PHYSICAL REVIEW D 71, 044008 (2005)

Charged rotating dilaton black strings
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In this paper we, first, present a class of charged rotating solutions in four-dimensional Einstein-
Maxwell-dilaton gravity with zero and Liouville-type potentials. We find that these solutions can present a
black hole/string with two regular horizons, an extreme black hole or a naked singularity provided the
parameters of the solutions are chosen suitable. We also compute the conserved and thermodynamic
quantities, and show that they satisfy the first law of thermodynamics. Second, we obtain the (n + 1)-
dimensional rotating solutions in Einstein-dilaton gravity with Liouville-type potential. We find that these
solutions can present black branes, naked singularities or spacetimes with cosmological horizon if one
chooses the parameters of the solutions correctly. Again, we find that the thermodynamic quantities of
these solutions satisfy the first law of thermodynamics.

DOI: 10.1103/PhysRevD.71.044008

L. INTRODUCTION

The Einstein equation without a cosmological constant
has asymptotically flat black hole solutions with event
horizon being a positive constant curvature n-sphere.
However, for the Einstein equation with positive or nega-
tive cosmological constant [1,2] or Einstein-Gauss-Bonnet
equation with or without cosmological constant [3], one
can have also asymptotically anti de Sitter (AdS) or de
Sitter (dS) black hole solutions with horizons being zero or
negative constant curvature hypersurfaces. These black
hole solutions, whose horizons are not n-sphere, are often
referred to as the topological black holes in the literature.
Various properties of these topological black holes have
been investigated in recent years. For example, the ther-
modynamics of rotating charged solutions of the Einstein-
Maxwell equation with a negative cosmological constant
with zero curvature horizons in various dimensions have
been studied in Ref. [4], while the thermodynamics of
these kind of solutions in Gauss-Bonnet gravity have
been investigated in [5].

All of the above mentioned black holes are the solutions
of field equations in the presence of a long-range gravita-
tional tensor field g,, and a long-range electromagnetic
vector field A,,. It is natural then to suppose the existence
of a long-range scalar field too. This leads us to the scalar-
tensor theories of gravity, where, there exist one or several
long-range scalar fields. Scalar-tensor theories are not new,
and it was pioneered by Brans and Dicke [6], who sought to
incorporate Mach’s principle into gravity. Also in the con-
text of string theory, the action of gravity is given by the
Einstein action along with a scalar dilaton field which is
non minimally coupled to the gravity [7]. The action of
(n + 1)-dimensional dilaton FEinstein-Maxwell gravity
with one scalar field ® and potential V(®) can be written
as [8]
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where R is the Ricci scalar, « is a constant determining the
strength of coupling of the scalar and electromagnetic field,
F,,=d,A,—9d,A, is the electromagnetic tensor field
and A, is the vector potential. The last term in Eq. (1) is the
Gibbons-Hawking boundary term. The manifold M has
metric g, and covariant derivative V. @ is the trace of
the extrinsic curvature @#” of any boundary(ies) 3 M of
the manifold M, with induced metric(s) y;;. Exact charged
dilaton black hole solutions of the action (1) in the absence
of a dilaton potential [V(®) = 0] have been constructed by
many authors [9,10]. The dilaton changes the casual struc-
ture of the spacetime and leads to curvature singularities at
finite radii. In the presence of Liouville-type potential
[V(®) = 2A exp(2BDP)], static charged black hole solu-
tions have also been discovered with a positive constant
curvature event horizons and zero or negative constant
curvature horizons [8,11]. Recently, the properties of these
black hole solutions which are not asymptotically AdS or
dS, have been studied [12].

These exact solutions are all static. Recently, one of us
has constructed two classes of magnetic rotating solutions
in four-dimensional Einstein-Maxwell-dilaton gravity with
Liouville-type potential [13]. These solutions are not black
holes, and present spacetimes with conic singularities. Till
now, charged rotating dilaton black hole solutions for an
arbitrary coupling constant have not been constructed.
Indeed, exact rotating black hole solutions have been ob-
tained only for some limited values of the coupling con-
stant [14]. For general dilaton coupling, the properties of
charged dilaton black holes only with infinitesimally small
angular momentum [15] or small charge [16] have been
investigated. Our aim here is to construct exact rotating
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charged dilaton black holes for an arbitrary value of cou-
pling constant and investigate their properties.

The outline of our paper is as follows. In Sec. II, we
obtain the four-dimensional charged rotating dilaton black
holes/strings, which are not asymptotically flat, AdS or dS,
and show that the thermodynamic quantities of these black
strings satisfy the first law of thermodynamics. Section III
is devoted to a brief review of the general formalism of
calculating the conserved quantities, and investigation of
the first law of thermodynamics for the charged rotating
black string. In Sec. IV, we construct the (n + 1)-
dimensional rotating dilaton black branes, and investigate
their properties. We finish our paper with some concluding
remarks.

II. ROTATING CHARGED DILATON BLACK
STRINGS

The field equation of (n + 1)-dimensional Einstein-
Maxwell-dilaton gravity in the presence of one scalar field
® with the potential V(®P) can be written as:

aﬂ[ /—_ge74a(1)(nfl)F,uV] =0, (2)
4 1
R#V = —1<VM(I)VV(I) + ng#,,>
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In this section we want to obtain the four-dimensional
charged rotating black hole solutions of the field Egs. (2)—
(4) with cylindrical or toroidal horizons. The metric of
such a spacetime with cylindrical symmetry can be written
as

2
ds®> = —f(r)(Edt — adp)* + r2R2(r)(l%dt — Edgo)

drr  r?
+—+ = R*(r)dz?,
TGRS
2
— a
Ez =1+ l—z, (5)

where the constants a and / have dimensions of length and
as we will see later, a is the rotation parameter and [ is
related to the cosmological constant A for the case of
Liouville-type potential with constant ®. In metric (5),
the ranges of the time and radial coordinates are —o0 <
t < oo, ) = r <oo. The topology of the two dimensional
space, t = constant and r = constant, can be (i) §' X §!
the flat torus 72 model, with 0 = ¢ <27, 0 = 7 <27,
(ii) R X S', the standard cylindrical symmetric model with
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0= ¢ <2, —00 < z< oo, and (iii)R?, the infinite plane
model, with —o0 < ¢ < 00, —00 < z < o0 (this planar so-
lution does not rotate).

The Maxwell Eq. (2) for the metric (5) is 9 ,[r*R*(r) X
exp(—2a®)F*”] = 0, which shows that if one choose

R(r) = exp(a®), (6)
then the vector potential can be written as
qd —
A, = —4(E8), — asp) )

where ¢ is the charge parameter. In order to obtain the
functions ®(r) and f(r), we write the field Egs. (3) and (4)
for a = 0:

rf" 4211 + ar®) — 2¢*r3e 2% + rV(®) = 0,
(8)

rf" + 2f(1 + ard®’) + 4f[ard®” + 2ad’+
r(1 + a?)®?] — 2¢%r3e 22® + rY(®) =0, (9)

' + ard®’) + af[p®’ + 2ra®”? + 40’ +

1
(ar) '] — ¢?r3e 22 + ErV((ID) =0, (10

fO" + f1O + 2afP? +2r! fO/

19V

——=0, 11
4 99 (D
where the “prime’” denotes differentiation with respect to
r. Subtracting Eq. (8) from Eq. (9) gives:

ar®” + 2a® + r(1 + a®)P? =0,

aq2r74672a(1) —

which shows that ®(r) can be written as:

a b
O(r) = 5 a2 ln<; + c), (12)

where b and ¢ are two arbitrary constants. Using the
expression (12) for ®(r) in Egs. (8)—(11), we find that
these equations are inconsistent for ¢ # 0. Thus, we put
c=0.

A. Solutions with V(®) = 0

We begin by looking for the solutions in the absence of a
potential (V(P) = 0). In this case, it is easy to solve the
field Egs. (8)—(11). One obtains

(1+a?)q?

R

),

where C is an arbitrary constant, y = 2a?/(1 + a?) and
Vo = b”. In the absence of a nontrivial dilaton (¢ = 0 =
7v), this solution does not exhibit a well-defined spacetime
at infinity. Indeed, & should be greater than or equal to one.
In order to study the general structure of these solutions,
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we first look for the curvature singularities. It is easy to
show that the Kretschmann scalar R, , A RMVAE diverges at
r =0, it is finite for r # 0 and goes to zero as r — oo.
Thus, there is an essential singularity located at r = 0.
Also, it is notable to mention that the Ricci scaler is finite
every where except at r = 0, and goes to zero as r — 0.
The spacetime is asymptotically flat for & = 1, while it is
neither asymptotically flat nor (A)dS for a > 1. This
spacetime presents a naked singularity with a regular cos-
mological horizon at

(1 + a?)g?
r,=-——""
¢ CV,

provided C > 0, and no cosmological horizon for C < 0.

B. Solutions with Liouville-type potentials

Now we consider the solutions of Eqgs. (8)-(11) with a
Liouville-type potential V(®) = 2A exp(28®P). One may
refer to A as the cosmological constant, since in the
absence of the dilaton field ® the action (1) reduces to
the action of Einstein-Maxwell gravity with cosmological
constant. The only case that we find exact solutions for an
arbitrary values of A with R(r) and ®(r) given in Egs. (6)
and (12) is when 8 = a. It is easy then to obtain the
function f(r) as

_ AV m (L ad)g
ftn = rv( @ -3 Ty Vor? )
(13)

In the absence of a nontrivial dilaton (¢ = 0 = 7), the
solution reduces to the asymptotically AdS and dS charged
rotating black string for A= -3/’ and A =
3/ lz,respectively [2,4]. As one can see from Eq. (13), there
is no solution for o« = \/§ with a Liouville potential (A #
0). In order to investigate the casual structure of the space-
time, we consider it for different ranges of « separately.

For > /3, as r goes to infinity the dominant term is
the second term, and therefore the spacetime has a cosmo-
logical horizon for positive values of the mass parameter,
despite the sign of the cosmological constant A.

For @ < /3 and large values of r, the dominant term is
the first term, and therefore there exists a cosmological
horizon for A > 0, while there is no cosmological horizons
if A < 0.Indeed, in the latter case (a < +/3 and A < 0) the
spacetimes associated with the solution (13) exhibit a
variety of possible casual structures depending on the
values of the metric parameters «, m, ¢, and A. One can
obtain the casual structure by finding the roots of f(r) = 0.
Unfortunately, because of the nature of the exponents in
(13), it is not possible to find explicitly the location of
horizons for an arbitrary value of «. But, we can obtain
some information by considering the temperature of the
horizons.
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One can obtain the temperature and angular velocity of
the horizon by analytic continuation of the metric. The
analytical continuation of the Lorentzian metric by t — it
and a — ia yields the Euclidean section, whose regularity
at r = ry, requires that we should identify 7 ~ 7 + 3, and
¢~ ¢ +iB,Q,, where B, and (), are the inverse
Hawking temperature and the angular velocity of the hori-
zon. It is a matter of calculation to show that

fl(rh)
T, —
h 472

e 2 2,2
= 3 — a?)Vomr, — 4(1 +
a0~ @V, 40+ @)’

-3
B (1+a?)r)

= AV + ¢ 14
47TEV() [ Orh q ] ( )
a

Eq. (14) shows that the temperature is negative for the two
cases of (i) @ > /3 despite the sign of A, and (ii) positive
A despite the value of a. As we argued above in these two
cases we encounter with cosmological horizons, and there-
fore the cosmological horizons have negative temperature.
Numerical calculations shows that the temperature of the
event horizon goes to zero as the black hole approaches the
extreme case. Thus, one can see from Eq. (14) that there
exist extreme black holes only for negative A and @ < /3,
if r, = 4(1 + a?)q*/[my (3 — a?)V,], where mg; is the
mass of extreme black hole. If one substitutes this r;, into
the equation f(r) = 0, then one obtains the condition for
extreme black string as:

41+ a?)g? [ AVH\(1+a?)/4
Merit = 2 <_ 2 ) .
Vo3 — &) q

Indeed, the metric of Egs. (5) and (13) has two inner and
outer horizons located at r_ and r,, provided the mass
parameter m is greater than m;,. We will have an extreme
black string in the case of m = m;;, and a naked singu-
larity if m < m,;,. Note that Eq. (16) reduces to the critical
mass obtained in Ref. [4] in the absence of dilaton field.
Since the area law of entropy is universal, and applies to
all kinds of black holes and black strings in Einstein
gravity, the entropy per unit length of the string is

(16)

2(1+a?)7!
7TEVOrh( )

21 ’
where r;, is the horizon radius. One may note that the
entropy of the extreme black hole is 7Eq/(2Iv/—A),
which is independent of the coupling constant «.

Finally, it is worthwhile to mention about the asymptotic
behavior of these spacetimes. The asymptotic form of the
metric given by Egs. (5) and (13) for the nonrotating case
with no cosmological horizon (a < V3 and A <0) is:

S = a7
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+ ,2/(1+a2><d¢2 +di>
2

ds? = — r2/(1+a2)dt2

F2/(1+a?) g2

Note that g, for example, goes to infinity as » — oo, but
with a rate slower than that of AdS spacetimes. Indeed, the
form of the Ricci and Kretschmann (XK) scalars for large
values of r are:

R = MAr—ZaZ/(H—aZ)’
(a? = 3)
12(a* — 202 + 2)V3 A2y
(a2 —3)

As one may note, these quantities go to zero as » — oo, but
with a slower rate than those of asymptotically flat space-
times and do not approach nonzero constants as in the case
of asymptotically AdS spacetimes.

4a2/(l+0z2).

KX =

III. THE CONSERVED QUANTITIES AND FIRST
LAW OF THERMODYNAMICS

The conserved charges of the string can be calculated
through the use of the substraction method of Brown and
York [17]. Such a procedure causes the resulting physical
quantities to depend on the choice of reference back-
ground. For asymptotically (A)dS solutions, the way that
one deals with these divergences is through the use of
counterterm method inspired by (A)dS/CFT correspon-
dence [18]. However, in the presence of a nontrivial dilaton
field, the spacetime may not behave as either dS (A > 0) or
AdS (A <0). In fact, it has been shown that with the
exception of a pure cosmological constant potential, where
B = 0, no AdS or dS static spherically symmetric solution
exist for Liouville-type potential [19]. But, as in the case of
asymptotically AdS spacetimes, according to the domain-
wall/QFT (quantum field theory) correspondence [20],
there may be a suitable counterterm for the stress-energy
tensor which removes the divergences. In this paper, we
deal with the spacetimes with zero curvature boundary
[Rupea(y) = 0], and therefore the counterterm for the
stress-energy tensor should be proportional to y“*. Thus,
the finite stress-energy tensor in (n + 1)-dimensional
Einstein-dilaton gravity with Liouville-type potential
may be written as

1 n—1
Tab — g[@ab _ @,yab + lff ,yabi|’ (18)
e

where [ is given by

_(n—1)p? -

p 4n(n —
eff SA

1)6_2[3(1)' (19)
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As B goes to zero, the effective /¢ of Eq. (19) reduces to
[ = n(n—1)/2A of the (A)dS spacetimes. The first two
terms in Eq. (18) is the variation of the action (1) with
respect to y“h , and the last term is the counterterm which
removes the divergences. One may note that the counter-
term has the same form as in the case of asymptotically
AdS solutions with zero curvature boundary, where [ is
replaced by [.s. To compute the conserved charges of the
spacetime, one should choose a spacelike surface B in 9 M
with metric o;;, and write the boundary metric in ADM
form:

l]’

Yapdx®dx® = —N*di* + o ;(de' + Vidi)(de’ + Vidy),

where the coordinates ¢’ are the angular variables parame-
trizing the hypersurface of constant r around the origin,
and N and V' are the lapse and shift functions, respectively.
When there is a Killing vector field £ on the boundary, then
the quasilocal conserved quantities associated with the
stress tensors of Eq. (18) can be written as

£U8=AW”%EMW?, (20)

where o is the determinant of the metric o;;, § and n“ are
the Killing vector field and the unit normal vector on the
boundary B . For boundaries with timelike (¢ = 9/9r) and
rotational (s = 9/d¢) Killing vector fields, one obtains the
quasilocal mass and angular momentum

M=f A" o T " €, 1)
B

fd"wITWs, (22)

provided the surface B contains the orbits of s. These
quantities are, respectively, the conserved mass, angular
and linear momenta of the system enclosed by the bound-
ary B. Note that they will both be dependent on the
location of the boundary B in the spacetime, although
each is independent of the particular choice of foliation
‘B within the surface 9 M.

The mass and angular momentum per unit length of the
string when the boundary B goes to infinity can be calcu-
lated through the use of Egs. (21) and (22),

B-a>)E2+a*-1
M= 81( 1+ a?) )m .
(3_a)V0‘—4 ( )

J= 811+ a?) ~
For a = 0 (E = 1), the angular momentum per unit length
vanishes, and therefore a is the rotational parameter of the
spacetime. Note that Eq. (23) is valid only for a < /3,
which the spacetime has no cosmological horizons. Of
course, one may note that these conserved charges reduce
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to the conserved charges of the rotating black string ob-
tained in Ref. [4] as a — 0.

Next, we calculate the electric charge of the solutions.
To determine the electric field we should consider the
projections of the electromagnetic field tensor on special
hypersurfaces. The normal to such hypersurfaces for the
spacetimes with a longitudinal magnetic field is
[
N N
and the electric field is E* = gt? exp(—2a®)F,,u”
Then the electric charge per unit length @ can be found
by calculating the flux of the electric field at infinity,
yielding

u =

Eq
=29 24
2 (24)

The electric potential U, measured at infinity with respect
to the horizon, is defined by [21]

U= A,L/,)(er—mo - A,u./\/'ulr=r+r

where y = 9, + Qd,
horizon. One obtains

is the null generators of the event

U= ) (25)

Finally, we consider the first law of thermodynamics for
the black string. Although it is difficult to obtain the mass
M as a function of the extensive quantities S, J and @ for
an arbitrary values of «, but one can show numerically that
the intensive thermodynamic quantities, 7, () and U cal-
culated above satisfy the first law of thermodynamics,

dM =TdS + Qd J + UdQ. (26)

IV. THE ROTATING BLACK BRANES IN VARIOUS
DIMENSIONS

In this section we look for the rotating uncharged solu-
tions of field Egs. (2)—(4) in (n + 1) dimensions with
Liouville-type potential. we first obtain the static solution

and then generalize it to the case of rotating solution with
all the rotation parameters.

A. Static Solutions

The metric of a static (n + 1)-dimensional spacetime
with an (n — 1)-dimensional flat submanifold dX?> can be
written as

dr?
2 - _ 2
st = —f(r)dr* + m +
The field equations (2)—(4) for the above metric become
4Ar
(n—1)?

ZB‘I’dXZ (27)

e?P® =0, (28)

r 11 ! !

PHYSICAL REVIEW D 71, 044008 (2005)

11 / I 4Ar [
lf + f(1 +,8r¢))+(n_ 1)262'8
_ " / 2 4 2| _

2(n 2)rf[,8r¢> +2B8d +r(,8 +(n— 1)2>(I) } 0,
(29)

1+ Br®') + Bfrd" + (n — 1)(2D' + Brd?)+
(n =280+ 20w
(30)

fO"+ f1®' + (n— 1)[,8f<1)’2 +rolfe! —%BAequ’} =0.
GD

Subtracting Eq. (28) from Eq. (29) gives

) o

which indicates that ®(7) can be written as:

(n—17B
T R

Br®’ + 28D’ + r<52

®(r) = ln<§ + d), (32)

where ¢ and d are two arbitrary constants. Substituting

®(r) of Eq. (32) into the field equations (28)—(31), one

finds that they are consistent only for d = 0. Putting d = 0,

then f(r) can be written as

8AV,

) = T E — =D
Vo=T7220"D T =4{(n - 128> + 447"

e,

(33)

One may note that there is no solution for (n — 1)>8? —
4n = 0. It is worthwhile to note that the Ricci scalar goes
to zero as r — oo,

The Kretschmann scalar diverges at r = 0, it is finite for
r # 0, and goes to zero as r— oo. Thus, there is an
essential singularity located at » = 0. Again, the spacetime
is neither asymptotically flat nor (A)dS, but has a regular
event horizon for negative A at:

—1)282 -4 /l(n=DIr—1]
(S 1 e O
AV,
provided (n — 128> —4n <0. If (n — 1)?B8> —4n >0,

then the spacetime has a cosmological horizon with radius
given in Eq. (34) for positive values of A. The Hawking
temperature of the event or cosmological horizon is:

AFVO -1,

27T"‘

Th=

044008-5



M. H. DEHGHANI AND N. FARHANGKHAH

which is positive for event horizon (A < 0) and negative
for cosmological horizon (A > 0).

B. Rotating solutions with all the rotation parameters

The rotation group in (rn + 1)-dimensions is SO(n) and
therefore the number of independent rotation parameters
for a localized object is equal to the number of Casimir
operators, which is [n/2] = k, where [n/2] is the integer
part of n/2. The generalization of the metric (27) with all
rotation parameters is

2= —f(r)(Edt - iaid¢,~>2

+ ;—ezﬁ‘b Z(a dt —EPd¢,)?

2 k
2 o280 2
E (a;ddp;—a;dd,;)* + (r)+12 dx?,

k
Z“—z (35)

where a;’s are k rotation parameters, f(r) is given in
Eq. (33), and dX? is now the Euclidean metric on the (n —
k — 1)-dimensional submanifold with volume V,_;_;.

The conserved mass and angular momentum per unit
volume V,,_,_; of the solution calculated on the boundary
B at infinity can be calculated through the use of Egs. (21)
and (22),

m

I“ilv(nfl)/z
= (2m)k
Cm) e
-1 22
><|:n— 1+<n—w> B2 - 1)}11, (36)
an(n—l)/2 (}’l _ 1)2B2
L= k 0 — Sma.
Ji=@2m L6/ k1 <n 1 >Hma,. (37)

The entropy per unit volume V,,_;_; of the black brane
is
; E(F2VO)(”_1)/2r§,"_l)r

S =02nm Ak ,

(38)

where r;, is the horizon radius. Again, it is a matter of
calculation to show that the thermodynamic quantities
calculated in this section satisfy the first law of thermody-
namics,

k
dM =TdS + Z O.dJ, (40)
i=1

where Q; = (E[?)"'a; is the ith component of angular
velocity of the horizon.
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V. CLOSING REMARKS

Till now, no explicit rotating charged black hole solu-
tions have been found except for some dilaton coupling
such as @ = +/3 [14] or @ =1 when the string threeform
H,p. is included [22]. For general dilaton coupling, the
properties of charged dilaton black holes have been inves-
tigated only for rotating solutions with infinitesimally
small angular momentum [15] or small charge [16]. In
this paper we obtained a class of charged rotating black
hole solutions with zero and Liouville-type potentials. We
found that these solutions are neither asymptotically flat
nor (A)dS. In the case of V(®) = 0, the solution (which
includes the string theoretical case, a« = 1) presents a
black string with a regular event horizon, provided the
charge parameter does not vanish. This solution has not
inner horizons, and is acceptable only for a = 1. Thus, it
has not a counterpart for Einstein gravity without dilaton
(a = 0).

In the presence of Liouville-type potential, we obtained
exact solutions provided 8 = a # +/3. These solutions
reduce to the charged rotating black string of [2,4]. We
found that these solutions have a cosmological horizon for
() a >3 despite the sign of A, and (ii) positive values of
A, despite the magnitude of «. For a < /3, the solutions
present black strings with outer and inner horizons if m >
Mg, an extreme black hole if m = mg;, and a naked
singularity if m < m;. The Hawking temperature of all
the above horizons were computed. We found that the
Hawking temperature is negative for inner and cosmologi-
cal horizons, and it is positive for outer horizons. We also
computed the conserved and thermodynamics quantities of
the four-dimensional rotating charged black string, and
found that they satisfy the first law of thermodynamics.

Next, we constructed the rotating uncharged solutions
of (n + 1)-dimensional dilaton gravity with all rota-
tion parameters. If (n — 1)>32 — 4n < 0, then these solu-
tions present a black branes for A < 0, and a naked singu-
larity for A > 0. If (n — 1)>8? — 4n >0, the solutions
have a cosmological horizon for positive A, while
they are not acceptable for negative values of A. Again
we found that the thermodynamic quantities of the
black brane solutions satisfy the first law of thermo-
dynamics.

Note that the (n + 1)-dimensional rotating solutions
obtained here are uncharged. Thus, it would be interesting
if one can construct rotating solutions in (n + 1) dimen-
sions in the presence of electromagnetic field. One may
also attempt to generalize these kinds of solutions obtained
here to the case of two-term Liouville potential.
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