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The convergence of the series in the sum rules of Campbell and Chang for cluster functions
is investigated numerically for the Q3 ladder model. It is found that in this model these sum
rules diverge for a sufficiently large value of the coupling constant that the Pomeranchukon-

Regge trajectory goes through a {0)=1.

I. INTRODUCTION

The dominant part of the new high-energy data
deals with highly inelastic reactions, and the com-
plexity of such processes requires new methods of
analysis, such as the use of inclusive spectra and
correlations. However, to obtain a better under-
standing of the underlying mechanism it may be
useful to turn back to reactions which are still
amenable to exclusive analysis and to investigate
more carefully special quantities relevant for in-
clusive data. For this purpose cluster -decomposi-
tion methods' ' might provide a useful description
of exclusive data. A major problem with its appli-
cation seems to arise from the unknown conver-
gence properties of the infinite series in the sum
rules. It is the purpose of this paper to investi-
gate the convergence numerically in the y' ladder

model. The paper will have two parts: First we

will introduce the notation and the general con-
cepts, and second we will present the results of
the investigation.

II, NOTATION AND GENERAL CONCEPT

OF CLUSTER DECOMPOSITION

I.et us first specify the general situation con-
sidered here. We concentrate on inelastic pro-
cesses involving only one type of particle. Fol-
lowing Campbell and Chang' we will study only the
longitudinal momenta of produced secondaries
(Fig. 1) and integrate over all other variables, in-
cluding the momenta of the leading particles. The
distinction between produced and leading particles
will be possible due t.o an assumed kinematic sepa-
ration. The longitudinal momenta will be specified
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FIG. 1. The graph used in the calculation.

by rapidities which are defined by

z In[(ifo+g~j)/(go iIIj)]

1
,
g(z, z')dzdz'=Q n(n —1)—,G„, (6c)

where p(z) and g(z, z') are the inclusive spectrum
and the correlation function. These equations
have for the moment only formal meaning; the
equations are valid to each order in the number of
secondaries (equivalent to order in the coupling
constant in a ladder model); nothing is said, how-
ever, about the convergence of the sums.

The convergence of these series is related to
factorization, which is defined by

f.(z, z„)=f„(z, z„)f„„(z„„z„)
where q' denotes the 4-momentum of the jth sec-
ondary. In terms of rapidities we can define the
exclusive n -particle spectrum:

for

g . . . g &&g
y +17

dg~xclusive/g —f (z . . .z )dz . . . dzn+2 2 n 1 n 1

For the questions of convergence we consider it
adequate to deal only with integrated quantities,
and the integrated exclusive n-particle spectrum
is defined by

I'„(s)= dz, dz„f„(z, z„)

=n!o„„/a,.
Following Campbell and Chang' we decompose the
exclusive spectra into cluster functions

' 'z.0:
g, (z, ) = f,(z,),

(z„z,) = f,(z„z,) -g, (z, )g, (z,),
etc.

G, (s) = E,(s),

G„(s)= F„(s)—
0-2' n

fVl V

ZV&-n

(6)

D= (number of times v,. =i)!.
i=1

Campbell and Chang derive sum rules connecting
cluster functions and inclusive data. The inte-
grated version of these sum rules is given in
Eqs. (6):

~= exp —G
2 n

Counting the possible distributions of secondaries
in clusters, we obtain the following inductive defi-
nition of integrated cluster functions (G„(s)):

This has a simple consequence for exclusive cor-
relations:

Z(z "z )-o
if z„.. . ,z„»z„„,. . . ,z„for any r, (8)

which means that cluster functions can only have
nonzero values if all the rapidities lie within a
certain interaction region. The asymptotic s de-
pendence of the integrated cluster functions has to
come from the phase-space integration. Accord-
ing to factorization (8) this integration picks up
the total extent of the phase space only once, and
asymptotically we therefore have the relation

G„(s)- ln(s) .
On the other hand, without factorization the power
in ln(s) would have to increase with multiplicity,
and the convergence of the series would get worse
as s increases.

III. CLUSTER DECOMPOSITION

AND $3 LADDER MODEL

To test the cluster decomposition numerically
we turn to a, simple i!i' model, as indicated in Fig.
1. All masses of incoming and outgoing particles
are identical (p, =0.138 GeV/e'), and we will start
out by also setting the exchanged mass equal to
this value (m = p). The i!i' multiperipheral model
seems a useful example since factorization can be
verified for it' and the question of convergence is
not trivially influenced by the choice of free pa-
rameters.

For the calculation of the exclusive cross sec-
tions we used a numerical program which was
written by Wyld' and Miller and which solves the
ABFST (Amati, Bertoechi, Fubini, Stanghellini,
Tonin) equation by numerical iteration. Inherent
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FIG. 2, The convergence of the series in the sum rules
for a model with all masses equal (p = m =0.138 GeV/c2)
as a function of the coupling (C =

Nuseg /gpomerynchugon) (a)
Both sides of the first suIn rule tEq. 6(a)] and their ener-
gy dependence. Five terms are kept in the series on the
right-hand side of the sum rule. {b) The convergence of
the first sum rule as it depends on the number of terms
kept in the series. Shown is o~ calculated by sum rule/o~
calculated directly for the indicated multiplicities in the
series in the sum rule. The dashed line gives oo/0~, to
indicate the trivial elastic domain. (c) The convergence
of the other sum rules [Eqs. 6{b) and 6(c)] for 5 and 6
terms kept in the series.
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in this method is the approximation that interfer-
ence terms are not considered. Numerical accu-
racy is important for the questions considered
here, but numerical errors seem sufficiently
small.

The coupling constant plays a critical role for
the question of convergence. As the exclusive
cluster functions have the simple g dependence of
the exclusive spectra (i.e. , G„-g'"),we can treat
the sums as power series and check if the desired
Pomeranchukon coupling constant [such that o.(g')
= 1 at t =0] lies within the radius of convergence.
But the issue is not the purely mathematical prob-
lem, but the numerical question whether one can
get reasonable approximations with a chosen num-
ber of terms; the good or possibly catastrophic be-
havior of very high terms in the sums seems of no
practical interest.

To test the convergence we calculated both side~
of the first sum rule, Eq. (Ga), keeping five terms
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FIG. 3. The convergence of the series in the sum rules
for a model with all external masses equal to the x-
meson mass (p =0.138 GeV/c ) and all exchanged masses
equal to the p-meson mass (m=0. 75 GeV/c2). Otherwise
the graphs are identical to Fig. 2.
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in the series on the right-hand side of the equation,
for incoming laboratory momenta of 900 and 8.6
GeV/c as functions of the coupling constant. We
present the result in Fig. 2(a). We find conver-
gence up to a large coupling strength g/m, ap-
proximately equal to 8; but the desired Pomeran-
chukon coupling (g/m = 50) lies far outside of the
radius of convergence. This feature is definitely
beyond the influence of possible minor errors in
the determination of the Pomeranchukon coupling
constant. The value of the exact coupling constant
is obtained with a program written by Wyld4 which
determines the eigenvalue of the homogeneous part
of the Bethe-Salpeter equation. Figure 2(b) investi-
gates the convergence at 8.6 GeV/c in more detail.
It shows the ratio of the left- and right-hand sides
of the sum rule for a„keeping various numbers
of terms (up to n =6) in the series on the right.
We find oscillations as a function of n for large
coupling. Successive terms in the series alter-
nate in sign. For approximately G ~ 0.06 the oscil-
lations increase with increasing n and the series
converges. The convergence becomes of course
trivial for a low coupling strength (g/m «5 or
G «0.01); for orientation in this regard we indi-
cate the contribution of elastic scattering by a
dashed line giving o,/&r, . Figure 2(c) shows the
convergence of the other sum rules. For this pur-
pose we plotted the ratios of the left- and the right-
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hand sides of Eqs. (6). The divergence starts
somewhat earlier for the one-particle spectrum
and considerably earlier for the two-particle cor-
relation, which seems to be in accord with the ex-
pected effect from the factors n and n(n —1).

The size of the interaction region depends on the
mass of the exchanged particle. To test this influ-
ence we increased the mass m to approximately
the p-meson mass (m =0.75 GeV/c'). Although the
situation improves somewhat (approximately by a
factor of 4), as is shown in Figure 3(a), the Pom-
eranchukon coupling stays far outside of the con-
vergent region. Figure 3(b) investigates the clus-
ter sums for different numbers of multiplicities
considered and indicates again the contribution of
the elastic cross section. If we neglect the some-
what different absolute size of the coupling, we
find a detailed similarity to Fig. 2(b). Figure 3(c)
tests the other sum rules; the divergence of these
sum rules again starts somewhat earlier.

IV. CONCLUSION

The calculation illustrates the problem of con-
vergence for the cluster expansion and the sum

rules. For various choices of parameter values
in the p' ladder model we find that the conver-
gence fails for large values of the coupling
strength, and that the necessary value to pro-
duce a Pomeranchukon with n(0) = 1 lies definitely
in the divergent region. The existence of a non-
trivial convergent region might indicate that con-
vergence is not impossible for other models,
which might require a weaker coupling strength
to obtain a Pomeranchukon. This hope seems es-
pecially attractive, as the Pomeranchukon cou-
pling needed in the pure ladder model is probably
somewhat too strong. Definite conclusions as to
the applicability of the cluster expansion there-
fore do not seem possible; the answer to this
question has to come from the behavior of the ex-
perimental data.
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