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Recently, Li and Pagels indicated that there might be nonanalytic corrections as bad as
my? lnm,,2 in the matrix elements. We study the nonanalytic corrections in a renormalized
linear ¢ model in the one-loop approximation. Although we observe these corrections [of the
form Inm,?, m,2Inm,?, (§—m)lnm,?, (#—m) x(#,~m)1Inm? in individual diagrams, they
sum up to zero in the physically interesting amplitudes (pion and nucleon propagators, 7 and
mN scattering amplitudes). We conclude that the nonanalytic correction is of higher order and
thus does not invalidate the low-energy results derived from a phenomenological Lagrangian for

these amplitudes.

1. INTRODUCTION

Current algebra together with soft pions pro-
duces some very interesting theoretical results.!
It is well known that these results can be repro-
duced by an appropriate phenomenological La-
grangian (PhL) model? in the tree approximation.
Dashen and Weinstein,® and Lee* have shown, by
somewhat different methods, that the PhL is the
generating functional of pion irreducible vertices
correct to the order ¢2 and m ,2. Let us denote the
pion irreducible vertex with » external pion lines
by m,(k,* -+ k,). The low-energy limit is character-
ized by a parameter ¢, where k&, =¢p, and the p,’s
are a set of finite momenta. Dashen and Wein-
stein’s theorem shows that the soft-pion (¢ - 0) and
weak-chiral -symmetry-breaking limit (m ,2 - 0) of
7, is of the form

lim 7, (k- k)=ai?+pm,?
£—>0img2—0

+higher terms in {2, m,2,
(1)

where « and 8 are finite and that the correct ex-

pressions for 7, in this limit are given by the PhL ,
, = "L

n 5¢1. .o 5¢,n *

The validity of the expansion in Eq. (1) was chal-

lenged recently by Li and Pagels.® They showed
that 7, cannot be analytic in m,% at the origin. Let

L=Ly+ck .

@)

If £, is realized by Goldstone bosons (pions) and
£’ breaks the symmetry with characteristic
strength ¢, then the pions acquire a squared mass
of m,%~c. Since a matrix element has diagrams
containing an internal pion loop, by studying the
behavior of the loop momentum near the threshold,
they argue that the matrix element may contain
terms of the form m,2lnm .2, i.e.,

S(m )=S0 +am 2 Inm 2 +b(m 22 Inm 2 ++++ .
(3)

Therefore, the assumed form in Eq. (1) is ques-
tionable.
In addition, Carruthers and Haymaker® pointed
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out that the radius of convergence of the SU(3)
®SU(3) perturbation limit is much smaller than the
experimental value of the symmetry breaking pa-
rameter, even in the tree approximation.

In view of this, it is desirable to use a renor-
malizable chiral Lagrangian model as a guide to
investigate the contribution of the Goldstone boson
loop. If we do not interpret Eq. (1) as a double
power-series expansion in 2 and m .2, but rather
that m, — a¢? — Bm .2 goes to zero faster than ¢? or
m,?as g2, m,2~0 (e.g., terms like {*1nm,>2,

m . Inm .2, etc.), then the usual PhL still gives the
correct low-energy limit. It will be very interest-
ing to find a model to study this hypothesis.

A linear SU(2)® SU(2) ¢ model is a simple mod-
el to work with. On the one hand, it has all the
symmetry properties assumed in the argument of
Li and Pagels and it can be solved exactly in ¢ to
any given number of loops. On the other hand, it
is renormalizable, with a simple symmetry-break-
ing term that gives the partially conserved axial-
vector current relation (PCAC). Also, in tree ap-
proximation, it reproduces the current-algebra

results. The ¢ model has been intensively studied
in the recent years. Lee and Symanzik’ gave a
procedure to renormalize the linear o model, and
attempts were made® to use the one-loop result in
conjunction with the Padé approximation as an ex-
plicit unitarization of the current-algebra result.
All the applications to date are concentrated on
numerical calculations.

In this paper, we evaluate the explicit low-ener-
gy form of 7, N two-point functions, n7 scattering
amplitude, and 7N scattering amplitude. In all the
matrix elements we have studied, the PhL does
give the correct low-energy limit with all the non-
analytic corrections vanishing faster than {2 or
m 2.

This paper is organized as follows. In Sec. II
we briefly review the o model, the Lagrangian,
and the Feynman rules. In Sec. III we describe the
explicit renormalization at one loop, and give the
two-point, three-point, and four-point functions.
Detailed calculations will be found in Appendix B.
In Sec. IV the nonanalytic correction is discussed.
The summary and conclusions are in Sec. V.

II. ¢ MODEL

In this section, we summarize some o-model renormalization results. They will also serve as defini-
tions of our notations. The Lagrangian density of the 0 model, in terms of bare fields, is

L£(%) = 3((8,,00) + (8, 7o) ] = 314.62(02 + F2) = TAZ(0? + 742 + Poliy + 8= go(00+ i o Tv) | U + €004, (4)

where (0, T,) are the isoscalar-scalar and isovector-pseudoscalar mesons, respectively; ¥, is an iso-
doublet fermion field. This Lagrangian is SU(2) ® SU(2)-symmetric with a linear SU(2) symmetry-breaking

term.

We assume that vacuum is only SU(2)-symmetric, thus (0,),=v,#0. A new field S, is introduced,

So=05=(T)0o-

The translated Lagrangian is

e(x)=%[(s uSo) = (Mmgy? +20%0 )82 ] + HERA RS M o2 2]+ Yoliy * 8 =m o)y,

= EA2(Sg? + T2)2= N2 6So(So? + Ts2) = ZoPo(So + 1o T ¥ Wo+ (Co = ¥ 4 M 42)S, (5a)

where

Mor? =i+ (A0 and my=gyv,.

Note that we have omitted a c-number constant in Eq. (5a).
We define the renormalized fields and renormalization constants as follows:

%:ZFUZZL,

(T gy Sos Vo) = Z,H3(T, S, v),
A 32=XN%2,/Z 2,
80=82,/(ZsZ }'?),

Mon® =my? +0u,2/2Z,,
my=8gvZ,/Zpy=m+m/Z,
M2=2(\v)2.
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Notice that we have introduced the renormalization constants and counter terms in a SU(2) ® SU(2)-sym-
metric way. If these constants are sufficient to make all matrix elements finite (as we shall show in the
next section), the renormalized matrix elements will then satisfy the current-algebra constraints and
PCAC. The renormalized Lagrangian is

£(x) = £o+£int + £¢0lmtﬂ+ £S 5
Lo=(iy -8 —m)p+3[(0, 7 —m 272+ 3[(2,87 - (M*+m,?)S?],
Lo ==Y (S+iT Ty )p =1 X(S2+T2P2 = N20S(S2+72), (6)
Loountes=(Zp = 1)G (i v+ =m)p = omp = g(Z, = VP (S+iT Ty )y +5(Z,, = D[(3,SF +(8,1) = m (7 + 5]
—IMAZ, = 1)S? = 501 2(S2+T2) = $22(Z) = 1)(S2+ T2 = N20(Z, - 1)S(S2+7?),
Ls=[ceZM? = (Z ym,2+0u,2)]S.
There are four independent parameters in our model, they are v, m ,%, m, and A.

The summed effect of £ should be zero. It can be shown that this leads to a relation

c=v[-a™(0)], (M

where c=c,Z,'/? and A"(s) is the renormalized pion propagator.

Equation (7) states the Goldstone theorem. In the limit of spontaneous symmetry breaking, where c~0
and v+0, the physical pion mass should be zero.

We end this section by listing the Feynman rules for £;,,. See Fig. 1.

We use solid, waved, and dashed lines to represent nucleon, o, and pions, respectively.

III. RENORMALIZATION OF ONE-LOOP AMPLITUDES
We list the contribution of various quantities, keeping the counterterms where necessary. The inverse
pion propagator is (Fig. 2)

AN PP =p? = m 2+ A2[B, (0) + 5B 4(0)] + AA2(AV)2B 1 o( p*) + 28 2B y( p?) +(Z y = 1)(p? = m ,2) = Bp 2. (8a)

The inverse o propagator is (Fig. 3)
AG7HpP)=p% = (m o + M2) +3N2[B(0) + B4(0)] + 6X2(A0)2[3B 4 4($?) + B (7))
+2¢2Byy (PP)+(Zy = 1)(p* =m ?) = b ,* = 2(00)*(Z) - 1) (8b)
and the on? vertex is (Fig. 4)
T4 (R kykg) = =20 N30T (k,kyk,)
To(kyRyky) = Z) = 5A* By (k) = 3X%B ;4 (ky®) = 2X2B 1 (k%) = 2)2B 1, (k,?) (9)

3
= 42O0PR[C o (kiky) +3C o nlkiky)) = 25— By n(Biaks)

where

plf 1 2y 1 1
Bx(p )_l f,(ﬁ—l)z—m,‘z’ Bxy(i’ )—z J"(lg_mxg)[(l_p)z_myfj,

FERTOTE Y o o M S S S

(10)
1

“ 1
Corlbikeh) = || Ty P T

1 1 1 1
Bunw(kukaks) 'fT(mW—.mYm)
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e AAL(p?) = i/[p2 - (MEm g2 )
By (p?)=i8,5/[p2 - my?]
——— iSg(p) =i/[p-m]
o i

Jreann —21'.)\()\11)808

}w ~6ix(\v)
et

61

a -~ /8 .2

g, 2w (8,585 + 2y, B35+ 8 3, )
a™ .2

B/ - 24X Sa/_i

FIG. 1. Feynman rules for the tree quantities.

where

flff(g—;l)‘, and k,=k +k,.
The following relations hold:
Bin(p) = =2(By(p*)+ By(0) = p*Byy(p*)],
Bin (%) =Byy(p?) = 8m®Byy(p?),
E ynnlkikyks) = —=4m By y(R?)
+2m (k2 + ky? = k,2)C yyw(kykokes) .

(11)

J
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We determine the counterterms by requiring
that
A'n-l(m 1r2) =0 (123.)
and
A\ Hma2)=1 (12b)
dpz m m T/ .

From Eq. (82), 6u,%and Z, are
51 1% =2%[B,(0) +5B,(0)]
+A2(\20%)B,,(m 2) +2g 2By y(m ), (13)
Z,=1-92\0?)B,(m ) -2¢2Byy(m,?), (14)
and it is obvious that
AN PP) =p? = m 2+ 2 M 2B, (p*) + 2B (D),
(15)

where

Bﬁg(l)z) = B‘N o(pZ) _Bwo(m ”2)
= (P =m *)B'ro(m ;%)

=0((p* =m ).

We subtract I' (&, k,, k,) at a point where all ex-
ternal momenta are zero and assume that

I',(000)=1+3)2[B,,,(0) - B +(0)]. (16)

This implies
g°
Z,=1+12)?B,(0) - m(sm)BNN(O)' am

With Eq. (17) we have

T (kykyky) =1 = 502B 1 (k%) = 3A2B 4 (k32) = 2X2B ;o (k,2) — 2X2B 1 4 (k,?)

- 4)\20\202)[(: mrc(kxkz) +3C40 n(klkz)] -2

where
B, (b*) =B, (p*)= B,,(0)
and
E yyn(Bikok) = E yyu(k Roks) +4m By y(0) .

Using the values of 64 ,% Z,, and Z,, one has

8% =
XE;ENNN(klksz) ’ (18)

AL UPR) =pP = (m 2+ M2+ INPM2 B, o(p?) +3N2M 2B (p?) + 20M 2[B  ,(0) = B, ,(m ,2) ]+ 2g 2B R(p?)
= 16g%m*Byy(p?) = 2\*M 2(p? = m *)B’r 5(m *) . (19)

FIG. 2. One-loop pion propagator.

~v@w= Annann +Q~+M+%+M::‘,m+wovm

FIG. 3. One-loop o propagator.
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FIG. 4. One-loop onm vertex.
It is easy to see that A,™}, ', and A,™! in Egs.

(15), (18), and (19), respectively, are all finite.
The inverse nucleon propagator is (see Fig. 5)

Sp-l(ﬂ) =ﬂ_m - 3g2BwN(ﬂ)

- g2B (B =m+(Zp=1)(f-m),

(20)
where
Bui®)=] [ rmmis =m 2D
(21)
BonP =} J gt BT
Let us define
Zp(#)=38°Bry(#) +&°Boy(P). (22)
Due to Lorentz covariance, we will have
Ze(B)=F2,(p?)+Z4(p?). (23)

We determine the counterterms by requiring that

Sy n=0, %SF'I . =1. (24)
From Eq. (20),
om = ~mZ,(m?)- Z4(m?),
(25)

Zp=1+Z,(m?) +2m2Z; (m?) + 2mZ 5 (m?),

therefore,

4_@_=

FIG. 5. One-loop nucleon propagator.
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' ' | : ' :
! i ) i ! J
Q = /\ + //_\ AN AN A
FIG. 6. One-loop TNN vertex.

Sg7H(#)
=f-m-2}(¥)
=f=m = [Z5(p?) = Zs(m?) = 2m(f - m)Z;(m?)]
={#Zy(p?) = Z,(m®)] = 2m3(§ - m)Z ), (m?)},

(26)
and it is finite.
The 7NN vertex is (Fig. 6)
Tayn(kpy p;) =u(p,)T Gyn u(p,), 27)

TS yn(kDy by)
=YsTo[& +&°Cyyn( Dy Do)
+&3Cyno(P10;) + 2220 g%C oy (D, 1,)
+20208%C 1o (D, P,) )+ 75T 8 (2, - 1),
(28)

where the auxiliary functions Cy,.(p,, p,) etc. are
given in Appendix A.

Z, is determined by the condition that the Ward
identity

VTG yn0D 1,) =vsT o [m + Z5(p,2) +6m +m(Z = 1))
(29)
is still satisfied after renormalization. By using

vg=m, which is the Ward identity in lowest order,
and by identifying the constants, one has

vg(Z, = 1)=0m +m(Z,-1)

or (30)

om
Z,=1+—-"T+(ZF—1).

Z, thus determined also cancels the logarithmic
divergence in the square brackets of Eq. (28).
Therefore I' %,y is finite.

If one wants to identify g with the physical quan-
tity gryy, one can define 'Sy, (m,?, m, m)=g, 5y and
get the relation of g and g, .

The oNN vertex is given as (Fig. 7)

AN AAAA

FIG. 7. One-loop 0NN vertex.
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T n(kby Po) =i (Do) ouu( Py P2 JuU( D)), (31)
Tonnlpy pz) ==i [g+3gaD~~n(P1P2) +g3DNN0(p1P2) +6g2X"vD”N(pl p,) +6g2 %0 D,on(py pz)] - ig(Zg -1).
(32)

Dyn(Dy, bp) etc. is given in Appendix A. By using Z, obtained before we can show that T',yy(p, p,) is also
finite.
The proper 7% vertex is (see Fig. 8)

Vasy (B kokgk,) = =20 A%[6,5 6,5 V(k,ky; kyky) + 6, yO8s V(% Rg; kyk,) + 6,505 y Vik kg kyks)], (33)

where
Vkyky kg =1 = N2[TB 4 1(8) + 2B 5 1(t) + 2B 1) + B 5 4(s)]
=202M2[C 5 5 nllyfy) + C g g nlEisky) +C ppo(Ryfy) + C g ro(gkey)
+C prollpky) +C png(Rykg) +C yngllks) +C pyo(Ryy)]
= 202 (M 2Dy g o (Rykeg; kgky) + D 1o r oy Ry Ryks))

4
"'% [Dyywn(Riky; ksky) + D yy gy (R Ry Rykes) = BBNN(O)] . (34)

In Eq. (34), we have used the value of Z, from Eq. (17). We see that V(k,k,; k;k,) is finite.
Finally, the proper 7N scattering amplitude is (Fig. 9)

Vanan(Ry by By D) =i8%2T o Tp + 7o T o) Eyynully Py; Ra D) +i8*(2Ta T o + T o Tg)E yynn(=F2 Py; = By D2)
+i84T T Eyynolky Dy; Ra D) +18°T o ToEyyn o(=Ra Py; =Ry D7)
+310g°A%8 o, (=)D 5 ny( Dy Da) +1 20282805 (=)D g o( P, P2)
+1 (202028275 T 4 E ronn(Ry Py; RaDg) +1 (QAP0)PE2T T4 E nony(—ky Py; =Ry Dy)
+1 (202082048 E g nan(Ry D13 By Do) +1 (2020820, E 5 won (=R Py; =, P,)
+1(2A%0)g°T 5T o E nyno(Ry Dy; By P2) +1 (RN°0)ET T E oy n(Ry P15 oz D)
+1 (2020)g3T g Ty E yyno(Ry Dys o D2) +3 (2A20)83T , T Eyyon(By Prs Ra D) - (35)

The right-hand side of Eq. (35) is finite.

In conclusion, we have carried out the renormalization up to one loop explicitly. The finite expressions
of A,7Y AS7Y Sp™Y Tgy Tuwws Tonws Vars and Vyyoy, in terms of many auxiliary quantities, are given in
Eqgs. (15), (19), (26), (18), (28), (32), (34), and (35), respectively. We study the low-energy limit of these
auxiliary quantities in the Appendix B. In the next section, we shall determine the low-energy limit of the
two-point functions and 77 and 7N scattering amplitudes.

o o IV. LOW-ENERGY LIMIT
VA = >+ X+ X

. VAN . N p “ In this section, we give the low-energy-limit
results of 7 and N propagators, n7 scattering am-
plitude, and 7N scattering amplitude. We refer to

~ AN e Appendix B for details of individual diagrams cal-

7+ ::} + 0 A culations.

A0 - . . The o model is SU(2) ® SU(2)-symmetric. This

symmetry is broken by a term which is linear in

o and is characterized by a parameter c. In the

A g St AN limit ¢ =0, pions are Goldstone bosons. When ¢
D { + E-}t + D #0, the symmetry-breaking term gives the pion a
S~ N . mass squared that is proportional to c. If k is the
external pion momentum and p is the external nu-
FIG. 8. One-loop 77 amplitude (one-particle irreduc- cleon momentum, we characterize the softness of
ible). the pion and the departure of the nucleon from its
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A = A A L
\\ I’ \\ ’ \\ _— 4 N\, //
' ):k+/=_'\+)_f\+ p\

FIG. 9. One-loop TN amplitude (one-particle irreduc-
ible).

mass shell by a single parameter g, i.e.,
k=t¢

and
(# - mu(p) = thu(p)
u(p)(f~m)=cu(p)h,

where ¢ is finite.

The low-energy limit is defined as the limit
where 2~ 0 and ¢ - 0 simultaneously. We shall
calculate the amplitudes to the nonvanishing order
in this limit. We want to show that no contribu-
tions of the order clInc, ¢lnc, and ¢?Inc exist in
these amplitudes. As a result of this, the non-
analytic corrections vanish like ¢31lnc, ¢3clnc, or
c?lnc.

The following remark is in order: If a bare dia-
gram does not involve any internal pion line, it
gives no nonanalytic correction. The reason is,
in this case, the pion mass appears only through
the subtraction constants (we subtract at the point
where p;2=m,?). After the internal-momentum
integration, the denominator of the integrand in
the resultant multidimensional Feynman integral
is of the form

[m 2x +m 2(1 = x) = m 2x(1 = x) ",

where n =0 and m; ; are 0 mass or nucleon mass.
Because of the smallness of the physical pion
mass as compared with m; ;, the denominator
does not vanish for all x; therefore, there is no
infrared divergence as m ,2— 0 for this diagram.
As an example, we study the nucleon loop in the
pion inverse propagator. Equations (11), (15), and
(B4) together show that the above conclusion is
correct.

The S-matrix elements are analytic in the ex-
ternal momenta. We can expand these matrix
elements in a Taylor series about the appropriate
momenta, e.g., we have

N /
\, s N ’
/

N N\

N /

W = > o~o~2i + 10
4 N

J . s,tu /

FIG. 10. One-loop 7 scattering amplitude.

Viz,)= V(O)+Ezié?;‘V(z,.)

z; =0

where z,’s are all the possible invariant momenta
squared formed by the external pion momenta.
Since the nonanalytic behavior is no worse than
Inm ,2, we shall calculate the coefficient of Inm .2
or m,?1lnm ,? only in the above expansion.

In studying the low-energy limit, we first con-
sider the second-order pion inverse propagator.
From Eqgs. (15) and (B3), it is easy to see that

AP~ PP =m P+ 20PM 2BR (p?) +- -+
~pP—m 2
+(p? —m,,z)z——w:trzzj‘/l2 Zm-Méln-’;—lwﬂ—Z+ cee
(36)

The nonanalytic correction is of the order of

(p?=m 2Pm 2In(m,2/M?) or (¢%-c)clnc.
Next we turn to the inverse nucleon propagator.
From Eqs. (26) and (B8), it is equal to

s H~$-m-3g* L By my e (a1)

6g2 [M 2 m.2
~jf—m—(p’—m)21652m(;%-)ln m: A
(38)

Again, the nonanalytic correction is of the order
of ¢%clnc.

Notice that in both the 7 and nucleon propagators,
double subtractions at their corresponding physical
masses give rise to extra momentum factors. We
no longer have them in the vertices considered
below.

We would like to study the scattering amplitudes
of 77 and 7N which are given diagrammatically in
Figs. (10) and (11), respectively. To this end, we
need the Taylor expansion of several renormalized
vertices. The behavior of individual diagrams is

N/ . ,
=3 0—0—0_ +
S,u

FIG. 11. One-loop 7N scattering amplitude.
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given in Appendix B and the expressions for each relevant vertex are summarized below.
From Eqgs. (18), (19), (34), (B10)-(B16), we have
T (kykyks) ~ =5X2B , (ky2) = 2028 1 4 (k,2) — 2X2B 1, (k,2) = 4N2(A202)[C,y 1o (eyep) +3C, o oy Bep) ] +
7\2 m 2 1 m"z
~ 1611"’(3 lnE—:—zwm—oz (By? = k2~ Ry In moz) +0(&*Inc, £2cInc, ¢? Inc), (39)
Bg7HP?) ~3NM2B 1 o 97) + 202M ?[B 14(0) = B (m 1)) = 2X*M *(p? =m *)Bly o(m1?) + - - -
2 2 2
~o 32 m, (lnm = - m—’rzln Zn—';) +0(¢*Ine, 2clne, ¢?Inc), (40)
1672 o mG my,

V(kyky; kgky) ~ = N2[TB y 1(8) + 2B r 1(8) + 2B 5 1 (u)] = 202M 2[C o n(B,2,) + C 5 g n(aly) + C g r (R Ry) + C o (Begkes)

+Cwfro(kzk4)+C1r1lo(k1k3)+c1r1ro(k2ks)+C1r1ra(k1k4)]
—ZAZ(MZ)Z[D,,O,,O(k ky; Rky) + Dy ool keys Byks) ]+

A2 (
161r

The T matrix for 77 scattering (o reducible) is

2
2 (2k, - Ry + 2k, &) ln )+O(§"1nc t%clnc, c?Inc). (41)

Tus Y6 (k1k2k3k4) = 6mB 67 & T(k1kz; ksk4) +6, Y 5 B.& T(kxka; k2k4) +6,508 b T(kxk«a; kzka) ’ (42)
where
T(kyky; gky) = =20 N2V (R ky; kyky) + T8k, k)i A (R, + B,) T *B(Rok,)

A2 mwz 1 moz-m""z 1
~—2l)\216 3 [:3 +F(2k‘. k2+2k3'k4)— -mz——(k1+_kz?<6+m_az(2k1- k2+2k3'k4))
a g

m 2(m 2 —m ,2)

m 2
+-———T[m T (B T <3 -3 m"2 )]+O(§“lnc, ¢2cInc, c?Inc)
a

a

=0+0(¢*Inc, t3clIne, c2Inc).  (43)

From Egs. (39)-(43), we observe that the renormalized vertices contain nonanalytic correction of the
form Inc, ¢*lnc, and clnc, which cancel exactly in the observable 77 scattering amplitude. This exact

cancellation is due to the symmetry of the Lagrangian and we conclude that the nonanalytic correction to
the n7 scattering is at least of the order of ¢*lnc, ¢clnc, or ¢?Inc.

The N scattering amplitude can be divided into three parts:

Tos (kubys kb)) = T+ T+ T Y,
T3 = Tonnlt, by )i A () T (¢, By2R,?) +i 1082028, 5 (=)D 4 1y (B, b2)
+1 (20202827 g T L E nomy(Ry py; By y) +1 (2020 )2g2%T ,T4E an(=ky 15 =R, Do), (44)
T =TS un(R?, By Bt B)i S (B + BT oy (B2, Ko+ By, B,)
+ig42T T +TgTo)Eyyy w(Ry by; Ry D) +3 (2020 182648 E gnonlRy by ko 1)
+1(20%0)g%T ( ToE oy n(ly Pys Ry ) +3 (2020)83T , T4 E yy o n(ky b1 By D,)
TGNk, k)= T Uk, —F) .

From Eq. (40),

(45)

Ao-l(pz)~— 16 2M"’1nm,, . (46)

From Eq. (39),
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| =3

T = —2ix2v1"°5aa,

417
L, (tk2Rk,2) ~ 1+ (31nm,, 2(t—klz—kzz)lnm,,z). (47)
From Egs. (32), (B19), (B23), and (B26),
Tony 9,52~ =4] £ +(38 Dy ) = S 2E00) + 66370 45, 0 + 28 B4 o) + g 25 ) |
3 m 2 1
i i (o - g @2 024 ,80)
6g A2 1.1m k2 R.0
lg zlnm 2(_2 ; +2(Q1+Q2 -'4';5— z(Q; +Q22) 2 1>]» (48)
where @, etc. are defined in Eq. (B27). Together with Eqs. (B26) and (B31),
., Sas gt Ml m. 3 2,42 21 Inc, £31 (49)
TH~ 16rr ml T —2—;12_2 _W(Q‘ +@,%2+@,0,) ) +0(c?1Inc, tclnc, 2lnc).
From Egs. (28),
T iyw(kb, p2) ~ Tays[g+< &3C ynn(D102) +8%C yyo( Dy D,) —-;%Es(mz)>
+202087C , 1 (b by) + 2N20g2C ¢ o 4B, pz)+2m2g2’v(m3)+2mgz’s(m2)], (50)
and from Egs. (B19), (B33)-(B35),
3 m 2 m"2 3 QZ Q 2 1 szl
Counthp o) =T - S hrn s (T ) v o T (- )| (61)
From Eqs. (45) and (51), the vertex corrections to the s-channel amplitude is
2
ig 16‘7:1“1:: (Gr:ln’; +3% - % %‘—2- - Z—:;;(Q,Q,+Q2Q3))+O(c3 Inc, ¢elne, ¢31nc). (52)

The nucleon self-energy insertion gives

1
ig? Ysm—n 1 [Yszp(#s)n]“ et

From Eq. (B22),
Ligt 1 m"2<_3"‘1r2_3Qa 15 9, ) (53)

m 1672 m? m:  2m' 4 m

Equations (52) and (53) together with Egs. (B36), (B37), and (B38) give

4 my
Tf,’g ~i16i,mln pon ((—25a5 +3Tg T, ) pon +(2T T +TaTo)i(@,2+8,2 +8,0,) )+O(c’lnc, ¢elne, £81nce).

(54)
It is easy to see from Eqs. (49) and (54) that
T,5~0+0(c?Inc, ¢clnc, £21nc). (55)

Again we conclude that the nonanalytic correction to 7N scattering amplitude is of higher order.

V. DISCUSSION

We have shown explicitly that the total sum of nonanalytic corrections of the lowest orders (Inc, clnc,
¢Inc, ¢%1nc) to the renormalized pion propagator, nucleon propagator, 7 and 7N scattering amplitudes in
each case is zero. Since there should be no infrared divergence if we renormalized our model properly,
the cancellation of Inm ,? serves as a check of our renormalization procedure. Recently, Li and Pagels® in-
dicated that there might be nonanalytic behavior as bad as m ,?Inm .2 in the matrix elements. In our model
calculation, we observe the nonanalytic corrections in individual diagrams, but they sum up to zero in
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the physically interesting amplitudes. We thus conclude that the nonanalytic corrections are of higher or-
der and that the low-energy limit of those amplitudes (of order &2 and c) should be derived from the usual
PhL. We interpret our result as follows: Although it is probably possible to construct a model in which
the low-order nonanalytic correction (e.g., clnc) persists, and thus invalidates the PhL prediction, our
result is a solid example (possibly the only workable model that has all the symmetry properties) demon-
strating that the joint effect of symmetry and renormalization results in the consistent cancellation of this
low-order correction. It is very interesting to study the explicit low-energy limit of the amplitudes in the
renormalized ¢ model to check whether they are given correctly by the PhL and to study the nonanalytic
correction to the ¢ term in the 7N scattering. These and other related topics are presented elsewhere.®
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APPENDIX A

In this appendix, we collect some complicated expressions used in Sec. III.

1 (Bo=V+m)(B, =V =m)
R e (e !
_l (i‘g_l/_m)(ﬁx_l/"'m)
Conol 123 TR i Ty~ TP = T 7]
1 V-m (a1)
C"””(p‘pz)_;f, [(p, =12 -m2](p, =12 = m 22 - m?]’

V+m

1
Cﬂo}v(plpz) B _;J; [(px _l)z ‘maz][(Pz - l)z - ”lvrz][l2 ‘mq ’

1 (B, =V =m)($,~V~m)

Drmn([ﬁf’z)‘if’ (b, =12 =m2][(p, =102 = m?][IZ = m 2]’
1 (B =V +m)( B, =V +m)

DNNO(PIP‘)—-;]; [(pz-—l)z—mz][([’l—l)z-mz][lz_md?-[’

1 ~/+m
R IR e (et L B

(A2)

.-l/_m

1
ORI e (e B

N 1
Drorolkiks; kgky) =3 f =m0 =5, F =m FN B F = m PN+ BF = 2]’

1 1 . . (A3)
T =m T =gy m T ap=m T f=m |’

1
Dyyun(Ryky; Rgky) =l-f Tr{
1
where
by=ky, 53=_(k2+k3+k4)’ ba=—(k; + k)

in the above two equations.
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=3

1 (B, =V =-m)( B, +k =V+m)( B, ~V-m)

Exnws(kibys by o) Tf, [Py =17 = N(p, + s = 1P =2 (b, = 1F = m? I = 2]’
. _IJ (’2"V‘*‘m)(ﬁl“'”l"y'm)(#l_l/*‘m)

Exwnolkpi by P2) =7 (B, =12 =m?[(p, + ky =12 = m2][(p, = 1) = m? |12 = m 2]’

1 V-m
Eﬂo’rﬂ(klpl; kzpz) =l—-[, UT— mzj[(Pl - Z)Z - mwz][(pz -1)2 -m 72][(p1 + kl - 1)2 - moz]’

1 V+m
Egnon(ky by kzpz)-‘-l? J: [ =m? (b, = 1P =m 2N py — 1P —mm 21Dy + ey = I —m 2]’
(A4)
) _lf (B + ¥ =V -m)(B,~V+m)
EﬂNNc(kl pl, k2p2) _i 1 [(P1 +k1 "1)2 "mZ][(pl _1)2 - mzﬂlz = qu][(kz - l)z _mrz]’
. -lf (I‘1+k1_l/+m)(ﬁ1_l/-m)
Eounrbipii kel =3 | [0 v, =07 =, 07 = P = My = P 20
1 (B, =V +m)(f,+ ¥~V -m)
S N ey | ey ey (et
1 (By=V -m)(f,+ ¥~V +m)
Eynonlly by Ry p;) =sz' [(Pz ) —mflT(P1+k1 ) - mz‘"'(kl "y _mcz][lz —mz2
APPENDIX B
The standard Feynman parametrization gives
n_1 1
Brolb )_i fdx]: (22 + pPx(1 = x) = m 25 = m 2(1 = x)]2’ (B1)
PP | x2(1 = x)?
Bho(p*)= 1672 fdx[m 2x+m 2l =x)=p2x(1 = x)]? ° (B2)

We assume that m > 2m,. Bjy,(m,?) can be integrated exactly, the result is of the form
(1/m ) A(n 2 /m 2) + Blm 42 /m 2) In(m 2 /m ,?)],

where A and B are analytic at B=m ,2/m 2=0. We expand A to the order of 82 and B to the order of 33 and
find that

2 2

B (m 2)=—1—— l+2m1r InT-"— +0(B, B%1nR) (B3)
T IT16r2m \3 T “m 2 m 2 ’ ’
We also find that
1 B f 1 1 ., 1 22 f 3x(1 - x)(1 =2x) 2x%(1 -x)?(1 - 2x)p?
f,(z TpF = ) P 325 P Term (P ,""< m?=Px(1-x) " [m?-Px(1 -2)]? ) (B4)
This is obtained by using the following identity sufficient times:
1 __ 1 2k p=p?
(k—p)z-mz—kz—m2+[(k—p)2—m2][k2—m"’]' (B5)
From Eq. (21) a translation in / gives
(L _1 f x m f 1
Bxu(#) —#(641r2 i ,dx[lz —-m?(1 = x) = m 2x + p?x(1 - x)]2> *3 ,dx[l2 -m?(1 = x) = m2x+ pPx(1 = x)]?°
(B6)
From this,
" 4 f ( m —3xp 2x(1 = x)p*(=x# +m)
v 2pp2) = -
Bay(#5m y'm?) 32n2 ) (1 #) m 2x+m(1 = %) = pPx(L = %) [m 2% +m?(1 = %) - pPx(1 = x)]2> ’ ®7
” 4 m"z m 2
By (m; m 2m?) ~ m(m—z'> ln—'nlz-+ O(c?1nc). (B8)

From Eq. (B1), it is easy to find that
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pPa(l —a)=-mrla-my2(l-a)
pla(l-a)-mr2a-m2(1-a)|

1 1
Bxy(pz) -Bm(Poz)'—‘"le; daln

Therefore,

— 1
B,,,(pz):—ﬁ-?—r—zfdxln

1 m,®
(0)==-=—n
1|'1Y 16 2 02’

[+]

, 1 1
Bial(0)= 16n26m E
m,, mwz )
"°(0)_1611 ( —m,,zlnm(,2+1 ’
B/ (0) 1 <m02+m1r2 mozmwz 1 m‘"2>
To 1672 2(m02_m"2)2+(m02_m"2)3 nmoz .
We have

1

=3

(B9)

(B10)

1 f
23 27, . _———
Crrolk’R%ky - k) 1672 dxydym,,zy +m 21 =y) = k2xy(1 = xy) -k

1 (1 mgt | maty
C""O(OOO)‘16n2\moz—m,2+(m02—mw2)21“m02>’

9 9
gk—lzc,”,o(OOO)=ak sC

775(000)

1 1 m 2 m z2m 2 ™My
= z[" z 22<1 +_2)+—2T1n—2
167 2(m 2 —m ,2) m, mz2=-m2)? "m

a

1 m *
(et vame T )
d 17 m me 1 1 P 2 Mg
B(kl-kz)c”"(ooo)—_lﬁﬂzL(moz-m,,z)"lnr_n?+§ m(— 2(7?10 +m )+3mo +m 3

From Eq. (B9),

m2x+m 2(1 - x)
mq2x2+m 2(1 - x)

1
Bno(o)—Bno(mn2)=—m;f dx1n

=—T1r2<-133m3 -Ing+1+ BlnB 2B(l -43)21n 28

~0+0(B, B%1nB),

. L (L 1 1,5 1 1
B,(,(mwz)_w”zm 2<261n3-3 55 108 ~ 5 (1= 30 g ggm o

=)

Tt s 108+ 1 +0(3, B*10d).

Standard calculation gives

D g noll Ry Boky) = _16 5 f dxdyz(1 - z)dzA 35
A =m (1 =2)+m 2z - p2yz(1 —yz) — p2(1 = 9)z[1 - (1 - y)z]
-p2x(1=-2)1-x(1~-2)]-

where

L-2p+(1-4p1"% )’

2p, psy(1 = 9)22 = 2p, - pxyz(l =2z) +2p,* px(1 =y)z(1 - 2),

2(1 = x)y[1 = (L= x)y] =2k, - Bpx(1 = x)y?’

(B11)

(B12)

(B14)

(B15)
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p2=k2’ P3=—(k2+k3+k4), p4=-(k2+k3);

1 m.2 m2 m.2 1 m.2
Do o(Ryfer; k3k4)~—m[lnm—'z-+4m—"zln;—'5 - F(Ie2 cky+ky k) lnmwz:]+0(§<l Inc, £%clnc, ¢?Inc).
o [¢] o o o] o
(B16)
From Egs. (21)-(23) and (B6),
3g2f X
(M) 2y = 25
Zy (P = i ax B =mP(1 = x) —=m 2x + pPx(1 = x) |2’ (B17)
3g2mJ‘ f 1
(M) p2y =28 7%
2sV(P =75 dx B2 =m?(1 = %) —=m 2x+ pPx(1 = %)% (B18)
Thus,
(M) (.2 3g2 m”z m o 2
=L (m )—*—zrln? 1-3— )+O(C Inc) ,
3g  m? ) (B19)
’ m m
z{m (m2)=—32m”21n7nT<1— 3 )+O(c21nc).
Also,
2 m 2
Z){,”"'(mz)=—3—;1—rg27n—431n-——2—+0(clnc),
(B20)
ZE""(m*) =55
From Eqgs. (26), (B19), and (B20),
YsZE® (B)ys = 4m?[Zs(m?) + m S, (m?)) + 2m (- m)[22 % (m?))]
+(tf-m)2[ s(mz)—3m2 (m?) +2mE§(m?) - 2m2Zy(m?) ]+ 0(¢®) (B21)
2
~16:2 ( 4— = I‘ —m 3“‘ m) >+O(§clnc ¢3Inc, c?Inc). (B22)

Equations (A2) and (B18) give

32°Dyy (D, b,) = %Z‘S"’(mz) == =m)(1=xy) = (#,~m)(1-x)y ~my]

x[( By =m)(1 =y +xy) = (#, - m)xy -~myl1/A,
+1+2In|A,/[m?(1 = x)2+m 2x]|}, (B23)
A, =m*yP+m (1 =y) = p2(1 = x)p(1 = 3) = p,2xy(1 = y) — k2x(1 = x)y2.

This is of the form 377, A,(k2, p,%, p,>)P*), where k=p, —p, and PPV =1, PP =g —m, PO =g, —m, P®
=(#, -m)(#, - m), P‘”-(p’2 -m)(#, - m), P® =(f§, -m), and P(" = # m)?. We expand A, in a Taylor
series about k2=0, p,>=m? and p,®=m?* and use the relations p,> —m 2=(f,—m)+2m(f; —m) to obtain

m_wz_(z”_l_ﬂz_*_(#z _m)(ﬁl "m)

g 1
3g3DNN1r(p1P2) - ;ng)(mz)”SESWln me me "2

‘2_1&5[(?‘1 =m)+ (B, =m))[(p,* = m?) + (p;? _m2)1>

+0(c%1Inc, ¢cInc, £2 Inc)

1 ms(m,? 1
35" s In = g (054054 0)) £+ (824)

m?2

where

Q1=#l—m and Q2=ﬂ2—
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Similarly,
Dunnbu22) =gz J dx(L = 9P dy 5[ =m)x+ (B = m)1 =) = my], 25
Ay=m2y? +m 2(1=9) = (p,2 = m?)xy(1 = y) = (p,2 =m?)(1 = x)y(1 = ) = k2x(1 = x)(1 = y)*.
Expanding the denominator, we have
Dy ny(py ;) ~ -Té-:;-z-&ln”:n’; < ; ;m"z +5(8,+0,) - E}n—z(!@f +8,%) - Q—jﬂ‘:—‘)
+0(c?Inc, ¢clne, ¢2lnc). (B26)
To study the nonanalytic behavior of the following seven diagrams, we first define some quantities:
Ri=b-m, R,=b,-m, Qy=p+k-m,
=pP-m?, m=pt-m?, My=(p,+k ) -m?, (B27)

61=k12, 52=k22: 63=(k2—k1)2.

The first six quantities are of the order of ¢ and the last three quantities are of the order of 2.

The choice of Feynman parameters is a little tricky. We found that the following way is most convenient.
We first combine the denominators with the same masses (say with parameter x) and we combine the one
without dependence on external momentum last. After the momentum integration, we expand the integrand
in a power series of the quantities defined in Eq. (B27) above, the coefficients of which are of the form

xMyM2z ™3

1
f dxdydz 2=, (B28)
o Y

The advantage of choosing these Feynman parameters is that Y is independent of x, linear in y, and
quadratic in z. As a result, x and y can be integrated immediately and we have the following integrals:

m
I(m,n)sfdz%,

where
X=az?+bz+c with b%-4ac<0. (B29)
The coefficients of the In|X| is given below
2b 2
10,9250, 16,49=-2, 1(9,4):(-1—%5%),
3b 3 3p?
(5, 3)—2 3 1(6,3)=—§'a—4, 1(7,3)=<—2—:z+—a—5'>,
(B30)
b 3p?
18,0555 142=-%,  16,2(-5+3%),

1(1,1)=21~a, 1(2,1):—2%2, 1(3,1)=<_£_ b_z)_

22 " 24°

From these formulas, we can determine the coefficient of lnm . directly.
We have

Eronn(ky Pukzpz)—m zfdxydy(l Z)zdz a7 R+ Ro(1 = 0]y (L= 2) + Ry(1 - y)(1-2) - ma}, (B31)
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A, =[m 2y +m 2(1=-y))(1 - 2) + m?2?
= {nx+n,(1= ) y(1 = 2)z + (1 = y)(1 = 2)z + [6,x+ 62(1 - 2) (1 = y)(1 = 2)? + 5,x(1 = x)y2(1 = 2)?},

1 mLf 1 mg  mg mem,
Brors == g0 i as) - 2 - )+ )

m

2
N o
r_na'>+m 7 (1, +1,)

my® 1 1 1
+< ma4 m—>[Q17h +an2+ Z(anz+an1 ] 2 Qg(fh +7Iz) -mz_ﬂtz(bl '*'52)

1 (m, my’ 1
-m2m2< m? > -m 'm_e Zm )(Th + 17y +n1n2) 2m4773(771+172)]

1 mﬂz[l 1ms 1mg .
"lﬁnzMzmln mEl272 M2T2 mE (Q1+Q2)+ 2(0‘ +R7)
1 t 1 1MmM2 1
+WQZQ1+EI—2(—Z+ZmZ> 4M2(k2 kz)]+0(c2 Inc, ¢clnc, §3Inc); (B32)

anﬂ(P;Pg) = —i# fdx(l —y)dy_l'{[le+Qz(1 -x)](l _y) _my}
m mq 1my
16112M2(1n )( 2 mz) (B33)

Ay =[m2x+m 2(1 = )L = y)+m?y? = {[n,x +7,(1 = )] y(1 = y) + tx(1- x)(1 = y)?};

where

Coonlbep) =gz | ax(1=)ty 3= (0,1 =00+ 261 =3) +m(2 = )}
m mnz 3m1r Q sz
(—— 2—3+37n—;>,

In — -

~161r"Mz M\ 2 m (834)

where
Bg=[m 2x+m F(1=x))(1 =y) +m?y? = {[n,(1 = x) + n,x] y(1 = y) + 65x(1 — x)(1 = y)2};

1
&3C ynn(Dyb2) = ;Es(mz) +g3CNNc(p1p2)

=- FPE fdxln

- 1%735 f dxydy {1+[Q,(1 = (1 = x)y) = B,xy + (2 = y)m ][, (1 - xy) - B,(1 - x)y —my)]1/A,}

- g In m_2<m Q. Qz 1@&)’

1617 m:  m m? 2 m?

m?(1 = x)% +m jx
m?(1 - x)2+m x

g3 f’l vl lagl
~ 8n? *yayin 1m2(1 = X2 +m 2% |

(B35)

where

B, =m 21 =y) +m?y = {[nx +1,(1 = x)]y(1 = 3) + 5,x(1 = x)y?};
wNNa(k pu k. pz) == 167 a2 j dxdyz(l —z)dZ{l - "A'_z[(Qa +k +E2) 1 XZ) - ﬁzy(l Z) Ql(l x)z m"]
8

x [@,(1 = (1 = x)2) - (@} +Iél+léz)xz—Iézy(l—z)+m(2—z)]}

.1 mm—"z(-l—)(l O 85 52 1 8.8
1672 m2\M2%/\2 m® m m?® 2 m®)’ (B36)

where
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I=3

Ag=[m 2y +m 2(1 =) - 2) +m?2® - {[n,(1 =) +mpx + 1y = x)]2(1 = 2) + 8, x2[(1 = x)z + (1 = 2)(1 - y)]

+8,(1=2)[z(x = y) +3 =y*(1 - 2) = xyz] -

Qs';:l‘l—ﬁl—m, '7$=(P1‘k1)2—m2;

8yxz(1-2)(1 - y)},

EgnonlByDy; kzpz)-m zfdx(l y)dy(1 - z)zdz {[le+Qz(1 0)](1-9)1 - 2) +Ry(1 - 2) +m(2 - 2)}

1 2
16 167°M*m ‘m
where

Ag=[m 2y +m 21 =y))(1 - 2) +m?2?
9 o

m z (-zmvr —ZMQ3+3Q:, (B37)

~{nx +m,(1 =01 =)L = 2)z +79(1 = 2)z + [6,x + 5,(1 = x)]y(1 = y)(1 = 2)? + 8;x(1 = x)(1 = )*(1 - 2)2};

Eyynn(Ry Dy Ry D,) ='1'61_”'§f dxydyz 2d3< é{Qz - [sz"'Qx(l -x)]yz - By(1 = y)z -mz}

% {@; = [R,x +8,(1 = x)]yz = By(1 = y)z +m (2 - 2)}
X{Qx - [sz'*'@;(l -x)]y?- - Qa(l "y)z "mz}

- Zg—{Ql + Qz - %Qa" %[sz + Qx(l- - x)]yz - %Qs(l - y)?- - %mz + %m}>
10

2

1 mﬁ( 1my

- n7 21
1672m  m? 2

where

A =m 21 = 2) +m?2% = {[nx + 0, (1 = x)]yz(1 - 2)

9,
m

T 7+ 07+ o+ o+ 0,0 (838)

+1y(1 =y)z(1 = 2) +[6,x +5,(1 - %)) 9(1 = 9)2% +85x(1 - x)y2z2}.

*Work supported in part by the Atomic Energy Com-
mission under Contract No. (NYO-2262 TA-250) and in
part by the A. P. Sloan Foundation.

tWork supported in part by the National Science Foun-
dation under Grant No. 32998X. Present address:
Department of Physics, Brandeis University, Waltham,
Mass. 02154.

{Work supported in part by the National Science Foun-
dation.

!see, for example, S. L. Adler and R. F. Dashen,
Current Algebras and Applications to Particle Physics
(Benjamin, New York, 1968).

’see, for example, S. Gasiorowicz and D. A. Geffen,
Rev. Mod. Phys. 41, 531 (1969).

3R. Dashen and M. Weinstein, Phys. Rev. Letters 22,
1337 (1969); Phys. Rev. 183, 1261 (1969).

‘B. W. Lee, Phys. Rev. 170, 1359 (1968).

SL.-F. Li and H. Pagels, Phys. Rev. Letters 26,

1204 (1971). See also H. Pagels and W. J. Pardee Phys.
Rev. D 4, 3335 (1971).

$p. Carruthers and R. W. Haymaker, Phys. Rev. D 4,
1808 (1971); Phys. Rev. Letters 27, 455 (1971).

"B. W. Lee, Nucl. Phys. B9, 649 (1969); K. Symanzik,
Commun. Math. Phys. 16, 18 (1970) ; Lett. Nuovo Cimento
16, 705 (1970); B. W. Lee, Chiral Dynamics (Gordon and
Breach, New York, 1972).

8. L. Basdevant and B. W. Lee, Phys. Rev. D 2,

1680 (1970); J. A. Migraco and E. Ramiddi, Nuovo Ci-
mento 1A, 376 (1971).

®H. S. Tsao, Ph.D. thesis, SUNY at Stony Brook,

1973 (unpublished).



