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This is the first in a series of papers. It deals with the linked-cluster summation of the
perturbation series in quantum mech, anics and quantum statistical physics. In particular,
a formalism is developed for calculating the matrix element of the operator exp(+sH),
where H is the quantum-mechanical Hamiltonian operator. It is found that the matrix ele.—

ment may be written as an ordinary c-number integral of a c-number function over the
phase space. This function is found by doing a linked-cluster summation of the usual per-
turbation series. It is in the form of an exponential of an effective Hamiltonian, H,qq, which
is a function of the parameter s and the c-number momentum and position coordinates. We
have assumed that the Hamiltonian has no spin-dependent terms. The matrix element is
written in such a form that it may be used for calculating the transition matrix elements in
time-dependent perturbation theory as well as for calculating the canonical partition function
ZN in quantum statistical mechanics. The former is obtained by substituting s = -it/k
and the latter by substituting s = —P. The series for H,pq depends only on the potential and is
independent of the statistics. The effects of the statistics (Bose-Einstein, Fermi-Dirac, or
Maxwell-Boltzmann) are all included in a certain factor multiplying exp(sH, ~~). Thus we have
succeeded in separating the statistical and quantum corrections. These latter arise from the
noncommutativity of the position and momentum operators. The effective Hamiltonian is an
infinite series, A diagrammatic technique is given for evaluating this series. It is an ex-
pansion in powers of the coupling constant and can also be expanded in powers of Planck's
constant. In general, it is not possible to give a closed-form expression for H, ff But for
most practical cases it is sufficient to keep the first few powers of Planck's constant k,
because it is very small. We therefore have an entirely new method of approximation. The
statistical effect may always be included exactly. No numerical estimates are made in this
paper.

I. INTRODUCTION the transformation

The purpose of this work is to develop a method
which will yield a linked-cluster sum for the ma-
trix element of the operator exp(sH), where K is
the Hamiltonian. ' We use plane-wave states (eigen-
states of the momentum operator). The matrix ele-
ment is written as

M (s, p', p)
-=(p' ~exp(sII)

~ p) .

Here ~p') and $) are the momentum eigenstates.
We assume that the Hamiltonian is

p~= p~+ 21%V V~

V' = V, (r) —Q 2m(VV(, "))'

In Eq. (1.1) there is no restriction on the poten-
tial except that it leads to a finite value for the par-
tition function. Also we specifically assume that
the Hamiltonian is spin-independent. An entirely
different type of analysis is required for the latter
type of interaction.

It is found that M in Eq. (1.1) may be written as

H —=K(p)+V(r) .

Here

&(p)= 2 (p )'/2m

V = V(r) —= V(r„r„.. . , r„) .

The Hamiltonian H',
Na' = Q (p „)'/2m

+ +[VV," p„+p„VV," ]+V, ,

(1.2)

(1.3)

M(s, p' p) = IId'P d'&4';(&)l-, (r)

xexpIs[&(p', r„)+V(s, r„,p„)]]'.

Here I: is the classical energy and V is a c-number
function of s, r, and p. Also g~(r) represents the
properly symmetrized plane-wave eigenfunction.

In order to evaluate the transition amplitude we
put

s = i t/a. —

may easily be written in the form (1.2) by making
This will give us the a.mplitude that the state (p)
scatters into the state ~p') after a time t,
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Similarly, if we put

Z„= d'pd'r exp[ pH, ff—( p, r~ p—)] I gp(r) I'.
(1.6)

Here,

r N

d pd r= —g d pg'r„.
n=z

(1.7)

The formula (1.6) is very interesting. We find that
the quantum partition function ZN is equivalent to
the classical partition function with a different ef-
fective Hamiltonian independently of the statistics
and a phase-space density Ig~(r) I' which depends
only on the statistics. This result has very inter-
esting theoretical significance.

The outline of the paper is as follows. In Sec. II
the problem is formulated. The method for calcu-
lating the effective Hamiltonian by doing a linked-
cluster sum is given in Sec. III. The results are
discussed in Sec. IV. Finally a brief summary and
some interesting conclusions are given in Sec. V.
An Appendix is added in which the details are given.

and then integrate over p, we shall get the partition
function ZN for N particles:

g„=Tr[exp(-p H)].

Hence,
1 N

=—
(N, ),l, (2 @),„),Q(+) @exp(iP r,./8) .

(2.3)

The notation used here is self-explanatory. The
eigenvalue p should not be confused with the opera-
tor p'.

It will be shown later that it is sufficient to eval-
uate the matrix element

&O'I em(sH) IP&-=T(s, p', p)

It is easily seen that if we let

s = -it/@

(2 4)

(2.5)

we get the transition matrix elements. Also, if we
let

(2 6)

and sum over the complete set of eigenstates Ip&,

we shall get the canonical partition function gN,

where V is a symmetric function of the position
operators r = (r„.. . , r„). This is not at all re-
quired for our purpose, but is assumed for sim-
plicity.

For use later, we also define the plane-wave mo-
mentum eigenstates by

II. FORMULATION OF THE PROBLEM Z„=Tr(e 8"-)

The fundamental problem in quantum mechanics
is to find the eigenvalues of a Hamiltonian. In gen-
eral, this cannot be done exactly. In most cases
we have to develop a method of self-consistent ap-
proximations. The approximation method usually
employed is a development of the eigenvalues and
eigenfunctions in powers of the coupling constant.
This is a good approximation only if the coupling
constant is not very large. In this section we for-
mulate the problem in such a way as to yield a new
method of approximation.

We consider a Hamiltonian II, of N identical par-
ticles. Only the nonrelativistic problem is con-
sidered in this paper. . Also, we are considering
particles of spin zero. This is to simplify the al-
gebra. The Hamiltonian is assumed to be

(d'P)7'( P, p, p) . -

Here d'P stands for
N

rrd'p .
(X = 1

Define now the operator U(s) by

U(s) -=exp(-sK) exp(sH)

so that

exp(sH) = exp(sK) U(s) .
Substituting (2.9) in (2.4) we get

7'(s, p', p) = &O'Ie'-'U(s) IP&

(2.7)

(2.8)

(2.9)

H -=K(p) + V(r) . (2.1) = e'-""'&p'IU(s) Ip&. (2.10)

Here

K(p) -=Z (p.)'/2~,

V(r) = v(r„. . . , r„-) . (2.2)

Here K(p') is the kinetic energy for momentum p',
l.e.)

(2.11)

Here K represents the kinetic energy and V repre-
sents the potential energy. We consider the case

It follows from Eq. (2.10) that it is sufficient to
evaluate
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(p'IU(s) Ip). (2.12) equal to the classical energy, i.e.,

U(s) = U(s, r, p) =—U(s). (2.iS)

The operator U(s) is exactly equal to the operator
U(s). However, it is a different function of the op-
erators r and p. This process of rearranging the
r and p operators will always be denoted by a bar
over the operator. It follows, therefore, that

U(s) IP) = U(s, r, 0) IP)

= U(s, r, P)IP&. (2.14)

We shall give a very simple method for evaluating
this matrix element.

First of all we notice that U(s) is a function of
the operators r and p which we write in such a way
that any operator p is commuted through to the ex-
treme right. Thus there is no position operator r
to the right of any momentum operator. This can
always be done by using the commutation relations.
Let the function U(s) when written in such a form
be denoted by U(s) where

E(p', r) =- Q (p')'/2m+ V(r„. . . , r„). (2.18)

The c-number function V is a correction to the
classical energy F.. The function V approaches
zero in the correspondence limit (~-0).

In (2.17) we have resolved the problem of evalu-
ating the matrix element to that of a 3N-dimension-
al integral over the configurational space. In gen-
eral, V may not be evaluated exactly. The custom-
ary perturbation series amounts to an expansion
of U in powers of the coupling constant. Vfe instead
develop a method in which the function V is ex-
panded in powers of the coupling constant. This
evidently leads to an entirely new method of self-
consistent approximations. In general, the expan-
sion for V need not converge rapidly. However,
for most cases of physical interest this series con-
verges much more rapidly than the customary
series for U. This point is discussed in detail in

Sec. IV.

U(s) —= U(s, r, p)

is a classical c-number function of the variables
r and the eigenvalues p. It is obtained from the
operator U(s, r, p) by substituting the eigenvalues

p for the operator p. Hence,

T(s, p', p) = d'rexp[sK(p')]U(s, r, p)

III. THE EFFECTIVE HAMILTONIAN

In the previous section we had resolved the prob-
lem of evaluating the matrix element T(s, p', p) to
that of a simple classical integral. To make use
of this equation we must find V, which is a c-num-
ber function, in terms of the potential V. For this
purpose we start with the definition (2.8), viz. ,

x yp-, (r)qp(r) . (2.15)
U(s) = exp( —s) exp(sH) . (2.8)

Differentiate (2.8) with respect to s. We get
In (2.15), we have again suppressed the particle
index n, so that

N

d~r -=g d'r. .

dU s) = H, (s)U(s),

where

(2.8')

Let us now define a function V such that

U(s, r, p) =—expfs[V(s, r, p)+V(r)]). (2.i6)

H~(s) = exp(-sK) V exp(sK) .

Integrating (2.8') with respect to s we get

(3.1)

Such a function V may always be defined if we know

U; note that V(r) is the potential defined in (2.2).
It follows from (2.15) and (2.16) that

T(s, p', p)= d'rexp[sE(p', r)+sV(s, r, p)]

U(s) =1+ ds, H,(s,)U(s,).

Here, we have used the boundary condition that

U(s)=1 when s=0.

(3.2)

x q*-, (r)q-(r) . (2.i7)
It is not possible to solve exactly the integral equa-
tion (3.2). It can be written as

Here F. is the c-number function which is exactly

ao ~Sn-1
U(s) =P ds, . ~ . ds„H, (s, ) . .H, (s„)

a=0 40 4O

oO "S
ds

~
dss(H(s) H(s))

n=-0 +t "0 ~Q

(3.4)

Here we define the s-ordering operator S in exactly the same form as the time-ordering operator T in field
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theory.
From the definition of U(s, r, p) it follows that

I !sas
U(s, r, p) = Q —, ds,

i
ds„S [H,(s,)H, (s„)]„

np+ p p

where

If„(s„s„)=-e„-=[a,(s,) . H, (s„)]„ (3.5)
In this expression [ ]„denotes the fact that we have to commute all the momentum operators to the ex-
treme right and replace the operator p by its eigenvalue p. It is thus sufficient to evaluate H„defined in
(3.5).

The details for evaluating II„are given in the Appendix. It is shown that

w p
ds, ~" ds„SIn V(r, — '. p)exp(- ' D,.') n exp( ' D,. D) I. . (3.6)

Here r& is to be set equal to r after operating with D&, which is defined by

D f( }—5 f( )
Bl

(3.7)

In (3.7) the index j should not be confused with the particle index a, defined in (2.2). Here j is a dummy
index. The formula with the particle index put back is given in Sec. 1 of the Appendix.

Define now

spy ~2

S, , (s,.)—:—(sexp(- '

D,. D,), j&)

and let

(3.8)

V„(j)= V(rs — '
)exp(- ' D, ') (3.9)

It follows from (3.7), (3.8), and (3.S) that

1 rs t S n n n

U(s) = —, ds, . ds„g V, (j) S g '@[1+K,, (s,)]
i=1 l&j

t s

1d$ ~ ~ ~„,n! JD dp

n n

ds„g V,(j)s g ZAN[I+K, (s,)] .
i=1 »i

(3.10)

The series (3.10) for U(s) can be easily summed
up by using the linked-cluster method of summa-
tion introduced by Mayer. ' We now introduce the
necessary terminology and the method for calcula-
ting the linked-cluster terms. These are functions
ofr, pands.

A linked-cluster diagram of order l is drawn in
the following way:

(i) Draw l points and number them from -1 to l.
This is best done by choosing the end-points of a
polygon of degree l. These points are called the
vertices.

(ii) Connect the vertices by lines, each line join-
ing two points, with a direction from the lower-
numbered point to the higher-numbered point.
These lines are called the propagators.

(iii) A diagram is called irreducible if we may

reach an arbitrary point Q starting from an arbi-
trary point I', simply by following along the lines
drawn in (ii). We need not follow a, line along its
direction.

This gives us the method of drawing the dia-
grams. In order to calculate the value of each dia-
gram we have the following rules.

(i) For each vertex j write a factor V,(j) defined
in Eq. (3.10).

(ii) For a propagator joining the vertices j and

l, with j & l, i.e., in the direction j to l apply the
operator K»(s,.), between the vertices j and l.

(iii) Apply the I ordering operator, defined in
Eq. (3.5), on the propagator s K, ,(s,).

(iv) The expression obtained in (i), (ii), and

(iii) is then integrated over the variables s„
s„.. . , s'„each between the limits 0 and s.
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I

b1

T(s) -=T(s, p', p)

I d'xexp[s(E(p', r)+ V(s, r, p))]g-, (r)g (r) .

(3.14)

This expression for T(s) has very interesting prop-
erties which are discussed in the next section.

IV. DISCUSSION

I

b2

b3

3

FIG. 1. The linked-cluster diagrams.

The result obtained above is called the linked-
cluster value I' ' of the diagram Q. The sum I
over all irreducible diagrams, G of order l, and
divided by l t, is called the value of the linked-
cluster function, b&, of order l. That is,

b, —= b, (s, r, p) = —QE
t Q

(3.11)

Hence, from (2.16)

V(s, r, p) = —Q b, (s, r, p) —V(r) .
S )

(3.i3)

If we substitute the value of V obtained in (3.14)
into Eq. (2.15), we get

The irreducible diagrams for b„b, and b, are
drawn in Fig. 1.

It immediately follows for the Mayer's method of
summation that

U(s) = exp Q b, (s, r, p) (3.i2)

Z„= d'pd'x exp[—P[Z(p, r) + V(—P,r, p)]] S(p, r) .

(4.1)

Here,

S(P, r) -=14-,(r) I'. (4.2)

The function V is a symmetric function of its
arguments, since the system contains N identical
particles. It follows that it is independent of the

A simple expression is given for the matrix ele-
ment in Sec. III, Eq. (3.15). The expression for V

is an infinite series. In general, it is not possible
to find a closed-form expression for, V. We shall
assume that the series for V is convergent and

possesses all the nice mathematical properties re-
quired of it. We now make some interesting obser-
vations.

(a) The linked-cluster function b, is dimension-
less.

(b) The function b, is proportional to the lth

power of the coupling constant. This is so for a
diagram for b, has at least l vertices and there is
a factor V, at each of these vertices.

(c) A self-consistent method of approximation
is obtained if we keep the first few terms in the
series (3.14) for V."

(d) It follows from the definition (3.9) that K&,
is a power series in 5, with the first term propor-
tional to @. Hence it vanishes as A-0.

(e) Since an irreducible diagram of order l has
at least (I-1) propagators K», it follows that b,
vanishes as (5)' 'when'-0.

(f) Since A is small, it may be sufficient to keep
terms only up to a given power of S. This will be
a good approximation if the potential V(r) is a
slowly varying function. This is so, because each
power of 8 is associated with one simple derivative
of V(r), which comes from K, ,

(g) The method of self-consistent field approxi-
mation developed for the many-body systems"
and for the anharmonic crystal' ' may be quite
profitably applied to find various partial sums of
the series (3.14).

This will be shown in detail in later papers.
Consider now Eq. (2.7) which defines the canoni-

cal partition function Z„. It may be written as
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statistics. Further note that V-0 as 5-0, i.e.,
in the limit when position and momentum operators
commute. Hence, V (Ref. 5) gives all the correc-
tions to the classical energy function E(p, r),
which are due to the noncommutativity of the po-
sition and momentum operators. These we call
quantum corrections.

If we look at the definition (4.2) of the S(p, r) we

note that it is a positive definite function of its ar-
guments. If we assume Maxwell-Boltzmann statis-
tics, we find that

(4.3)

In the case of Fermi-Dirac and Bose-Einstein sta-
tistics we similarly get different functions of p and
r. Note that S(P, ~) depends on h. The corrections
due to using Fermi-Dirac and Bose-Einstein sta-
tistics instead of the Maxwell-Boltzmann statistics
depend on powers of h. Such corrections will be
called statistical corrections.

We recall that V is independent of statistics.
Since there is an integral over phase space in Eq.
(4.1) it follows that Z„will contain products of the
quantum and statistical corrections. However,
these can be taken care of by writing h' for
Planck's constant in S(p, r).

In certain calculations it may be sufficient to
neglect all the quantum corrections and keep to
statistical corrections exactly. Such situations
arise at low temperatures. On the other hand at
high temperatures, statistics is not very impor-
tant, and, hence, we may use the Maxwell-Boltz-
mann statistics with the quantum corrections taken
completely. Note that at high temperatures P is
very small. The integrals for b, may be easily
done by expansion in powers of the integrating
variable s,. = -P~.

Let us study Eq. (4.11), which gives the canoni-
cal partition function ZN in quantum statistical
mechanics. It is easily seen that the result may be
interpreted as a classical canonical partition func-
tion with

(i) a positive definite density S(p, r), and
(ii) an effective Hamiltonian

The effective Hamiltonian depends on the temper-
ature. Nevertheless, we may make an interesting
obser vation:

Quantum statistical mechanics i s equivalent to
classical statistical mechanics.

This is a very surprising result. We shall not
comment on it any further. Whether a similar con-
clusion holds for the nonrelativistic quantum me-
chanics is a debatable point. Keeping in mind the
well-known von Neumann's theorem, such a con-
clusion need not be valid. A full discussion of this

point is outside the scope of this paper, and is left
for future investigation.

V. CONCLUSION

Starting with a spin-independent Hamiltonian II,
we calculated the matrix element of exp(+sH);
here s is a c-number parameter. The problem
was reduced to that of calculating a phase-space
integral, the integrand being the product of
exp(+sH, ff) with gz (r)gz(r) W. e therefore need to
calculate Ir,g, which is a c-number function of s,
r, and p. In general, H,«cannot be calculated
exactly. However, we have suggested a method
for doing self-consistent approximations. Argu-
ments for this are given in Sec. IV. A diagrammat-
ic approach is also given in this section.

The formalism is easily applied to the calculation
of the transition amplitude and the quantum parti-
tion function. The method for calculating the ma-
trix elements of an arbitrary operator is given in
the Appendix.

It is evident from (4.1) that quantum statistical
mechanics is equivalent to an equivalent problem
in classical statistical mechanics; we admit tem-
perature-dependent classical Hamiltonians.

There are no general methods for numerically
calculating the integrals occurring in T(s), Eq.
(3.15). It is easily seen that integral over d'x
amounts to taking a Fourier transform of
exp(+ sH, ff), The d'p integral may similarly be
interpreted as the volume of the Fourier transform
in the momentum space.

Lastly we remark that spin may also be included
in the above formalism. Further, an extension to
the many-body theory and the relativistic quantum
field theory is possible. This will form the subject
matter of the next paper in this series. We hope to
be able to calculate a large number of physical
variables by this method.
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APPENDIX: DETAILS OF THE CALCULATIONS

1. Evaluation of H„

We give a method for calculating the function II„
defined in Eq. (3.5). From Eq. (3.1),

H, (s) = exp(-sK) V exp(sK) .
Now
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exp(-sK)r exp(sK) = r ——.p .ml—

This gives us

Sk
H, (s)=U r ——.pmz—

(A1) V(r, ) = V(r,.„r,.„.. . , r,„,. . . , r,.„).

Let us now consider V, (j) defined in Eq.
(3.9). Taking the Fourier transform we get

V, (r) = „,V(k)

sk ~ sk
xexp -jk r ——.p + k' '.

mi 2m
(A'I)

X „——.p
SA SS ~~

=exp — . p.D V r exp — .p.D2mb- 2mg—

(A2)

This is changed by changing the order of the n and

j summations and then letting n-n+j. The opera-
tor D occurring in (A2) is defined by

Df( )
—f( )

Br

From (A2) it follows that

SS SS
H, (s) =exp — . p D V(r) exp — . p D2ms- 2ms—

=exp —
2

.-p-D V r exp
2

.p D

Here V(k) is the Fourier transform of V(r). We
have suppressed the particle index in the above
formula. This integral will always exist provided
the integral

d k V(k) exp + exp(-ikr)f 3 - skkp s5 k
m 2m

(A8)

uniformly in s. Note that s is either positive or
purely imaginary. The integral (A7) exists for all
potentials of physical importance. Hence V, (r) is
well defined.

2. Solution to the Schrodinger Equation

The method we have developed in the text can be
easily used to find a solution to the Schrodinger
equation. In particular, if we know V(s, r, p) we may
write the solution in the form

SS ~~x exp ——.p.Dmz—

In (A4) we have used the identity

(A4)

Zt P — zt
g(r, t) =

( d 'P exp —— + V ——,r, p2m

ip rx exp — g, (p) (A9)

exp( —e p)t (r)exp(e p)=p(r)exp(e —. eD). (Ap)

Here a is an operator which commutes with p .
The function II„ is easily obtained from (A4). By

definition (3.5),

= g V(r, )exp ' . D&' exp — '. p D&
j ] mi

Here g, (p) is the initial state of the system at time
t = 0, in the momentum representation. Further
g(r, t) is the solution in the coordinate representa-
tion at the time t. Thus the solution is obtained by
a simple quadrature over the momentum variables
if V is known.

We may give the function V, instead of the poten-
tial V, as our input function. This will lead to a
simple solution to the scattering problem for the
nonrelativistic spin- zero Hamiltonian.

x g exp — ' D&D, .
g)g m

(A6)

exp — D,.' =- exp — D&~

sS SS
exp — D,D, = exp — D,.„-D,~

CX= ].

Here we have used (A5). Note that after applying
the operator D,. replace r,. by r, the actual coordi-
nates; j is just a dummy index.

Putting back the particle index in (A6), we re
place

F(O' p) = d r4p (r)&(r, p)fp(r). (A10)

Let us now define I' in a way similar to U in the
text:

(A11)

3. Matrix Element of an Operator

We shall now find the matrix element of an arbi-
trary operator F(r, p). Let us calculate the matrix
element between two momentum wave functions
g~, (r) and g~(r), which are defined in (2.3). The
matrix element F(p', p) is given by
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4. Particular Cases

We shall consider two particular examples of the
potential V(r„r„.. . , r„); these occur very often in
quantum statistical mechanics. The two cases are

(I) one-body potential,
(II) two-body potential.

The cases when the potential V is a sum of po-
tentials of the form (I) and (II) may also be treated
similarly. We give a new set of diagrams which
may be easily generalized to an arbitrary l-body
potential (1 (I (N). First, let us consider (I) and

(11).

Case (I). One-Body Potential

Let
N

V(r) = ZV'"(r.).
n= 1

Here V" is a one-body potential. The total Hamil-
tonian H'" (denoted simply by H in the text) is
given by

H'"'= Z[p.'/2m+ V'"(r.)l (A12)

Here N refers to the number of particles. The

Substituting (All) in (A10) we get

&(P P) =
J

d 'r(tj- (r)(t (r)&(r P) ~

This amounts to taking a simple Fourier transfor-
mation of E(r, p) which is a c-number function.

N
(s) (x)

Heff Z H eff (Ss P(jr r(p) ~ (A14)

This is so since the commutator

[H(|)(p r ) H(|)(P r )j 0 (A15)

The function H,«may be easily obtained by con-
sidering the diagrams (Fig. 1). We, of course,
draw these diagrams for the single-particle Ham-
iltonian H ' . The graphs rule are same, and now

sgkp
V,(j) = V ' r, — ' . exp(-s, 5'/2mD, ') .

(A16)

Here j is a dummy index and should not be con-
fused with the particle index.

It immediately follows from the above discussion
that

f~(r., p.)= Zf'j"(r., p.). (A17)

Here b, ' is the linked-cluster expression for the
l-order diagram for the Hamiltonian H~' (p, r) of
a single particle.

The task of calculating the linked-cluster sum
for one-body potentials thus becomes very simple.

Hamiltonian H'" is the sum of N single-particle
Hamiltonians H ' where

H'"(p„, r„)=p '/2m+V'"(r ). (A13)

In order to calculate H, ff', it is sufficient to cal-
culate II ff for

Let now

N

V=+ V'(r„, r ).
n&8

The function V,(j) is now

Case (II). Two Body Potentia-l

2
p (j)=I pi'i(r, . —spp Jmi, rs —sr jjpsjmijexp —s, D,. jj)n&6

gn g ~ y jn J 2~ J

V (j;o,, P;s),
n&8

where

V,' (j;n, p; s, ) —= V(2)(rj„—sjpp Jmi; rj() —s,lps/mi)exp[(-st'/2m)(D, . Dj„+Djs D»)j.

(A18)

(A19)

We now give explicit forms for b, and b„and then a method for evaluating b„, showing that it is a sum of
l-body potentials with l ~ 2n —1.

From the text it follows that

(pp S

b, = —,
,

ds P V,' (j; cL, P; s, )
n&8

= Z I")(~ P)
(A20)
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Here
+$

bI') (n, P) = — ds, Vo~') (j;n, P; s, ) .
~ yl 0

It is obviously a two-body potential.
Next we have from Eq. (3.11) that

(A21)

wS

6 = — ds2 g~ 1
CJ ~ +Q

ds V, (1)V,(2)K„(s,) . (A22)

From Eq. (A19),

V,(1)V, (2)K„(s,) =
+1& 8 „n2& 821"

V,")(1;n„P„s,)v,")(2;n„P„.s, )]exp[(-P/2m)gs, D,„D~]—Ij

Df& 81 ' 82 ' 81+ 82

G.l, c 2 & 8; 0'.1 & cx 2

+ P V,' (1; n, P; s,)V 0~') (2; n, P; s, )K ~„)(s,)K ~„)(s,)K I2s) (s,) .
n&8

(A23)

The notation is explained in Eq. (A18). Thus,

b. =
—,', Z b.")(n, p, ~)+ ,', p —b.'"(n, p).

f)1&8 &y n&8

(A24)

Here b, ' is the sum of the first two terms and
clearly depends on these coordinates, i.e., that it
is a three-body potential; the suffix (3) on b2~' de-
notes that it is a three-body potential, while the
subscript 2 denotes that it contributes to the link-
cluster term of order two. Similarly, b,' denotes
a two-body potential. Also,

K,",)(s, ) =exp[(-s,A /m)(D, ")DI"))] —1. (A25)

In Eq. (A24), the s integrations are assumed to
be done. Further, we have supposed dependence on
the s variables. From now on we shall completely
suppress dependence on the s variables.

We shall now derive a similar result for an arbi-
trary linked-cluster function b„. Draw the follow-
ing diagram (Fig. 2).

(i) There are N points in each horizontal row,
corresponding to N particles.

(ii) There are n such horizontal rows corres-
ponding to order n of the linked-cluster expansion.

(iii) Draw all linked-cluster diagrams of order
n, as is explained in the text. Let these be k in
number and denote them by G " (1), G~") (2), . . . ,
G "'(k). Each diagram G "'(m) has the operators

acting on ct.
(iv) A typical diagram G~")(m) gives us

uct V,(j) is

v.' (n„p,)" v.' (n. , p. )

with ~;&P;.

(v) In Fig. 2, draw a line connecting the point
n; with P, in the ith row. We note that

V."'(j;P, ~)K,'")(s,) = o

if ntP, nay. (A27)

2O e

(s3)
I

I
I

I
I

I
I

I
I

I I

I I

I I

I

(vi) It therefore follows that, in order that a
term be nonzero, at least two of the n indices e„
Q2 'Q3 + must be equal, or at least two
of the indices P„P„P„.. . , P„must be equal, or
they may be jointly equal

We now give the graph rules.
(1) Form the pair of points (n„, P, ) in the jth

column.
(2) In each column connect the points s„s„.. . ,

V,(j)K„,,(s, ) K;, (s, ). (A28)

For a two-body potential a typical term in the prod- FIG. 2. The particle-number diagrams.
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s„ in an arbitrary manner. Some examples are
given in Fig. 3. Some of the points remain uncon-
nected and some are connected to more than one
point.

(3) For each vertical line connecting the jth and
lth row in the column, introduce the operator
X,", ~(s~) with j & l. This acts on V,"~(j;o.~, p,.; s,).

(4) Sum up over all possible pairings (o.&, P&) in
each horizontal row (the jth row).

(5) We shall now obtain a many-particle poten-
tial b„' with l ~2n —1. The value of l depends on
how many of the points are vertically connected.
Thus for b„ for the first linked-cluster diagram
(Fig. I), we shall have a potential which is such
that there are three points which are mutually con-
nected. This gives us a sum of the two, three,
four, and five-body potentials.

If (j+I) points are vertically connected, then

l=2n- j.
Thus the nth linked-cluster diagrams yield an

expression for b„which is a sum of l-body poten-
tials with l ~2n —1.

We may similarly treat the case when

V(r„r„.. . , r„) is a sum of l-body potentials.
That is

T
I
I
l

I

I
I

I
I
I

L

I
I
I
I

I

I
l
I

etc.

FIG. 3. Particle-number dependence.

In this case we have to pair points 'Qy Q2 Q$

in each horizontal row and then proceed as in the
above case.

~An operatox; is always underlined. Thus R represents
a vector operator and R represents an eigenvalue of
the operator R .
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