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Radiative corrections to neutrino mixing and CP violation in the minimal seesaw model
with leptogenesis
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Radiative corrections to neutrino mixing andCP violation are analyzed in the minimal seesaw model with
two heavy right-handed neutrinos. We find that the textures of the effective Majorana neutrino mass matrix are
essentially stable against renormalization effects. Taking into account the Frampton-Glashow-YanagidaAnsatz
for the Dirac neutrino Yukawa coupling matrix, we calculate the running effects of light neutrino masses,
lepton flavor mixing angles, andCP-violating phases for both them150 ~normal mass hierarchy! and m3

50 ~inverted mass hierarchy! cases in the standard model and in its minimal supersymmetric extension. Very
instructive predictions for the cosmological baryon number asymmetry via thermal leptogenesis are also given
with the help of low-energy neutrino mixing quantities.
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I. INTRODUCTION

In the standard model~SM!, lepton number is conserve
and neutrinos are massless Weyl particles. However, the
cent Super-Kamiokande@1#, SNO @2#, KamLAND @3#, and
K2K @4# experiments have provided us with very compelli
evidence that neutrinos are actually massive and lepton
vors are mixed. The most economical modification of t
SM, which can both accommodate neutrino masses and
low lepton number violation to explain the cosmologic
baryon asymmetry via leptogenesis@5#, is to introduce two
heavy right-handed neutrinosN1,2 and keep the Lagrangia
of electroweak interactions invariant under SU(2)L3 U(1)Y
gauge transformation@6–9#. In this case, the Lagrangian re
evant for lepton masses is described by

2LY(SM)5 l̄ LYleRH1 l̄ LYnnRHc1
1

2
nR

c MRnR1H.c., ~1!

where l L denotes the left-handed lepton doublet;eR and nR
stand, respectively, for the right-handed charged lepton
Majorana neutrino singlets; andH is the Higgs-boson weak
isodoublet~with Hc[ is2H* ). If the minimal supersymmet
ric standard model~MSSM! is taken into account, one ma
similarly write out the Lagrangian relevant for lepto
masses:

2LY(MSSM)5 l̄ LYleRH11 l̄ LYnnRH21
1

2
nR

c MRnR1H.c.,

~2!

whereH1,2 ~with hypercharges61/2) are the MSSM Higgs
doublets.

Without loss of generality, both the heavy Majorana ne
trino mass matrixMR and the charged-lepton Yukawa co
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pling matrix Yl can be taken to be diagonal, real, and po
tive. In this specific flavor basis, the Dirac neutrino Yukaw
coupling matrixYn is a complex 332 rectangular matrix:

Yn5S a1 a2

b1 b2

c1 c2

D . ~3!

Below the mass scale of the lightest right-handed neutr
N1 ~denoted asM1), MR can be integrated out of the theor
Such a treatment corresponds to a replacement of the las
terms inLY by a dimension-5 operator, whose coupling m
trix takes the seesaw@10# form

k ~M1!5YnMR
21Yn

T5S a1
2

M1

a1b1

M1

a1c1

M1

a1b1

M1

b1
2

M1

b1c1

M1

a1c1

M1

b1c1

M1

c1
2

M1

D
1S a2

2

M2

a2b2

M2

a2c2

M2

a2b2

M2

b2
2

M2

b2c2

M2

a2c2

M2

b2c2

M2

c2
2

M2

D . ~4!

A very special feature of the minimal seesaw model is t
Det@k(M1)#50 holds for arbitraryai , bi , andci @11#. The
reason for this is rather simple: the 232 mass matrixMR is
at most of rank 2, hencek (M1)5YnMR

21Yn
T can at most

have rank 2, and Det@k (M1)#50 must hold.
After spontaneous gauge symmetry breaking, the neu

component ofH acquires the vacuum expectation valuev
'174 GeV. Then one obtains the charged-lepton mass
©2004 The American Physical Society03-1
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trix Ml5vYl(MZ) and the light~left-handed! Majorana neu-
trino mass matrixM n5v2k(MZ) at the electroweak scal
m5MZ in the SM. The neutral components ofH1 and H2
may similarly acquire the vacuum expectation valuesv cosb
and v sinb at the electroweak symmetry breaking scale
turns out thatMl5v cosbYl(MZ) andM n5v2 sin2bk(MZ) in
the MSSM. Note thatk(MZ) and k(M1) can be related to
each other via the following one-loop renormalization-gro
equation~RGE! @12#:

16p2
dk

dt
5ak1C@~YlYl

†!k1k~YlYl
†!T#, ~5!

where t5 ln(m/M1) with m being the renormalization scale
In the SM @13# or in its minimal supersymmetric extensio
@14#,

CSM52
3

2
,

aSM523g2
216 f t

21l ~6!

or

CMSSM51,

aMSSM52
6

5
g1

226g2
216 f t

2 , ~7!

whereg1,2 denote the gauge couplings,f t denotes the top-
quark Yukawa coupling, andl denotes the Higgs-boson sel
coupling in the SM.1 If M1@MZ holds, some deviation o
k(MZ) from k(M1) must take place.

Apparently, it is k(MZ) or M n that governs the low-
energy phenomenology of neutrino masses and lepton fl
mixing, becauseYl stays diagonal in the RGE running from
M1 to MZ . In all recent analysis of the minimal seesa
model @6–9#, however, the quantum corrections tok at the
electroweak scale have been neglected for the sake of
plicity and illustration. The importance of RGE effects f
the evaluation of baryogenesis via leptogenesis in
bottom-upapproach~i.e., from low energies to the mass sca
of heavy right-handed neutrinos! has been pointed out b
some authors@15#, but a careful analysis of such effects
the minimal seesaw model has not been done.

The purpose of this paper is to examine the stability ok
against radiative corrections in the minimal seesaw mo
We find that the texture ofk is essentially stable in the RG
evolution fromM1 to MZ . To be specific, we calculate th
running effects of neutrino masses, lepton flavor mixi
angles, andCP-violating phases by taking into account th
Frampton-Glashow-Yanagida~FGY! Ansatzfor Yn @6#. The
cosmological baryon number asymmetry via leptogenesi

1In the expression foraSM , we have neglected very small contr
butions from the lighter quarks and charged leptons. Similarly,
up- and charm-quark Yukawa couplings have been neglected in
expression foraMSSM.
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also calculated at the scalem5M1 with the help of low-
energy neutrino mixing quantities.

II. RGE RUNNING EFFECTS FROM M 1 TO M Z

In the flavor basis chosen above, one may simplify
RGE in Eq.~5! and get the radiative corrections tok at MZ .
Let us define the evolution functions

I a5expF2
1

16p2E0

ln(M1 /MZ)

a~ t !dtG ,

I l 5expF2
C

16p2E0

ln(M1 /MZ)

f l
2~ t !dtG , ~8!

where f l ~for l 5e,m,t) denote the Yukawa coupling eigen
values of charged leptons. Then we solve Eq.~5! and arrive
at

k~MZ!5I aS I e 0 0

0 I m 0

0 0 I t

D k~M1!S I e 0 0

0 I m 0

0 0 I t

D . ~9!

The overall factorI a affects only the magnitudes of ligh
neutrino masses, whileI l ~for l 5e,m,t) can modify both
neutrino masses and lepton flavor mixing parameters@16#.
The strong mass hierarchy of three charged leptons~i.e., f e
, f m, f t) implies that I e,I m,I t ~SM! or I e.I m.I t
~MSSM! holds below the scaleM1.

Two comments on the consequences of Eq.~9! are in
order.

~1! The determinant ofk, which vanishes at the scaleM1,
keeps vanishing at the scaleMZ . This point can clearly be
seen from the relation

Det@k~MZ!#5I a
3 I e

2I m
2 I t

2 Det@k~M1!#. ~10!

Because of uDet@k(MZ)#u5m1m2m3, where mi ~for i
51,2,3) denote the masses of three light neutrinos, one
conclude that one of the three neutrino masses must van
Considering thatm2.m1 is required by current solar neu
trino oscillation data@2#, we are left with eitherm150 ~nor-
mal mass hierarchy! or m350 ~inverted mass hierarchy!.

~2! Comparing between Eqs.~4! and~9!, we find that the
radiative correction tok can effectively be expressed as th
RGE running effects inai , bi , andci of Yn ~in the assump-
tion thatM1 stays unchanged!:

ai~MZ!5I eAI aai~M1!,

bi~MZ!5I mAI abi~M1!,

ci~MZ!5I tAI aci~M1!, ~11!

where i 51 or 2. These simple relations imply that possib
texture zeros ofk at M1 remain the same atMZ , at least at

e
he
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the one-loop level of RGE evolution. Hence the texture ok
is essentially stable against quantum corrections fromM1 to
MZ .

For illustration, we typically takemt(MZ)'181 GeV@17#
to calculate the evolution functionsI a and I l ~for l
5e,m,t). It is found thatI e'I m'1 is an excellent approxi
mation both in the SM and in the MSSM. Thus the RG
running ofk is mainly governed byI a andI t . The behaviors
of I a andI t changing withM1 are shown in Fig. 1. One ca
see thatI t'1 is also a good approximation, in particular
the SM. Hence the evolution of light neutrino masses m
be dominated byI a , which may significantly deviate from
unity in the SM with reasonable values of the Higgs-bos
massmH and in the MSSM with large values of tanb.

The effect ofI t in the running ofk will certainly lead to
the evolution of the lepton flavor mixing matrixV. At the
electroweak scale,V is defined to diagonalize the neutrin
mass matrixM n in the chosen flavor basis; i.e.,V†M nV*
5Diag$m1 ,m2 ,m3%. A convenient parametrization ofV is
@18#

V5S cxcz sxcz sz

2cxsysz2sxcye
2 id 2sxsysz1cxcye

2 id sycz

2cxcysz1sxsye
2 id 2sxcysz2cxsye

2 id cycz

D
3S eir 0 0

0 eis 0

0 0 1
D , ~12!

wheresx[sinux , cx[cosux , and so on. Note that the Dira
phased measures the strength ofCP violation in normal
neutrino oscillations, and its location inV is different from
that advocated by the Particle Data Group@19#. The advan-
tage of our present phase assignment is thatd itself does not
appear in the effective Majorana mass term of the neutr
less double beta decay, whose magnitude depends cruc
on the Majorana phasesr ands of V @20#. Current data on
solar, atmospheric, and reactor neutrino oscillations y
ux'32° and uy'45° ~best-fit values@21#! as well asuz

,12° @22#. The typical mass-squared differences of so
and atmospheric neutrino oscillations read asDmsun

2 [m2
2

2m1
2'7.1331025 eV2 and Dmatm

2 [um3
22m2

2u'2.6
31023 eV2 ~best-fit values@21#!, respectively. Following
Ref. @23# and Ref. @24#, one may derive the RGEs o
(m1 ,m2 ,m3), (ux ,uy ,uz), and (d,r,s) with the help of Eq.
~5!. The relevant analytical results can be considerably s
plified if the smallness ofsz andDmsun

2 /Dmatm
2 is taken into

account. It should be noted that the parametrization ofV used
here is somewhat different from that taken in Ref.@24#. To be
complete and explicit, we present our approximate analyt

expressions for (ṁ1 ,ṁ2 ,ṁ3), (u̇x ,u̇y ,u̇z), and (ḋ,ṙ,ṡ) in
the Appendix. Becausem150 or m350 must hold in the
minimal seesaw model under consideration, it is actua
07300
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possible to obtain much simpler results from Eqs.~A1!–
~A4!.

III. FGY ANSATZ AND RADIATIVE CORRECTIONS

The minimal seesaw model itself has no restriction on
structure of Yn . In Ref. @6#, Frampton, Glashow, and

FIG. 1. Numerical illustration of the evolution functionsI a and
I t changing withM1 andmH in the SM~top! or with M1 and tanb
in the MSSM~bottom!.
3-3
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Yanagida conjectured thatYn may have two texture zeros
a25c150 or a25b150, which could stem from an unde
lying horizontal flavor symmetry. The texture ofk(M1) in
Eq. ~4! can then be simplified:

k~M1!5S a1
2

M1

a1b1

M1
0

a1b1

M1

b1
2

M1
1

b2
2

M2

b2c2

M2

0
b2c2

M2

c2
2

M2

D ~13!

in the a25c150 case; or

k~M1!5S a1
2

M1

0
a1c1

M1

0
b2

2

M2

b2c2

M2

a1c1

M1

b2c2

M2

c1
2

M1
1

c2
2

M2

D ~14!

in the a25b150 case. Note that thea15c250 and a1
5b250 cases are respectively equivalent to thea25c150
and a25b150 cases in phenomenology. Note also that
b25c150 ~or b15c250) case, in which the~2,3! and~3,2!
matrix elements ofk(M1) vanish, is not favored by curren
neutrino oscillation data@11# and will not be taken into ac
count in the subsequent discussions. In addition, the two
structive patterns ofk(M1) in Eqs. ~13! and ~14! are ex-
pected to have very similar consequences on neut
masses, lepton flavor mixing angles, andCP-violating phases
at low-energy scales~see Ref.@8# for some detailed discus
sions!. We shall therefore concentrate later on only on
FGY Ansatzgiven in Eq.~13!.

It is worth remarking thata1 , b1,2, andc2 in Eq. ~13! are
all complex parameters. Given the specific parametriza
of V in Eq. ~12!, it is straightforward to obtain

k~MZ!5
M n

V
5VS m1

V
0 0

0
m2

V
0

0 0
m3

V

D VT, ~15!

where V[v2 in the SM andV[v2 sin2 b in the MSSM.
Then the phases ofa1 , b1,2, and c2 can be determined in
terms ofd, r, ands. In Refs. @6,8#, the phase convention
arg(a1)5arg(b2)5arg(c2)50 has been taken. We do no
adopt this phase convention in the present work. The ph
cal results predicted by the FGY ansatz are certainly in
pendent of any specific phase convention.
07300
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Note thatk(MZ) takes the same texture ask(M1), and
their corresponding matrix elements are related to each o
via Eq. ~11!. This observation implies that thebottom-up
approach should be more convenient for the numer
evaluation of radiative corrections—namely, we determ
the parameters of the FGYAnsatzat low energies by using
current neutrino oscillation data, and then run them to
mass scaleM1 to examine the size of the renormalizatio
effects.

A. Normal neutrino mass hierarchy „m1Ä0…

It is rather obvious thatm150 leads tom25ADmsun
2

'8.431023 eV andm35ADmsun
2 1Dmatm

2 '5.231022 eV.
Furthermore,m150 implies that only the Majorana phases
is physically meaningful. Taking account of the texture ze
(M n)1350, one can determine bothd ands in terms of the
flavor mixing angles (ux ,uy ,uz) and the mass ratioj
[m2 /m3'0.16 @8#:

d5arccosF cy
2sz

22j2sx
2~cx

2sy
21sx

2cy
2sz

2!

2j2sx
3cxsycysz

G ,

s5
1

2
arctanF cxsy sind

sxcysz1cxsy cosdG . ~16!

Becauseucosdu<1 must hold, we find thatuz is restricted to
a very narrow range: 4.0°&uz&4.4° ~i.e., 0.070&sz
&0.077). The implication of this result is that the FGYAn-
satzwith m150 will simply be excluded, if the experimenta
value ofuz does not really lie in the predicted region.

The running ofmi ~i.e., ṁi) is proportional tomi itself
~for i 51,2,3) at the one-loop level@12–14#. As a direct con-
sequence ofm150, the RGEs ofm1 , m2, and m3 in Eq.
~A1! may be simplified to

ṁ150,

ṁ2'
1

16p2
~a12C ft

2cx
2sy

2!m2 ,

ṁ3'
1

16p2
~a12C ft

2cy
2!m3 . ~17!

One can see thatm150 holds at any energy scale betwe
MZ and M1, and the running behaviors ofm2 and m3 are
essentially identical~dominated by the term proportional t
a). To illustrate, we show the ratioR[m2(MZ)/m2(M1)
changing withmH in the SM or with tanb in the MSSM in
3-4
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Fig. 2, whereM151014 GeV is typically taken. It become
clear thatRm150'I a is an excellent approximation in th
SM, and it is also a good approximation in the MSSM.

We remark thatm2 /m3 is approximately unchanged in th
RGE evolution fromMZ to M1 @12–14#—in other words,
j'0.16 is nearly a constant. It is then possible to simp
the RGEs of (ux ,uy ,uz) and (d,s) in Eqs.~A2! and~A3! up
to O(j) or O(sz):

FIG. 2. The ratio ofm2 at MZ to its value atM151014 GeV as
a function ofmH in the SM~top! or of tanb in the MSSM~bottom!
for the FGYAnsatzwith m150 or m350.
07300
u̇x'2
C ft

2

16p2
sxcxsy

2 ,

u̇y'2
C ft

2

16p2
sycy~112jcx

2 cosd!,

u̇z'2
C ft

2

8p2
jsxcxsycy ~18!

and

ṡ'
C ft

2

8p2 S sxcxsycy

j

sz
D j sind,

ḋ'
C ft

2

8p2 Fsxcxsycy

j

sz
1cx

2~cy
22sy

2!Gj sind. ~19!

In obtaining Eqs.~18! and~19!, we have considered the fac
that j;2sz holds atMZ . As sz has been constrained to th
range 0.070&sz&0.077, thej/d term in Eq.~19! is unable
to drastically enhance the running ofd ands. One can see
that the running effects of three mixing angles and twoCP-
violating phases are all governed byf t

2 . Becausef t
2'1024

in the SM, the evolution of (ux ,uy ,uz) and (s,d) is negli-
gibly small. When tanb is sufficiently large ~e.g., tanb
;50) in the MSSM, however,f t

2'1024/cos2 b can be of
O(0.1) and even close to unity—in this case, some sm
variation of (ux ,uy ,uz) and (s,d) due to the RGE running
from MZ to M1 will appear. Let us defineDu i[u i(M1)
2u i(MZ) ~for i 5x,y,z), Dd[d(M1)2d(MZ), and Ds
[s(M1)2s(MZ). The numerical results forDu i /u i(MZ),
Dd/d(MZ), and Ds/s(MZ) are shown in Fig. 3 for the
MSSM with different values ofM1 and tanb. We see that
the ratioDuz /uz(MZ) is most sensitive to the RGE running
but its magnitude is less than 10% even ifM151014 GeV
and tanb550 are taken. Thus we conclude that the RG
effects on three flavor mixing angles and twoCP-violating
phases are practically negligible in the FGYAnsatzwith
m150.

B. Inverted neutrino mass hierarchy „m3Ä0…

If m350 holds, we will arrive atm15ADmatm
2 2Dmsun

2

'5.031022 eV and m25ADmatm
2 '5.131022 eV. In this

case, only the difference of two MajoranaCP-violating
phasess2r[s8 is physically meaningful. Again, the tex
ture zero (M n)1350 allows us to determined and s8 in
terms of the flavor mixing angles (ux ,uy ,uz) and the mass
ratio z[m1 /m2'0.98 @8#:
3-5
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d5arccosF ~z2cx
42sx

4!cy
2sz

21~z221!sx
2cx

2sy
2

2sxcx~sx
21z2cx

2!sycysz
G ,

s852
1

2
arctanF sycysz sind

sxcx~sy
22cy

2sz
2!1~sx

22cx
2!sycysz cosd

G .

~20!

FIG. 3. The RGE evolution of lepton flavor mixing angles a
CP-violating phases for the FGYAnsatzwith m150 in the MSSM.
We take tanb510 to illustrate the running effects changing wi
M1 ~top!, and takeM151014 GeV to illustrate the running effect
changing with tanb ~bottom!. Note thatuz(MZ)'4.3° has typi-
cally been input.
07300
Differently from them150 case,ucosdu<1 does not impose
significant constraints on the magnitude ofuz via Eq. ~20!,
except that it requiresuz.0.36° @8#. Hence the FGYAnsatz
with m350 is not very sensitive to the measurement ofuz .

As a straightforward consequence ofm350, the RGEs of
m1 , m2, andm3 in Eq. ~A1! can be simplified to

ṁ1'
1

16p2
~a12C ft

2sx
2sy

2!m1 ,

ṁ2'
1

16p2
~a12C ft

2cx
2sy

2!m2 ,

ṁ350. ~21!

Again, m350 holds at any energy scale betweenMZ and
M1; and the running behaviors ofm1 andm2 are essentially
the same. Figure 2 illustrates the ratioR
[m2(MZ)/m2(M1) as a function ofmH in the SM or of
tanb in the MSSM. We see thatRm350'Rm150'I a holds to
an excellent degree of accuracy in the SM and to a g
degree of accuracy in the MSSM. These numerical res
confirm that the evolution of three neutrino masses is do
nated byI a , as observed in Sec. II.

While z is approximately a constant in the RGE runnin
from MZ to M1, it is not small. In this case, we simplify Eqs
~A2! and ~A3! up to O(sz) so as to get the leading-orde
RGEs of (ux ,uy ,uz) and (d,s8) as follows:

u̇x'2
C ft

2

16p2 S 11z212z cos 2s8

12z2 D sxcxsy
2 ,

u̇y'
C ft

2

16p2
sycy ,

u̇z'
C ft

2

16p2
cy

2sz ~22!

and

ṡ8'
C ft

2

8p2 S cx
22sx

2

12z2 D zsy
2 sin 2s8,

ḋ'
C ft

2

8p2 S 1

12z2D zsy
2 sin 2s8. ~23!

Unlike in them150 case, the RGE running effects ofux , d,
and s8 are enhanced by a factor of 1/(12z2)'25 in the
m350 case. One might naively expect that the magnitu
of Dux[ux(M1)2ux(MZ), Dd[d(M1)2d(MZ), and
Ds8[s8(M1)2s8(MZ) are appreciable. Because of sins8

;O(sz), however,ḋ and ṡ8 in Eq. ~23! are actually sup-
pressed. Therefore, onlyux is likely to be sensitive to the
RGE evolution fromMZ to M1. We plot the numerical re-
sults of Du i /u i(MZ) ~for i 5x,y,z), Dd/d(MZ), and
3-6
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Ds8/s8(MZ) in Fig. 4 for the SM and in Fig. 5 for the
MSSM. One can see that the RGE effects on three fla
mixing angles and twoCP-violating phases are negligibl
small in the SM, but they may become significant in t
MSSM if both M1 and tanb are sufficiently large. In the
latter case,ux(M1) can even approach zero—this point h
indeed been observed by some authors beyond the min
seesaw model@25#. We conclude that the near degenera
betweenm1 and m2 in the m350 case may give rise to
significant RGE running effects on the mixing angleux in the
MSSM, and the evolution ofCP-violating phasesd ands8
can also be appreciable if bothM1 and tanb take properly
large values.

IV. COSMOLOGICAL BARYON NUMBER ASYMMETRY

Lepton number violation induced by the third term ofLY
in Eq. ~1! or Eq. ~2! allows decays of the heavy Majoran
neutrinosNi ~for i 51 and 2! to happen:Ni→ l 1h and Ni

→ l̄ 1hc, whereh5H in the SM orh5H2
c in the MSSM.

Because each decay mode occurs at both the tree and
loop levels~via the self-energy and vertex corrections!, the
interference between these two decay amplitudes may re
in a CP-violating asymmetry« i betweenNi→ l 1h and its
CP-conjugated process@5#. For the sake of simplicity, we
consider only the case in which the masses ofN1 andN2 are
hierarchical~i.e., M1!M2) @6#. If the interactions ofN1 are
in thermal equilibrium whenN2 decays, the asymmetry«2
can be erased beforeN1 decays. Then only the asymmetry«1
produced by the out-of-equilibrium decay ofN1 survives. In
the flavor basis chosen above, we have

FIG. 4. The RGE evolution of lepton flavor mixing angles a
CP-violating phases fromMZ to M1 for the FGYAnsatzwith m3

50 in the SM. We have typically inputuz(MZ)'4.3°, and found
that the influence ofmH is negligible.
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«1[
G~N1→ l 1h!2G~N1→ l̄ 1hc!

G~N1→ l 1h!1G~N1→ l̄ 1hc!

'
C8

8p
•

M1

M2
•

Im@~Yn
†Yn!12#

2

~Yn
†Yn!11

, ~24!

FIG. 5. The RGE evolution of lepton flavor mixing angles a
CP-violating phases for the FGYAnsatzwith m350 in the MSSM.
We take tanb510 to illustrate the running effects changing wi
M1 ~top!, and takeM151014 GeV to illustrate the running effects
changing with tanb ~bottom!. Note thatuz(MZ)'4.3° has typi-
cally been input.
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whereCSM8 523/2 andCMSSM8 523 @26#. Taking account of
Eq. ~3! with a25c150, we immediately arrive at

~Yn
†Yn!115ua1~M1!u21ub1~M1!u2

'
1

I a
@ ua1~MZ!u21ub1~MZ!u2#,

~Yn
†Yn!125b1* ~M1!•b2~M1!

'
1

I a
@b1* ~MZ!•b2~MZ!#, ~25!

where I e'I m'1 has been used as an excellent approxim
tion.

In the literature,«1 was calculated by neglecting the RG
running effects of neutrino masses, lepton flavor mixi
angles, andCP-violating phases fromMZ to M1 ~i.e., I a

'1 was naively taken!. Such an oversimplification leads t
the CP-violating asymmetry

«̂1'
C8

8pV
•

M1u~M n!12u2u~M n!23u2

@ u~M n!11u21u~M n!12u2#u~M n!33u
sinF,

~26!

whereV5v2 ~SM! or V5v2 sin2 b ~MSSM!, and@8#

F'H arctanS jsx
2cz

2 sin 2s

sz
21jsx

2cz
2 cos 2s

D ~m150!,

22d ~m350!.

~27!

One can see that«̂1 is actually independent ofM2, as long as
M2@M1 is satisfied. Then it is straightforward to obtain«1

'«̂1 /I a at the mass scaleM1. AlthoughI a is always smaller
than unity forM1.MZ ~as already shown in Fig. 1!, it re-
mains ofO(1) only if reasonable values ofM1 andmH ~SM!
or tanb ~MSSM! are taken. Hence the previously oversim
plified approximation«1'«̂1 is unable to cause any quant
tative disaster.

A nonvanishingCP-violating asymmetry«1 may result in
a net lepton number asymmetryYL[nL/s5«1d/g

*
, where

g
*

5106.75~SM! or 228.75~MSSM! is an effective number
characterizing the relativistic degrees of freedom which c
tribute to the entropys of the early universe, andd accounts
for the dilution effects induced by the lepton-numbe
violating wash-out processes@26#. If the effective neutrino
mass parameterm̃1[(Yn

†Yn)11V/M1 @27# lies in the range

1022 eV<m̃1<103 eV, one may estimate the value ofd by
07300
-

-

using the following approximate formula@28#:2

d'0.3S 1023 eV

m̃1
D F lnS m̃1

1023 eV
D G20.6

. ~28!

The lepton number asymmetryYL is eventually converted
into a net baryon number asymmetryYB via the nonpertur-
bative sphaleron processes@29#: YB[nB/s'20.55YL in the
SM or YB[nB/s'20.53YL in the MSSM. A generous rang
0.7310210&YB&1.0310210 has been drawn from the re
cent Wilkinson Microwave Anisotropy Probe~WMAP! ob-
servational data@30#.

Clearly, «1 and YB involve three free parameters in th
SM (M1 , uz , and mH) and three free parameters in th
MSSM (M1 , uz , and tanb). Note, however, thatI a is not
very sensitive tomH in the SM,3 and its sensitivity to tanb is
mild in the MSSM~see Fig. 1 for illustration!. Therefore the
size ofYB calculated atM1 is mainly dependent on how big
M1 anduz are. The numerical dependence ofYB on M1 and
uz is illustrated in Fig. 6, wheremH5120 GeV ~SM! and
tanb550 ~MSSM! have typically been taken. Some com
ments are in order.

~1! In the m150 case, current observational data ofYB
require M1.3.131010 GeV ~SM! or M1.3.431010 GeV
~MSSM! for the allowed range ofuz(MZ). Once this mixing
angle is precisely measured at low energies, it is possibl
fix the ballpark magnitude ofM1 in most cases. However, t
distinguish between the minimal seesaw SM and its sup
symmetric version needs other experimental informat
~e.g., the MSSM-motivated lepton-flavor-violating process
m→eg, t→mg, and so on@31#!.

~2! In the m350 case,M1.2.2531013 GeV ~SM! or
M1.2.531013 GeV ~MSSM! is required by current obser
vational data ofYB . The magnitude ofYB increases mono-
tonically with uz(MZ) for any given value ofM1. Onceuz is
measured at low energies, it is possible to determine
rough value ofM1. Again, other experimental information i
needed in order to distinguish between the minimal see
SM and its supersymmetric version.

~3! We remark that there is a potential conflict betwe
achieving successful thermal leptogenesis and avoiding o
production of gravitinos in the minimal seesaw model w
supersymmetry@31#. If the mass scale of gravitinos is o
O(1) TeV, one must haveM1&108 GeV. This limit is com-
pletely disfavored in the FGYAnsatzwith M1!M2, because
it would lead to YB!10210. If M1 and M2 were almost
degenerate, a special case which has been discussed in
@26#, it would be possible to simultaneously accommod

2In view of Eq. ~25!, we can easily obtain m̃1(M1)

'm̃1(MZ)/I a . It is proper to usem̃1(M1) instead ofm̃1(MZ) to
evaluate the dilution factord via Eq. ~28!, but the numerical dis-

crepancy betweenm̃1(M1) andm̃1(MZ) is actually insignificant.
3We have noticed that the numerical results for the dependenc

I a on mH are not fully consistent with one another in the literatu
@15#, and our result is not completely compatible with them eith
It may deserve some effort to clarify the existing discrepancies
3-8
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RADIATIVE CORRECTIONS TO NEUTRINO MIXING . . . PHYSICAL REVIEW D69, 073003 ~2004!
mG̃;O(1) TeV andM1&108 GeV in the generic supergrav
ity models with minimal seesaw and thermal leptogenesi

V. SUMMARY

We have analyzed the radiative corrections to neutr
mixing andCP violation in the minimal seesaw model wit

FIG. 6. Numerical illustration ofYB changing withuz(MZ) for
the FGY Ansatzwith m150 ~top! or m350 ~bottom! in the SM
(mH5120 GeV) and its minimal supersymmetric extension (tanb
550). The region between the two dashed lines in each gr
corresponds to the range ofYB allowed by current observationa
data.
07300
o

two heavy right-handed neutrinos. It is shown that textu
and vanishing eigenvalues of the effective Majorana neutr
mass matrix are essentially stable against renormalization
fects. Taking account of the Frampton-Glashow-Yanag
Ansatzfor the Dirac neutrino Yukawa coupling matrix, w
have calculated the RGE running effects of light neutri
masses, lepton flavor mixing angles, andCP-violating phases
from MZ to M1 for both m150 andm350 cases in the SM
and its minimal supersymmetric extension. We find that su
quantum corrections are not always negligible, and th
should be taken into consideration in order to quantitativ
test the FGYAnsatz. We have also discussed thermal lept
genesis in the minimal seesaw model withM1!M2. Very
instructive predictions for the cosmological baryon numb
asymmetry are obtained with the help of low-energy neutr
mixing quantities. We conclude that a precise measurem
of the mixing angleuz in reactor- and accelerator-based ne
trino oscillation experiments will be extremely helpful to e
amine the FGY scenario and other presently viableAnsätze
of lepton mass matrices.
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APPENDIX: ANALYTICAL APPROXIMATIONS
OF THE RGES FOR NEUTRINO MASSES AND LEPTON

FLAVOR MIXING PARAMETERS

Following Ref. @23# and taking into accountM n

5VDiag$m1 ,m2 ,m3%V
T with the parametrization ofV given

in Eq. ~12!, we have derived the one-loop RGEs
(m1 ,m2 ,m3), (ux ,uy ,uz), and (d,r,s) with the help of Eq.
~5!. Our analytical results are consistent with those obtain
in Ref. @24#, where a somehow different parametrization ofV
was used. For simplicity, only the approximate expressi
of (ṁ1 ,ṁ2 ,ṁ3), (u̇x ,u̇y ,u̇z), and (ḋ,ṙ,ṡ) up to O(sz) are
presented below.

~1! The running of three neutrino masses:

ṁ15
1

16p2
@a12C ft

2
„sx

2sy
21O~sz!…#m1 ,

ṁ25
1

16p2
@a12C ft

2
„cx

2sy
21O~sz!…#m2 ,

ṁ35
1

16p2
@a12C ft

2cy
2cz

2#m3 . ~A1!

~2! The running of three lepton flavor mixing angles:

h

3-9
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u̇x52
C ft

2

16p2 Fm1
21m2

212m1m2 cos 2~r2s!

m2
22m1

2
sxcxsy

2

1O~sz!G ,

u̇y52
C ft

2

16p2 Fm2
21m3

212m2m3 cos 2~d2s!

m3
22m2

2
cx

2sycy

1
m1

21m3
212m1m3 cos 2~d2r!

m3
22m1

2
sx

2sycy1O~sz!G ,

u̇z52
C ft

2

16p2 F S 2m2m3 cos~d22s!

m3
22m2

2
2

2m1m3 cos~d22r!

m3
22m1

2

1
m2

22m1
2

m3
22m2

2
•

2m3
2 cosd

m3
22m1

2 D sxcxsycy1O~sz!G . ~A2!

~3! The running of threeCP-violating phases:

ṙ52
C ft

2

16p2 F A

sz
2

2m2m3 sin 2s

m3
22m2

2
sx

2cy
22

2m1m3 sin 2r

m3
22m1

2
cx

2cy
2

1
2m1m2 sin 2~r2s!

m2
22m1

2
sx

2sy
21O~sz!G ,
T

.

n-

r,

G
A

d

07300
ṡ52
C ft

2

16p2 F A

sz
2

2m2m3 sin 2s

m3
22m2

2
sx

2cy
22

2m1m3 sin 2r

m3
22m1

2
cx

2cy
2

1
2m1m2 sin 2~r2s!

m2
22m1

2
cx

2sy
21O~sz!G ,

ḋ52
C ft

2

16p2 F A

sz
1B1O~sz!G , ~A3!

where

A5sxcxsycyF2m2m3 sin~d22s!

m3
22m2

2
2

2m1m3 sin~d22r!

m3
22m1

2

2
m2

22m1
2

m3
22m2

2
•

2m3
2 sind

m3
22m1

2 G ,

B5
2m1m2sy

2 sin 2~r2s!

m2
22m1

2

2
2m2m3

m3
22m2

2 @sx
2cy

2 sin 2s1cx
2~cy

22sy
2!sin 2~d2s!#

2
2m1m3

m3
22m1

2 @cx
2cy

2 sin 2r1sx
2~cy

22sy
2!sin 2~d2r!#.

~A4!
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