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We present a method for constraining Lorentz violation in the electron sector, based on observations of
the photons emitted by high-energy astrophysical sources. The most important Lorentz-violating opera-
tors at the relevant energies are parametrized by a tensor c�� with nine independent components. If c is
nonvanishing, then there may be either a maximum electron velocity less than the speed of light or a
maximum energy for subluminal electrons; both these quantities will generally depend on the direction of
an electron’s motion. From synchrotron radiation, we may infer a lower bound on the maximum velocity,
and from inverse Compton emission, a lower bound on the maximum subluminal energy. With
observational data for both these types of emission from multiple celestial sources, we may then place
bounds on all nine of the coefficients that make up c. The most stringent bound, on a certain combination
of the coefficients, is at the 6� 10�20 level, and bounds on the coefficients individually range from the
7� 10�15 level to the 2� 10�17 level. For most of the coefficients, these are the most precise bounds
available, and with newly available data, we can already improve over previous bounds obtained by the
same methods.
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I. INTRODUCTION

Currently, there is a great deal of interest in the possi-
bility that Lorentz and CPT symmetries might not be exact
in nature. If violations of these very basic symmetries are
discovered, they would be of tremendous importance. They
would be very important clues about the nature of physics
at the Planck scale. Many candidate theories of quantum
gravity suggest the possibility of Lorentz symmetry break-
ing in certain regimes. For example, Lorentz violation
could arise spontaneously in string theory [1,2] or else-
where [3]. There could also be Lorentz-violating physics in
loop quantum gravity [4,5] and noncommutative geometry
[6,7] theories, or Lorentz violation through spacetime-
varying couplings [8], or anomalous breaking of Lorentz
and CPT symmetries [9] in certain spacetimes.

Ultimately, the correctness of Lorentz symmetry must
be verified experimentally. To date, there have been many
high-precision experimental tests of Lorentz invariance.
These have included studies of matter-antimatter asymme-
tries for trapped charged particles [10–13] and bound state
systems [14,15], determinations of muon properties
[16,17], analyses of the behavior of spin-polarized matter
[18,19], frequency standard comparisons [20–23],
Michelson-Morley experiments with cryogenic resonators
[24–26], Doppler effect measurements [27,28], measure-
ments of neutral meson oscillations [29–34], polarization
measurements on the light from distant galaxies [35–38],
and others.

There are many systems and reaction processes that
could potentially be used to set further bounds on
Lorentz violation. This work focuses on experimental lim-

its based on observations of synchrotron and inverse
Compton (IC) radiation from ultrarelativistic electrons in
astrophysical sources. Some of these limits have already
appeared [39,40], but with new experimental data avail-
able, even better bounds are now possible.

In order to evaluate the results of sensitive Lorentz tests,
it has been useful to develop a local effective field theory
that parametrizes all possible Lorentz violations. The most
general such theory is the standard model extension (SME)
[41,42]. The SME includes, in addition to all Lorentz-
violating operators that can be written down using standard
model fields, all possible Lorentz-violating terms in the
gravitational sector as well [43]. Although many theories
describing new physics suggest the possibility of Lorentz
violation, none of them are understood well enough to
make firm predictions. The utility of the SME is its gen-
erality. Working within the SME, we can place bounds on
the coefficients that parameterize any Lorentz violation,
and these bounds do not depend on the ultimate mechanism
underlying the Lorentz violation.

Of course, the number of parameters in the most general
version of the SME is infinite. Practically, it is usually more
useful to restrict attention to a finite subset of these coef-
ficients. The most commonly considered subset is the
minimal SME. This includes operators which are super-
ficially renormalizable (that is, of dimension three or four)
and invariant under the standard model’s SU�3�c �
SU�2�L �U�1�Y gauge group. The one-loop renormaliz-
ability of a further subset of the minimal SME—the mini-
mal QED extension—has been verified explicitly [44].
Moreover, radiative corrections to this particular theory
can be extremely interesting. Such interesting effects as
photon splitting [45], ambiguous radiative corrections [46–
49], and radiatively induced photon masses [50] are pos-*Email address: baltschu@indiana.edu
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sible. The stability of the minimal SME operators, as well
as their causality properties, have also been looked at in
detail [51].

Many of the coefficients in the minimal SME have been
tightly constrained, but many others have not. For example,
the neutrino sector is barely constrained at all. This work
presents the best bounds on several coefficients in an
important sector of the theory.

One of the radiation processes considered here—syn-
chrotron radiation—has already been the subject of a
number of analyses that included Lorentz violations.
Several of these have focused on Lorentz violation through
changes to particle dispersion relations. This follows the
popular approach of Myers and Pospelov [52]. Taking a
preferred direction v� in spacetime, one may add an
operator proportional to i���v�@��3� to the Lagrange
density for a scalar particle. If v� has a time component
only, this will add a term proportional to E3 to the usual
relativistic energy-momentum relation E2 � ~p2 �m2.
Since the statement that v� is purely timelike is not
Lorentz-invariant, this condition must be taken to hold is
a particular preferred frame, which is typically assumed to
be the rest frame of the cosmic microwave background. In
this framework, the electromagnetic field is incorporated
through the usual minimal coupling procedure. In the
presence of this kind of Lorentz violation, the motion of
a charged particle in a constant magnetic field is modified,
but the projection of the trajectory onto the plane perpen-
dicular to ~B remains circular, and the particle’s speed
remains constant. The radiation in the far field can be
determined (including information about polarization)
and circumstances that could enhance observable effects
have been identified [53,54].

Stringent bounds on Lorentz violations with modified
dispersion relations have been obtained from data from the
Crab nebula [55–57]. These modifications can lead to
maximum particle velocities that are less than the speed
of light, but the Crab nebula shows evidence of synchrotron
emission from electrons with Lorentz factors of � � �1�
~v2��1=2 � 3� 109. For electrons with the conventional
dispersion relation, this corresponds to energies of
1500 TeV. The existence of electrons with velocities this
large can be used to constrain the dispersion relation
models. If the coefficient of the Lorentz-violating operator
in the Lagrangian has a particular sign, the data show that it
must be at least 7 orders of magnitude smaller than
O�E=MP� Planck-level suppression. This method, of plac-
ing bounds on the size of the Lorentz violation based on the
inferred velocities of astrophysical electrons, is the same
one we shall use here. However, we shall apply the argu-
ments to more important superficially renormalizable
operators.

If spacetime is noncommutative, this will result in
Lorentz noninvariant physics [7]. Synchrotron processes
have also been examined within this framework. Because

of the noncommutivity of the coordinates, there automati-
cally are modifications to all sectors of the theory. The
electron sector, the free photon sector, and the minimal
coupling between the two are all affected. The discussion
in [58] covers the particular case in which a magnetic field
and the Lorentz-violating noncommutativity parameter are
aligned, so that the orbits of charged particles in the plane
perpendicular to ~B are still given by circles. It is possible to
work out the far fields within this model at leading order in
the noncommutativity. However, there are a number of
potential difficulties associated with the interpretation;
these include acausality and problems with quantization.

In Sec. II, we shall introduce the SME terms that are
likely to make the largest contributions to observable high-
energy astrophysical processes. We shall explain why all
other terms should probably contribute negligibly in com-
parison, but we shall also discuss how the same experi-
mental data we shall utilize could nonetheless be used to
constrain other Lorentz-violating models. Our bounds on
Lorentz violation are related to the high-energy behavior of
electrons’ velocities. The Lorentz-violating modifications
of the velocity are worked out in Sec. III. There are two
important effects. The maximum electron speed might be
less than one; or it might be greater than one, so that there
is a maximum energy for subluminal electrons. In Sec. IV,
we discuss the necessary details of the astrophysical syn-
chrotron and inverse Compton processes, and in Sec. V, we
describe how parameters such as the maximum electron
speed can be inferred from observed spectral data. Then in
Sec. VI, we look at the data that is actually available and
use it to place bounds on the Lorentz-violating coefficients.
Finally, we discuss our conclusions and the prospects for
further improvement in Sec. VII.

II. LORENTZ-VIOLATING QED

A. The c term

Both modified dispersion relation and noncommutative
spacetime theories involve Lorentz-violating operators that
are nonrenormalizable by power counting. On the other
hand, there is a unique spin-independent, superficially
renormalizable SME coupling that is consistent with the
gauge invariance of the standard model and which grows in
relative importance at high energies. This is a CPT-even
two-index tensor c��, and this is the term which we will
seek to constrain.

The Lagrange density we shall consider is

 L � �1
4F

��F�� � � 	���i@� � eA�� �M
 ; (1)

where �� � �� � c���� and M � m, so that

 L ��1
4F

��F��� � 	���� c������i@�� eA�� �m
 :

(2)

Here,  is the electron field, and c contains nine parameters
that contribute to Lorentz-violating physics at leading
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order. The expression (2) is not the full Lagrange density
for the electron and photon sectors of the minimal SME.
More generally, we could have

 �� � �� � c���� � d�����5 � e� � if��5

� 1
2g
������ (3)

and

 M � m� a6 � b6 �5 �
1
2H

����� � im5�5; (4)

as well as terms � 1
4 k

����
F F��F�� and 1

2 k
�
AF�����F

��A�

in the electromagnetic sector. However, the c coefficients
are the only sources of Lorentz violation that we shall need
to consider. As we shall discuss shortly, all other Lorentz-
violating terms can either be absorbed into c or will have
their contributions suppressed.

The trace c�� only affects the overall normalization of
the electron field, and the antisymmetric part of c has no
effects at first order, because at that order, it is equivalent to
a change in the representation of the Dirac matrices.

We shall choose a c that is not symmetric, but rather one
with c�0 � 0. This can be accomplished using a field
redefinition. We do this because it will simplify our calcu-
lations. The utility of this choice comes from the fact that,
despite the Lorentz violation, the electromagnetic field is
coupled conventionally to the velocity via a v�A� term.
Because c�0 � 0, the electrostatic potential � � A0 is
coupled, as usual, to the charge density e y , and the
vector potential ~A couples to e y _~x . (Although the opera-
tor e y _~x technically contains Zitterbewegung, it will be
perfectly valid to ignore this effect.) So all the usual results
for the electromagnetic field of a moving pointlike charge
continue to hold, once the charge’s motion is prescribed.
Determining this motion is also relatively simple, because
the equation of motion for the particle is the unmodified
Lorentz force law.

Moreover, the canonical quantization of the fermion
field requires some care when certain c coefficients are
nonvanishing. If c�0 were nonzero, then L would contain
nonstandard time derivative terms. In that case, a matrix
transformation  0 � R would be required, to ensure that
�0 � �0. An explicit power-series expression for the re-
quired R is given in [59]. For simplicity, we shall assume
that any such necessary transformation has already been
performed and c�0 � 0. However, this will require us to
consider the canonical quantization in a single frame only.
We may not boost the theory into another frame, because
doing so would reintroduce the problematic time deriva-
tives. The precise frame in which we shall take c�0 � 0 is
the standard sun-centered celestial equatorial coordinate
frame that is used in the study of Lorentz violation [60].

The c coefficients for protons are generally more tightly
constrained than those for electrons. The proton’s c values
can be measured by precision atomic clock comparison
experiments. Unfortunately, the hyperfine transitions used

in these measurements are not sensitive to c-type Lorentz
violation in the electron sector. However, other atomic
transitions at much higher energies may be sensitive to
the electron c terms; future laboratory experiments could
use measurements of those transitions to constrain many of
the same terms that are being discussed here.

B. Terms to be neglected

There are other superficially renormalizable couplings
contained in the minimal SME, but as already noted, the c
couplings are most natural in this context, and they should
make the largest contributions to the effects we plan to
study. Nonrenormalizable operators—which are outside
the minimal SME—we naturally expect to be suppressed
relative to renormalizable ones by powers of a large mo-
mentum scale. When considering synchrotron and IC ra-
diation, one is primarily interested in particles with very
high energies. Lorentz-violating coefficients that modify
the kinetic part of the Lagrangian will grow in relative
importance at high energies, as the components of the
momentum become large, so it is natural to consider only
such kinetic modifications; thus we may neglect a, b, and
H, whose effects do not increase with energy. There remain
in �� only two sets of Lorentz-violating that are consistent
with the actual standard model’s chiral gauge couplings—
the c�� terms and also the set of d�� terms, which have the
same form as the c interactions, except for the addition of a
�5.

However, we do not consider the d interactions here,
because their effects are expected to be small.
Contributions from d should average out, because there
should be no net polarization of the electrons in high-
energy sources. In fact, for an electron undergoing circular
cyclotron motion, with the spin oriented in the plane of the
orbit, the spin rotates by 2	� g�2

2 radians with each orbital
revolution. For �� 
�1, the spin will rotate many times
during one orbital period, and any effects proportional to
the helicity will be diminished by the resultant averaging.
Moreover, mixing between the standard kinetic term and
the c term (which have the same basic Dirac structure) also
causes the effects of c also grow in importance relative to
those of d at high energies [51]. If the scale of the dimen-
sionless coefficients c and d is O�m=MP�, where MP is
some large momentum scale, then the effects of c grow to
be large at momenta j ~pj �

�����������
mMP
p

, while those of d grow
more slowly, becoming large only when j ~pj �MP. [If
there is physical Lorentz violation, then MP may represent
the Planck scale. However, for the present purposes, we
may take MP to be effectively defined by the size of c; MP
is whatever scale is needed so that c will be O�m=MP�.]

Modifications of the kinetic Lagrangian that are not
invariant under the standard model’s SU�2�L gauge sym-
metry can also exist; these are e, f, and g. However, these
can only appear as part of electroweak symmetry breaking,
as vacuum expectation values of higher dimensional (i.e.,
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nonrenormalizable) operators. These operators should
therefore be further suppressed, and we shall also neglect
them.

Finally, we may also neglect any Lorentz violation in the
photon sector. Modifications of the free electromagnetic
Lagrangian will generally change the speed of photon
propagation. Most possible Lorentz-violating terms in the
free electromagnetic sector (all the components of kAF and
half those of kF) give rise to photon birefringence, because
photons with right- and left-handed circular polarizations
travel at different speeds. This birefringence has been
searched for and not seen. The limits on the relevant forms
of Lorentz violation are very strong, and we may safely
neglect them. The purely electromagnetic terms that do not
cause birefringence can be accounted for by adding

 L F � �
1
4�kF�



�
��F

��F�
� � F��F���: (5)

to L. However, a coordinate transformation x� ! x� �
1
2 �kF�


�

�x� will eliminate all the Lorentz violation from

the photon sector at leading order [61,62]. This transfor-
mation shifts the Lorentz-violating physics into the
charged matter sector, where it manifests itself exactly as
a c�� term. So we see that consideration of c captures all
the possible sources of Lorentz violation in a synchrotron
process that are not significantly further suppressed.
However, it is important to note that the transformation
that eliminates kF is frame-dependent, and the new coor-
dinates need not even be rectangular relative to the original
ones; so by choosing to consider only this form of Lorentz
violation, we are restricting ourselves to working in a very
particular and special coordinate system.

C. Alternative formulations

1. Alternative form for c

In many applications, it is more convenient to consider a
c�� which is both traceless and symmetric. We shall refer
to the equivalent c tensor with these properties as cTS, and
all the bounds given here can be easily translated into
bounds on the coefficients of cTS.

The trace c�� can actually be eliminated from the
theory to all orders by a field redefinition. g�� � c�� is a
bilinear form that connects �� and p� in the action.
However, its trace can be fixed to four by inserting a new

set of fermion fields  0 �
���������������������
1� 1

4 c
�
�

q
 . (This field rede-

finition must be accompanied by a change in the value of
the mass parameterm; however, this change is unimportant
for the ultrarelativistic phenomena considered here.) At
leading order, the redefinition changes c�� to c�� �
1
4 c




g��. Symmetrizing this expression is trivial to accom-

plish, so the final traceless symmetric cTS equivalent (at
leading order) to our c is

 c��TS �
1
2�c

�� � c��� � 1
4c



g

��: (6)

In fact, clock comparison experiments, which set the
best bounds on the c coefficients for protons and neutrons,
have only bounded such combinations as c�XY� [where the
parentheses denote the symmetrized expression c�XY� �
cXY � cYX], c0X, cXX � cYY , and cQ � cXX � cYY �
2cZZ. (The coordinate system in which X, Y, and Z are
defined is explained in Sec. VI.) None of these combina-
tions of coefficients is actually sensitive to whether or not c
is traceless. These experiments only constrain eight of the
nine physical c coefficients per species. Clock comparison
bounds on the remaining nucleon coefficients—the �cTS�00

[or equivalently, the �cTS�jj]—have not been calculated,
because they would be suppressed by two powers of the
Earth’s revolution speed, v� � 10�4. Moreover, the
bounds on the nucleons’ c0j terms are already worse than
the bounds on the other coefficients by one power of v�. In
general, for each time index on an element of c, the
observable effects (which come from violations of boost
invariance) are suppressed by one power of the velocities
involved. For laboratory experiments, where the largest
speed available is v�, this is a major impediment.
However, when the bounds are based on observations of
ultrarelativistic electrons, this fact presents no problem at
all, because the particles’ speeds are all very close to 1.
Therefore, we can find bounds on all the physically mean-
ingful electron c coefficients at the same level of accuracy;
any differences in the bounds are due solely to the differing
the quality of the data available for sources in various
directions.

2. Other theories

We shall be bounding the c coefficients for electrons by
looking at the structure of the theory near the electrons’
maximum velocities. Obviously, without any Lorentz vio-
lation, this maximum velocity is one. However, a c term
will generally result in a change to the maximum speed. If
cjk / �jk, the electrons’ limiting speed is the same in all
directions; the free electron theory looks just like ordinary
special relativity, but with a different value for the speed of
light. As we will see, a c0j term results is a similar dis-
tortion of the energy-momentum relation, with the added
wrinkle that the maximum speed is direction-dependent.
This angular dependence is dipolar; for electrons travelling
in a direction ê, the maximum speed is 1� c0jêj. An
electron moving the opposite direction will have a different
maximum speed, and in the plane normal to the three-
vector defined by the c0j, the top speed is one. The traceless
part of cjk has a similar effect, except that the deformation
of the maximum speed has a quadrupole pattern. (We shall
derive all these facts in Sec. III.)

So c leads to three kinds of deviations in the maximum
election speed, which have three of the most obvious
possible forms. There are other possibilities too, however.
Direction-dependent changes in the speed of light with
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octopole or higher multipole characteristics are not pos-
sible with just a c term, but they might occur in more
general theories. Modifications of Lorentz invariance
which are only important above some large scale M,
such as would result from a deformed energy-momentum
relation E2 � m2 � ~p2 � j ~pj3=M are also possible.
However, regardless of the structure of a specific theory,
if the electrons’ maximum speed is different from one,
bounds of the sort discussed here will be available, based
on the very same observations. As already mentioned, for
the theory with the j ~pj3=M modification, some of these
bounds have already been worked out [55,56]. We shall not
pursue the analyses of such alternative theories any further,
since the effective field theory operators that give rise to
these kinds of Lorentz violations are generally exotic and
nonrenormalizable, making them less important than c.
However, we should keep in mind that bounds similar to
the ones here are possible in these nonrenormalizable
theories as well.

III. ELECTRON VELOCITIES

A. Derivation of ~v

Because the free electromagnetic sector and the cou-
pling to charged matter in (2) are completely conventional,
standard effects in electrodynamics may be used as sensi-
tive probes of the Lorentz-violating electron sector. In
particular, we may place strong bounds on c by looking
at the relationships between energy, momentum, and ve-
locity in the c-modified theory. At ultrarelativistic ener-
gies, the bounds on c that can be derived from observing
the emissions of an electron with Lorentz factor � go as
��2. This strong dependence on � is a consequence of the
rapid growth in the importance of c with energy. If c is
O�m=MP�, its effects will become important at scale E������������
mMP
p

, and the Lorentz factor at this scale is ��
��������������
MP=m

p
.

So if no effects of Lorentz violation are observed up to
some Lorentz factor �, this constrains c to be smaller than
O���2�. (On the other hand, any bounds on the d, e, f, and
g coefficients would scale as ��1, at best.)

We must understand the effects of Lorentz violation in
the free electron sector in order to place constraints on c.
So we shall for the moment neglect the electromagnetic
coupling and just look at how the free electrons behave. In
particular, we shall look at the structure of the electron
velocity. This means doing single-particle relativistic
quantum mechanics, starting from a modified Dirac equa-
tion [63]. We shall see that the conventional relations
between energy, momentum, and velocity—E � �m and
~	 � �m ~v—no longer hold because of the Lorentz
violation.

It turns out however, that even in the presence of any of
c, the velocity may be found exactly. With the Lorentz
violation, the single-particle Hamiltonian becomes

 H � 
j	j � clj
l	j � c0j	j � �m: (7)

As usual, the Dirac matrices are 
j � �0�j and � � �0. ~	
is the mechanical momentum, which coincides with the
canonical momentum in the free case; however when we
reintroduce the electromagnetic coupling, the velocity will
depend on ~	 � ~p� e ~A, rather than the gauge-
noninvariant canonical momentum ~p. The Hamiltonian H
generates the Heisenberg equation of motion for the posi-
tion operator xk,

 _x k � i	H; xk
 � 
k � clk
l � c0k; (8)

so in the presence of the Lorentz violation, ~
 is no longer
the velocity operator, although the velocity is still an affine
function of the 
j.

To find the velocity, we must solve the Heisenberg
equation of motion for 
k. This equation is

 _
 k � i	�2
k�H � c0j	j� � 2	k � 2ckj	j
; (9)

and it has an exact solution analogous to the Lorentz-
invariant one—
 


k�t� � �	k� ckj	j��H� c0j	j��1� 	
k�0�

� �	k� ckj	j��H� c0j	j�
�1
e�2i�H�c0j	j�t: (10)

H and ~	 are constants of the motion. The second term on
the right-hand side of (10) is matrix-valued and oscillatory.
It is a Zitterbewegung term, completely analogous to the
one found in the Lorentz-invariant case. The
Zitterbewegung arises from interference between positive-
and negative-frequency plane waves, and it is solely re-
sponsible for the fact that the components of the velocity
do not commute with one-another. The Zitterbewegung is
purely quantum-mechanical in origin, and it may be ne-
glected. The Zitterbewegung motion can be eliminated
entirely if the electron wave packet contains no negative-
frequency components, which is possible if the particle is
spread out spatially, with a position uncertainty larger than
the Compton wavelength 1=m. Moreover, to the extent that
we want to consider the radiation from electrons with well-
defined velocities, we must drop the Zitterbewegung, be-
cause it prevents us from resolving more than one compo-
nent of the velocity at a time.

The Zitterbewegung-free contribution to the velocity is
therefore

 vk �
1

E� c0j	j
�	k � ckj	j � cjk	j � cjkcjl	l� � c0k:

(11)

The Hamiltonian has been replaced by its eigenvalue E. E
is the energy corresponding to the momentum ~	, E �������������������������������������������������������������������
m2 � �	k � ckj	j��	k � ckl	l�

q
� c0j	j. The group ve-

locity derived from E is the same as the Zitterbewegung-
free ~v; however, the algebraic method of deriving the
velocity is more general.
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To first order, only the symmetric part of ckj contributes
to ~v, as expected. The antisymmetric part corresponds at
this order merely to a change in the representation of the �j
Dirac matrices; such a change can have no physical con-
sequences. [The fact that (11) depends asymmetrically on
c0j and not cj0 is a consequence of the fact that our
calculational methods have already made use of the fact
that c�0 � 0.]

We can now see why the effects of c become large at the
scale

�����������
mMP
p

. According to (11), the velocity might be-
come superluminal when j ~	j=E 
 1� jcj, where jcj is a
characteristic size for the Lorentz-violating coefficients.
This gives us an estimate of the maximum value of �
that can be achieved before new physics must come into
play if some form of causality is to be preserved. For
ultrarelativistic particles, � 
 	2�1� j ~	j=E�
�1=2, and
this diverges at an energy scale Emax �m=

������
jcj

p
������������

mMP
p

. Above this scale, the description of the Lorentz
violation through an effective field theory containing only
c�� terms will generally break down, and higher dimension
operators should become important.

B. Maximum velocity

We can exploit the Lorentz violation in the relationship
between momentum and velocity to place bounds on c.
There are two crucial and complementary effects. The first
effect is that the maximum electron speed in a given
direction ê is generally different from one. The value of
this new maximum velocity can be easily calculated to first
order in c. We simply expand vjêj to O�c�, finding

 

vjêj �
1������������������������

m2 � 	j	j
q

�
	jêj � cjk

	j	k
m2 � 	l	l

	lêl

� cjk	jêk � cjk	kêj

�
� c0jêj: (12)

At large momenta, we may neglect the mass m. Then in
terms of the unit vector 	̂ in the momentum direction, vjêj
becomes

 vjêj � 	̂jêj � cjk	̂j	̂k	̂lêl � cjk	̂jêk � cjk	̂kêj

� c0jêj: (13)

The speed will be maximum when the momentum direc-
tion is 	̂ � ê�O�c�. In the terms that already contain c,
the c-dependent corrections to this direction may be ne-
glected; we may therefore replace 	̂ with ê in the O�c�
terms and then maximize the resulting expression, which is
just 	̂jêj � cjkêjêk � c0jêj. This is clearly still maximized
by setting 	̂ � ê, as in the Lorentz-invariant case. So the
limiting value of vjêj is

 �vjêj�max � 1� cjkêjêk � c0jêj: (14)

If this is less than one, it can have readily observable
consequences.

C. Maximum subluminal energy

The complementary effect is that there may be a maxi-
mum energy available to electrons with subluminal veloc-
ities. This will also generally depend on the direction of a
particle’s motion. To determine this energy, we again use
(12), setting vjêj � 1. However, in this case the mass
cannot be neglected; instead, we expand to leading order
in m2=	j	j. This gives
 

1�
m2

2	j	j
� 	̂jêj � cjk	̂j	̂k	̂lêl

�
1�

m2

	j	j

�
� cjk	̂jêk

� cjk	̂kêj � c0jêj: (15)

We know from the previous calculation that the velocity in
the ê-direction will reach the speed of light most easily
(that is, with the smallest momentum) when ~	 and ê are
aligned. Any corrections to this alignment are at least
second order in c. So we may replace 	̂with ê everywhere.
Doing this, we have

 

m2

2	j	j
�1� 2cjkêjêk� � �cjkêjêk � c0jêj: (16)

Up to corrections of O�c� or O�m2=	j	j�, 	j	j=m2 is
simply E2=m2. The corrections just mentioned, as well as
the c-dependent terms on the left-hand side of (16), may be
neglected. They are small corrections to the expression

 

E
m
�

1�����������������������������������������
�2cjkêjêk � 2c0jêj

p : (17)

The maximum subluminal energy E is proportional to the
inverse square root of c, which is not surprising, since for
vanishing c, E must be infinite. As is obvious from (17),
such a maximum value for E need not always exist. In fact,
according to (14), this maximal subluminal energy does
not exist precisely when the maximum speed in the rele-
vant direction is less than or equal to one, and this is
exactly what one would expect.

D. Relationship to bounds on c

The two conditions we have found, that vjêj cannot
exceed 1� cjkêjêk � c0jêj and that E=m cannot exceed
��2cjkêjêk � 2c0jêj�

�1=2 without an electron becoming
superluminal, look very different, although they do both
depend on c through the expression cjkêjêk � c0jêj.
However, we these two conditions can actually be cast in
very similar forms, when they are related to experimental
observations. If we separately observe the existence of
electrons with Lorentz factors up to some value �max �

�1� v2
max�

�1=2 moving in the ê-direction and subluminal
electrons with energies up to Emax traveling in the same
direction, then this restricts cjkêjêk � c0jêj to lie in the
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range

 �
1

2�Emax=m�2
< cjkêjêk � c0jêj <

1

2�2
max

: (18)

Naturally, in the absence of Lorentz violation, � �
E=m. By measuring �max and Emax, we are constraining
the electrons’ energy-momentum relation. The speed of
light is fixed to be one by the conventional electromagnetic
sector. This provides a basis for comparison when we
search for Lorentz violations in other sectors. If Lorentz
symmetry is exact, the maximum possible � and E are both
infinite. Yet this is not generally the case with Lorentz
violation, and the Lorentz-violating c terms distort the
behaviors of the Lorentz factor and the energy differently.
So it is not surprising that the bounds derived from �max

and Emax are different, and it is quite convenient that they
are actually so complementary.

IV. HIGH-ENERGY RADIATION PROCESSES

A. Synchrotron process

The classical synchrotron process involves electrons
revolving helically around lines of magnetic flux. These
accelerated particles emit radiation over a broad spectrum
of frequencies, up to a characteristic cutoff. We shall
review the crucial features of this phenomenon, emphasiz-
ing those characteristics that will be important for our
study of Lorentz violation. An excellent source that dis-
cusses the importance a various effects in determining
astrophysical synchrotron spectra is [64], although the
basic material can be found in many treatments.

We have previously presented a much more detailed
account (to all orders in c), of the synchrotron process in
the presence of Lorentz violation [39]. However, most of
the detailed results arising from this treatment turn out to
be unimportant for our attempt to set bounds on c. The
predominant effects are the ones discussed in Sec. III,
which were derived only from the electrons’ energy-
momentum relation. There are some other interesting
qualitative changes in the behavior of the system that we
shall mention; however, we shall not treat them in great
detail.

Thus far, we have used rationalized units for the elec-
tromagnetic field and charge. However, for explicit calcu-
lations involving electrodynamics with moving sources, it
is easier and more conventional to use Gaussian units. We
shall use these unrationalized units in Secs. IV and V, so
that the formulas will look more familiar.

1. Synchrotron motion

The basic phenomenon of synchrotron motion is well
known. Charged particles (in this case electrons) moving a
high speeds are accelerated perpendicular to the direction
of their motion by a basically homogeneous magnetic field.
Their trajectories curve around the magnetic field lines.

This confines the electrons in the plane perpendicular to ~B,
although they still move freely along the direction of the
field. This picture changes only slightly when a Lorentz-
violating c term is added.

At the energies we are interested in, all quantum effects
can be neglected. This applies to both the electrons’ mo-
tions and, as we shall see, to the radiation emissions.
Quantum effects could enter through Landau level quanti-
zation or spin-dependent effects, or through the
Zitterbewegung. The spin-orbit and Landau level effects
make the spectrum discrete, but the difference between
adjacent energy levels is miniscule compared to the ener-
gies involved. Since the quantum numbers are very large,
the classical treatment is an excellent approximation.
Similarly, although the velocity that the three-vector po-
tential couples to is, in principle, the velocity e y _~x 
including the Zitterbewegung, we know empirically that
Zitterbewegung is unimportant in the emission of astro-
physical synchrotron radiation. The changes to the
Zitterbewegung due to the Lorentz violation are minor,
and result in no qualitative differences that would suddenly
make this quantum interference effect important. So we
may treat the electromagnetic field as if it were coupled
simply to the group velocity ~v.

The classical result is that an electron’s motion perpen-
dicular to ~B is circular, with angular revolution frequency
!B � je ~Bj=�m. The radius of gyration is � �
j ~p� ~Bj=jej ~B2 
 E sin
=je ~Bj, where 
 is the angle be-
tween the magnetic field and the direction of the electron’s
motion. The frequency is only slightly modified by the
Lorentz-violating c. Depending on which formula is
used, the radius � may be more significantly modified;
however, this effect turns out not to be important. Lorentz
violation will generally also shift the periodic part of the
electron’s motion out of the plane normal to ~B; the circular
path in the plane becomes an elliptical one tilted out of the
plane, and the electron’s velocity depends on time, varying
with an angular frequency 2!B. The deviations in the
shape and orientation of the orbit are O�c� and can be
neglected. Moreover, although changes to the velocity of
the emitting electrons are exactly what we want to mea-
sure, we cannot observe the periodic time variations in ~v
directly, because of the way the synchrotron radiation is
emitted.

2. Synchrotron radiation

As an electron revolves in the magnetic field, it emits
radiation, which, because of the particle’s ultrarelativistic
velocity, is beamed into a narrow pencil of angles around
the instantaneous direction of the velocity. The character-
istic angular spread of the emission is O���1�, and this
width is generally neglected; instead, we treat all the
radiation as if it were emitted precisely along the tangent
vector to the trajectory. The intensity of the radiation
caused by any accelerations parallel to the velocity is
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smaller than the synchrotron radiation by a factor of
O���2�, provided the accelerations are comparable.
Moreover, this radiation is beamed into the same narrow
pencil of angles as the synchrotron emission, so it has no
angular properties to distinguish it, and it has no mean-
ingful effect on the observable spectrum.

The frequency spectrum is discrete, all the power being
radiated in harmonics of the fundamental frequency �0 �
!B
2	 csc2
. The emitted power is spread over all harmonics
less than the critical frequency

 �c �
3

4	
�3!B sin
 �

3

4	m
�2je ~Bj sin
: (19)

Most of the power is emitted close to this frequency, and
above �c, the radiated power falls off very rapidly. The rate
of energy loss of an electron, found by summing the
emission over all frequencies, is

 

dE
dt
� �

2e4

3m2 �
2 ~B2sin2
: (20)

The �c in (19) represents the critical frequency for the
emissions of a single electron. If a source contains signifi-
cant numbers of electrons with velocities up to some
maximum Lorentz factor �max, then the observed cutoff
in the spectrum will be at the cutoff frequency for the most
energetic electrons—�c �

3
4	m�

2
maxje ~Bj sin
. (Detailed

calculations for a truncated power law spectrum are given
in [64].) This result for �c is what will allow us to infer
�max from observations of spectra.

Quantum effects are unimportant in the emission part of
the synchrotron process, just as they are in determining the
electrons’ trajectories. The leading order quantum correc-
tions to the standard synchrotron formulas are negligible if
2	�c � E, or equivalently if �max � m2=je ~Bj [65].
Inserting the electron mass and charge, this is �� �3�
1013�=j ~Bj if the magnetic field is measured in Gauss. Since
typical magnetic field strengths in synchrotron sources are
fractions of mG, the range of � values over which no
quantum modifications are necessary is extremely large.
In particular, the classical treatment will apply up to well
beyond the scale of any observed �max.

B. Inverse Compton process

The highest-energy photons that are emitted by astro-
physical sources arise in IC processes. Low-energy pho-
tons (which often come from synchrotron emission) scatter
off ultrarelativistic electrons. An electron may transfer a
substantial fraction of its own energy to a photon during
such a collision, resulting in the emission of photons whose
energies may range almost up to the scale of the highest
electron energies.

The details of IC scattering can be worked out by taking
the Klein-Nishina formula and the usual kinematics of
Compton scattering (starting from a frame in which the

electron is at rest) and transforming into a frame where the
electron is moving with a speed v 
 1. The details of the
cross section will be unimportant in this instance. What
matters is the transformation of the kinematics, which we
shall now examine. This subject is covered in more detail
in [64], although the emphasis there is not on precisely the
same limit.

Collisions of photons with ultrarelativistic electrons are
practically all head-on when viewed in the electron’s
frame. To see this, we note that the Lorentz transformation
law for cos , where  is the angle between some given
direction (which we shall take to be the direction of the
photon’s motion) and the boost direction (which is the
direction of the electron’s motion, since we are boosting
the electron from rest into an ultrarelativistic frame) is

 cos ei �
cos oi � v

1� v cos oi
; (21)

where the superscripts denote quantities taken in the rest
frame of the observer (o) or of the electron (e), and the
subscripts denote that these are initial values, applying
prior to the scattering. As v! 1, cos e ! �1, so  ei 

	. Overtaking collisions are extremely rare, occurring only
in a miniscule range of observer frame solid angles.

We are interested in collisions where the fractional
change in the photon energy is substantial. In such colli-
sions, the photon’s scattering angle 
e in the electron’s rest
frame can never be small. When we boost into the observ-
er’s frame, all vectors that are not aligned almost perfectly
antiparallel to the boost direction lie, after the boost, within
a small pencil of angles about the boost direction. The fact
that 
e is not small just means that the outgoing photon is
not moving nearly antiparallel to the electron’s initial
direction; therefore, it rebounds back with a very large
observer frame scattering angle, 
o 
 	. So the emitted
photon is propagating in essentially the same direction as
the initial electron.

This beaming can be understood more simply if we
make some approximations. The photon’s initial energy
is small, so for illustrative purposes, we may neglect it
entirely. Then the kinematics of the process are the same as
if the incoming photon did not exist; instead, it looks as if
the electron has simply emitted a photon. The electron
behaves almost like a massless particle at these energies,
so the process looks almost like the splitting of one mass-
less particle into two. The only way that energy and
momentum conservation can be satisfied during such a
process is if all three momenta are aligned. When the
electron’s mass and the photon’s initial energy are taken
into account, small deviations from perfect collinearity are
allowed, but these are unimportant. Just as in the synchro-
tron case, the vast majority of the radiation is beamed into
an extremely narrow pencil of angles around the direction
of the electron’s velocity.
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In the electron’s rest frame, the usual relationship be-
tween the initial and final photon energies �i and �f is

 �ef �
�ei

1�
�ei
m �1� cos
e�

: (22)

Transformed into the observers frame, this is (in the v! 1
limit),

 �of � �oi �
2 �1� cos oi ��1� cos
e cos ei �

1� � �oi
m �1� cos oi ��1� cos
o�

: (23)

The Lorentz factor � is that of the electron. Depending on
the value of ��oi =m, the final photon energy may be O���
to O��2� larger than its initial energy. If ��oi =m 
 0:1, for
example, then the maximum energy that can be carried off
by the photon is ��of�max 
 0:4�m. So the IC process
allows some electrons to transfer sizable fractions of their
energy to photons, and observed IC photon energies range
up to �100 TeV.

All these calculations have been done in the absence of
Lorentz violation. With Lorentz violation, the two most
important results continue to hold. The radiation is strongly
beamed along the direction of the velocity, and the highest-
energy IC photons can carry off significant fractions of the
electrons’ energies. Of course, with Lorentz violation, we
must be careful to distinguish between quantities such as �
and E=m, but this is not a serious complication.

V. ANALYSIS OF SPECTRAL DATA

The raw data from which our bounds must be derived are
the spectra of high-energy photon sources. These spectral
profiles provide information about the emitting electrons’
energy and velocity distributions. The particular quantities
we want to extract are �max and Emax, so that we may use
(18) to bound c. Lower limits on these two quantities can
be extracted in a fairly robust fashion, although for �max,
the analysis can be a bit tricky.

We shall review here how the values of �max and Emax

are determined. The synchrotron part of the spectrum tells
us about �max. The highest-energy photons, which arise
from IC scattering, give a lower bound on Emax. The
bounds are arrived at in entirely different ways, and they
can be derived completely independently even for a single
source.

A. Extracting �max

As it turns out, the analysis required to find �max is fairly

involved. From (19), we can infer that �max /
��������������
�c=j ~Bj

q
.

The constant of proportionality depends on the sine of the
pitch angle; however, the �max inferred from assuming
sin
 � 1 is always less than the true �max. The cutoff at
�c is an obvious feature of synchrotron spectra, and a lower
bound on this cutoff frequency can easily be obtained from
any spectrum that clearly has a synchrotron origin.

However, the tricky part is calculating the strength of the
magnetic field.

The magnetic field is generally taken to be the minimum
energy field which can generate the low-frequency part of
the synchrotron spectrum. This can be estimated fairly
accurately by the following calculation. For illustrative
purposes, we shall neglect most numerical constants, but
these would of course be retained in a more detailed
calculation. More details are given for the case of a trun-
cated power law electron spectrum in [64], and for a
broken power law in [66]. Since only the relatively low-
energy part of the spectrum is needed to calculate the
magnetic field strength, we may also ignore the Lorentz
violation.

Let N�E� be the energy distribution of the electrons. The
total synchrotron luminosity of these electrons between the
energies E1 and E2 is

 L �
Z E2

E1

dE
2e4

3m2 �
2 ~B2sin2
N�E� (24)

 /
e4

m4
~B2
Z E2

E1

dEE2N�E�: (25)

The total energy of the electrons is

 Ee �
Z E2

E1

dEEN�E�: (26)

Eliminating the electron distribution between these two
and neglecting the dependence on the lower limit of inte-
gration E1 gives

 Ee /
m4

e4

L
~B2
E�1

2 : (27)

Neglecting the dependence on E1 is not necessarily a good
approximation. In fact, it is possible for the integrals to be
dominated by the energy range near E1. In that case, the
dependence of Ee would be on E�1

1 instead of E�1
2 , but the

results of our calculation would be qualitatively un-
changed. Of course, a great deal more care would be
required if we actually wanted to extract information about
a real source, and the full behavior of the integrals over the
entire range of energies would need to be taken into
account.

We may replace the energy dependence of (27) with a
frequency dependence. Since a given electron emits most
of its energy around the critical frequency �c, we may
replace the upper limit on the energy E2 with an upper
limit on frequency, and this upper limit �2 is precisely the
critical frequency for an electron of energy E2. So Ee
finally depends on

 Ee /
m11=2

e7=2
Lj ~Bj�3=2��1=2

2 : (28)
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We must also determine the energy that is contained in
other particles and in the magnetic field. We assume that
the energy in positively charged particles is proportional to
the energy contained in the electrons. The constant of
proportionality k can potentially range from k 
 1 if the
positive particles are positrons, to k 
 2000 if the particles
are protons accelerated to the same speeds as electrons.
However, although k may cover a wide range, the final
results will depend quite weakly on its value. A change in k
by a factor of 100 will change �max by less than a factor of
2.

The total energy in particles is proportional to �1�
k�Lj ~Bj�3=2, and the energy in the magnetic field is easy
to calculate. It is simply proportional to ~B2V, where V is
the volume of the region containing the field. So the total
energy is

 Etot � C
�
m11=2

e7=2�1=2
2

�
�1� k�Lj ~Bj�3=2 �

�
1

8	

�
~B2V; (29)

where C is a numerical constant we have neglected. We
may either minimize this as a function of the magnetic
field, or choose j ~Bj according to equipartition, so that the
energy in the magnetic field is equal to the total energy of
the particles. Numerically, the difference between these
two methods is negligible, and the dependence of the field
strength on the other quantities is

 j ~Bj /
m11=7

e
�1� k�2=7��1=7

2 V�2=7L2=7: (30)

This depends very weakly on most of the parameters that
must be fitted from the observed spectrum. Therefore, the
value of the field can be determined quite robustly. By
considering only a limited range of frequencies, up to some
�2, the relevant parameters in (30) can be determined just
from the lower-energy part of the spectrum, making the
inferred value of j ~Bj independent of the value of �c with
which it must be combined to give the final value of �max.
Ultimately, �max depends on at most the seventh root of any
fit parameter (except �c) that might be in error, and so its
value is quite robust. The limited impact of any possible
errors is discussed at length in [66].

The above argument relies on the assumption that a
source has had enough time to reach a near equilibrium
state, and this assumption may not be valid for real astro-
physical sources. However, because we are using sources
that are believed to be relatively well understood and
because the dependence of the inferred magnetic field on
the observational parameters is so weak, the calculated
field strengths should be reliable enough for our purposes.

B. Extracting Emax

Placing a lower bound on Emax is much simpler. Models
of a source’s structure can yield information about the
energies of the electrons doing the emitting. In general,

the models typically require maximum electron energies
that are several times larger than the highest observed
photon energies, because IC scattering events do not trans-
fer all of the high-energy electrons’ energies to the pho-
tons. However, to get a more robust bound, we may take
Emax to be the highest actually observed photon energy;
this conservative estimate usually differs from a model-
derived bound by less than an order of magnitude. The only
input we require from a model is that the source’s �-ray
emission is well described by the IC process.

Choosing Emax in this way ensures that Lorentz-
violating distortions of the energy-momentum relation at
higher than observed energies are not a problem. If the
electrons’ energy-momentum relation became signifi-
cantly Lorentz-violating at the same scale as the highest
particle energies, then the model results might be inaccu-
rate, because they assume an unmodified electron disper-
sion relation up to arbitrarily large energies. However, the
maximum observed photon energy is an absolute lower
bound on the electrons’ highest energies, independent of
whether or not there is Lorentz violation.

As already stated, the importance of the models is that
they can tell us whether the high-energy end of a source’s
emission spectrum fits with the hypothesis that IC scatter-
ing is the source of the radiation. There certainly are
astrophysical sources whose spectra are not understood;
such sources absolutely cannot be used to derive bounds on
c. The quantity Emax is the maximum energy of subluminal
electrons in a source. We can only infer that the electron
involved in a particular IC event is moving more slowly
than light if we know that all the electrons in a source have
subluminal speeds. The signature of superluminal elec-
trons would be a radiation spectrum that does not fit any
known mechanism. Faster-than-light motion would defi-
nitely represent new physics, so we cannot predict with any
assurance what the radiation from electrons with speeds
greater than one would look like. However, we do expect
on very general grounds that they should radiate energy
extremely quickly. For charged particles with superluminal
speeds, the rate of synchrotron emission diverges if the
radiation reaction force is neglected. There will also be
vacuum Cerenkov radiation. It is conceivable that the
poorly understood spectra of some extremely high-energy
sources may actually be evidence of superluminal electron
motion, and it is precisely this reason that only well under-
stood IC sources can be used to place bounds on Emax.

VI. EXPERIMENTAL RESULTS AND
CONSTRAINTS ON c

There are many sources for which measurements of �max

and Emax have already been made. The sources with the
largest observed values of these quantities will give the
best bounds on the Lorentz-violating coefficients, and we
have gleaned the data necessary for setting optimal bounds
on c from the existing observational literature. There are a
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number of model-derived values of �max in the literature,
and we have located seven that are numerically large
enough to contribute usefully to the bounds on c.
Unfortunately, even for many well-studied sources, there
are no reliable published values of �max, and it might be a
worthwhile future undertaking to determine �max for more
of these sources.

Because the evaluation of Emax is more straightforward,
we have found more useful Emax values than �max values.
Many of the best measurements of IC radiation presently
available come from the H.E.S.S. telescope in Namibia. It
is the excellent sensitivity of this device that makes many
the limits on the IC side possible. However, the sky cover-
age of this device is limited, which is a drawback.

Bounds on SME coefficients are generally given in a
sun-centered celestial equatorial coordinate frame [60].
Right ascension and declination constitute a system of
polar coordinates for this same reference frame.
However, for parameterizing a quantity such as c, it is
necessary to introduce Cartesian coordinates. The origin
of the coordinates is at the center of the sun. The Z-axis
points along the direction of the Earth’s rotation, and the
X-axis points toward the vernal equinox point on the
celestial sphere. (That is, the X-direction is the direction
from the Earth to the sun at the occurrence of the vernal
equinox, so at the time of this equinox, the Earth lies along
the negative X-axis.) The Y-direction is chosen according
to the right hand rule. The Earth’s orbit is inclined by
approximately 23� from the XY-plane. Although it is un-
important here, the origin of time (T � 0) is convention-
ally taken to be at the vernal equinox in the year 2000.

Since both synchrotron and inverse Compton radiation
are strongly beamed along the direction of an electron’s
motion, when we observe this radiation from a given
source, we are observing emissions from electrons moving
in the source-to-Earth direction at ultrarelativistic speeds.
This gives the correct ê to appear in (18). In terms of the
right ascension 
 and declination �, the components of ê
are êX � � cos� cos
, êY � � cos� sin
, and êZ �
� sin�; the minus signs come from the fact that ê is the
direction for the source to the Earth, not vice versa. It is
important to note that the velocity of the source as a whole
will not enter into our calculations in any way; we are
looking at the velocities of individual electrons, and the
bulk motion of the source is irrelevant. Of course however,
for distant extragalactic sources, cosmological red shifts
would need to be taken into account.

There are nine components of c that can be bounded
with the astrophysical data—the three c0j and the six-
component symmetric part of cjk. Each of the inequalities
derived from (18) generally couples all nine of the coef-
ficients in a nontrivial way. These bounds may be fairly
awkward. However, the coupled bounds may be translated
into bounds on the separate coefficients by means of linear
programming. The linear program produces absolute

bounds on each coefficient; these values are the largest
and smallest that a given coefficient can be under any
circumstances. Of course, there are also additional corre-
lations, as it is not generally possible for several of the
coefficients to take on their extreme values simultaneously.

To constrain the nine Lorentz-violating coefficients to
lie within a bounded region of the parameter space requires
at least ten inequalities. If these inequalities are all derived
from measurements of �max or Emax, then at least nine
sources must be used. Together, the �max and Emax bounds
for a single source constrain the allowed parameters to the
region between two parallel hyperplanes; nine such hyper-
plane pairs would be needed to produce a completely
bounded region.

Table I lists the data for 14 sources for which good
measurements are available. We have added several more
sources to the list that was used in [40]. These include
sources for which good data have only very recently been
released, as well as additional extragalactic sources, such
as the blazars Markarian 421 and Markarian 501. The
additional sources allow for significant improvements in
the bounds on some of the c coefficients. While the TeV
�-rays from the two blazars, as well as from the galactic
sources G 347.3-0.5 and PSR B1259-63, are believed to be
dominated by IC radiation, the hadronic process 	0 ! 2�
has not been conclusively ruled out as a major contributor.
Leaving these sources out of our analysis would result in a
modest weakening of the bounds on c.

In addition to the astrophysical bounds, we have in-
cluded some other comparable bounds in the linear pro-
gram. This improves the resolution for the individual
coefficients significantly, because the inequalities derived
just from the astrophysical bounds do not complement one-
another optimally. If only the astrophysical bounds are
considered, the nine-dimensional polytope region within
which the c coefficients must lie turns out to be fairly
elongated. Individual c�� coefficients are allowed to take
on values significantly larger than the typical ��2

max values,
because of possible large cancellations with other coeffi-
cients. However, since bounds derived from laboratory
experiments have completely different forms, they are
excellent complements to the astrophysical constraints
and improve the situation markedly.

The additional bounds that we use come from optical
resonator tests. These tests are usually used to place bounds
on the parameters of the SME photon sector. However, the
same experiments may be used to place bounds on the
electron c coefficients [86]. The key realization is that
electronic Lorentz violations will modify the structure of
a crystalline resonator, and this effect can be worked out
systematically, provided Lorentz violations for nucleons
can be safely neglected. These experiments then yield
measurements of c�XY�, c�XZ�, c�YZ�, and cXX � cYY . The
measured values of these coefficients in [86] are at roughly
the 10�15 level, with standard errors of the same magni-

SYNCHROTRON AND INVERSE COMPTON CONSTRAINTS . . . PHYSICAL REVIEW D 74, 083003 (2006)

083003-11



tude. {Note that [86] uses a different convention for sym-
metrizing the cjk coefficients, so that the quoted values of
c�jk� in that paper are smaller by a factor of 2.} There is no
compelling evidence from these measurements that any of
the coefficients are nonzero. Therefore, we shall use these
results to derive bounds that are symmetric about zero. If
the measured value and error for a particular c�jk� is 
� �,
we shall treat this as a bound jc�jk�j< j
j � 2�, which is
valid at the 2� level or better. The resulting bounds on
jc�XY�j and jc�XZ�j are about 3� 10�15; for jc�YZ�j and
jcXX � cYY j, they are slightly more stringent, at better
than a 2:5� 10�15 level.

The output of the linear program is given in Table II.
Since these bounds represent the absolute maximum and
minimum values that are possible for each coefficient, they
are not always as tight numerically as the raw bounds. We
observe that the cryogenic resonator bounds are still the

best for jc�XY�j and jc�XZ�j; the lower limit on c�YZ� also
comes solely from [86]. However, the bounds on almost all
the other coefficients are comparable to or better than the
resonator bounds, and there are some significant improve-
ments over the results presented in [40] as well. The
bounds on c0Z are especially strong, while in laboratory
experiments, boost invariance violation coefficients such
as c0j are typically harder to constrain. This shows the
advantage of deriving bounds from emissions by relativis-
tic sources.

VII. CONCLUSION

The various bounds in Table II are generally similar in
their orders of magnitude, and this observation is actually
quite interesting. The methods we have used could not
actually detect a nonzero c�� directly. Instead, the signa-
ture of Lorentz violation in high-energy astrophysical
sources would be emission spectra that could not be mod-
eled by conventional radiation mechanisms. If the calcu-
lated bounds on certain Lorentz-violating coefficients were
significantly weaker than others, that would be an indica-
tion that those coefficients might actually be nonzero.
However, we see no indications that any particular compo-
nents of c are more likely to be nonzero than others.

The bounds that can be derived by combining the astro-
physical and resonator data are in some cases many orders
of magnitude better than the bounds on the same coeffi-
cients that could be extracted by other methods. Doppler
shift measurements can only constrain the c0j coefficients
to be less than about 10�2. So the improvements here are
by more than 12 orders of magnitude (fourteen orders for
c0Z). Moreover, with better sky coverage and more sensi-
tive detectors, even greater precision ought to be possible.

TABLE II. Independent bounds on the components of c. The
astrophysical data do not improve on the results of [86] for c�XY�
and c�XZ�. The lower limit on c�YZ� is also controlled solely by the
data from [86]; however, the upper limit has been improved by
adding the astrophysical information.

c�� Maximum Minimum

cXX 5� 10�15 �3� 10�15

cYY 2:5� 10�15 �7� 10�16

cZZ 2:5� 10�15 �1:6� 10�15

c�XY� 3� 10�15 �3� 10�15

c�YZ� 3� 10�15 �3� 10�15

c�YZ� 1:8� 10�15 �2:5� 10�15

c0X 4� 10�15 �7� 10�15

c0Y 1:5� 10�15 �5� 10�16

c0Z 2� 10�17 �4� 10�17

TABLE I. Parameters for the astrophysical sources that we shall use to constrain c. References
are given for each value of �max or Emax. The four Emax=m values marked with asterisks denote
the four sources for which the IC origin of the observed �-rays is merely strongly favored, rather
than completely assured.

Emission source êX êY êZ �max Emax=m

3C 273 0.99 0.13 �0:04 3� 107 [67] 2� 105 [67]
Centaurus A 0.68 0.27 0.68 2� 108 [68] � � �

Crab nebula �0:10 �0:92 �0:37 3� 109 [69] 2� 108 [69,70]
G 0:9� 0:1 0.05 0.88 0.47 � � � 107 [71]
G 12:82� 0:02 �0:06 0.95 0.29 � � � 5� 107 [72]
G 18:0� 0:7 �0:11 0.97 0.24 � � � 7� 107 [73,74]
G 347:3� 0:5 0.16 0.75 0.64 3� 107 [75] 2� 107� [76]
MSH 15� 52 0.34 0.38 0.86 � � � 8� 107 [77]
Mkn 421 0.76 �0:19 �0:62 � � � 3� 107� [78,79]
Mkn 501 0.22 0.74 �0:64 � � � 4� 107� [80]
PSR B1259� 63 0.42 0.12 0.90 � � � 6� 106� [81]
RCW 86 0.35 0.30 0.89 108 [82] � � �

SNR 1006 AD 0.52 0.53 0.67 2� 107 [83] 7� 106 [83]
Vela SNR 0.44 �0:55 0.71 3� 108 [84] 1:3� 108 [85]
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However, there are some fundamental limits to the how
accurate these astrophysical measurements can be. There
are different ways to search for Lorentz violation.
Laboratory tests generally involve extremely high-
precision measurements. One may then compare the re-
sults of these measurements when they are made in differ-
ent reference frames. The rotation and revolution of the
earth naturally provide a selections of observation frames
with different orientations and velocities. Some experi-
ments also utilize measurement apparatuses that rotate in
the laboratory or beams of particles moving with substan-
tial velocities in the lab frame. In all these kinds of scenar-
ios, experimental accuracy is the most important limitation
to setting tight bounds. Questions relating to metrology and
long-term experimental stability can be very important,
and the experiments can be extremely demanding techni-
cally. However, as the accuracy with which measurements
can be made improves, the bounds on Lorentz violation
will always improve accordingly. Bounds on Lorentz vio-
lations can usually be smaller than the errors involved in
the absolute measurement of a quantity, because Lorentz
violations possess characteristic signatures (such as side-
real variations) whose existence can often be very strongly
excluded.

Astrophysical tests of Lorentz symmetry are rather dif-
ferent. The astrophysical bounds on kF and kAF come from
searches for photon birefringence. The data sets involved
are noisy; the sources are irregular, and the detectors are
not always especially precise. However, extremely tight
bounds may be derived by taking advantage of cosmologi-
cal distances. A tiny effect on the propagation of photons
will be magnified by an incredibly long line of sight to the
source. It is this line of sight that is the most important
limitation on the precision of these bounds, and so these
bounds cannot generally be improved by systematic im-
provements the way laboratory bounds can.

The bounds derived from astrophysical synchrotron and
IC sources are similar. In this case, it is not very large

astrophysical distances that we are utilizing, but very high
astrophysical energies. At these energies, miniscule
Lorentz-violating terms can lead to obvious changes in
the observed spectra. However, again these bounds are
not subject to perpetual improvement, however much the
systematics of our measurements improve. Better sky cov-
erage and more accurate detectors surely will allow us to
improve these bounds somewhat, but there is an ultimate
limit that we cannot pass beyond. This limit is set by the
actual maximum energies of electrons in these sources.
Above some energy, there will simply exist too few elec-
trons for us to observe their radiation, no matter how
sensitive our detectors become. So other laboratory-based
methods of constraining the c coefficients, perhaps relying
on precision measurements of atomic transitions at optical
frequencies, may ultimately produce more accurate results
than these astronomical methods.

However, at present, the astrophysical bounds we have
derived are the best currently available for most of the c��

coefficients. The bounds on all the coefficients are at about
the 10�15 level or a little better. These bounds are compa-
rable to other bounds, obtained by similar means but
assuming unbroken rotation invariance, on the difference
between the maximum electron speed and the speed of
light [87]; however, the present bounds are much more
general. As better experimental data become available, the
bounds will continue to improve, and these results are
further clear demonstrations of the usefulness of astrophys-
ical data in constraining violations of Lorentz invariance.
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[60] R. Bluhm, V. A. Kostelecký, C. D. Lane, and N. Russell,

Phys. Rev. D 68, 125008 (2003).
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076006 (2004).
[63] B. Altschul and D. Colladay, Phys. Rev. D 71, 125015

(2005).
[64] A. G. Pacholczyk, Radio Astrophysics (W. H. Freenab, San

Francisco, 1970), p. 77.
[65] J. Schwinger, Proc. Natl. Acad. Sci. U.S.A. 40, 132

(1954).
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