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Abarbanel has recently derived a formula for the discontinuity across the two-Reggeon
branch point using direct-channel unitarity. His derivation assumes that a "two-Heggeon ir-
reducible" kernel does not contain J-plane singularities in the vicinity of the branch point.
We investigate this assumption for the two-Pomeranchon cut using an extension of the
multi-Regge arguments of Finkelstein and Kajantie. We verify the assumption for ez(0) =1,
but the result is inconclusive otherwise.

While the original work' on Regge cuts in had-
ronic physics predicted that the discontinuity
across a two-Reggeon cut would be positive (i.e.,
that the cut contribution to cross sections would
have the same sign as the pole), later studies"
have led to the opposite conclusion. Recent papers
by Abarbanel 4 and White ' have sustained the con-
troversy by obtaining a similar formula with posi-
tive and negative signs, respectively, using dif-
ferent methods. In this note we examine a crucial
assumption in Abarbanel's work, concerning the
asymptotic behavior of "two-Reggeon irreducible"
kernels.

Abarbanel supposes that Regge cuts in the ab-
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FIG. 1. (a) Generation of the two-Reggeon cut. (b)
Exact equation for the two-Reggeon absorptive part.

sorptive part of the two-Reggeon scattering ampli-
tude ' are generated by direct-channel unitarity
when Regge poles are present in the production
amplitudes appearing in the unitarity sum [see
Fig. 1(a); the dots refer to other contributions].
When all terms are included, the result is the
exact equation represented in Fig. 1(b), where C
is the full two-Reggeon absorptive part and K is
an "irreducible kernel." The lg, tter is defined as
that piece of the full absorptive part for which the
Regge pole of interest does not appear in the in-
termediate integration. This can be made precise„
for example, by requiring all relative rapidities
in the intermediate cluster to be less than some
fixed interval. It is assumed that the cut is ob-
tained by integrating over the two Reggeons and
that the cut does not appear in K.

Of course K will contain some singularities, so
what is required for this procedure to be sensible
is that they be less important asymptotically. In
other words, the J-plane singularities of K should
lie below the two-Reggeon branch point. To study
this question, we shall iterate the exact equation
to obtain Fig. 2. By a straightforward extension
of the arguments of Finkelstein and Kajantie ' it
is possible to obtain a lower bound on the energy
dependence of each term in the series, and to
then perform the sum as s- ~. The result will
have the asymptotic behavior s "&'~, where e~ is
the leading singularity in K and p & 0.

If we now restrict ourselves to Pomeranchon
singularities, there are two cases to be distin-
guished. If n~(0) =1 then, since the cut is located
as usual at n~(t) =. 2o,~(—,'t) -1, we have ec(0) =1
and both pole and cut are above n~. However, if
a~(0) =1 —a, then n~(0) =1-2b, and (not having a
reliable model of production amplitudes) we can-
not rule out the possibility n~(0) &n» & a~(0). The
method gives no information on nonleading cuts,
as that would require precise knowledge of the
singularities of K.

We now turn to the calculation. The nth term in
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FIG. 2. Iteration of Fig. 1(b). FIG. 3. Kinematics of the n-cluster contribution to
the absorptive part.

the iteration of Abarbanel's equation has the form
of Fig. 3. Momenta are parametrized in the man-
ner of Bali, Chew, and Pignotti' in terms of total
cluster momenta p,. and invariant masses u,. = p,.',
unspecified internal cluster variables (V,j, mo-
mentum transfers t, =Q,', T.oiler angles &u, , and

relative boosts g, . We are interested in a lower
bound on the contribution of this term to the for-
ward absorptive part, and by positivity we are
free to work in the region of phase space where s,
u, , and g,. are large, and the t,. finite. In this limit
the amplitude is assumed to have the form

T, „=f(p, ', t, , u, , ( Vj)(cosh/, )""i'g(t, , t, , ~, , u, , (V,))(cosh),)""2' ~ f(t„,, p,', u„, f V„)),

where n(t) is the Pomeranchon trajectory. This form is chosen so as to correspond to power behavior

(s, /u, u„,)""~', as expected for a Regge pole coupled to large masses. The total phase space is proportion-
al top,",du, d (V,j, and we assume that for large u,

d~d V& g t& 1, t&, (d~, u&, V& -sP& v t& 1, t&

d V t P', u, V '-u~ v' p', t.
Here z~ is the leading singularity of K, and the vertices v and v are unspecified for now. The remaining
phase-space element is

y-1 n-1 n-1 n

dp„= coshq, coshq„sinhq, , , .... dt, „d(cosh&, ).„,du; —5(s —(p, + p,)'),
2 1 1 S

up to over-all constant factors which will be consistently dropped. The q, are the vertex boosts of Ref. 9
whose large u, limits are

ug uncosh', -, »», cosh&„ I t hl/2 &
s h~i I i1/2~-t.) '

~t; 1t(]

The constraint on s is
n-1 n-1

2m. m» u,
"

cosh&,s-= 2 m, m, coshq, coshq„. ... (cosa&, +coshq, )[coshg. , -
2 1 i

Defining x=ln(s/2 m, m, ) and supposing the g,. to be'large, the phase-space element becomes

n n-1
dd„= — dn, d&,. &

dt, nn-g « —P ln +P ln. (—t, )+K),
1 1 1 1 1

where mand upare constants. Vfe choose upsufficiently large that the clusters have Regge behavior as above
for u&uo. For a lower bound on the n-cluster contribution, K„(s), integrate over the restricted region of

phase space where u&up, (&gp, where (p corresponds to the onset of Regge behavior, and T, &t& &T, ,
where the vertex functions v are nonvanishing in this interval. Letting y; =ln(u, /uo) we have
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x exp (n„+1)Q y, + Q 2n(t;)g, , v(t. .. t, ) .
1 1 1

We now let V be a lower bound on the v's in the interval T, & t; & T, , and write
ff -I n ~ tt-1 PT1 n -1 n

R'„(s))—v"II d(, ll J dy,. r dtl! x —,. p L—Q,.y, +(n —l)1)S 1 1 0 1~T 1 10 2

tl n-1
x exp (n„+1)P y,. + Q 2n(t;)&;

1 1

We have also replaced the t, dependence in the 6 function by an average value A. and absorbed z. This is
harmless, as the t,. integrations may be performed over an arbitrarily small interval away from the origin
(see also Ref. 8). Integrating over y„,

(fX + 1, )X—g

n-1 n -]. n-1
I

86 n-1 n-1 - n-1 I

K„(s)& —e'"x"'v" dg, , dy;, ... dt, 8 x-Q g& -Q y;+(n —l)X exp Q 2n(t&)g&S 1 ~60 1 &0 1 T 1 1 1

For a. lower bound on K„(s), restrict the integration to the region 0 (y; (L and r„, ([& (L, where 2(n —1)I
—= x+ (n —1)X. Then

T1
—n-1

K„(s) & s "& LV dg dte'""'~
T2

For a lower bound on C(s) =Q„,K„(x), let n, x-~ at fixed L. This assumes that we can allow a loga-
rithmically increasing number of clusters and still stay within the region of validity of our approxima-
tions. ' If K is defined as above in terms of a maximum rapidity interval, such is certainly the case for
large enough J. Then as s-~,

— xg~2Z, -X )

C(s) &K„(s)i„„„«,z z&=s"& Lv dgdt. =s "~'~
J

where

p ln LP d& dte2 "'~
2I. —A,

0 2

Since L can be taken as large as desired, P &0. Thus the leading singularity of C(s) is above that of K.

I thank Geoffrey F. Chew for suggesting this investigation and for valuable advice and comments.
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