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A dynamical model of a resonance interfering with an inelastic background is presented.
The scattering amplitude is written as a resonant term plus a unitary background. The width
of the resonance is found to be a function of the background scattering amplitude. The case
of two resonances interfering with each other and with an inelastic background is also studied.
Implications of the model with regard to determining masses and widths of resonances and
coupling constants in unitary symmetry schemes are discussed.

I. INTRODUCTION

Obtaining reliable values for the masses and
widths of resonances is of great importance in
high-energy physics. Before predictions of SU,
can be subjected to experimental tests' we must
be able to determine the relevant masses and cou-
pling constants from experimental data. Reso-
nance parameters are sometimes guessed at from
cross-section data, but the only way of obtaining
accurate values of masses, widths, and branching
ratios® is to use partial-wave phase-shift analy-
ses.®

One usually determines the masses and widths
of resonances by fitting phase-shift analyses with
an amplitude of the form*
(0,1 )2

Tijo?j+eidijm'%7f ; )
where Tfj is a unitary background amplitude and
a;; is the phase angle connecting the background
with a usual Breit-Wigner amplitude. m is the
resonant mass, I'; is the partial width for decay
into the ith channel, and I'" is the total width. In
practice all we have available are the phase shift
and inelasticity in the elastic channel. Thus we
must try to determine the elastic width, the total
width, and the mass by using®®
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where T, is determined by the phase-shift analy-
sis. We assume some standard energy-dependent
form for the widths and a simple energy-depen-
dent form for 7, and 6, consistent with unitarity.
We then try to determine the resonance parame-
ters by obtaining the best fit to T,. «,, is usually
set equal to (65 +6), where 6 is either set equal

to zero® or treated as a free parameter® (9=0 if
Np=1). The widths which are obtained in this man-
ner are often assumed to be proportional to

1=3

squares of coupling constants given by unitary
symmetry schemes.

In this paper we present a dynamical model for
a scattering amplitude with two open channels and
one or two resonances. We can write the scatter-
ing amplitude in the form of Eq. (1). Within the
context of the model it is possible to talk about
two kinds of widths. We can pretend that the back-
ground scattering amplitude is zero and determine
the “bare” width of the resonance. This “bare”
width is what is predicted by SU, since SU, calcu-
lations do not take background effects into account.
We can then switch on the background interaction
and obtain the widths T'; in Eq. (1). It is the T,
which are determined from the phase-shift analy-
sis. We will see that these two widths can be dis-
tinctly different. We obtain the result that the
masses and widths of resonances are strongly de-
pendent on the background amplitude. We obtain
explicit expressions for this dependence in the
model calculation.

The model for a single resonance interfering
with an inelastic background is presented in the
next section. A model for two resonances in the
same partial wave is discussed in Sec. III. A cer-
tain amount of detail is unavoidable here to under-
stand the model. Some of the nonessential details
have been deferred to an appendix. We discuss
some of the implications of the model in Sec. IV.

II. ONE RESONANCE WITH INELASTIC
BACKGROUND

We consider a model in which there are two open
channels and a third high-mass closed channel.
We assume that in the absence of coupling to the
two open channels there is a low-mass bound state
in the third channel. The bound state then becomes
a resonance once it is coupled to the open channels.

We use the multichannel ND ! formalism’ and
assume a Born matrix of the form
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1=

W E+E, E+E,

£ By

B=| E+E, E+E, |. (3)

£13 823 B
E+E, E+E, 33

A pole approximation is used for the off-diagonal
J

5y -2, @)+2 [ (Bt -2 50)
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terms to make the equations tractable. There are
no restrictions placed on the diagonal terms. The
scattering amplitude may be written as

Ty =(ND™); (pip )% )

If we make a subtraction in D at E =-E, the diag-
onal elements of N can be obtained by solving the
integral equations

__L_E%U@dE' , (5)

E

where E, is the threshold for the ith channel and p; is a kinematical factor. The off-diagonal N term may

be written as

N;;=g:i;F;, (6)
where
1 1 = E+E p(ENF(E")
- 2 (EN_E2tZ0 g Pi\EF\E) o
F,(E) E+Eg+ﬂf£ (B,,(E) E,+EOB“(E)) A=t ap (7)

i

The D functions are found from the equations
De)-1 -EtEe [ REWLE) _db
By

E'+E, E’'—-E-ie’
(8)
and if 7 #j we write
D, (E)=~g;;0,(E) (9)
when
E+E, (“pJ E)FJ(E") dE’
¢:E) == s, E'+E, E'-E-ie’
1
(10)

We define the background to be the amplitude
which would have been observed in the absence of
coupling to the bound state. Thus the background
N and D functions are

JVB - (glli’;‘2g;\,221:l) (11)
and

b= <—§:¢2 52) - (2
The background scattering amplitude is

T?i: [NB(DB)—l]u(pipj)l/z . (13)
We define

AB=det(D?) . (14)

We assume that in the region of the resonance
it is a good approximation to write

Dy(E)=d(my—E), (15)

-

where m g is the mass that the bound state would
have in the absence of coupling to the other chan-
nels. We find that

det(D) = (dAB)A , (16)

where

2 2
- 823 0204 &15 9, 03
A=mp-E - QZAB D, - l:iAB D,,

—2 8128580 ¢ 0, . )

If we now solve for the scattering amplitudes we
find that they can be written as

R 2
Tu=Th+5 g = 5T (18)
R]R2
T‘2=Tg+m—E-—§11" ’ (19)
R 2
] 2
T22'T22+m_E_EIi1‘\ ) (20)
where
AEm—E—%iI‘ (21)
and
2
- P %3 >” £12823P2 + £33 D0
R, (d(E +Ey) A% @
_( —P2%s )"2 81281361 823Dy
R, <_d(E VEy) AP ' 23)

We will now rewrite Eqs. (18)-(20) in a more use-
ful form.

Since the background amplitudes satisfy unitarity
we can write them as®
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Breit-Wigner amplitudes with partial widths for

eziélﬂ -1
T3 =Qg—2i—“‘ ) (24) decay into the ith channel given by
i =g, 2 445_
TE, =11 -2 % (5, B+ 828 , (25) Yi=8is pid(E +Ey) 27)
2i5 If we now introduce two more parameters
Nge“*28 -1
s -Mae 22=1 (26)
2i c _Reg; (28)
8,5 and 6, are the background phase shifts in the PiF;
first and second channels, respectively, while 7,4 for i=1,2, we can rewrite R, and R, in terms of
is the background inelasticity. The sign of T}, is the partial widths, the (complex) background phase
determined by the sign of g,,. shifts, and C, and C,. We obtain the result (see
If B,, =B,,=g,, =0, then we obtain the usual the Appendix)

R, =e®18{[£,3(1+1;)(C, 5ind, 5 + 085, 5) + 3 £,(1 — 1,,2)/3(C, €08, , — Sind, )]
+i[£,3(1 =15)(C, cosd, 5 — 5ind, p) + 3£,(1 = ,;2)/%(C, 8ind, 5 + €083, 5) ]} , (29)
where
£,=v,'?F,(E +E,) (30)

and the + sign is chosen to be the same as the sign of g,,. A similar expression is obtained for R,. We
can simplify Eqs. (16)—(18) considerably by writing

R, =e¢®1s+00p 12 (31)
where
T, =[£,3(1+715)(C, sind, 5 + c08d, 5) £ 3£,(1 = 1;2)%(C, cosb, ; — §ind, ;)]
+[£,2(1 =1p)(C, co8d, 5 — 8ind, 5) + 5 £,(1 = n;2)/3(C, sind, 5 + 083, )] . (32)

We can similarly define 6, and T, for the second channel. Then we find that the amplitudes can be rewrit-
ten as

2i6
_Npe”B -1 agsipre_ L1 ’
Tn="g e m—F -5 ° (189
i + i + +6, (r r )1/2
Typ=+35(1=1,2) 2 18 828 4 o¥018% 525+ 01 ez)m-_—_—lEz—%iI‘ , (19
_niez_iazi:._l 25(523“92)—1-'2.—_._ ’
T="gy— *e m—E -5l ’ (209
where®
(1+n2)-T,(1=7n,2
cos26, = i n82373F12( Ts) , (33)
(1 2)=T,(1-7,2
008292=J( +n327)73r‘21( nB) ’ (34)
and it can be shown by using Egs. (15) and (19) that (see the Appendix)
r=T,+T, . (35)

We can also write down an expression for the resonant mass m in terms of the bound-state mass and
the other parameters. We find

m =m g =57 5£,°[C, c0820, 5 +3(C,* = 1) 8in25, 5 ] - $1,5£,%[C, c0826,  +5(C,% — 1) 5in25, 5]
38,6, (1 =1,°)"2[(C,C, = 1) cos(5, +6,) - (C, +C,) sin(5, +6,)] . (36)

Thus the resonant mass has an energy dependence which is also determined by the background amplitudes.
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IIl. TWO RESONANCES WITH INELASTIC
BACKGROUND

In order to produce two resonances interfering
with an inelastic background we add a second high-
mass channel with a bound state which we couple
to the two open channels. The Born matrix be-
comes

B 8 & _8u
1 E+E, E+E, E+E,

E_gu_ B,, S _fa_
B= +E, E+E, E+E, . @7
- 0
E+E, E+E, =%
Lia _Eaa 0 B
E+E, E+E, b

The N and D matrices are determined from Eqs.

(3)-(8) as before. The only difference is that the .

matrices are 4 X4 matrices. We denote the reso- ’
nances due to the third and fourth channels by o
and 8, respectively.

We can again follow the procedure of separating
out the resonant terms. First let us single out the
resonance 3 due to the fourth channel. Then the
“pbackground” amplitude becomes

T =[NP | (i)' ? (38)
where
Ny, &12F, gi3F,
g12Fa Ny 83 F3 (39)
813Fs &23F5 Ny

with an obvious expression for D%, Thus the
“packground” includes the resonance « due to the
third channel and is the same as the amplitude
determined in the previous section. The « is used
in 72% to remind us that the background includes
this resonance. Again we find that

NBot___

1
sT
_ S 2118
Tll_Tﬁot+ezi( IBOHGIB)mB_E_%i]_"B , (40)
where
n eZiSlBa_ 1
T =Tast : (41)

I'y is the total width of resonance 8, and T', 4 is
the partial width for the decay of that resonance
into the first channel. We again find that T', 5 is
given by an expression like Eq. (32) where we
make the substitutions 75 —=7z4, 0,5+0,54 and 0,5
~08,54 015 is determined from Eq. (33) by making
the substitutions I', = I'; 5, T, =Ty, and n5-1p4.
Thus the formalism is essentially unchanged by
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adding another resonance. We only need to re-
member that the “background” now includes a
resonant term. This resonance may again be
singled out by repeating the process. Thus we
can write

1
. 2T
Bo_ 7B 4 ,2i61p+01a)— 2-da_
Ti* =T +e mo—E-LiT, - (42)
We note that channels 3 and 4 are completely
equivalent and we can just as easily reverse the
procedure and separate out the resonance « first.
We would obtain the result
BB, ,2i(6 61.) 3T}
= ] +0{o) — 2710

T, =Ty" +e**188* %1 ml—E-LTr (43)
We see immediately that the widths and masses
obtained for resonance « in Eqs. (42) and (43) are
not the same because the background phase shifts
are not the same in the two equations and hence
we obtain different widths by using Eq. (32). Of
course if we continue to complex E to obtain the
pole position we will obtain the same result in
each case. Rewriting the amplitude cannot change
the pole position, but it can change the parameters
used along the real energy axis.

IV. DISCUSSION

As an example of how we propose to use the
formalism presented here let us consider the
A(1236) resonance which appears in the P,; par-
tial wave in 7N scattering. The background in
this partial wave is small and has often been ne-
glected in computing the resonance parameters of
the A(1236). If the background is taken into ac-
count the mass and width of the resonance are
shifted by a few MeV.?

First consider the energy range below 1300
MeV where the scattering is elastic and we ex-
pect ny=1and 6, =0. The width is then a function
of the background phase shift 55, and the parame-
ters £, and C,. Since the background phase shift
is small we expect that B, will be small and F,
~(E +E,)™!. This means that £,%~v,, where y, is
the width which the A(1236) would have in the ab-
sence of background effects. We expect that v,
would correspond to the SU, prediction for the
A(1236) width since no background effects are
taken into account in SU; calculations. A careful
examination of the energy dependence of y, in Eq.
(27) shows that it has the usual centrifugal-barri-
er factor and it can be given a standard resonance
parametrization (we neglect the energy dependence
of ¢, and d). We also find that C, can be paramet-
rized as C, =const/p,. We can then choose a
standard parametrization for 6, ; and adjust the
parameters to obtain the best fit to the P, phase
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shift. The value we obtain for y;, would be inter-
preted as the SU, width.

At higher energies, where ny<1, the analysis
becomes more complicated. We must now intro-
duce a phenomenological higher-mass channel to
represent the 77N channel and the widths and
mass become dependent on 6,,. This clearly in-
troduces too much freedom in the fit, and we
would be reluctant to take the results seriously.
If we assume that the bound state is not coupled
directly to the 77N channel, then £,=0 and the
expressions for the mass and widths are greatly
simplified. We then find that

T, =y [3(1 +7,)(C, sind, , +coss, ;) |2

+[3(1 =n5)(C, cosd, 5 —sind, ;)2 . (44)
The inelastic width, T, is

Ty =yy2(l = 15°)(1+C,?) (45)
and
m=mp—3nNpy,[C, 0825, 5 +3(C,® - 1)sin26,,] .

(46)

The dependence on 6, drops out in this simplified
version of the model. In the absence of the back-
ground term, the mass would be m,-3C,y,. We
would interpret this mass as the appropriate mass
to be used in SU; mass formulas. It is obvious
that the energy dependence of I'; can be expected
to be quite different from the standard energy de-
pendence of widths because of the dependence on
the background amplitude.!® We have done a de-
tailed analysis of the P,, partial wave using this
model. The results will be presented in a future
publication.

The model discussed here has interesting im-
plications for partial waves containing two or
more resonances. It was shown in Sec. III that
the parameters of the two resonances can vary
depending on the order in which the separation is
performed. In fitting the S;, or P, partial waves
in 7N scattering we cannot attach any theoretical
significance to the resonance parameters without
relying on a model to interpret the results. It is
clear that T',5 in Eq. (40) may be changing rapidly
in the vicinity of resonance a (E ~m,). This is

|13

amplitude which contains resonance « and is
changing rapidly for E~m,. 0,5 is also changing
rapidly in this energy region. We must use a mod-
el which includes the effects of the background in
order to untangle this complicated energy behav-
ior.

Although the model presented here has obvious
limitations, we feel that many of the qualitative
features which we found will also be present in
other models which take background effects into
account. In this paper we have pointed out some
difficulties that are encountered in determining
masses and widths of resonances from partial-
wave phase-shift analyses. We hope that models
of the type presented here will help resolve these
difficulties.
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APPENDIX

We will show here how I, defined by Eqgs. (17)
and (21), can be rewritten in terms of the back-
ground phase shifts.

We write the background amplitude

2
I (a1)
as
1 D
B = —22 —
T C,+i (FI(E +E A% 1> ’ (42)
where
¢1=P1F1(C1+i) 5 (A3)
and we use the fact that
1
Ny¢,+F,Dy,y “E YE, (A4)

If we use Eq. (24) for T2, we obtain

D

2idy1p5 _
I ragar -G
1 o

true because I'| ;3 is dependent on the “background” and
Z¢,9,D. F2(E +E .
Img%uz =815, &I(T"‘Ql [n5(C, sind, 5 +cosd, 5 +3(C,> +1)(1 - ns)] - (A5)

Similarly, using



| =3

B _ glz(p Pz)“z
127 (E 1 E AP

=i%(1 _ nBZ)l/zei(élB+ [Py ,

we obtain

£ fisEn 10205 _ O Fy(E +Ey)
Im312 138‘:38 12295 _ 1 g . ga( 02 22002 0

d 2d
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(A6)

(1 =nZ2)"[C, cosd, 5 — sind, ;)(cosd, 5+ C, sind, ;)

+(C,co8d,5 - sind, g)(cosd, 5+ C, sind, p)] .

(AT)

If we now combine Eqs. (A5) and (A7) along with an obvious result for Img,,?$,$,D,,/(dA®) we can write
down an expression for the total width I". Using Eqs. (17), (21), (A5), and (A7), we obtain

T=x2+2%, (A8)
where
1
N =5 [£,(X + ) "3(C, sind, 5 +c085, 5) £ (1 = 1) "%E,(C, c08B, 5 — Sind, ;)] , (A9)
Ay =\/—L§- [£, (L +n ) 3(C, sind, 5 +c08d, 5) £ (1 = 13)/%£,(C, cosd, 5 — sind, ;)] . (A10)
From Eq. (29) we see that
1/2 1- 1/2
R1=ei615[ (—31;" ) M+i<-—2ﬂﬁ> )‘2:] (A11)
and also
1/2 _ 1/2
R2=ei625[ <1—§ﬂﬂ> x2+i<1—2ﬂﬂ> M]- (A12)

We can easily show that T'=T", + T,.
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