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Electroweak corrections and unitarity in linear moose models
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We calculate the form of the corrections to the electroweak interactions in the class of Higgsless models
which can be deconstructed to a chain of SU(2) gauge groups adjacent to a chain of U(1) gauge groups,
and with the fermions coupled to any single SU(2) group and to any single U(1) group along the chain.
The primary advantage of our technique is that the size of corrections to electroweak processes can be
directly related to the spectrum of vector bosons (“KK modes”). In Higgsless models, this spectrum is
constrained by unitarity. Our methods also allow for arbitrary background 5D geometry, spatially
dependent gauge-couplings, and brane kinetic energy terms. We find that, due to the size of corrections
to electroweak processes in any unitary theory, Higgsless models with localized fermions are disfavored
by precision electroweak data. Although we stress our results as they apply to continuum Higgsless 5D
models, they apply to any linear moose model including those with only a few extra vector bosons. Our
calculations of electroweak corrections also apply directly to the electroweak gauge sector of 5D theories

with a bulk scalar Higgs boson; the constraints arising from unitarity do not apply in this case.
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INTRODUCTION

The mechanism that spontaneously breaks the electro-
weak gauge symmetry remains unknown. One novel solu-
tion to the puzzle is embodied in the ‘“Higgsless” models
[1], which are based on five-dimensional gauge theories
compactified on an interval. These models achieve unitar-
ity of electroweak boson self-interactions through the ex-
change of a tower of massive vector bosons [2—4], rather
than the exchange of a scalar Higgs boson [5].

In this paper, using deconstruction [6,7], we calculate
the form of the corrections to the electroweak interactions
in a large class of these models in which the fermions are
localized in the extra dimension. Our analysis applies to
any Higgsless model which can be deconstructed to a chain
of SU(2) gauge groups adjacent to a chain of U(1) gauge
groups, with the fermions coupled to any single SU(2)
group and to any single U(1) group along the chain.' The
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"Recently, it has been proposed that the size of corrections to
electroweak processes may be reduced by allowing for delocal-
ized fermions [8,9]. Here we restrict our attention to the case of
localized fermions.
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analyses presented here extend and generalize those we
have presented previously [10,11].

The primary advantage of our technique is that the size
of corrections to electroweak processes can be directly
related to the spectrum of vector bosons (‘KK modes™)
which, in Higgsless models, is constrained by unitarity. In
addition, our results allow for arbitrary background 5D
geometry, spatially dependent gauge-couplings, and brane
kinetic energy terms. We find that, due to the size of
corrections to electroweak processes in any unitary theory,
Higgsless models with localized fermions are disfavored
by precision electroweak data.

We find that the case (which we will designate “case I"’)
in which the fermions’ hypercharge interactions are with
the U(1) group at the interface between the SU(2) and U(1)
groups are of particular phenomenological interest.
Previous results [10] for the subset of case I models in
which fermions couple only to the SU(2) group at the
leftmost end of the chain are recovered as a special limit
of our general expressions, and the results of our analysis
for case [ was quoted in [11]. We also examine the subset of
case I models where fermions couple only to the SU(2)
group at the interface; this is an extension of the
generalized-BESS model [12,13]. We find that in this limit,
S and T take on their minimum values and the quantity S —
4cos?0y T vanishes to leading order in the ratio M%/m%,
where m, is the mass of the extra Z’ bosons in the model.
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Although we stress our results as they apply to contin-
uum Higgsless 5D models, they apply also far from the
continuum limit when only a few extra vector bosons are
present. As such, these results form a generalization of
phenomenological analyses [12] of models of extended
electroweak gauge symmetries [13—15] motivated by mod-
els of hidden local symmetry [16—20]. Our calculations
also apply directly to the electroweak gauge sector of 5D
theories with a bulk scalar Higgs boson, although the
constraints arising from unitarity no longer apply.

The results presented here are complementary to, and
more general than, the analyses of the phenomenology of
these models in the continuum [21-29]. Recently, using
deconstruction, Perelstein [30] has argued that the higher-
order corrections expected to be present in any QCD-like
“high-energy” completion of a Higgsless theory are also
likely to be large. In this work, we compute the tree-level
corrections expected independent of the form of the high-
energy completion.

In the next three sections, we introduce the models we
will analyze, set notation for the correlation functions and
vector-boson mass matrices, and carefully specify the
electroweak parameters we will compute. In Sec. V, we
show that one correlation function may be computed quite
directly in the most general model. In Secs. VI and VII, we
discuss the correlation functions and phenomenology of
“case I in detail, and then generalize this analysis in
Secs. VIII and IX for a moose with fermions coupled to
an arbitrary U(1) group. The primary results of this paper,
the form of electroweak corrections in the most general
moose model with localized fermions, are summarized in
Sec. IX. In Sec. X, we demonstrate that the size of the
electroweak corrections is related to the unitarity of the
theory, and show that these models are disfavored by
precision electroweak data. Following a short discussion
and summary, the appendixes present various technical and
notational elaborations of the discussion given in the main
body of the paper.

II. THE MODEL AND ITS RELATIVES

The model we analyze, shown diagrammatically (using
“moose notation” [6,31]) in Fig. 1, incorporates an
SUQN*TI X U(1)M*! gauge group, and N + 1 nonlinear

gN+1

FIG. 1.

gauge-couplings g; and f-constants f; are arbitrary.
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(SU@2) X SUQ2))/SU(2) sigma models adjacent to M
(U(1) X U(1))/U(1) sigma models in which the global
symmetry groups in adjacent sigma models are identified
with the corresponding factors of the gauge group. The
Lagrangian for this model at O(p?) is given by

1 N+M+1
Ly=7 Ejf%ﬂD u)t(D+U))
N+M+1 )
Z % 2tr(F JFIRY), (2.1
with
D,U; = 3,U; — Al 'U; + iUA), 2.2)
where all gauge fields AL (j=012....,N+M-+1)are

dynamical. The first N + 1 gauge fields ( =0, 1,..., N)
correspond to SU(2) gauge groups; the other M + 1 gauge
fields =N+ 1,N+2,..., N+ M + 1) correspond to
U(1) gauge groups. The symmetry breaking between the
AN and AN*! follows an SU(2), X SU(2)x/SU(2)y sym-
metry breaking pattern with the U(1) embedded as the
Ts-generator of SU(2)g. In what follows, we will denote
N + M by K for brevity.

The fermions in this model take their weak interactions
from the SU(2) group at j = p and their hypercharge
interactions from the U(1) group with j=g. The
neutral-current couplings to the fermions are thus written
as

JYAL + JYAL, (2.3)
while the charged-current couplings arise from
Uowyps
EJ LALT. 2.4)

We allow p to assume any value 0 = p = N; we consider
the special “‘case I’ mooses in which ¢ = N + 1 and also
the more general situation in which g can take on any value
intherange N+ 1 =¢g=K + 1.

Our analysis proceeds for arbitrary values of the gauge-
couplings and f-constants, and therefore allow for arbi-
trary background 5D geometry, spatially dependent gauge-

INGM IN+M

N+M N+M+1

Moose diagram for the class of models analyzed in this paper. SU(2) gauge groups are shown as open circles; U(1) gauge
groups as shaded circles. The fermions couple to gauge groups p (0 < p

=N)andg (N +1=¢g =N+ M+ 1). The values of the
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couplings, and brane kinetic energy terms for the gauge
bosons.

III. NOTATION: PROPAGATORS, MASS-SQUARED
MATRICES, AND CORRELATION FUNCTIONS

All four-fermion processes, including those relevant for
the electroweak phenomenology of our model, depend on
the neutral gauge field propagator matrix

D*(Q*) =[Q* T + M7]™, 3.1
and the charged propagator matrix
DV(Q?) =[0Q*T + M3,] . (3.2)

Here, M% and M3 are, respectively, the mass-squared
matrices for the neutral and charged gauge bosons and J
is the identity matrix. Consistent with [10], Q> = —¢°
refers to the Euclidean momentum.

g1 —g081f3

_gOglf% g%(f% "‘f%) _gngf%

Bl

—gngniifner &1 T faan)
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Recalling that fermions are charged under only a single
SU(2) gauge group (at j = p where 0 = p = N) and a
single U(1) group (at j =g where N+ 1 =g =K + 1),
neutral-current four-fermion processes may be derived
from the Lagrangian

1
an == Eng;Zz,p(QZ)J§LJ3# - gpqu%,q(Qz)‘]éLJY/_L
1

~ 584D5(@) T} Ty (3.3)
and charged-current process from
1
L= =38Dp,(@)0 - (34)

where D; ; is the (i, j) element of the appropriate gauge
field propagator matrix.

The neutral vector meson mass-squared matrix is of
dimension (K + 2) X (K + 2)

_gN+lgN+2f12\/+2 3.3)

—gn+18n+2fre &N T fhes)

and the charged-current vector bosons’ mass-squared matrix is the upper (N + 1) X (N + 1) dimensional block of the

neutral-current M2 matrix

8313 —8081/7
—gg1f1 &iUi+/3)  —gef3
2 — _glng% g%(f% + fg)
w .

_gN72gN71f12\'71 g12v71(f12v71 + f12v)

—g283f§

(3.6)

_nglngIZV
gizv(fzzv + f12v+1)

_8N—18Nf12v

The neutral vector-boson mass matrix (3.5) is of a familiar form that has a vanishing determinant, due to a zero eigenvalue.
Physically, this corresponds to a massless neutral gauge field—the photon. The nonzero eigenvalues of M? are labeled by
m%z (z=0,1,2,---, K), while those of M%V are labeled by m%VW w=20,1,2,---,N). The lowest massive eigenstates
corresponding to eigenvalues M2, and m3,, are, respectively, identified as the usual Z and W bosons. We will generally
refer to these last eigenvalues by their conventional symbols M2, M3,; the distinction between these and the corresponding

mass matrices should be clear from context.

It is useful to define an M X M matrix M, which encompasses all of the U(1) groups corresponding to j > N + 1 [i.e.,

all except the leftmost U(1) group in the linear moose].
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1
SN2 (Nea T Res)  —8n+28N+3f N3
—gn+28n+3 s 8N UNes TS hed)  —8n+38n+af s
_gN+3gN+4f12v+4 812v+4(fzzv+4 + f12v+5) _gN+4gN+5f12v+5
>< b
—8x—18xf%  8x(fk + k1) —8k8k+1fk+1
—8k8x+1fk+1 &keifkm

(3.7)

(where K = N + M). The neutral-current matrix (3.5) can be written more compactly as

szzv _gNgN+1f12v+|/4
M7 = | —gngn1fin /4 8 (Fi + fR2)/4 —8nrign+afyan/d (3.3)
_8N+18N+2f12v+2/4 :M%4
|

The eigenvalues of M3, are labeled by m2, (m =  and we will denote it M?. For completeness, the matrices

1,2,---, M), and the associated propagator is denoted as
DY(Q?) = [T + M3, ],
Generalizing the usual mathematical notation for
“open” and “closed” intervals, we may denote the
neutral-boson mass matrix M as M[0 K+1] 1€ it is the

mass matrix for the entire moose running from site O to site
K + 1 including the gauge-couplings of both end point
groups. Analogously, the charged-boson mass matrix M3,
is M[ZO, N H)—it is the mass matrix for the moose running
from site 0 to link N + 1, but not including the gauge
coupling at site N + 1. This notation will be useful in
thinking about the properties of the various submatrices
and in keeping track of the end values of sums over
eigenvalues. Using this notation, we can write Mﬁl as
M3 = M? 3.9

(N+LK+1]°

We can also define other useful submatrices M7 and their
eigenvalues m? as

Mi=M, M (=12-p) (10

M7 M(sz+1) mi(r=p+1,p+2---,N)
(3.11)

MG=M kg M@G=g+1L- K+1)
(3.12)
M} =My mMI=01---K—p). (3.3

The propagator matrix related to each M? is written
Di(Q?) = [Q*T + M?]7!. Note that M3, is the same as
M;Z ~N+1- We will show that the lowest (I = 0) eigenvalue
of the matrix M7 is typically light (comparable to M3, ),

J\/lf, o1 are written out explicitly in Appendix A.
The propagator matrix elements related to M% and M3,
may be written in a spectral decomposition in terms of the

mass eigenstates as follows:

2D% (0%) = [Gne(0P)lww

_ [fy]WW (€2 lww Z (€2 Jww
QZ Q2 + MZ QZ + mZz
(3.14)
gpqu%,q(Qz) = [Gne(@)]wy
_ [fy]wy (€2 wy z (&2 Jwy
0? Q2 +M, S0 +my’
(3.15)
g3D% (0%) = [Gne(09)]yy
_ [fy]yy [€2]vy i [£2:]vy
¢ et Lo my
(3.16)

2D} (0% = [Gcc(OH)Iww

[‘fW]WW Z [ow]WW

NGRT)!
Q2 + M2 %’VHJ

All poles should be simple (i.e., there should be no degen-
erate mass eigenvalues) because, in the continuum limit,
we are analyzing a self-adjoint operator on a finite interval.

The pole residues ¢ directly show the contributions of
the various weak bosons to four-fermion processes. We can
also write the couplings of the Z and W bosons in terms of
the residues
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<V[§Z]WWJ3M - \/[fz]yﬂm>z“, (3.18)
1/7[§W2]WWJ; W=H, (3.19)

and see how the existence of the heavy gauge bosons alters
these couplings from their standard-model values.

In each case, the W and Z couplings will approach
their tree-level standard-model values in the limit
mZ o M, ,~o — 0. From a phenomenological point of
view, therefore, it is particularly interesting to consider
scenarios in which the only light gauge bosons are the
photon, W, and Z, i.e., with all of the extra charged and
neutral gauge bosons being much heavier. Ratios of physi-
cal masses such as M%/m%_  will, then, be small.
Phenomenological constraints will also require that the
mass-squared eigenvalues m2, m%,, m?2, mf?, and m7_,
(which do not directly correspond to the masses of any
physical particles) be large. We will find it useful to define
the following sums over the heavy masses for these phe-
nomenological discussions:

K1 Yo
2= Z—Z’ 2y = Z 7>
z=1 mZz w=1 mWw
(3.20)
Mo
e
)4 1 K+1 1
2,, = Z W, Eq = Z m2’
p=1"p g=q+174
(3.21)
N 1 E K—p 1
2r = R L = R
r:;Im% =

Note that for p = 0 we have X, » = 0 and likewise for ¢ =
K + 1 we have Eq = (; this makes sense since the fermi-
ons then couple to the groups at the ends of the moose and
the respective matrix M, or M, does not exist. When g =
N + 1 we have %, = 3,,. Thus we expect that setting
3, =0,3, =3, the results of our general analysis will
recover the results in Ref. [10].

Since the neutral bosons couple to only two currents, J%
and J4, the three sets of residues in Egs. (3.14), (3.15), and
(3.16) must be related. Specifically, they satisfy the K + 1
consistency conditions,

[‘fz]ww[fz]yy = (['fZ]WY)Zy

3.22
[sz]WW[fZZ]YY = ([fzz]wy)z- ( )

*Note that the sums in 37, 3 and 3, start, respectively, from
z=1,w=1, and [ = 1, excluding the lightest nonzero mass
eigenvalue in each case.
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In the case of the photon, charge universality further im-
plies

e = [fy]ww = [fy]wy = [fy]yy- (3.23)

IV. ELECTROWEAK PARAMETERS

Our goal is to analyze four-fermion electroweak pro-
cesses in the general linear moose model. As we have
shown in [11], the most general amplitude for low-energy
four-fermion neutral weak current processes in any ‘‘uni-
versal”’ model [28] may be written as’

Q'
Q2

—Anc = e
(I; — s*Q)(I5 — s*Q))

(55 — 00 Q” + g (1 + %% — aT)

e

o
sTC

X(Q —L)(Q' - 1)), 4.1
and the matrix element for charged currents by
I r-+1.1)/2
_ﬂCC - - 2 4 1 ad
(e_z 167.,-)Q 4\/—G ( + 4S2C2)
5 I, +1.1
+ 26y * ( * +)| 4.2)

2

Here 1 and 90 are weak isospin and charge of the
corresponding fermion, a = e?/4m, Gp is the usual
Fermi constant, and the weak mixing angle, as defined by
the on-shell Z coupling, is denoted by s? (¢ = 1 — s?).

We can read off the forms of the Z-pole and W-pole
residues in the four-fermion amplitudes (4.1) and (4.2) in
terms of the parameters S, 7, and 6. For example,

n as
4s52c? }
By comparing the residues as written in this way with the
expressions we will derive for them in terms of the gauge-
boson spectrum in Secs. V, VI, and VIII, we will be able to
solve for the values of S, T, Ap and § in terms of the ;.

In order to make contact with experiment, we will need
to use the more precisely measured G as an input instead
of My, In this language, the standard-model weak mixing
angle s is defined as

[£2]wy = —e [1 4.3)

T
V2G M3

This relationship is altered by the nonstandard elements of

(1 —c2) = s2=1-c2. 4.4)

3See [11] for a discussion of the correspondence between the
“on-shell”” parameters defined here, and the zero-momentum
parameters defined in [28]. Note that U is shown in [11] to be
zero to the order we consider in this paper.
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our model; thus the weak mixing angle appearing in the
amplitude for four-fermion processes is shifted from the
standard-model value by an amount A,

2=+ A, 4.5)

The size of My, relative to M, will likewise be altered from
its standard-model value.

Deducing the value of M2 from the location of the Q> =
—M? pole of (4.1), and comparing this with Egs. (4.4) and
(4.5) yields the shift in the weak mixing angle:

o 1
———| == (S +8) + s3c3T |.
C%—s%[ 4( )+ sz }

A, = (4.6)

Taking M%V from (4.2) and incorporating the shift (4.5) in
the weak mixing angle gives

+ = borar-2°
=S+ T ——) |
g2t )]

@.7

M, = chg[l

We can now rewrite the residues in a consistent language
in terms of «, G and M,. We use (4.5) and (4.6) to rewrite
the residues as deduced from (4.1) and (4.2) in terms of c¢:

1 2 1 as
- —Zl+ A, + 22 4.8
62 [fZ]WW S% [ C%SZ< Z 4 >:| ( )
1 . «a
;[fZ]WY =—-1- @S (49)

2 1 S
—[fz]n=—§[1+cz 2< Aﬂ%ﬂ (4.10)
Z ZZ

! [1 b (AZ +a—S>}
sZ sZ 4

and with A, as defined by Eq. (4.5).

Before calculating explicit expressions for all of the pole
residues in terms of the sums over mass eigenvalues .;, we
can extract a few more pieces of information from the form
of the weak amplitudes (4.1) and (4.2). Evaluating the
matrix elements at Q> = 0, we find

%[fw]ww @.11)

[GecO)lww = 4\/_GF EW]WW + Z L€ww Iww

’

W m%VW
(4.12)

and by removing the pole terms corresponding to the
photon, W, and Z, we find

&€z vy
42G(Ap — aT) = Zm;z’ (4.13)
z=1 Zz
K
\/—GF a5 Z [frv::;]ww -y [frzrzgww. 4.14)
w=1 Ww z=1 Zz
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Note also that for the amplitudes in Egs. (4.1) and (4.2) to
be consistent, we must have

i [z Iwy -0

(4.15)
my,

z=1

to this order. We will apply these findings in Secs. VI and
VIIL

V. CORRELATION FUNCTION [Gnc(Q3)]wy IN A
GENERAL LINEAR MOOSE

In this section, we will find [Gnc(Q?)]wy for the general
case with both p and ¢ left arbitrary. We will discuss the
other correlation functions and their phenomenology in
subsequent sections.

We start with the weak-hypercharge interference term in
Eq. (3.3). Direct calculation of the matrix inverse involved
in DIZ,, q(Qz) involves the computation of the cofactor re-
lated to the (p,q) element of the matrix Q*7 + M.
Inspection of the neutral-boson mass-matrix equation
(3.5) and subsequent definitions shows that the cofactor
is the determinant of a matrix whose upper p X p block
involves M2, and whose lower (K — ¢ + 1) X (K — g +
1) block involves ,’M%]. The middle block is upper-diagonal
and has diagonal entries independent of Q% and its deter-
minant is therefore constant. Accordingly, we have

Cdet[D?(Q*)]™" det( D(Q*)]™"
det D#(0*)]™
_ CIT5=1(Q% + m3)[T52,+1(Q* + m3)
0*(Q* + MY (0% + m3)

[Gne(Q)]wy =

>

(5.1

where C is a constant. Requiring the residue of the photon
pole at Q> = 0 to equal e determines the value of C and
reveals

e’M2 ﬁ m%z
0%(Q* + M2)| ;1 0% + mZ,
2 2 K+1 2 2
0 +m 0"+ ms }

—P}LDH m;

p=1 b

[Gne(Q)wy =

(5.2)

We can read off the Z-pole of the correlation function to

find
K M2 :|

[§zlwy = —e |:1_[mzm_ZZM2j||:l£[ —L =

K+1 m2 _ M2
] Z
X 42| 5.3
[_]_[ p~ } (5.3)
g=q+1 q
In the limit My o, mM; M, — o0, [£,]yy — —€* as at

tree-level in the standard model. Expanding the products
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in Eq. (5.3) to first nontrivial order in the ratio of M2/M?
(where M is any of [m o, m,, m,]), we can rewrite this
in shorthand as

[E7]wy = =€ [1 + MZ(2, — 2, — 2] (54

where the 3,; are defined in (3.20) and (3.21). If we set p =
0 and ¢ = N + 1 we appropriately recover the leading-
order value of [£,]yy in [10]. From Eq. (4.9), this imme-
diately leads to a value for the S parameter

aS =4sicoM5(3, — 3, — ). (5.5)
We can also read off the heavy Z pole residues
M mz.

m%k - M% ¥k m%z - m%k

2 2 K+1 2 _ 2
o =iy
m? m? '

p=1 p §=q+1 q

[Ezedwy = e

(5.6)

Heavy boson exchange could make significant contribu-
tions to the four-fermion interaction processes between a
weak current and a hypercharge current only if these
residues were appreciable. Note that [£4 ]y is, in fact,
of order O(M%,/m%. ,,), and therefore Eq. (4.15) holds
to this order. We will gather the heavy pole residues in
Appendix C, since they will not be part of the main argu-
ment of the paper.

VI. CASE I: CORRELATION FUNCTIONS AND
CONSISTENCY RELATIONS

In this section, we consider the phenomenologically
important special case (dubbed case I) of the general linear

moose in which p is left free but ¢ is fixed as g = N + 1.
|

(DA sy — SR (@] de( DY Q)]

Q2+ MR)TTY (@2 + mi ) [T, (Q° + mi)

PHYSICAL REVIEW D 71, 035007 (2005)

We start by writing [ Gne(Q?)lwy for case 1 using Eq. (5.2)
above. We then note that [Gyc(Q?)]yy is the same in case I
as in the model of Ref. [10] because the latter model also
has ¢ = N + 1 (this correlation function depends on ¢ but
not on p). We next calculate [Gnc(Q?)]ww and
[Gce(Q?)]ww directly in terms of eigenvalues of submoo-
ses of the full linear moose. For comparison we then use
[£41yy, [€7]lwy and the consistency conditions (3.22) to
deduce another way of writing [Gnc(Q®)lww —
[Gce(Q?)]ww for case 1. This allows us to derive a rela-
tionship among case I correlation functions

[GNC(QZ) - GCC(QZ)]WW[GNC(QZ)]YY = [GNC(QZ)]%VY

6.1)

that echoes the consistency conditions (3.22) for the pole
residues. This relationship was also noted in the specific
case I model discussed in [10].

A. [Gne(Q)]wy

This correlation function is as computed in Eq. (5.1),
with ¢ taking the value N + 1. We immediately see that
Eq. (5.4) takes the form

[Ezdwy = —€[1 + M%(Ez -

B. [Gne(Q) vy

Since this correlation function depends on ¢ but not p, it
is the same as in [10]. Direct calculation of the matrix
inverse involved in Di q(Qz) involves the computation of
the cofactor related to the (N + 1, N + 1) element of the
matrix [Q? ] + M2]. Inspection of the neutral-boson mass-
matrix equation (3.8) leads to

det[D*(Q*)]™

0%(0* + MIIE,(0* + m2,). (©63)

As noted earlier, charge universality for the photon tells us that the residue of [Gync(Q?)]yy at Q> = 0 is €2, so that

[Gne(0P)]yy

Reading off the residue of the Z-pole in Eq. (6.4), we obtain

M2 _ M2 N
[fz]w = 622W|:

M3, [

w=1

Note that, in the limit My _~q, My =0, M,, — 00, [, ]yy — e*(M2

e [Q* + MM 0%+ m%VW m2. Q%+ mp,
O M@ + M3 E[l l_[Q2+mZZ l_[ om

2 _ A2
My, — My
2
mWw

(6.4)
=1

m2, — M2
m2, '

— M%,)/M3,, so that the correct standard-model tree-

K m%7 M
}Lﬂm%z " M}[ [l ©5)

m=1

level value of the Z-boson coupling to hypercharge is recovered. If we expand the expression for [ £, ]yy to first nontrivial

order, we can rewrite it as

EZ(M% _
M3,

2
[fz]w = MW)

[1+ M2, ~

Sw— 2] (6.6)

035007-7



CHIVUKULA, SIMMONS, HE, KURACHI, AND TANABASHI PHYSICAL REVIEW D 71, 035007 (2005)
C. [GNC(QZ)]WW and [GCC(QZ)]WW

In terms of the matrices defined previously, we may calculate the neutral-current correlation function directly (in terms
of the relevant cofactors) as

[Gne(Q)ww = e*M} [0 + Mj] |:l£[ m3. :||: ﬁ M}[lﬁw} 6.7)

T2 7] 3 3 7} 7} 5}
0°[Q* + M7] M; =197 tmz || ;o m; =1

where we have displayed the contribution corresponding to the light eigenvalue M? of the matrix 2M? explicitly, and
charge universality determines the value at Q> = 0. Similarly, the charged-current correlation function may be written as

A2G - M2 N 2 2 0?4+ m? N 2 2
[Gecl @y = 2 FMW[]‘[ My }{HQ }[ 1 @} 68
r=p+1

[0 + M3,/] =1 0* + my,, p=1 m%; m?

where we have imposed the relation [G¢c(0)]yw = 4v2G.
Reading off the residues of the poles at M% and M7, we find

N m2 Pm%—M‘Z}V N m2_M2_
[Ewlww = 4V2G M} T —L—— ——, (6.9)
v e = | 0w [ 1L 7w |
= BI[ s me - M = 3
[é20ww = —¢€? : . : (6.10)
| Hwme = | w1
Expanding [&y zlww to lowest nontrivial order, we find
[Ewlww = 4V2G M3 (1 + M3, (Sy — 3, — 3,), 6.11)
M? — M2
[E20ww = —¢€? g (I+Mx(Z, -2, - %)) (6.12)
M?
L

D. [Gne(QD)]ww — [Gcc(Q?) lww: Consistency relations
Next we turn to examining the difference
[Gne(@)Iww — [Gec(Q)Iww- (6.13)

In the gy — O limit, the matrix M2 in (3.8) becomes block-diagonal and the U(1)-sector fully decouples, leading to a
vanishing difference in Eq. (6.13). As the custodial violation gy, # O originates from the (N + 1)th site of the moose
chain, at high-Q? the asymptotic behavior of (6.13) arises from the diagram shown in Fig. 2 (cf. [10])

2
[Grne (@) Iww — [Gec(Q)Iww = (Qz)gzl(vﬁ' (6.14)

Using Egs. (3.14) and (3.17), we see that the only consistent way to achieve the high-energy behavior (6.14) is

2 _ 2 _ My M5R(0%) N my,, m37,
[GNC(Q )]WW [GCC(Q )]WW QZ[QQ ¥ M‘Z}[/][QZ ¥ M%] v!:[] Q2 ¥ m%vw l_[ Q2 + m%Z ’ (615)

where the function R (Q?) is a polynomial in Q? of order M + 2p and R(0) = 1 in order to have (6.15) satisfy charge
universality.

2 2 2 2

gp S?JpQJer11‘F,+1 Iy gN+1f N+1 I gN+1f N-+1 g|:>+1g pfp+1 g
4 4 4 4 P
Ap Ap+1 AN+1 Ap+1 Ap

FIG. 2. Leading diagram at high-Q? (Q? > mZ_,,. for w, z > 0) which distinguishes [Gyc(Q?)lyww from [Gcc(0?) lyw-
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From Egs. (6.7) and (6.8), we see that the polynomial R (Q?) must vanish at Q> = —m%, yielding p conditions.
Furthermore, the residues [ £ |y w and [ €7 Jww must satisfy the K + 1 consistency conditions of Eq. (3.22). Together, these
yield K + p + 1 conditions, which is greater than the M + 2p — 1 free parameters in the polynomial R (Q?). Therefore
the polynomial R (Q?) is (over)-constrained by these conditions. Motivated by the relation Eq. (6.1) found in [10], and

recalling that M7 = M3, in this case, we consider the ansatz

24 m2 & QF +m3
R(Q%) = []_[Q }[]‘[ } (6.16)
m=1 =
and find that the corresponding difference of correlation functions
2 M2 M2 N m2 K m2
[Gre(@ww — [Gee( @)y = ez i g
NEEE A ERECRE EN T 002 + M3 0% + M2 L[] Q> + m3, l] Q> + mZ,
M H2 2 p 2 2)2
0° + m;, (Q* + m3)
% {l_[1 p— }{l_[l | 6.17)
m= m p= p

satisfies all of the consistency conditions. Therefore our ansatz for R (Q?) is correct. Explicit examination of Egs. (5.2),

(6.4), and (6.17) reveals the promised relationship (6.1).
The pole residues are

2 _ a2 y2
(b =2 T M T ey M ] e (6.18)
VWM - M3, | LA md, — M3, imn =My | a2 M p=1 m} , '
2 _ 22
(& = ﬁ My ﬁ " ﬁ M — M ﬁ (m = M2) (6.19)
M% - M‘Z)V w=1 m%l/w - M% z=1 m%z - M% m=1 m%n p=1 m{
If we expand the expressions for [ £y lww and [ £, ]ww to first nontrivial order, we can rewrite them as
e’M>
[Ewlww = ﬁ[l + My (37 + 2y — 2y —23))] (6.20)
M35 — My,
e’M3,
[€zlww = m[l + M3+ 2y — 2y —23,)] (6.21)
z
|
If we set p = 0 we recover our leading-order values from 2 2 2
[10]. (1 + )(1 + Q—) 7\/§G§Q l_[<1 + Q—2>
w,l Ww l € rnz m;

Comparing Egs. (6.11) and (6.20), we find the relation
2
=i (1~ )[1 My(S7+3, -3, — 5]
(6.22)

e
426,
to this order. By comparing Egs. (6.12) and (6.21), we find
P =M% - My —M3(Sy +3, -3y —3)]
(6.23)
which demonstrates our assertion that the matrix M7 has a
light eigenvalue.
Using Egs. (5.2), (6.4), (6.7), and (6.8), we see that the

consistency relation of Eq. (6.1) can be written schemati-
cally as

()
><<1 o

9

2 »
m;
where the products run over all the corresponding (non-
zero) eigenvalues, including the light eigenvalues m2, =
M3, my,, = M3, and m7_, = M7. In principle this ex-
pression gives us many relations among the various eigen-
values. In practice, however, we are only interested in the
consequences at momenta Q> much less than any of the
heavy eigenvalues. Expanding Eq. (6.24) to lowest non-
trivial order, we find

=)

(6.24)
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(1 + AQ4—i>< 132 )(1 + Q%3 + 0°3y)
_ 4\/§eG2FQ2< Q2>(1 + 023, + 023,)

+(1+ 03, + 03, (6.25)

where we have explicitly kept all terms involving only light
masses. Equating the terms proportional to Q°, Q*, and Q?
(consistently to this order in the heavy mass expansion) we
find

2L+EW:2r+EZy
and reproduce Egs. (6.22) and (6.23).

(6.26)

VII. CASE I: ELECTROWEAK
PHENOMENOLOGY

A. Ap

Because case I models satisfy the consistency relation of
Eq. (6.1), the low-energy p parameter will always equal 1
in this class of models—just as was found for the specific
case I model of [10].

In discussing low-energy interactions it is conventional
to rewrite the neutral-current Lagrangian of Eq. (3.3) in
terms of weak and electromagnetic currents as

1
—3AQ)5 3, — BQ)S g,

1
— 5 CO 5 ou

-[:nc =

(7.1

where

A(Q?) = [Gne(OD)]ww — 2[Gnc (0D ]wy + [Gne(0P)lyy,

(7.2)
B(0?) = [Gne(0P)]wy — [Gne(@D)]yy. (7.3)
C(Q%) = [Gnc(0H)]yy- (7.4)

As required, the photon pole cancels in the expressions for
A(Q?) and B(Q?). The low-energy p parameter is defined
by

L A(Q?)
P QIZTO [Gec(O)Iww 7:2)
Consider
AQY) . _ ([Gxc(@)]wy — [Gne(@2)vy)?
[Gee(0P)lww [Grne(OD)yy[Gec(O)ww

(7.6)

where the equality holds because of Eq. (6.1). As Q> — 0
in this expression, charge universality insures that the
photon pole contribution cancels in the numerator, while

PHYSICAL REVIEW D 71, 035007 (2005)

the denominator diverges like e?/Q?. Therefore,
A 2
Ap = tim —AQ)

=0,
0—0[Gcc(0H) lww

(1.7)

B. a8, aT, and ad

To extract the on-shell electroweak parameters from our
expressions for the residues of the poles in the correlations
functions, we must first shift to a scheme where G is used
as an input instead of My by applying Eq. (4.7) to
Egs. (6.2), (6.6), (6.20), and (6.21). Then comparing
[€2]yy [€2]wys [€2]ww, and [w]ww written in terms of
the 3; to the forms derived earlier as (4.8), (4.9), (4.10), and
(4.11), we can solve for S and T to leading order:

aS =4stcIM5(3, — 3, — Sy), (7.8)
aTl = SZM%(EZ - EM) (79)
From Egs. (4.12) and (4.14) we find
ad
4v2Gy = EW]WW + V2G5 et (7.10)
M3,

Applying (6.11) to the right-hand side of (7.10) we find

ad = —4s3cIM;(Sy — 2, — 3), (7.11)

where we have substituted cZM2 for M3, and s2 for s* to
this order since the 3, and & are small quantities.

C. Zero-momentum parameters

Barbieri er al. have introduced [28] a set of electroweak
parameters defined at Q%> = 0 that describe leading-order
and higher-order effects of physics beyond the standard
model. In Ref. [11], we not only derived the relationships
between the zero-momentum parameters and the on-shell
parameters S, T, 6 and A p, but also quoted expressions for
the zero-momentum parameters in terms of the %,;. We now
show how the expressions we have obtained for the corre-
lation functions in Sec. VI support the results described in
[11].

Barbieri et al. [28] choose parameters to describe
four-fermion electroweak processes using the transverse
gauge-boson polarization amplitudes. Formally, all such
processes can be summarized in momentum space (at tree-
level in the electroweak interactions, having integrated out
all heavy states, and ignoring external fermion masses) by
the neutral-current Lagrangian

HW3W3(Q2) HW3B(Q2) -1 J§L
s/

1
an = _(‘] J )
2 T |: HW3B(Q2) HBB(Qz)

(7.12)

and the charged-current Lagrangian
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Lo= My @A, (13)
where the J* and J & are the weak isospin and hypercharge
fermion currents, respectively. All two-point correlation
functions of fermionic currents—and therefore all four-
fermion scattering amplitudes at tree-level—can be read
off from the appropriate element(s) of the inverse gauge-
boson polarization matrix.

Comparing Eqgs. (3.3) and (3.4) to Egs. (7.12) and (7.13),
we find

H_l(Qz) — |: HW3W3(Q2) HW3B(Q2) :|1

HW3B(Q2) HBB(QZ)
= — [GNC(QZ)]WW [GNC(Qz)]WY (714)
[Gne(@)]wy  [Gne(QH)]yy
and
I = —1 (7.15)
Y [Gec(O)ww '
Using the consistency relation, Eq. (6.1), we find
—12 [?NC(QZ)]WY .
H(Q2) — [GCC(Q )]WW [GCC(Q )]WW[GNC(Q )]YY
[GNC(QZ)]WY 7[GNC(Q2)]WW
[Gec(@)IwwlGne(@))]yy  [Gec(@H)lwwlGrne (@) vy

(7.16)

Barbieri et al. proceed by defining the (approximate)
electroweak couplings
1 |:dHW+W(Q2)i|
=0

02 —_ 2

g d(—Q?%) 717
1 |:dHBB(Q2)i|

g d(—Q%) Jo=0

and the electroweak scale
v2 = —4Ily - (0) = (V2Gp) ™! = (246 GeV)2. (7.18)

(Our definition of v differs from that used in Ref. [28] by
\/5.) In terms of the polarization functions and these con-
stants, the authors of [28] define the parameters

EdTL(0Y)
§=g2 L} , 7.19
e gm0 719
N g2
T= M72(H wiws(0) — Iy« y-(0)), (7.20)
W
_82M%V dzHW3W3(Q2)
W= s 7.21
2 [ d(—0%? j|Q2—O (7.21)
_8/2M2w dzHBB(Qz)
Y = . 7.22
2 [ d(—0%)? i|Q2—0 (7.22)
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In any nonstandard electroweak model in which all of the
relevant effects occur only in the correlation functions of
fermionic electroweak gauge currents,” the values of these
four parameters [28] summarize the leading deviations in
all four-fermion processes from the standard-model pre-
dictions. In addition, the quantities [28]

~ rdllysws dllv+w-
U=—-g? = WW — WW} , 7.23
iy " a0y gy T

~N gzM%V _dZHW.%W.% dZHW+W—i|

V= - . (124
2 A0 A0 Jpoy Y

_ 88'My, [ d11y35(0%)
X > [ oy }2_ (7.25)

describe higher-order effects.

We now evaluate these expressions for the on-shell
parameters in case I linear moose models. Initially, we
notice that

Iy w-(02) = Hyays(Q?), (7.26)
and therefore the zero-momentum parameters
T=0U=V=0 (7.27)

vanish identically.

Using the forms of the correlation functions derived
previously, and the identities (7.16) which we have just
derived from the consistency relations, we may compute S,
W, and Y directly in terms of the X;. Alternatively, as
shown in [11], we may compute the zero-momentum pa-
rameters from the on-shell parameters aS, aT, and @9,
which we have already derived in terms of the 3, in
Sec. VI. In either case, we find

S=wm33, (7.28)
Y = _M%V(EZ - EW - EM) (730)

We see that S is strictly positive—we will return to the
phenomenological consequences of this in Sec. XI.

Finally, computing the parameter X in the same way, we
see that it is suppressed by four powers of the heavy masses
and is, as expected, zero to this order [28].

*And not, for example, through extra gauge bosons or com-
positeness operators involving the B — L or weak isosinglet
currents.
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VIII. GENERAL LINEAR MOOSE MODELS:
CORRELATION FUNCTIONS AND CONSISTENCY
CONDITIONS

We now study the correlation functions of the general
linear moose. We have already derived [Gyc(Q?)]yy for
the general case in Sec. V. Since in both case I and the
general model the value of p is arbitrary (and the charged
currents do not depend on ¢g), the expressions for
[Grnc(O)Iww and [Gee(Q?)]ww and their residues are
the same in the general model as in case 1. We therefore
reapply the consistency conditions (3.22) and deduce the
residues of [Gyc(Q?)]yy in the general model. We then
discuss how the consistency relations among correlation
functions found for case I are modified in the general linear
moose.

A. [Gne(Q?)]wy in the general case

The expressions for [Gyc(Q?)]ywy and the associated
residues are as derived in Sec. V.

B. [Gne(Q?)]ww and [Gc(Q?)]ww in the general case

As previously noted, the form of [Gyc(Q%)]yw and
[Gec(0)]ww depend only on the identity of the SU(2)
group to which fermions couple and not on the U(1) to
which they couple. The expressions for [Gyc(0?)]wws
[Gec(0?)]ww and their residues derived in Secs. VIC
and VID for case I therefore apply equally well in the
general case. Note that there is dependence on the M,
[which cover all of the U(1) groups with j > N + 1] rather
than on M.

C. [Gne(Q?)]yy in the general case:
The related case I moose
We can calculate the pole residues of [Gyc(Q?)]yy in the
general case by applying the consistency conditions (3.22)

to our previous results for [£, |y (5.3) and [£]yw (6.19).
We find

2002 — Ag2 N 2 a2
[Ezlyy = ez - T (MZ MW) |: l_[ e — >2 MZ:|

2
MW
2
m3,

K M m2
>< m
e | ™

z=1 m=1

=]
. .
a=q+1 Mg

8.1

This reduces to the case I (and [10]) expression (6.5) if we

setg = N + 1, since the m, then take on the values m,;,. To

leading order in mass-squared ratios, one has

e*(M% — M})
e

-22,))]

[Ez]yy = [1+ML3, -2y + 3y

(8.2)
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Note that for ¢ = N + 1 we have X, = 3, and we re-
cover the case [ result (6.6);if weset p = 0andg = N + 1
we recover the result in [10].

Alternatively, we may use a different kind of extrapola-
tion from a case I moose to calculate [Gyc(Q%)]yy.
Consider the case I moose shown in Fig. 3: in this model,
the values of the couplings and f constants are the same as
in our original general moose, but the sites corresponding
to SU(2) groups now include those all the way to site g —
1. All of the properties of the neutral bosons are the same in
this “related case I moose” as in our original moose.
Therefore, we can use our previous knowledge of the
form of [Gyc(Q?)]yy for case I to find this correlation
function for the moose in Fig. 3, and this will also be the
answer for our original moose.

Furthermore, as we shall see in the next subsection, the
properties of the charged bosons and the corresponding
correlation functions in the two models are related by a
new consistency condition which will allow us to extract to
the electroweak parameters more easily. Defining the ma-
trix and eigenvalues for the charged-boson masses in the
related case I moose

m2

2 a2
MW/ M W'w

[O,q) (WZO)I)'..)q_l)’

(8.3)
we will show that the lowest eigenvalue of this matrix,
m%v’o’ is light. As before, we will denote this light eigen-
value by M%,,, and the distinction between this and the
mass matrix will be clear from context.

In terms of the related case I moose, we may evaluate

[Gnc(Q?)]yy directly, and find

[GNC(Qz)]YY =

& (07 + My, M3 ql-[‘ Q> +mj,,
Q2 M%V’[Qz + M%] w=1 m%V’w
(o |1 257

Hommy | L4 m
(8.4)
Reading off the residues of the poles in Eq. (8.4), we obtain

2 _ a2 “1m2 a2
[£2]yy = € Mz~ My h My, — M7
M3, &omi,
w= W'w

K 2 K+1 m2 — A2

m3, mx MZ
X 2z _q 4 . (8.5
[nmgz—m}[ [T } (8.5)

z=1 Gg=q+1 q

If we expand the expression for [ £, ]yy to first nontrivial
order, we can rewrite it as

2 M2 _ M2/
ey = S M s, - 5y -3,
W/
(8.6)

where we have defined
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FIG. 3.
qg— 1.

a”l

Zw= Y
2
w=1 mW’w

Equating the two expressions in Egs. (8.2) and (8.6), we
find the relation

M2, = M3 [1 — (M —

8.7)

M) Sy — Sy + 3y — 3]

(8.8)

justifying our assumption that the matrix M%V, had a light
eigenvalue.

D. The custodial consistency conditions and A p

We now relate the properties of the charged-boson cor-
relation functions in the original and related case I moose.
To facilitate the discussion we define the following general
propagators

GECI)j](QZ)’ GECI}”(QZ), (1 j](Q2) (1 J)(QZ) (8 9)
where, for example,
1
2
[J](Q ) gxgy<x| Qz + M[ZIJ] |)’>; (810)

is the Euclidean space propagator for the correlation func-
tion of the current at site x with that at site y in the linear
moose with vector-boson mass-squared matrix M[I e and
similarly for the other correlation functions. Clearly, we
must have that I = x,y = J.

Using this notation, [G¢c(Q*)lww = Gy, NH)(QZ) is the
charged-current correlation function in the original moose
and [Gec(0)lww = [o )(Qz) is the charged-boson cor-

relation function in the related case I moose. By definition,

[Gec(Q® = 0)lww = g5(My?),, = 4V2G,  (8.11)
while
[Gec(Q? = O)lww = 82(My2),, = 4v2pGp,  (8.12)

where the second equality follows from the fact that the
zero-momentum charged-current correlation function of
the related case I moose has the same strength as the 73
part of the neutral-current correlation function in the origi-
nal moose (i.e., p =1 in case I). In these equations

(My?),,, and (MW,) ».p Tepresent, respectively, the (p, p)
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INM IN+M1

“Related” case I moose corresponding to the moose in Fig. 1. In this moose, the SU(2) groups continue all the way to site

element of the inverse of the mass-squared matrices M3,

and M%V,. As quoted in Appendix B, these individual
elements are calculated to be
B 4 N+1 1
(M Wz)i, i 2
8i8) k—max(i,j)+1 fx
. (8.13)
_ 4 1
(M) = -

5-
8i8j k=max(i, j)+1 fk

Then using (8.13) in Eq. (8.11) shows that the weak scale
is related to the f-constants of the links between the SU(2)
group to which the fermions couple (p) and the U(1) group
at the interface (N + 1):

N+1 4 4

Z FE¥=

Jj=ptl1JJ

412Gy, (8.14)

while applying (8.13) to the difference of Egs. (8.11) and
(8.12) yields a simple expression for A p:

q UZ

Ap=p—-1= Z — > 0. (8.15)
=n2 fi

We see that the low-energy p parameter will be identically

1 when ¢ = N + 1 and will be greater than 1 otherwise.

Furthermore, using these formulas we find that

GpN+1( 2 _ 0)

o Gh N THQ? = 0) = 4v2ApGr.

[0.9)
(8.16)
By direct inversion, we compute the following correla-

tion functions® (where the products are over all nonzero
eigenvalues)

[1a + Qz)(l + Qz)

— pr
[Gee(0)lww = 4V2Gr v

(8.17)

The form of these correlation functions is determined entirely
by the zeros and poles which arise from examining the relevant
inverse matrix, and by fixing the value at Q> = 0.
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[0 +&)0+%)
[Gec(Q)lww = 4v2pG - y

(8.18)

e+
w! w!
and

1 [0+ &)1 + &)
Gloy (Q°) = 4V28pGr ™
[0+ %)

[0,9)

M +-<

G1Y]+1,N+1(Q2) — 4\/§APGFWYX My,
2

[0,9) ]—[(1 + n%l)

)1+ &)

(8.19)

In these expressions, we have defined the matrices and
corresponding eigenvalues

M? = M(zpq) mi(F'=p+1--,¢g-1), (820)
M; =My, ME=N+2---,¢g-1. 82D

Phenomenological considerations will require that these
eigenvalues be large, m2 > My, ,.

The arguments which lead to the consistency condition
of Eq. (6.1) may be used to show that

GEY(QY) — GEY(0Y) = G2 (0% — Gl 1) (02)
[GENTehP

T

(8.22)

and also to prove the more general consistency conditions
listed in Appendix D. Performing a low-Q? expansion on
Eq. (8.22), we find the relation

2
2pGy(1+ 01+ 075+ 0R)
w

= 4ﬁGF<1 2 )(1 + 0, + 0?5y
M3,
+4V20pG(1 + 0?3, + 0?3, (8.23)
where we have defined
q—1 1 q—1 1
3, = rgﬂ 2 3, = 2w (8.24)

We know from phenomenologically considerations that
Ap < O(10~2)—therefore we may neglect the last terms
in this expression, which are proportional to Ap - X P
Q2. Equating powers of Q% and Q* we find (to lowest
nontrivial order in deviation from the standard model):
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S+ Sy =3+ Sy (8.25)

M}, = pM3,. (8.26)

Equations (8.25) and (8.26) are the primary results of
this subsection, and will allow us to compute the electro-
weak parameters of the original general model in terms of
the properties of the related case I moose.

IX. GENERAL LINEAR MOOSE MODELS:
ELECTROWEAK PHENOMENOLOGY

A. aS and aT

Comparing our pairs of expressions from Secs. IV and
VIII for [&7]yy, [€2)wy, [€2)ww, and [€w]ww (after mov-
ing consistently to the scheme with G as an experimental
input) we can solve for S and T to leading order:

asS = 4s2coM%(2, — 2,2, 9.1)

aT = S2MA(S, — Sy + 3y —23,).  (92)

The linear combination of parameters computed in [10]
now looks like

a(S —4c3T) = 4s3eZMZ[(Syw — 2,) — Sy — 2]

9.3)

and depends on the differences of the inverse-square-sums
of eigenvalues of the full W and M matrices and the
reduced-rank p and g matrices.

If we take ¢ = N + 1 we recover the equivalent expres-
sions for case I; if we take p = O along withg = N + 1 we
recover the expressions from [10]. Note that models in
which p =N and ¢ = N + 1 are an extension of the
generalized-BESS-type-I models studied in [12,13] and
our results are consistent with these earlier papers. In this
case we have 3, = Sy,and 3 » takes on a value which we
denote X, p=n- Therefore Egs. (9.1) and (9.2) become

aS =4s3cIM%(3, — 3,y — Sy),
aT = sZM%(3, — Sy — Sy),

aS —4chaT = 4s3cIM%(Sy — 2 ). 9.4)

References [12,13] focused on the case in which g, and g,
were small. In this limit, all of the parameters above are of
order O(M3,/M3,), and the first nonzero contributions to
electroweak corrections were found to arise as the 4th
power of mass ratios rather than the 2nd power.

B. ad

We find a general expression for 6 by exploiting our
ability to compute 6 for any case I moose, including the
related case I moose for our general linear moose (shown in
Fig. 3). In Eq. (4.14) we related the nonresonant contribu-

035007-14



ELECTROWEAK CORRECTIONS AND UNITARITY IN ...

tion to four-fermion processes (arising from heavy neutral-
boson exchange) to the pole residues and masses by

\/_GF 013 Z [sz]WW

=1 mZZ

Z

9.5)

As the matrix M% is the same in the original moose and
its related case I moose, we see that the value of & is the
same® in the original moose and its related case I moose.
From our calculation in Sec. VII [see (7.11)], then, we can
write 8 in terms of the 3; for the related case I moose

a5

C2

4SZC%M%(EWr - 2,/ - Ep) (96)
and by applying Eq. (8.25) we obtain & in terms of the X;

for the original general linear moose

o
‘z_z = —4s2IML(Sy — 3, — 3,). 9.7)
C.Ap
From Egs. (8.8) and (8.26), we find
Ap = S%M%(Ewr - EW + EM - Eq) (98)
Recall that we also found [Eq. (8.15)]that Ap = p — 1 =

Zk N+2

show the equlvalence of Eqgs. (8.15) and (9.8). Note that for
any case I moose, Xy =2y, 2y =2, and
q = N + 1—therefore using either expression we see
that Ap vanishes.

Furthermore, the experimental bounds on p — 1 place
limits on the size of some of the f,. As shown’ in [28], the
current limit is p — 1 < 0.004. In a model withg = N + 2
[i.e., the fermions couple to the U(1) to the right of the one

Y>> (. The results of Appendix B may be used to

at the SUQ)-U(1) interface], we find fyi,>
v/+/0.004 ~ 3.9 TeV. In a model with ¢ > N + 2, each

f contributing to p — 1 must be greater than 3.9 TeV. This
suggests that the case I models, with Ap = 0 will be of
greatest phenomenological interest.

D. Zero-momentum parameters

Using the results of [11] we can write the zero-
momentum parameters as

.1 5
S=—las+4c(Ap—an)+22| (99
4s c

T = Ap, (9.10)

®In principle, the value of G in Eq. (9.5) changes to pG in
the related case I moose—however, since Ap = O(1072), this
change is higher-order in deviation from the standard model.
See [11] for a discussion of the correspondence between the
notation of Barbieri et al. and the notation used here.
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ad
=55 ©.11)
Y = —(Ap — aT). (9.12)

Inserting our expressions for the on-shell parameters in
terms of the X; from Secs. IX A and IX B and applying the
custodial consistency relation of Eq. (8.25), we find

§= M3, >0, 9.13)
is strictly greater than zero, and
2
T = %M%V(EW: — Sy + 3y -3, 9.14)
VA
W=-M;Sy -3, -3, (9.15)
Y= -Mj (3, — Sy — 3. (9.16)

The values of S, W and Y are precisely the same as the
values one would calculate for the related case I moose.

To better understand the nonzero value of 7' in the
general linear moose (recall 7 = 0 in the related case I
moose) we can return to the polarization amplitudes of
Egs. (7.12) and (7.13). If we consider the related case I
moose shown in Fig. 3, the consistency relation of Eq. (6.1)
implies

([GNC(Qz)]WW - [GCC(QZ)]WW) ' [GNC(Qz)]YY
= ([Gnc(O)]wy)* 9.17)
From Eq. (9.17), we compute
-1
My (0?) = =——sr, 9.18
A e
while
-1
My+w-(0?) = ———, 9.19
O G O

and therefore Iy (Q%) — ILyysys(Q?) # 0 so that T
will not vanish. Using Eq. (8.22), and the forms of the
correlation functions in Eqs. (8.17), (8.18), and (8.19), we
compute

Ap
42pGr
[0+ %)

n(1 + Qi)(l

s (0%) — My (Q%) =

)

(9.20)

This expression reproduces the value of 7 in Eq. (9.14)
when evaluated at Q% = 0.
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Given that the variables U and V depend on higher-order
derivatives of the difference in Eq. (9.20), when the mf‘ Vs

are large we see that U and V will be much smaller than 7.

X. WHICH MODELS ARE VIABLE?

The preceding sections of this paper have analyzed the
corrections to precisely measured electroweak quantities in
the moose shown in Fig. 1, subject to the following phe-
nomenologically motivated assumptions:

(1) The matrix M7 = Mg, .,y has only one light
nonzero mass eigenvalue, which is associated with
the ordinary Z boson.

(2) The matrices M3, M[o vep and M3, = M2
each have only one light elgenvalue The light ei-
genvalue of M7, is associated with the ordinary W

boson.
3) None of the submatrlces 3\/12 = 20 . Mz =
= M? .’M Mg ’ and
MNH)’ =M, Mg =M g1y,
(N LK 51] has a light elgenvalue with
mass of order M3, or M2.

(4) The f-constants and couplings of the moose are
constrained to obey
N+ 1 M+
v k:p+l-f_k , E Z _12
(10.1)

We find that the deviations in electroweak parameters
from their standard-model values may be summarized by
the following four quantities, each of which is constrained
by experiment [28] to be less than of order 103 in magni-
tude:

S=M3y3, >0, (10.2)

2
T= —f M3, Sy — Sy + 3y — 3, (10.3)
W=-MySy -3, —3,)=-My(Sy -3, -3,
(10.4)
Y= -Mj(3;— Sy — 3. (10.5)

Because the 3, are sums over the inverse-squares of mass
eigenvalues, barring some enhancement of a subleading
contribution that cancels against these terms, the above
constraints on electroweak parameters imply that the ratio
M3,/m? for any heavy eigenvalue of any of the mass
matrices must likewise be less than or of order 1073,

In this section, we explore two further questions. First,
we determine which configurations of the f; and g; result in
a linear moose satisfying all of the constraints above.
Second, we ask whether such a moose can also be consis-
tent with unitarity, which places an upper bound on the
masses of the extra W bosons that unitarize high-energy
longitudinal W-boson scattering.

PHYSICAL REVIEW D 71, 035007 (2005)
A. Couplings and f-constants

Let us determine which values of the f; and g; will result
in a linear moose that meets the phenomenological con-
straints above (except unitarity which we will address
shortly). As discussed in Appendix B, the mass eigenvalues
of the charged-boson portion of the moose and its subma-
trices are related as

fim}:

Fi, 1‘[ mQ} M%V]_[mWW, (10.6)

r=p+1
where
1 N+1 1
= —. (10.7)
FW,P i=;1fi2

Having g, be small is sufficient to enable the W to be light
without having any of the m3 or m; be comparably light. If
any other g; were small, some related m? would also be

light. Likewise, having g, and g, small is sufficient to
enable the full moose to have a light Z eigenstate without
having any of the m3, m, or m; be similarly light. This
demonstrates the existence of acceptable configurations of
the f; and g,. We would like to go further and determine
the nature of all acceptable configurations. We will focus
on the charged-boson portion of the linear moose (Fig. 4)
because it will directly relate to our eventual concerns
about satisfying unitarity bounds.

Our discussion employs the intuition derived from
Georgi’s “spring analogy” [32], which is reviewed in
Appendix E. Namely, we know that the eigenvalues of
the mass-squared matrix for any linear moose correspond
to those of a system of coupled springs with masses 1/g?
and spring constants f7. The amplitudes of the mass-
squared eigenvectors correspond to the normal-mode dis-
placements of the spring system. Note that we must satisfy
the constraints of Eq. (10.1), and therefore the couplings
obey g; > e (for all i) and the f-constants obey f; > v
(k=p+1,---,N + 1). The global symmetry at site N +
1 is a fixed boundary, equivalent to an infinite mass or
g%, =0. Satisfying the condition that M3,/m?* <
O(1073) corresponds to our system’s having one and
only one low-frequency mode. We proceed by examining
several possibilities in turn.

If all of the couplings and f-constants are comparable,
with no hierarchies among them, there is no way to estab-
lish a large hierarchy between the lightest eigenvalue and
the next. This is analogous to the KK spectrum for the
gauge fields in a flat background with spatially indepen-
dent coupling: the tower of KK states is linear in mass-
squared. This is not phenomenologically acceptable.

Suppose, instead, that one of the g; is smaller than all the
rest, but all the f,’s are comparable in size. Such a situation
clearly has one light eigenvalue—in the spring analogy,
there is a low-frequency mode in which site i moves slowly
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9, g, g

f. f, f
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p IN-1 N

FIG. 4. Moose diagram corresponding to the charged-boson mass matrix M3, = M[ZO’ N+1)

and there are approximate heavy modes with site i remain-
ing still. Then there will be a single light eigenstate of M3,.
However, recall that all of the parameters in Egs. (10.2),
(10.3), (10.4), and (10.5) are constrained to be small.
Examining Eq. (10.4), we see that neither of the matrices
M2 = M[zo,p) and M? = M(ZP,NH) may have a mass ei-
genvalue of order M3, or else the parameter W would be
larger than experiment allows (since Xy does not include
the light W mass and could not cancel a large X, or X ). If
the small coupling g; corresponds to a site with i < p, the
matrix lef, will have a small eigenvalue; if i > p, the
matrix M? will have a small eigenvalue. We therefore
conclude that g; = g, is the only viable option when all
of the f; are of similar magnitude.

A small extension of the above analysis shows that we
cannot have hierarchical g;’s with more than one small
coupling when all f; are comparable. Suppose there are
two couplings much smaller than the rest: g; . The high-
frequency, large mass-squared, modes are those where the
displacements at sites i, i’ are approximately zero. Con-
versely, there are now two low-frequency modes involving
the displacements at sites i, i/, implying there is more than
one light mass-squared eigenvalue for matrix M3,. This
contradicts observation.

Now let us look at the opposite extreme in which all of
the g; are comparable and one of the f is small. Since the
f-constants link pairs of gauge groups, it is not possible for
an f to form part of matrix M3, without being included in
either .’M%, or 2M2. Hence, an f; small enough to produce a
light eigenvalue in M3, will also produce a small eigen-
value in one of the submatrices.

The related case in which all of the g; are comparable
and two or more f; are small is also forbidden. To see this,
consider the dual moose [33] of our charged-gauge-boson
moose in which the roles of sites (g;) and links (f;) are
exchanged. As reviewed in Appendix E, this moose has the
same mass-squared eigenvalues as the original moose. In
the dual moose, we would have all f; comparable and two
or more g; small. But we saw earlier that this necessarily
leads to more than one low-frequency eigenmode.

The only viable case identified so far is one in which all
of the f} are of comparable size and the coupling g;—, is
small. We now ask whether introducing hierarchies in the
values of the f; would allow one to have the small coupling
at a site g;»,. Again, the goal is to have a mass-spring

system with one heavy mass whose motion provides a
single low-frequency eigenmode in M3, and no such eigen-
modes in M? or M2 Suppose that the small coupling is at
site i # p and that all of the f-constants linking sites
between i and p are large; this is equivalent to having a
heavy mass at i connected to the mass at site p by very stiff
springs. The masses between i and p will oscillate as a
single heavy unit; if one integrated out the large
f-constants, one would obtain an effective site with a
smaller coupling than the original g;. Because the fermions
originally coupled to site p, which is subsumed in the new
effective low-coupling site p°'f, the new effective site will
play the role of the original site p. In particular, coupling
8p.eit appears in the W mass-squared matrix, but not in

M2 i or M . Hence, the large f-constants have made a

situation with small g;.., viable.

Note that several extensions are possible. The chain of
large f), must include both site i and site p, but neither of
those sites is required to be an end point. Also, it is possible
to have more than one small-coupling site among those
linked to i and p by large f-constants. The constraint (10.1)
on the values of the f; lying between sites p and N + 1 can
always be satisfied by making link fy; of order v since
site N + 1 is associated with a U(1) group and does not
contribute to M3, or its submatrices. Finally, it is possible
to have one or more small-coupling sites embedded in a
chain of large f-constants which includes the rightmost
link f ., —this corresponds in the oscillator language to a
“thick” wall for the fixed boundary.

B. Unitarity

Having identified which configurations of f; and g; can
in principle satisfy the precision electroweak constraints,
we now investigate whether they can simultaneously be
compatible with unitarity bounds.

Recall that +/87rv is the scale at which W, W, spin-0
isospin-0 scattering would violate unitarity in the absence
of a Higgs boson. From the equivalence theorem, we know
that the scattering of high-energy longitudinal W bosons is
identical to the scattering of the R,-gauge pions eaten by
the W-bosons. The eaten pions are necessarily a linear
combination of the pions implicit in the N + 1 SU(2) X
SU(2)/SU(2) nonlinear sigma-model “links” in the moose
shown in Fig. 1. Unitarity, therefore, guarantees that the
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mass-squared M3, of the next lightest state after the
W-boson, is bounded from above by 87v?.

In the phenomenologically relevant linear mooses de-
fined in the previous subsection, the pion eaten by the
W-boson is largely a combination of the pions coming
from links p + 1 to N + 1. This is easiest to see in terms
of the dual moose. As shown in Appendix E, the mass-
squared matrix of the dual moose corresponds to the
R¢-gauge mass matrix of the eaten Goldstone bosons—
precisely the objects related to high-energy longitudinal
vector-boson scattering via the equivalence theorem.

Consider first the case of all f-constants comparable and
one small coupling, g, < g;«,. The dual moose, as shown
in Fig. 5, corresponds to a spring-mass system with a fixed
boundary at the left-hand side and a ““weak” spring corre-
sponding to the small g,. The smallest eigenvalue, which
corresponds to the Goldstone boson eaten by the W, arises
from a normal mode in which the masses corresponding to
the sites from f,,; to f+; move in unison while those at
sites f; to f, do not—and the only spring being stretched
corresponds to the coupling g,. The amplitudes of the
displacements of this normal mode correspond to the
Goldstone boson eaten by the W, which is therefore
made up entirely (to leading order) of the pions coming
from links p + 1 to N + 1.

In the limit g, < g;%,, the moose in Fig. 4 approxi-
mately cleaves at site p into separate mooses with mass-
squared matrices M7 and M?. Hence, in this limit, the
heavy mass eigenstates of M2, are approximately given by
the eigenstates of .’M% and M?2. As the pions correspond-
ing to the longitudinal polarization states of the W come
almost entirely from sites p + 1 to N + 1, their scattering
can only be unitarized by the vector bosons coming from
M2. Hence, the unitarity bound also applies to the lightest
eigenstate of M?:

1

> .
> 87v2

r

(10.8)

The case in which g is small is discussed in detail in
Appendix F; as anticipated by the argument of the previous
subsection, it is shown explicitly that satisfying the preci-
sion electroweak constraints (specifically, keeping W or o
small) requires that the f; between sites 0 and p be large.
Therefore, the pion eaten by the light W is concentrated on

f. f, f

g, 9, g, ¢

p-1
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links f,,; through fy. . Again, the scattering of such a
pion can only be unitarized by a vector meson concentrated
at sites p + 1 through N. And, again, because the masses
from sites O to p remain approximately fixed in the high-
frequency modes, the second lightest eigenstate of M3, is
approximately an eigenstate of ‘M2 and the bound of
Eq. (10.8) applies.

This analysis applies directly to any of the realistic cases
considered in the previous subsection, as any weak-
coupling sites must be embedded in a chain of adjacent
links with large f-constants which includes either site p or
link N + 1. Unitarity therefore tells us that M33, =
0.004. The sum 3, appearing in parameter S [Eq. (10.2)]
is strictly larger than 3, as can be shown by direct evalu-
ation of these sums using the explicit form of the inverse
matrices (in Appendix B). We therefore conclude that
unitarity requires $ = 0.004, a value too large to be phe-
nomenologically acceptable. Moose models which do not
have extra light vector bosons (with masses of the order of
the W and Z masses) cannot simultaneously satisfy the
constraints of precision electroweak data and unitarity
bounds.

XI. DISCUSSION AND SUMMARY

In this paper, we have calculated the form of the correc-
tions to the electroweak interactions in the class of
Higgsless models which can be “‘deconstructed’ to a chain
of SU(2) gauge groups adjacent to a chain of U(1) gauge
groups, and with the fermions coupled to any single SU(2)
group and to any single U(1) group along the chain. We
have related the size of corrections to electroweak pro-
cesses in these models to the spectrum of vector bosons
which, in turn, is constrained by unitarity in Higgsless
models. In particular, we find that the electroweak parame-
ter § is bounded by

N 1 ad M‘Z,V
S = E[aS +4c*(Ap — aT) + 7} = M33, = -~

(11.1)

~4 X 1073,

which is disfavored by precision electroweak data. We
have shown that this bound is true for arbitrary background
5D geometry, spatially dependent gauge-couplings, and
brane kinetic energy terms.

fp+1 fN fN+1

9 9p+1 IN-1

p IN

FIG. 5. Dual moose diagram corresponding to Goldstone bosons eaten by the charged vector bosons. The bold link labeled g,
corresponds to the site to which fermions couple in the original moose.
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Although we have stressed our results as they apply to
continuum Higgsless 5D models, they apply to any linear
moose model including models motivated by hidden local
symmetry. Our calculations also apply directly to the elec-
troweak gauge sector of 5D theories with a bulk scalar
Higgs boson, although the constraints arising from unitar-
ity [the rightmost inequality in Eq. (11.1) above] no longer
applies. The extension of these calculations to consider
delocalized fermions is under investigation.
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APPENDIX A: THE SUBMATRICES M,

For the reader’s convenience, we write out explicitly the
matrices M, , ., introduced in Sec III:

2 2
AM;, = 4M[0yp)
&1 —2081/3
_gOglf% g%(f% + f%) _g1g2f§
—a18f5 &+ 13) — 883/}
= . . , (Al)
_gp—3gp—2f%72 g12772(f12772 + ffyfl) _gp—ng—lf?;fl
_gp—ng—lf]zy—l g?;—l(f,%—l + f;z;)
2 A2
4M? _4M(p,N+l)
gi+1(f?;+1+f;27+2) _gp+1gp+2f]27+2
_gp+1gp+2f]27+2 8§+2(f,2,+2+f§+3) _gp+2gp+3f127+3
_gp+2gp+3f?)+3 gi+3(f%+3+f,27+4) _gp+3gp+4f]27+4
—gv-28v-1Sr-1 &v 1N T —env-18nSi
_nglngzzv gzzv(fzzv"‘fzzv+1)
(A2)

2 — A2
4M; =4AM{, ¢
g§+l(f§+l +f§+2)

_ 2
gq+1gq+2fq+2

_8q+1gq+2f§+z
2 2 2
gq+2(fq+2 + fq+3)

_ 2
gq+2gq+3fq+3

_ 2
gq+2gq+3fq+3

2 2 2 2
gq+3(.fq+3 + fq+4) _gq+3gq+4fq+4

—gxk-18xf%  &xUk T fxs1) —8x&k+1fki1

_ 2 2 2
8k8k+1J%+1 8x+1Sk+1

(A3)
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4"]\42 (p K+1]
gp+1(fp+1 +fp+2)

— 2
gp+lgp+2fp+2

_gp+lgp+2f[2;+2
2 2 2
gp+2(fp+2 + fp+3)

_ 2
gp+2gp+3fp+3

APPENDIX B: MASS-SQUARED MATRIX INVERSE
AND OTHER IDENTITIES

This appendix contains relationships between the cou-
plings and f-constants of linear moose models with either
gauged or global groups at their end points and the mass
eigenvalues of these same mooses. The relationships are
written as for mooses with N + 2 groups, but can clearly be
adapted for application to the submooses of varying length
into which our analysis divides our general linear moose
model.

Consider the vector-boson mass-squared matrices for
the moose models (each with N + 2 groups) shown in
Figs. 6-9 Defining

1 _ Ni"ll (B1)
oG
1 N+1 1
=3 =, (B2)
F z;1f1
9 94 9 In IN+1
f1 f2 f3 fN fN+1

FIG. 6. Linear moose with vector-boson mass-squared matrix

M[20N+]]
9, 9, I
//—\\ //—\\
! ‘_< >_( >__ ........ _( ) ] \
\ /I \\ /I
f1 f2 f3 fN fN+1

FIG. 7. Linear moose with vector-boson mass-squared matrix

2
M(ON+])

_gp+2gp+3f,23+3
2 2 2
gp+3(fp+3 + fp+4)
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_gp+3gp+4f[2;+4
—gxk-18xf%  &xUk T fEk+1) —8k&k+1fE+
_8K8K+1f%<+1 g%(+1f%<+1
(A4)
1 L1
P27

the elements of the corresponding nonsingular inverse
mass-squared matrices may be written

4
Myt =—2— (B4)
ONEDIT g8, F2 i)
M2, b : (BS)
oN+1)ii T f2
ON+1] 88 i win(i )
4F?
{M0N+1 }lJ = 2 2 ' (B6)
ON+D) 8i8iF naxtijy Fimin(i )

Denoting the eigenvalues of the matrix M[zo,zv +1) by

[m[o N+1)
the relations

] , and similarly for the other matrices, we have

N+1f
ﬂ[m[ONﬂ)]f = 1‘[ gm e (B7)
) 9, 9, In IN+1
) f1 f2 f3 fN fN+1

FIG. 8. Linear moose with vector-boson mass-squared matrix

M20N+1]
90 9, 9, N
f1 f2 fS 1:N fN+1 )

FIG. 9. Linear moose with vector-boson mass-squared matrix

2
M[O,N+1)'
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N+1 N+1 N+1 £2
[TMGno =TTen 175 (B8)
(=1 m=1 p=1
N 5 . 4 N s N+1f%7
l_[[m(O,NJrl)] = ﬁ l_[ 8m l_[ Z) (B9)
(=1 m=1 p=1
5 . 1 N+1 N+1 f%
l_[[m[o,zv+1]] - _2 l_[ l_[ 4 (B10)

€+0

where the last product is understood to run only over the
nonzero eigenvalues of M[z0 N+1] and where we have de-

fined

1 N+1

1
g2

It is interesting to note that the forms of Eqs. (B9) and
(B10) are dual to one another (in the sense of exchanging
couplings for f-constants [33], as discussed in the next
Appendix E), while the equations in (B7) and (B8) are each
self-dual in this sense.

One can apply these relations to illustrate that it is
possible to ensure that the eigenstates of the full linear
moose contain a light Z and W (and a massless photon)
while the m,;, My, m;, m,, and m, are all significantly
more massive. Consider what happens to our general linear
moose when g, g, = 0. As shown in Fig. 10, groups p and
g become global, dividing the moose into three separate
mooses of kinds represented in Figs. 7-9. Then we can
rewrite the relationship between the couplings, f-constants
and mass eigenvalues of the full moose in terms of mass
eigenvalues of the submooses:

(B11)

K+1 K+1

My [ m2:
i=1

K+1 1

l_[g l_[4f2

K+1
=[nmﬂgz[ [ m)
p=1 4=q+1
xgq[ F? l_[ m%} (B12)

r'=p+1

where
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L i i (B13)
F‘Z i=p+lfi2‘

Clearly, having g, and g, small is sufficient to enable the
full moose to have a light Z eigenstate without having any
of the m3, mz, or m7. be light. One can similarly show that

small g, is sufficient to enable the W to be light without
having any of the m3 or m’ be light.

APPENDIX C: HEAVY Z AND W BOSON POLE
RESIDUES

We collect here, for completeness, the residues of the
poles corresponding to the Z' and W’ bosons in the corre-
lation functions derived in Secs. V, VI, and VIII.

1. Case I moose

Correlation function [G yc(Q?) ]y as written in Eq. (5.2)
has the following heavy pole residue in case I

2 2
, Mj l—[ mz.
Y PR
myz, — M7 | ;.pmz, — My

m2 — m2 M 2 2
ALY L EL AR

m=1 m

[Ezdwy = e

Correlation function [Gy(Q?)]yy as written in Eq. (6.4)
has the following heavy pole residue in case I

[Ezdyy = —€2 (M3, — Miy M3 |: ﬁ m, — m%k:|

M [mZ, — M7] My
X l_[ 2m%z - ﬁm% _zm%k )
mZz - mZk m=1 mm
(C2)
Correlation functions [Gcc(Q?)]ww and [Gyc(OH)lww

as written, respectively, in Egs. (6.8) and (6.7) have the
following heavy pole residues in case I

9 IN IN+1 INM  INM+
//—\\ //—\\
| .. . (-
\ ! \ ]
f1 fp fp+1 fN fN+1 1:N+2 fq f q+1 fN+M fN+M+1

FIG. 10. General moose in limit g, ,

= 0. The dashed circles represent the global symmetry groups remaining when g, , — 0, and

are to be understood to (each) belong to both the smaller moose to the immediate left and to the immediate right.
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422G MG M3, ms,,
(M5, — mi,. ]

[fWk]ww = 2
w#k mWW -

AL 0

p=1 p

2M%[M% B

2 2
—e mZ,J l—[ mz,
M;[M7 — m3,] T#k m, — my

2 m2 —m%k K Pm2 —m2
[ k
X[ﬂpmz }[nmz z } (C4)

p=1 P =1 1

[fzk]ww =

The difference of correlation functions [Gyc(Q%) lyw —
[Gec(O)]ww as written in Eq. (6.17) has the following
heavy pole residues in case |

2002 A2
e My, M7

LEwilww =
(MG, — M ) (M7 — mi,)
N K
X l_[ m%/Vw l_[ m%Z
w#k m%Vw - m%Vk z=1 m%z - m%Vk
2 _ 2 \2
X ﬁ mfn - m‘%‘,k ﬁ (m[, ka)
2 4 ’
m=1 mm p=1 m[’
(CS)
202 2
e“MiuM
LEzdww = W

(M§, — mZ,) (M7 — m3,)
N 2 K 2
NI D)
2 2 2 3
w=1 mWW - mZk zFk mZZ B mZk

M 2 _m2 )2
<[ 17 m2, — mZ, ﬁ (mj —mz) .
m2, 1 m}

m=1 p=1

(Co)

2. General linear moose

Correlation function [G y¢(Q?)]wy as written in Eq. (5.2)

has the following heavy pole residue for the general linear
|
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moose
_ ., M m2,
[Ezilwy = e m%k — M2 [g{méz — m%k:|
" [lﬁl m? —2m§k}[ lﬁl m2 —2m§k}
p=1 Mj a=q+1 Mg
(C7)
The correlation functions [Gunc(Q?)]ww  and

[Gcc(Q?)]ww are the same in the general moose as they
were in case 1. Therefore, their heavy pole residues are as
given in the previous subsection.

Applying the consistency relations (3.22) to the WY and
WW neutral-current heavy pole residues allows us to de-
duce the YY heavy pole residues:

[§Zk]YY =

A(My —mZ ML X
M3, (M35 — mZ,)

w=1

K 2 M 2
oz o | T
T 2 PR
2k Mz, = Mz || = Mo — Mz,
K+1 (m2 — m2,)>?
Zk
X -4 ¥ | C8
|:l_[ m? :| (©8)
g=q+1 q

Alternatively, we can read off the YY heavy pole resi-
dues from the correlation function [Gyc(Q?)]yy as written
in Eq. (8.4)

[€zilyy = —e

2 a2 M2 a1 2 2
,[mZ, MW’]MZ|: My, mZk:|

M%ﬂ/’[m%k o M%] m%V/w

m%z = mé B m%k
z#k' ' Zz Zk g=q+1 q

q
(C9)

w=1

APPENDIX D: GENERALIZED CONSISTENCY
CONDITIONS

Using the notation of Egs. (8.9) and (8.10), the methods
used to derive the consistency relations of Secs. VID and
VIII D can be used to prove the following general relations:

(Gl (0)P
Glin(Q%) = Gfif(Q) = =Ga7 5y for0=p<q=r (1)
[0.r]
(Gl (0P
G (%) — Gl (0%) = 76[2:‘1) R for0=p<g<r (D2)
[0.r)
(Gl (0)P
Gl (0 — Gyl (0%) = —G?(;)q]] o fr0<p<q=n (D3)
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PP (02 PP ()2 — GZJ’,Z)(QZ)]Z
Gion(Q7) = Gl (%) = G711 (0P for0<p<g<r (D4)
(0,7)
|
APPENDIX E: GOLDSTONE BOSONS, DUALITY, ~ Defining the vectors
AND OSCILLATOR MODELS 7 A;‘L’O
77-% . Aa,l
1. Goldstone bosons P ’ AZ _ M , (ES)
Consider an arbitrary (K + 2)-site linear moose model :
at 0(p?), given by . A;IL,K-%—I

1 K+ K+1
L,= 1 1; (D, U)N(DHU,)) — ];) Qtr(Fﬁka“V),
(E1)

with
D, Uy = 9,U; — ige 1A U + igUAL,  (E2)

where all gauge fields A% (k=0,1,2,---, K+ 1) are
dynamical and we have used canonical normalization for
the gauge fields.

The chiral fields U, (k = 1,2, - -+, K + 1) may be writ-
ten

2"‘ a ~d
U, = exp( }Wk) iy = ™ ,

E3
3 5 (E3)

where the 7{ are the Goldstone boson fields and the 7¢ are

the usual Pauli matrices. Expanding the sigma-model ki-
netic terms Eq. (E1) to quadratic order in the fields, we find

1 K+1 fk 2
Lyxp=73 [%772 - T(gk,lA‘ﬁk‘l - gkA;lik):| .

(E4)
|

g3 —g081/7
—gogifT &ii+/3) —2&f3
_81g2f§ g%(f% + f%)

Bl

may be written
Mi = Q"0.
The pion kinetic energy terms in Eq. (E6) contain those

which mix the Goldstone boson modes with the gauge
bosons

(E10)

L iving = — 0277 - (Q - A%), (E11)

Each massive vector-boson eigenstate “‘eats’’ a linear com-
bination of Goldstone bosons, and the mixing terms are

in “link” and “‘site” space we see that the terms in Eq. (E4)
may be written

| N R
L =50, = (Q- AT - [9#7 — (Q - A")"]
(E6)

Here the matrix Q is (K + 1) X (K + 2) dimensional, and
may be written

Q=F:-D-G, (E7)

where F is the (K + 1) X (K + 1) matrix with diagonal
elements (f,/2, f2/2,..., fxk+1/2), G is the (K +2) X
(K + 2) dimensional coupling-constant matrix with diago-
nal elements (gg, g1, ..., 8x+1), and D is the (K + 1) X
(K + 2) dimensional difference matrix

1 -1
1 -1
. (E®)
1 -1

Examining Eq. (E7), we see that the (K + 2) X (K + 2)
vector meson mass matrix

_8283f§ (E9)

_gK—ngf%( g%((f%(+f%(+l) _gKgK+1f%(+1
_gKgKHf%(ﬂ g%(ﬂf%(ﬂ

[
eliminated by the introduction of gauge-fixing

1 > -
L= =5 glom Ay + Q7 )T - [#) + €07 7))

(E12)

shown here for an arbitrary R, gauge. From L, we read
off the mass matrix for the unphysical “eaten’’ Goldstone
bosons

M} = £007 = £N}. (E13)
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2. Duality

Consider the (K + 1) X (K + 1) dimensional matrix
N% = QQ". Inspection of Eq. (E7) shows that N,2< may
be interpreted as the boson mass matrix of a ““dual” moose,
in which the couplings and F-constants are interchanged
(of course, some overall dimensionful constant will have to
be factored out to interpret the F’s as ‘“‘coupling con-
stants’’—however, this factor will just be reabsorbed
when we form N). Sfetsos [33] has shown that every non-
zero eigenvalue of N% is also an eigenvalue of M%.

Consider an eigenvector of NZ, IfN>, with eigenvalue
M3 # 0. Note that |1y) is a K + 1-dimensional vector.

Form the K + 2 dimensional vector

1 A
Iy =—0T|ly). El4
b ALY (E14)
Acting on |I) with M2 and regrouping terms we see that |[)
is an eigenvector of My with eigenvalue M;. Cor-

respondingly, given an eigenvector 1) of M2 with eigen-
value M ]2 # 0, we find that

N 1
vy = Ele (E15)

is an eigenvector of N2 with the same eigenvalue.
Therefore, all nonzero eigenvalues of N% and M% are
equal.

From Eq. (E13) we see that the equality of the nonzero
eigenvalues of NZ and M% is equivalent to the statement
that in ’'t-Hooft-Feynman gauge, where ¢ = 1, the masses
of the unphysical Goldstone bosons are equal to those of
the massive vector bosons. Furthermore, comparing
Egs. (E11) and (E15), we see that the linear combination
of Goldstone bosons eaten by a given vector-boson eigen-
state is given by the eigenvector of N% with the same
eigenvalue—and this relationship is true independent of
the gauge-fixing parameter £.

The results above apply directly to the neutral-boson
mass matrix in the general linear moose model. We note,
however, that the construction of the unphysical Goldstone
boson mass matrix proceeds analogously for an arbitrary
linear moose, whether or not there are gauge fields at both
end points. All that changes is the form of the matrix D in
Eq. (E8). One finds that if the end point of the model is
gauged the corresponding end point in the dual model
corresponds to an global (ungauged) symmetry group,
and vice versa. Again, one finds that nonzero eigenvalues
for the linear moose and its dual are equal. Duality, there-
fore, applies to the charged-boson mass matrix as well.

3. Oscillator models

Consider a system of K + 2 masses m;, with adjacent
masses coupled by K + 1 massless springs with spring
constant k; (the jth spring couples masses m;_; to m;).

PHYSICAL REVIEW D 71, 035007 (2005)

We now demonstrate that, as shown by Georgi [32], the
eigenfrequencies of this oscillator system are proportional
to the eigenvalues of the vector-boson mass-squared matrix
M2 if we choose the masses m; « 1/g? and the spring
constants k; « f?.

Consider the equation of motion for an arbitrary mass
m;:

dzxi
mi = —ki(x; = xi—1) T kv (xie) — x;). - (EL6)
If we introduce the vector
X0
X1
%= , (E17)
XK+1
the equations for the eigenmodes may be written
(DT-K-D)- %= w’M - X. (E18)
Here M is a (K + 2) X (K + 2) dimensional matrix with
diagonal entries (mg, my, - -+, mgyq), K is a (K + 1) X
(K + 1) dimensional matrix with diagonal entries

(ky, ky, * + +, kg4 1), and D is the matrix of Eq. (ES).
Defining & = M'/2 - %, we see that the eigenvalue equa-
tion can be written

(0700 = w3, (E19)

where

O=K-D -M 2 (E20)

Comparing Eqgs. (E7) and (E20), we see that the eigenval-
ues w? of the spring system correspond to the vector-boson
mass-squared values if we make the associations [32]

K'? - F, M 1?2 - G. (E21)

A fixed boundary condition at either end of the spring
system corresponds to taking the mass at that site to
infinity, and hence the corresponding coupling in the linear
moose to zero—corresponding to a global (ungauged)
symmetry group at that site. The duality observed above
for linear moose models implies a relation between oscil-
lator models in which one exchanges the spring constants
with the inverse of the masses. By reducing the analysis of
the mass-squared matrices of the vector bosons to a
coupled spring system, we may use physical intuition to
understand which sets of couplings and f-constants that are
phenomenologically acceptable.

Finally, we note that the eigenvalue equation [Eq. (E18)]
may be rewritten

(D.Mfl 'DT)'(K'D')_C))Isz*l -(K'D')_C)),
(E22)

and we see that all nonzero eigenvalues of the original
oscillator equation are the same in an oscillator where one
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exchanges
M~ Kl

D < DT,
X< K-D-X

(E23)

These expressions are the oscillator analog of the duality
noted in the previous subsection, and Eq. (E23) implies
that the displacements of the dual oscillator are related to
the Hooke’s law forces experienced by each spring of the
original oscillator.

APPENDIX F: CASE I WITH LARGE “BULK”
COUPLING

The analyses presented in this paper are fairly abstract,
and it is interesting to consider a special case in which the
results can be checked analytically. In this appendix, we
consider the case of large bulk coupling, i.e., g x+1 < &
for 0 <m < K + 1. In the case M = 0, and for fermions
coupling to the weakly coupled groups at the ends of the
moose (p =0, g = N + 1), this case has been analyzed
previously in Ref. [32]. In this appendix we will find
explicit formulas for the masses and “wave functions” of
the W and Z bosons, and directly compute the parameters
aS, aT, and a6 to leading nontrivial order and obtain a
connection between the formulas we have derived
previously.

We should note at the outset that although this analysis is
interesting for illustrative purposes, the requirement that
the overall coupling be of electroweak strength [and hence
go.x+1 = O(1)] and that the bulk couplings cannot be too
large [g,, < O(4)] imply that corrections of subleading
order are expected to be of order 1072 and are therefore
phenomenologically relevant.

1. Approximate mass eigenstates

We begin by considering what happens when g x4 =
0, as shown in Fig. 11. The remaining moose has global
symmetry groups on both sides (formerly sites 0 and K +
1), and the gauge groups from sites 1 to K. This moose has
a massless particle—an exact Goldstone boson with decay
constant

FIG. 11.
8o.k+1 0.
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1 K+1 1
- -
F7 =1 f 12
Therefore if we consider sites 0 and K + 1 to be weakly

gauged, the usual Higgs mechanism causes the mass of the
Z boson to be

(F1)

2 2
~ 80 + 8k+1

e 2

F2, (F2)
to leading order in gg g+1-

If we similarly consider the linear moose for the charged
currents (this includes all of the SU(2) gauged groups, and
has the N + 1 group as global), the charged-current moose
has a massless particle—an exact Goldstone boson with
decay constant

1 N+1 1
= (F3)
AP
and therefore
g2
M3, ~ IOF%V. (F4)

As in Appendix B, let us define

1 K+1 1 1 i 1
= = —, == —. (F5)
RT2R RAR
Note that these parameters satisfy
1 1 1 1 1 1
— t === —==—=— (Fo6)
2 ’ ’
Fi F} F) F Fra F
and
IO | (F7)
FRoo Fi

Following the previous calculation, we begin by defining
two vectors, |a) and |b), in the space of neutral gauge-
boson states (430, ..., AZX*1). We define |a) by

. g0 F2 .
(ila :g_(;F_?’ i=0,...K
(F8)
(ilay = 0, i=K+1,
Ingt O IN+M

The moose of Fig. 1 in limit ggx+; = 0. The dashed circles represent the global symmetry groups remaining when
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and |b) by
py=0, i=0,
(F9)
F2
(i|b) = 8K*1 Ao =LK+l
8i i

The vector |a) has the following properties: {(Ola) = 1,
the amplitudes (ila) for i = 1, ..., K are suppressed by
go/g; < 1, and the vector satisfies “Dirichlet” boundary
conditions (i.e., the amplitude vanishes) at site K + 1. The
vector |b) is precisely the same as |a), exchanging the
moose left for right and gy with gg.;. Also, to leading
order in g x+/g;, these vectors are normalized and or-
thogonal to one and other.

Denoting the neutral gauge-boson mass matrix by M2
(unfortunately, the same notation we have used for the
Z-boson mass-squared, though the distinction should be
clear from context), we find that

2F2 2 F2
(alMzlay =502 ola3ln) = SEL (Fl0)
and
F2
(alp3|by = — S8, (F11)
To the order to which we have worked,
1 1 1
B — (F12)
e’ g% g%{+1
so we may define®
e e
80 =2 8Kk+1 = % (F13)

where §2 + & = 1. Using Egs. (F10) and (F11), we im-
mediately see that the state

ly) = 3la) + ¢lb), (F14)

is massless. From Egs. (2.3), (F8), (F9), (F13), and (F14),
we find that the photon couples to charge, Q* = J§ + Ji/,
with strength e.

The approximate Z eigenstate is the orthogonal combi-
nation

|z) = &la) — §|b).

Note that, using Eqgs. (F10) and (F11), we may explicitly
verify that

(F15)

2 2 2
8 T 8k+1,0_ € 2
Fl= F2,

2 _
(eMzle) === 27473

(F16)

Similarly, we find that the approximate W eigenstate is
given by

8The distinction between § defined here, and s as defined in
our phenomenological analyses will become clear in what
follows.
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o Fiy :
(ilw) = F2 ,  i=0,...,N, (F17)
w,i
where
1 N+1 1
- = —. (F18)
Fiy,i l;rlf%

Note that (O|w) = 1, and the amplitude at all other sites is
suppressed by g,/g; < 1. It is easy to verify that

2
(WM lw >—g°F2 =R (F19)
45
where M?, is the charged-boson mass matrix.
The Z coupling to fermions takes the form
F2 ” F2 "
<F2 J3, — JQM|:S - (1 —F—2>DZ (F20)
while the W coupling to fermions is
Fy
= J i F21
V25 F3, (2D
In the above, we have used the relationships
1 1 1
== (F22)
FP FlZ/V F12}Vp
1 1 1 1
- =+, (F23)

which derive from our previous definitions of the
F-constants in Egs. (F5) and (F18).

2. Low-energy charged- and neutral-currents
Low-energy W-exchange is given by
2P,

£W: F4

VA (F24)

and exchange of the heavy W bosons contributes approxi-
mately

1 _
-£Wh = _Eg%){M(()?N+1)}p,pJﬁJ7p,) (F25)
where we can calculate directly (see Appendix B)
4 Fy 2
Mintor = : (F26)
(ON+1DIp.P gp F%VPF%
Combining these results, we find
2
Leoe=Ly+ Ly, = _Fz—JﬁJ—,L (F27)
W.p
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so that the definition of G is as we expect:

1
V26 = -

W.p

(F28)

The J? portion of low-energy Z exchange is given by

2F2

L,= Gy £ 145, (F29)

and the exchange of heavy Z bosons contributes approxi-
mately

1
— _ L a2
L= Egp{M(o’K.;_l)}p,pJéuJ&u
= gpanriiMg v 195 Ty

1 .
- 5812\/+1{M(0,2K+1)}N+1,N+1J§ILJYM- (F30)
Computing the matrix elements as in Appendix B, and
exchanging Jy for J, — J3, we can rewrite the low-energy
effects of heavy Z exchange as

2 F2
£Zh = (1 - )J'u]g,
F%Vp Fi, .
4 F2 2 FZ
+—11- JET 1—- Jh
F%Vp< F2> 3Y0u F‘Z}V< F2> 0 0u:

(F31)

Note that if we combine the J3 pieces of Eqs. (F30) and
(F31) we find the total low-energy exchange in this channel
is

(F32)

and comparing this with Eq. (F27) shows that p = 1. In the
limit N + 1 = K + 1 isospin is a good symmetry, Fy, =
F, and the contributions from heavy boson exchange
(L, zy) are proportional to Jr2.

For a phenomenologically viable model, we must re-
quire that the contributions from heavy boson exchange are
small

F2

0<< u
FW
F2

O<<—V2V
F7

In this case we may expand the low-energy four-fermion
operator in Eq. (F31) to lowest order in A and B. Doing so,
we find

1>EA<< 1,

(F33)
1) =B

2

2 (F3, 2 (F3
L, ~—— (221, — = (X —-1)4J

(F34)
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Comparing this Lagrangian to the forms of the amplitudes,
we find
F2
aT = —<—V2V - 1),
Fz

F2
ad = 4s2c2<# — 1) > (.
Fy

(F35)

(F36)

In the limit p = 0, Fy, , = Fy and the contributions from
heavy boson exchange are proportional to Ji/J Yu as ex-
pected in the case of large isospin-violation.

3. Z-pole observables

The general analyses the formulas for aS, a7, and ad
are given by Eqgs. (7.8), (7.9), and (7.11):

al =4sicIMy[3, -3, - 3,] (F37)
al = S%M%[EZ - EW + EM - 22(]], (F38)
ad = —4sicIMy[Sy — 2, — 3,1 (F39)

To leading order in the strong bulk coupling expansion all
of the mass-squareds appearing in Xy, %,, and 3, are
large—and are proportional to squares of the bulk cou-
plings. On the other hand, the X, , have contributions
proportional to 1/g3 s+

(F40)

Sy = (F41)

4 ( 1 )
g%<+1 F% F!2/V ,
while, since this is a model with ¢ = N + 1, we also have

2y = 2,. As aresult, we find’

1 1 1 1
alS = _4F2|:~2<F2 - —F2 ) + 52(? - F—2>i|, (F43)
W,p V4 w

2
=<1—F—V2V><o,
FZ

°To this order, we may substitute s, and ¢ for § and ¢, and Fyy
for F, in the coefficients of the expressions for a7 and aé.

Also, for A, B < 1,
2 - 2 ) 2 - 2 )
FZ FW FW FW,p
(F42)

and the values of aT and ad are in agreement with the low-
energy analysis of the previous section.

(F44)
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F2
ad = 45252<1 — 2—‘”) (F45)
F
W.p
with the consequences
1 1
as — 42T ~ —4F§V§2<—2 - 2—> <0 (F46)
F F
w W,p

and

(1]
(2]
(3]
(4]

(5]
(6]

(7]
(8]
(9]
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0

S aS—4ctaT + a_2 ~(. (F47)
c

As shown by Eq. (9.12), the next order corrections to S are
known to be positive.

Note that the requirement that «ed be small implies that
the constants f;, 0 = i = p, must be large.
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