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Using the K -matrix method the amplitude predicted by the strong Regge-cut model is made
consistent with ¢-channel unitarity. The resulting amplitude is found to have complex-conju-
gate Regge poles, ap+ia;, for ¢t =0 on the physical sheet of the j plane. Its j-plane discon-
tinuity has a sharp peak at j=ag. The contribution of the discontinuity near the tip of the cut,
j=a,, as well as the problem of approximating the entire discontinuity integral by complex

poles are discussed.

I. INTRODUCTION

The basic idea inherent in the absorption picture
is that at sufficiently high energies the low impact-
parameter values of a given S-matrix element are
strongly suppressed due to competition with other
channels. The scattering amplitude for a non-
diffractive process is, therefore, negligible at
low impact parameters. It is well known that a
single Regge pole, with some exceptions, does not
have this property. Since the experimental evi-
dence for nondiffractive processes is overwhelm-
ingly in support of the absorption picture the sin-
gle-Regge-pole term clearly needs correction.

The strong Regge-cut model (SCRAM) describes
the absorption picture by treating the Regge pole
as a “Born” term of the scattering amplitude,
T(s,t), with a Regge cut, obtained through a spe-
cific prescription, as the correction term.! The
prescription is such that the cut term is negative
relative to the pole and has a slower falloff in ¢.
Writing it explicitly for the imaginary part, where
SCRAM works best experimentally, we have

s%e
Istc(S, t)zﬁosao—ﬁc Ex—s— s Bo’ Bc>0 (1)
where the subscript “sc” corresponds to the strong-
cut model.
Let us define the following quantities which in-
volve ImT(s, t) and its Mellin transform A(j, t):

A(s, t)=ImT(s,t)

=23 A(j, t)s’
i
- L (" ajsag (2)
_Eﬁ-imw Jjs'A(4,1)
and
A(j,t)=f dss™i7'A(s, t), 3)
So

=3

where we note that A(j,t) is proportional to the
partial-wave amplitude in the ¢ channel, y is to the
right of all the singularities of A(j,¢) in the com-
plex j plane, and s, is the threshold value for the
amplitude 7'(s,t). We have assumed throughout
that the Regge scale factor is 1 BeVZ,

For Ay(s, t) defined by (1) we obtain from (3)

Bo

Jj=a

Aulj, t)= +B.1n(j - a,). (4)
Thus the {-channel partial-wave amplitude pre-
dicted by SCRAM has a pole at j=q,, the “unper-
turbed” pole, and it has a cut from j=q, to —.
We assume that a,, 8,, and @, are 7veal functions
for all values of ¢.

The partial-wave amplitude above, in general,
is not consistent with unitarity in the ¢ channel.
Our purpose is to investigate the consequences of
unitarization of Ay(j, ¢). In many of the reactions
the physical region for s-channel scattering cor-
responds to { <0. Since the {-channel threshold
for those reactions is normally at t=4m 2%, a value
very close to =0, the {-channel unitarity condi-
tion should play an important role. We shall use
the K-matrix procedure to unitarize the SCRAM
amplitude given by (4).

As we shall see in Secs. II and III, one of the
consequences of unitarization is that there are
complex conjugate poles, ap+iq;, in the physical
sheet of the j plane for <0, and, furthermore,
the discontinuity across the cut is sharply peaked
at j=ag. The fact that, as a result of unitarity,
there would be complex Regge poles for £<0 has
been noted by several authors.? Moreover, a peak
in the discontinuity function at j= @, has already
been predicted by Ball, Marchesini, and Zacharia-
sen (hereafter called BMZ) on general grounds.®

We now have an explicit model on the basis of
which we can discuss the effect of complex Regge
poles. One of our chief interests is to investigate
the validity of approximating the entire disconti-
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nuity function by the peak due to complex poles,
the so-called BMZ approximation.® We find that
whereas it is entirely possible to approximate the
discontinuity integral by complex poles, the “resi-
due” of the poles is not s-independent. There is

a slow s dependence due to Ins factors. This is
discussed in Sec. III.

In Sec. IV we try to isolate the s-dependent term
and find that it is due to the contribution from the
term s’ which is maximum at j=q,. Thus the
discontinuity function can be roughly divided into
two parts: one due to the peak at j=ag, and the
rest which peaks at j= ¢, and which extends over
an infinite interval. The integral of the former
satisfies the BMZ approximation whereas the in-
tegral of the latter does not satisfy the approxima-
tion and is comparable to the former.

In Appendix A we discuss the poles on the real
axis, whose residues are found to be negligible.
In Appendix B we discuss the square-root cut in
the j plane instead of the logarithmic cut found in
SCRAM,

II. CONSEQUENCES OF K-MATRIX
UNITARIZATION

Let us consider two-body scattering of spinless
particles with equal mass, m. The K-matrix
procedure corresponds to writing for the unitar-
ized amplitude A(j, t) the following form:

A, )
T=ipAd(, D)

2 1/2
=<—4i—> ' sing,, t>4m?

A(j, 0=

t-4m?

where p=[(t - 4m?/4m?]*/2. Now for t< 0, one
can, to a good approximation, write —ip~1. Thus

Ax(], )

m; t<0.

A(f, t) =~

Substituting, A.(j,t) from (4) we obtain

. _ Bo+Bc(j— ao)ln(j' ac)
A(]yt)‘j_ao+ﬁo+3c(j—ao)ln(j—ac) (5)

The partial-wave amplitude, A(J4,t), above has a
cut in the j plane and it has poles at the positions
where the denominator in (5) vanishes. These
poles are, however, complex when j< ¢, because,
for j<a,, In(j~- a.) is complex and therefore so
are the roots of the denominator. The poles are
complex conjugates of each other because the
imaginary part of In(j - ,) can be +i¢, depending
on whether one is above the cut or below the cut.
As pointed out earlier, the existence of complex
conjugate poles is a general consequence of uni-
tarity. Note that in the absence of cuts (3, =0) the
denominator corresponds to a single zero, j=a,

—By. The term, -B,, added to ¢, simply corre-
sponds to the continuation to ¢ <0 of the imaginary
part, ipB,, above the threshold t=4m?.

We consider the following specific case:

a,=a+bt, a.=a;

B,=constant (>0), . =constant (>0).

Thus we are considering a fixed cut.®* For a
typical example of p exchange, a~ 3 and b=1
BeV~2. We can also estimate 8, and B,. From the
resonance region one can determine 3, because at
the p mass, ¢= mpz, we know for the nm case, for
instance, that

mg —-4m 2
() momser,
s

where a'=b=1 BeV~2 Therefore,
B~ 0.05. (6)

We can estimate 8, from SCRAM. One of the sig-
nificant facts about SCRAM is that it is capable of
producing zeros in the scattering amplitude. To
obtain the experimentally observed zero in the
imaginary part of the scattering amplitude at

t ~~0.2 BeV? for s~ 10 BeV2, we must have, from
(1),

o

s%e
Bosao-ﬁc ins =0
for the above s and ¢ values. Thus we obtain*

Be=Bo - (7)

With the estimates that we now have of a,, a,,
B,, and B, let us return to Eq. (5) and let

A=j-—a. (8)

In the A plane, (5) becomes

o Bo+B.( - bt)Inx
Alj, 8= —bi+By+ B, (n — b 1A

The Regge poles are given by the roots of the fol-
lowing equation:

A =bt+B,+B(A=bt)Inx=0. 9)

Let us first give an approximale solution of the
above equation.

In view of the small magnitudes involved, an ap-
proximate solution to (9) is given by using itera-
tion procedure,

A=bt = By =B = bt)Inx
= bt — By = Bo(~Bo) In(bt - B,). (10)

For ¢ <0, the complex conjugate solutions, there-
fore, are
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X,y =Dt = By +BoB[In( B, — bt) i)
= bt — By + LMByB, (11)

and
Ay = bt=BoetiTB) =0, (12)

In (11) we neglected B8, In(B, — bt) in view of the
smallness of B, and relation (7). In (12) we note
that since the branch point is at A=0, and since
1-p3,>0, therefore, the poles A, are on the phys-
ical sheet. Thus one of the interesting conse-
quences of unitarization of the absorption model as
given by SCRAM is that the complex poles are on
the physical sheet. There are infinitely many
roots of (9); we consider only the most important
ones which in our model are on the physical sheet.
The poles in the j plane, «,, are given by

a,=a+),
=aptiay .
From (12), then
apa+bt-p,,
o= BB, -

The residues of these physical-sheet poles are
given from (10) to be

By + Be(X = bt) Inx

Be= X I B, = 0D/ A=x,
B (A = bt)
N 1+, Inx +B, (0 = D)/ A= | (13)

An approximate value of B, can be obtained if we
ignore B, in (13) except in obtaining the phase.
Therefore,

_Boet im-B¢)

B= 1+inB,

Therefore,
Bs=Boe™ 7P (14)

There is also an additional pole to the 7ight of
A =0 which remains essentially fixed for all values
of ¢. This pole is found to have a negligible resi-
due. We will discuss it in Appendix A. However,
we will ignore it temporarily.

Let us now calculate the discontinuity across the
cut in x. From (5), it is given by

_ discAx(j, t)
II+ASC(]’ t)lz
_ 1B, (\ — bi)?
T IXN=bt+B,+B.(x = bE) Imr |2

discA(j,t)

(15)

One of the interesting points to note is that discA
vanishes at the tip of the branch cut, i.e., at A =0.

|=3

This should be compared with the discontinuity
prior to unitarization [i.e., discA, given by (4)],
which is simply B, and does not vanish at A =0.
The vanishing of the discontinuity function at the
tip of the branch cut was shown by Bronzan and
Jones® to be a general consequence of unitarity.
Our special model confirms their result.

We can obtain an approximate expression for
discA(j, t) by expressing the denominator in (15)
by its roots given in (11). Thus

TR, (\ - bt)?
(A = bt + By —imBB )N = bt + By +imByB,)

discA(j, f)=

_ B =082 mB (A bt)?
T =) T M= xg)E A

o B = a)?
(j - ag)?+a,”
(16)

It is clear, therefore, that discA has a peak at
A=rg==B,+bl. It has also a (quadratic) zero at
A = bt to the right of this peak for { <0. In Fig. 1,
we have plotted discA(j,¢)vs j for t=0 and ¢=-0.5
BeV2,

We can now write down the expression for A(s, f)
using the Mellin transform (2) for <0

o
A(s,H)=B,s%*+B_s%*- -%f ¢ djs’discA(j, t),
(17)

where we have ignored the fixed pole with negligi-
ble residue discussed earlier. The approximate
expressions for 8,, «,, and discA have been
given earlier.

In Sec. III we obtain exact expressions for a,

5.0
L
i ,'i_
]
i '-'i =]
-1=0.5 Bev? ! I/ 8
i i H3o»
¥ =
| =
i I
| . [
/' t=0.0 BeV / |_ 1.0
/ /
-.-.--.u--_-“——.-_-,-_—.—_—,—:.’.t‘ [N - __\\.
1 F—— i TR r-
j 1.4 -1,0 0.6 -0.2 0.0

FIG. 1. The discontinuity discA(j, ¢) plotted vs j for
t=0 and ¢£=-0.5 BeV?, with 8,=0.05 and 8,=0.07. The
numerical value of 8, is chosen so that the SCRAM zero
is at t=—0.2 BeV? for s =20 BeV?,
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and B,. We will also discuss whether in (17) the
integral over the discontinuity function can be ex-
pressed in terms of the complex conjugate poles
which give rise to the peak in discA.

1Il. DETERMINATION OF THE COMPLEX POLE
PARAMETERS AND THE BMZ APPROXIMATION

We will now attempt to calculate the exact values
of @, and B,. The roots of (9) are A, which are
related to a, by (8). In view of the fact that 8, is
small, one can expand the solution of (9) in a
power series in B,. The coefficients in the power
series can be obtained by comparing appropriate
terms in (9).

If we write for £<0

A,=Rei®
=% (18)
and expand in power series,
R=(By=bt)+aB.+aB2+e+",
=T+ cC B+ o2+,

then from (9) we obtain (again for ¢ <0) for the
first few terms

al = "Bo 1n( Bo - bt)}

1 2n 2

a,= _HZBO+EB: fobt+B° In%( 8, - bt),

_ =TB
¢ = BO — bt ’

_ 2mB,yIn(B, - bt) 7By~
c,= Bl +(Bo_bt)2[1-1n(ﬁ0—bt)].

Similarly for the residues one can write

B.=B%

=X+ 2y + Kot + 0t +i(Yo + Y Bt VB 0)

From (13) we can obtain the above coefficients in
terms of those of A,. The result for the first few
terms is (again for ¢ <0)

%o=PBo>
%= —26,1n(g, = bl) - =P |
B, - bt
%=0,
V1= =276,
—7B,° 67,2

Y= (5 — 607 + B0l +67p, In( B, — b?).

The above results for the trajectory and residue
functions confirm our approximations (12) and (14)
for small 3, and for {~0. As anticipated, the tra-
jectory and residue functions have a logarithmic
branch cut in ¢ with a branch point at ¢=3,/b.

Imj

o4

ENmm e e
s’ Rej

POLE ON PHYSICAL
SHEET

— — — POLE ON UNPHYSICAL
SHEET

FIG. 2. The motion of the poles in the complex j
plane.

In Fig. 2 the motion of a,(f) in the complex j
plane is described. In Figs. 3(a) and 3(b), a,
vs ¢t and B, vs ¢ are plotted. The important thing
to note is that no drastic structure in g, (especial-
ly ReB,) is introduced by our model. In other

t(Bev?) =
(b)
—o.1
. B
t(Bev?) = -1l.o ‘o{s 0.0
Ry
-0t

FIG. 3. (a) The input trajectory «y(f) and the real and
imaginary parts of a, (= ap +iay) plotted vs ¢. (b) The
real and imaginary parts of the residue B(¢) (=B +iB;)
of the complex pole, plotted vs t.
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words, RefB,, which corresponds to 3, in the
SCRAM limit, is a slowly varying function of ¢.

Let us now consider the integral over the dis-
continuity function

(o3
L= %f ° dj s'discA(j, £)

)\+a(>\ bt)
f Y e A0 ) (19)

where we have used the approximation (16). The
error is found to be extremely small. In order to
obtain I, we first calculate the quantity 7, defined
by

d

nn

0 drs?
lo=b: ) G
0 A
=B drs +c.c.,

2i0; Jow A =2,

where

A=A =0,~ 0.
=2iqy

and c.c. means complex conjugate.
It can be easily shown that

2
Ic=S°‘C<—-—d—-Zb a

2412
dins? dlns +b t) o (20)

Now I, can be obtained exactly,

in6
10:5; {X+[19+(y+1nR+1n1ns 2(——@—1——)7——]}%.0., (21)

I\ n=1

where y is Euler’s constant, and R and 6 are defined in (18).

I,=B,(t, s)s% +B_(t, s)s*-
where E+(=[§t) is given by (for ¢<0)

From (20) we can then write

Bt s)= {(0‘ - ao)z[ 6—ily+In|a, - @,/ +Inlns) - ZL‘ZL_n_n)'MJ
+2(a, - ao)[——_zz_ﬂM} [ - leem o s]} .

where we note once again that ¢,=a+bf and o, =a,
and =7 -tan"Ya;/|ag - a,|). This expression is
quite complicated and it depends on both s and .
Let us look at it in the limit when B, and ¢ are
small. In this limit

a[ ~ ‘”ﬁoBc ’
6~m,
a,— ag~—(a, - a)~=By+ia; .
Furthermore, we write
E+ = ER + zEI M
Instead of considering B, and j3, in great detail,
we will consider only a few terms of B;. Our main
purpose is to demonstrate that B+ depends on f as

well as s. The contribution of the first bracket in
(22) to By is dominated by the following term:

B
2(1B,B,)

This term by itself is independent of s and satisfies
the BMZ approximation. However, let us consider
the second bracket in (22) and find its dominant

- ao) 9 Bozﬂ = %BO

2¢q4

r

contribution to B;. The relevant term is

Be =i B ooy 2 Be
20, 2(a, - o) ns " Za; (¢2a;) = .

This term, indeed, depends on s and, furthermore,
it is comparable to the term %Bo above [see relation
(7)]. There are other terms which also contribute
to B (and to B,). The above example is sufficient,
however, to demonstrate the fact that g, depends
on both s and ¢ such that the s-dependent term is
not negligible. In Figs. 4(a) and 4(b) we have plotted
B and [3, vs ¢ for different values of s. These
graphs make the s dependence of B, quite explicit.
Our results show that whereas complex poles
exist and dominate the discontinuity function, the
BMZ approximation is not valid. The residues
are not s-independent. The function A(s, ) has the
form given by

A(s, t)=B,(H)s%+ B_(£)s*-
~[B.(t, s)s*+B_(t, s)s°]
=7+(ty s)sa++7—(t, S)S %= .

In Fig. 5 we have compared the above A(s, ¢) with
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(q) AReE(i,s) ImT (s,t)
—o.1
—— —— SCRAM
UNITARIZED oz
=20 BeVZ :
$=40 Bev?
t (Bev?) = ' [ 0.0
-0.9 -0.5 )
/ 0.1
—-0.1 0.0
—-0.2 —1-0O.!
ImAt,s) FIG. 5. The amplitude A (s, t) [=ImT'(s, #)] plotted
(b) —5.0 vs ¢, for SCRAM and the unitarized model, with 8,=0.05,
B,=0.07, and s =20 BeV?,
IV. THE CONTRIBUTION FROM THE TIP
t (Bev?) $J_1 . 0.0 OF THE CUT
In this section we show that the discontinuity
2 function can be separated into two parts: one be-
s=20 BeV . ‘g
s=40 BeV?2 ing the peak at the position of the complex con-
jugate poles and the other being the contribution
—1-5.0 near the tip of the cut. The latter discontinuity
function, which is maximum near j=q,, extends
over a much larger j interval than the former.
The discontinuity integral is
o"c . Sj(j - )2
—{-10.0 dj ——5—"2—
ﬁc[w ](j—aR)2+oz,2

FIG. 4. The contribution (¢, s) arising from the in-
tegral I, plotted vs t for s=20 and s =40 BeV%. (a)
Rep(t, s), (b) ImB(¢, s).

the original SCRAM version given by (1).8

Even though B,(¢, s) and y (¢, s) depend on ¢ as
well as s, it is important to emphasize that the
discontinuity function does have a peak at the posi-
tion of the complex poles. The question then to
ask is whether this peak itself can be approximated
by complex poles with s-independent residues.
The rest of the discontinuity may then be described
by a suitable function which in turn can be approxi-
mated by complex poles with s-dependent residues.
In Sec. IV we will show that this is entirely pos-
sible with the s-dependent part coming from the
contribution of the tip of the cut.

Let us write

(7= ap)?=(j— ag +B,)?
=(j- QR)2+ZBo(j_aR)+ﬁ02- (23)
We consider the last term first. We have

BBzJ'acd. Sj
oFo ). YiG-opira

This integral is proportional to I, defined earlier
[see (21)]. It is the integral which was considered
by BMZ and shown to be well represented by a
pair of complex conjugate poles with s-independent
residues.® The point is that in (21) the term InIns
as well as the sum involving (Ins)" are very small
compared to the s-independent terms. We can
write the approximate relation
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B.Bzfacd'_;
€70 ) ](j—aR)2+a,2

= &-Bi’i[e- ity +InR)]s%+c.c.
201,
We note in passing that in the limit when 3,- 0 we
have, using ao;~7B,8, and 6~ 7, a,— ag, simply
the expected result

zfa"‘d. s’
B:Bo » ](j— aR)2+01,2

Now let us look at the contribution of the second
term in (23). The integral then involves (j - ag)
in the numerator. This integral should be very
small because of two reasons. One is that because
of the form of the denominator, the major contri-
bution comes near j=ajy where the numerator
vanishes; the other is that the numerator changes
sign at j= ay, so that the contributions above and
below this point tend to cancel. We, therefore,
can write a very crude approximation,

“e . S(j-ag)
dj ——2——E_ =0,
v[m I (j - ag)l+a,®

Bos %o .

ar-o

The first term in (23) gives (j — ag)? to the nu-
merator. Even though, as mentioned above, the
denominator gives a maximum contribution at
j = ag where the numerator vanishes, the quantity
(j — ag)? is positive definite and the integral ex-
tends up to —~. Consequently the contribution of
(j - ag)? cannot be negligible. We can, in fact,
write the following approximate form for small
ar:

% sl - ag)? % s(j - ag)?+a,?]
dj —S\ = Qr) f aj SLU —ar) + o]
Bcfoo ](]—ag)z"'alz B oo J (j-ap)i+a,

ac .
. “aj e

By S
"¢ Ins

This is totally s-dependent and it is not of the com-
plex conjugate form. This is what we call the tip
of the cut contribution because the integrand is
simply s’ which is maximum at j=q,. It so hap-
pens that in the example considered here, namely
the unitarized SCRAM model, the function s’ is in-
tegrated over an infinite interval so that this in-
tegral is as important as the complex-pole term
even at moderate energies (see Fig. 6). In other
models it may well happen that the function s’ is
valid only in the neighborhood of j=q,, the rest
of the discontinuity function being well approxi-
mated by complex poles. If this interval is —q, - €
to —o,, then we have

I3

B[ dis B (=57
S J cIns
as the contribution of the tip of the cut. This con-
tribution will be quite negligible unless s is ex-
tremely large.

In summary then, the discontinuity integral can
be divided roughly into two parts, one coming
from the peak due to complex poles and the other
due to the tip of the cut. The former satisfies the
BMZ approximation and can be represented by
complex conjugate poles with s-independent resi-
dues. The latter cannot. In the unitarized SCRAM
model considered here, the latter is comparable
to the former. However, this need not be the case
for other models.

V. CONCLUSION

We have found that the SCRAM amplitude after K-
matrix unitarization has complex conjugate poles,
for t <0, at j=agz+iq; on the physical sheet of the
j plane. Its j-plane discontinuity has a sharp peak
at j= agp. The integral over the discontinuity func-
tion can be expressed in terms of complex poles
but the residue function depends on s. However,
the discontinuity function can be divided roughly
into two parts. One part is due to the peak at
j = ay and its integral can be expressed in terms
of complex poles with s-independent residues.

The other part has a peak at j = o, and its inte-
gral corresponds to the s-dependent residue. In
SCRAM the latter integral is comparable to the
former. We have also considered, in Appendix B,
the square-root cut and the results are the same.

APPENDIX A

The partial-wave amplitude A(j, f) as defined in
(5) has a real pole, which remains very close to
j=a, for almost all values of {. The poles are
given by the roots of the denominator of A(j,1).
In the A plane, the denominator is

D\, £) =X = bt +By+ (A = bt) Inx . (A1)
For the scattering region ¢ <0, and 3,>0,8.>0,
we find

D(\, £) =+ b|#| + By + (A + b|¢]) Inx (A2)

will vanish for 0<a<1.
To find the position of the real pole approximate-
ly, we write the denominator as
D(\,,t) = b|t| +B,+B, b|t| Inr,=0,
1 B (A3)
Ao =€xp |- ———"] .
0 [ Be  Bolt|d

We find the numerical solution of D(}, ¢) to be
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<
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FIG. 6. For B,=0.07 (solid line) and B, =0.15 (dot-dashed line) the following quantities for unitarized SCRAM are
plotted vs ¢, with 8;,=0.05 and s =20 BeV?: (a) Bgs Br; (b) ReB(t,s); (c) ImB (¢, s); and (d) ImT (s, t). The dashed line in

(d) corresponds to the SCRAM with g, =0.07.

well approximated by this functional form. As 3,
and 8, are small in magnitude (~0.05), we find the
real pole to lie very close to the cut, for £<0.

The residue f, of the real pole is given from (13)
as

= =2 = blt I

© Bo —Bo /bl + B, bIE[ /N,
Ao
B °

For B,~B,~0.05, the residue of the real pole is

quite small, in fact negligible compared to the
residues of the complex conjugate poles.

B

o~

(A4)

APPENDIX B

Proceeding exactly along the same line as in
the text, we can look at the results obtained by

unitarizing the square-root-cut model. The {-
channel partial-wave amplitude is

+B,Vi—-a (B1)

c ?

i )= —Po
Asq.rt. (]’ t) ]' _ Olo(t)
where we again assume a,, 3,, and a, to be real
functions.
The scattering amplitude A (s, t) is given by

1 fwoty . .
Agg (s, t)= 57 djs'Asw..(,t)
—icoty

s%e

n e, B
“Bos °"ﬁ (lns)sz ’ (BZ)

where y is to the right of all singularities in the

t channel. The constant 8, is determined from the
similar argument as in the text. For Im7'(s, t)
[=A(s, t)] to vanish at ¢t =-0.2, the so-called cross-
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over point, we find
B.=108,.

The unitarized amplitude A (j, t) obtained by the
K -matrix method is then

) Asq.rt.(J, )
AG,ty=s Rl

(.7; ) 1+Asq.rt.(], t) (B3)
A(j, )=+ Bo+Bc(] "ao)(] - ac)1/2

=g Be+B(j =) (j —a)?

The amplitude has a square-root cut in the j
plane, from -« to «,, and the poles of the ampli-
tude are given by the solutions of the denomina-
tor of (B3). Considering the simplified case with
a fixed cut,

a,=a+bt,

ac=a’

Bo+B. M =bEVA
A =bt+By+B, (A =bt)VA

In the VA plane, the zeros of the denominator
are given by the solutions of

A =bt+B,+B, (X =bt)VX =0.

A(j,t) = (B4)

This equation has three roots, one real and two
complex conjugate ones, given by

Yy =2 =B, (B § 01),

VX, =3B,(B,+ Lbt)£i (B, — bt + 1b1)V/?
~3BB.x7(By—bE2.

In the A plane, the real solution A, thus goes into

The integral over the cut is

the unphysical sheet and so does not contribute to
the scattering amplitude A (s, ¢).
In the X plane, the solutions are
1
M™T5,

)ti = _(Bo —bt) +%Bozﬁc2 iiﬁoﬁc(ﬁo - bt)llz .

Thus we are left with a real pole in the unphysical
sheet and a pair of complex conjugate poles in the
physical sheet, as a result of unitarization.

The positions of complex conjugate poles in the
j plane are

o, =0, - (ﬁo _bt) +%B0602 i:Z.Boﬁc(ﬁo - bt)llzy
Qp=0a;— (BO _bt) +%602302 ’
o, =P8, (B, —bt)2.

The residues for these complex conjugate poles
are

Bi(t) =Bo[1 - (60 "bt)B¢2 - 23033]
X [1£85B, (8, -bt)H2] . (B6)

If we look at the discontinuity across the cut in
the A plane we find

B, V=X (A = bt)?
[1+8.2(Bo =08) +BeB.7] (=1 )( =2.)

The discontinuity function has the same charac-
teristics as in the logarithmic-cut case; it has a
peak at A =Re(r,) and a quadratic zero at 1 =5¢,
very close to the peak.

On taking the Mellin transform, we get the scat-
tering amplitude

discA(j,t)=

[e3
As,t)=B,8% +B_s* —%f cdjs’discA (4,1).

(B7)

. s7(j = @) (a, )2

B,
Te= m[1+8.2(B, = bt) +2B,8,2 ]f

M =bEV=X btyV—X
‘Kf D0 ?
with
—4 Bc
(1 +8.2(B, = bt) +2B,8,%]

sA(=R)5/2

Using

Q -U

e ¥y~ u-®

I‘(a,x)=1_,(,1_a) o du uU+x

_ 0 0 SM(=1)¥2
LK [ 5y *2””([_” D TR =A0)

(j-—a)(j-a)

sM=x

0
+b2t2Kf A\ r——— |
—c0 ()\"'Aa-)(}\"}"..)
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7
and
(=)
T'(a,x)=T(a) -x Z sl
we have
I,=B.(t, s)s**+B_(t, s)s ™,
where
— _Kmla, 2, (%) [(a, - @,)Ins]"
But,s)= 2ia, (@, = ag)*+ 2ia, {(lns)S/2 2_‘:, (n =3)n!

The first term of 38, (, s) is

Bo
2[1 +2B8,8,% +B.2 (B, = bt)] [

B+’(t’s)=

’ 1
+—3zB
Be =0

0-

The scattering amplitude A (s, ¢) is given by

Als, 1) =B, ()s** +B_(t)s* = [B, (¢, s)s™+ +B_{t, s)s *]

thI‘(z) - [(¢, —a,)Ins]" 2t2r() a -—a+)lns]
" s )2 ,.Z_o n=Dnl e & ~z)nl } (B9)
1+428,(B, = bt)*'?],

(B10)

=Y+(t’ s)sa+ +Y-(t) S)S -

where g, and j, are given by Egs. (B6) and (B9), respectively.
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