3 surfaces we have every reason to suspect an
analogous geometry can be engineered for M theory in
terms of hyper-Kahler quotients by extension of the results
in [10,14,15]. We are currently working on building this
geometry in M theory, and we expect to report on this work
soon.

Given these four complex structure moduli, all the rela-
tive positions of the 35 disparate singularities giving rise to
all three families of the (extended) standard model are then
known.® Beyond the usual three families of the standard
model, the manifold also gives rise to two Higgs doublets
for each family, six Higgs color triplets, three right-handed
neutrinos, and five other standard model singlets. We
should point out that this matter content (and their
U, -charge assignments) is a consequence of group theory
and algebraic geometry alone—it is simply what is found
when unfolding Eg all the way to the standard model.

And given the relative positions and local geometry of
the singularities together with the U;-structure, one can in
principle compute the full superpotential coming from
instantons wrapping different singularities. Because these
are fixed by the values of the complex structure moduli,
there is a (complex) four-dimensional landscape’ of differ-
ent, explicit SU; X SU, embeddings at the compactifica-
tion scale. Although this large landscape may appear to
have too much freedom, we remind the reader that in the
traditional understanding of geometrical engineering there
would be hundreds of parameters describing the (indepen-
dent) relative locations of each of the isolated singularities.

There are a few things to notice about the form of
the superpotential that will emerge. First, because of
the U,-charge assignments, each term in the superpoten-
tial must combine exactly one term arising from each of
the 27’s. This greatly limits the form of the superpoten-
tial. And, in particular, it implies that neither mass
nor flavor eigenstates will arise from any single 27—that

8A subtlety, however, is that because our language has been
explicitly that of JN" = 2 theory from type Ila, we are unable to
distinguish the 5 from the S in the splitting of the 10’s of SO,. In
Fig. 3, a consistent choice was made, but it is not clear that this is
what will be found in F-theory or M-theory constructions where
such a distinction is possible.

“That it is continuous is a consequence of the fact that we are
engineering noncompact Calabi-Yaus. If one matched this local
geometry to a compact global structure, the landscape would of
course be discrete.
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EpxSUXU, EgUnxUt),  SQxUNXUMXU®,  SGUIURUM,xU),  SUsx SUxUAXURUMX U1 UN),

1 (t+a,6-0,0,0,0,0,0,0) (t+a,6-a,b,b,b,b,b,-2b)  (t+a,t-a,b,b,b,b,b+c,-2b-c) (t+a,t-a,b,b,b,b+d,b+c,-2b c-d) 6Q, 200, 200y B Py Tocation
Eg a b c /SL 1) 0 0 4 1 1 [trarsbrerd=o
1
1 L (1,2) -3 3 1 1 1 |tra+zb+ctd=0
5 d, (31) 2 3 1 1 1 t+a+2b+c=0
w, 31) -4 -1 1 1 1 | trawbrdo
16 10 Q 32 1 -1 1 1 1 t+a+2b=0
e, (1,1) 6 -1 1 1 1 tra+2b-d=o
27 1 "
10 = . (1,1) 0 -5 1 1 1 t+a+2b-c=o
B DGEN 2 2 2 1 1 trab=o
0, (1,2) 3 2 2 1 1 t+a-b-d=o
5
-t H, (1.2) 3 2 2 1 1 t+a-b-c=o
D (31) -2 2 2 1 1 t+a-b-c-d=o
! 1 N@AH 0 0 0 1 3| strassbeo
1
D (31) -2 2 2 0 -2 2t+4b+c+d=0
3 H,(12) 3 2 2 0 2 | e2teabeco
10 5 H; (12) -3 2 -2 0 -2 2t+4b+d=0
1 o 31 2 2 2 0 -2 t+2b=0
v, 111) 0 -5 1 0 -2 2t+b+c=0
16 10 c, (1.1) 6 -1 1 0 -2 2t+b+d=0
27 Q@32 1 -1 1 0 -2 2t+h=0
Ey 5 w, 31 4 -1 1 0 -2 st+bd=o
1 d, 31 2 3 1 0 -2 2t+b-c=0
1 L (12 3 3 1 0 -2 2t+b-c-d=0
s ) 0 0 4 0 2 | stsbedo
1 1 N (11 0 0O 0 1 3 3t-a+3b=0
1 /S, 11 0 0 4 -1 1 | tatsb+crd=o
1
1 L (12) -3 3 1 -1 1 | ta+zb+ctd=o0
J 4. @) 2 3 1 -1 1| rarbreo
w, (31) -4 -1 1 -1 1 t-a+2b+d=0
18 - Q32 1 -1 1 -1 1 t-a+2b=0
e, (1.1) 6 -1 1 -1 1 t-a+2b-d=o0
27 1 ,
10 N v, 1.1) 0 -5 1 -1 1 t-a+2b-c=o
> DGEN 2 2 2 1 1 tabo
Hy (12) -3 2 2 -1 1 t-a-b-d=o
2 \H, (12) 3 2 2 -1 1 t-a-b-c=0
D (31) -2 2 2 -1 1 t-a-b-c-d=o

FIG. 3. An illustration of the resolution of a single isolated Eg into the standard model in terms of four deformation parameters a, b,
¢, d. Along the left-hand side, for a = b = ¢ = d = 0, the generic E¢ X SU, fibre is enhanced to Eg at t = 0. Moving from left to
right, a, b, c, d are sequentially allowed to grow to some nonzero value—and between dashed lines all but one of the moduli are held
fixed. Solid lines indicate the locations of enhanced singularities relative to the plane for as functions of a, b, c, d. The complete list of
isolated singularities, their locations, and charge assignments are given on the right-hand side of the diagram.
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is, the ““families” in the colloquial sense are neces-
sarily linear combinations of fields resulting from different
27’s.

Also notice that in general the terms in the superpoten-

tial will be proportional to e Javel where dVol is the
volume form of some cycle wrapping singularities (the
details of which depend on whether we are talking about
type Ila, M-theory, or F-theory realizations), and are in
principle calculable in terms of the deformation moduli.
And because these coefficients are exponentially related to
the volumes of cycles, we expect the high-scale Lagrangian
will be generically hierarchical. This structure could be
important for solving problems in phenomenology —for
example the u problem in the Higgs potential, the Higgs
doublet-triplet splitting problem, or avoiding proton decay.

We are in the process of studying the phenomenology of
models on this landscape. At first glance, the U,-structure
combined with high-scale hierarchies could possibly be
complex enough to be able to avoid some of the typical
problems of E¢-like grand unified models. We should point
out that if there were no high-scale hierarchies, however,
then the allowed terms in the superpotential would generi-
cally give rise to low-energy lepton and baryon number
violation, similar to any “generic”’ E4 model—i.e. one
which includes all types of terms allowed by the
Eg¢-mandated U, -structure [16]. We could always impose
additional symmetries and add fields by hand to solve these
problems, but this would not be very compelling. However,
if viable models already exist in the landscape which do not
require additional fields or symmetries, these would be
compelling even if we do not yet understand how they
are selected.

One of the most important phenomenological questions
about these models is the fate of the additional U symme-
tries. Although we suspect that one can determine which of
the U, symmetries are dynamical below the compactifica-
tion scale by studying the normalizability of their corre-
sponding vector multiplets, we do not presently have a
complete understanding of this situation. Of course, if
any additional U;’s survive to low energy they could
have very interesting—or damning—phenomenological
consequences.

VI. DISCUSSION

An important point to bear in mind when considering
geometrically engineered models is that there generically
exist'® moduli which can deform the geometry into one
which gives rise to a theory with less gauge symmetry. For
example, if you are given a geometrically engineered SO,
grand unified model, then our results show explicitly that
the model can be locally deformed into an SU5 model, and

There could be global obstructions which prevent such a
deformation from taking place. But these are invisible to the
noncompact, local constructions considered here.
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this can be deformed further into the standard model; the
original SO, theory is seen to be a single point in a
(complex) two-dimensional landscape of SU; X SU, theo-
ries. And because larger symmetries always lie in lower
dimensional surfaces of moduli space, it is very relevant to
ask what physics prevents this unfolding from taking place.
Indeed, this question applies to the standard model as
well—our analysis could easily go further to unfold
away SU;z X SU,. We are not presently able to answer
why this does not happen''; although this observation
suggests that perhaps theories with less symmetry, like
SU; X SU,, could be much more natural than grand uni-
fied theories.

More generally, it is not presently understood what
physics controls the values of the geometric moduli which
deform the manifold—the parameters which deform the
Eg — E¢ X SU, complex structure, for example. We do
not yet have a general mechanism which would fix these
parameters; we simply observe that any nonzero values of
the moduli will give rise to a geometrically engineered
manifold with SU; X SU, gauge theory “peppered’” with
all the necessary singularities of the three families of the
standard model together with the usual Eg-like exotics.
And importantly, for any point in the complex four-
dimensional “landscape,” the relative locations of all the
relevant singularities are known—and hence in principle
so is the superpotential.

This relationship between moduli-fixing and gauge sym-
metry breaking could be a novel feature of geometrically
unfolded models. It may allow one to apply the results in
[8], for example, to single out theories on the landscape.
However, a prerequisite to this type of analysis would be an
identification of which moduli should be identified with the
ones which deform the geometry as described here.

Although the motivation in this paper and in [6] appears
to be a top-down realization of grand unification, there is a
sense in which we are really engineering from the bottom
up. Specifically, because the local geometry we have de-
scribed is noncompact, the resulting theory is decoupled
from quantum gravity, and the parameters along the land-
scape of deformations are continuous. This is not unlike
the situation in [18]. But what we lose in global constraints
we perhaps gain by concrete local structure. Not only do
we have a framework which naturally predicts three fam-
ilies with a rather detailed phenomenological structure, but
we have done so in a way that preserves all the information
about the local geometry. And because this framework
realizes the “physics from pure geometry’ paradigm in a
potentially powerful way, it could prove important to con-
crete phenomenological constructions in M theory, for
example.

" Although, perhaps the unfolding of SU, may provide an
alternative to tuning in the usual Higgs sector [17]. It would
be interesting to understand in greater detail the relationship
between unfolding and the Higgs mechanism.
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Of course we envision these local geometries to be
embedded within compact Calabi-Yau manifolds. It is an
assumption of the framework that the precise global topol-
ogy of the compactification manifold can be ignored at
least as a good first approximation. One may ask the extent
to which these constructions can be glued into compact
manifolds. Concretely: under what circumstances can a
noncompact Calabi-Yau threefold which is a fibration of
K3 surfaces with asymptotically uniform ADE-type singu-
larities be compactified? This is an important question for
mathematicians, the answer to which would likely lead to
important physical insight—e.g. quantization of the mod-
uli space of deformations.

A possible objection to this framework is that our
constructions appear to depend on several seemingly arbi-
trary choices (the specific chain from Eg to the stan-
dard model, which roots were eliminated at each step,
etc.). However, it is likely that the particle content, for
example, whose results are completely independent
of these choices. Furthermore, we suspect that different
realizations of the unfolding merely result in different
parametrizations of the landscape, and do not reflect true
additional arbitrariness. But this is still an area that de-
serves attention.

Lastly, because in this picture the standard model is seen
to unfold at the compactification scale, one may ask what
has become of gauge coupling unification. Because the
gauge coupling constants are functions of the volumes of
their corresponding codimension four singular surfaces'?
which depend on the deformation moduli, the traditional
meaning of grand unification is more subtle here—as is
typical in string phenomenology. For example, although
we chose to unfold the standard model sequentially as a
series of less unified models, there is no reason to suspect
that order has any physical importance. Surely, if as we
parametrized the unfolding in Sec. IV, setting d — 0 (or

'20f course, this can only be discussed concretely when the
compact manifold is known.
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¢ — 0) would result in an SUs grand unified theory; but
setting @ — 0 instead would result in a restoration of
family symmetry. The four complex structure moduli
tune different types of unification separately —and should
simultaneously be at play in the question of gauge coupling
unification.

It is interesting to note, however, that if one were to
simultaneously scale the values of all the moduli to be very
small, the spectrum would be more and more unified: the
relative distances between singularities shrink, unifying
the coefficients in the superpotential; and the volumes of
the codimension four singularities (if realized in a compact
manifold) would approach one another, resulting in a uni-
fication of their gauge couplings. What this may mean
phenomenologically remains to be understood.

In this paper we have described a local, purely geometric
framework in which gauge symmetry ‘“breaking” can be
recast as a problem of moduli fixing—and in which the
same moduli which describe this geometric ‘“‘unfolding”
also determine the physics of massless matter. And
although we still do not understand the mechanisms by
which these moduli are fixed, the landscape of possibilities
is already enormously reduced: what would have been the
hundreds of parameters describing the relative positions on
the compactification manifold of the standard model’s
three families worth of matter fields, we specify them all
in terms of only four complex structure moduli which
describe the unfolding of an isolated Eg singularity. And
the fact that three families emerge is group theoretic and
not added by hand.
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