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Integral equation for spin dependent unintegrated parton distributions incorporating double
ln2

„1Õx… effects at lowx
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In this paper we derive an integral equation for the evolution of unintegrated~longitudinally! polarized quark
and gluon parton distributions. The conventional Catani-Ciafaloni-Fiorani-Marchesini~CCFM! framework is
modified at smallx in order to incorporate the QCD expectations concerning the double ln2(1/x) resummation
at low x for the integrated distributions. Complete Altarelli-Parisi splitting functions are included that makes
the formalism compatible with the leading order Altarelli-Parisi evolution at large and moderately small values
of x. The obtained modified polarized CCFM equation is shown to be partially diagonalized by the Fourier-
Bessel transformation. Results of the numerical solution for this modifed polarized CCFM equation for the
nonsinglet quark distributions are presented.
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I. INTRODUCTION

The basic universal quantities which describe the inc
sive cross sections of hard processes within the QCD
proved parton model are the scale dependent parton dist
tions. These distributions depend upon the longitudi
momentum fractionx and the hard scaleQ2 and correspond
to the integrals over transverse momentumk' of the so
calledunintegrateddistributions describing the~scale depen-
dent! x andk' parton distributions. The unintegrated dist
butions are needed in the description of less inclusive qu
tities which are sensitive to the transverse momenta of
partons@1–5#.

The unintegrated parton distributions are described in p
turbative QCD by the Catani-Ciafaloni-Fiorani-Marches
~CCFM! equation@6–8# which is based on color coherenc
which implies angular ordering. It embodies in a unified w
the @leading order~LO!# Altarelli-Parisi evolution at large
and moderately small values ofx with the Balitskiı̆-Fadin-
Kuraev-Lipatov~BFKL! dynamics at smallx.

The CCFM equation which was originally formulated f
unpolarized parton densities has recently been generalize
spin dependent unintegrated parton distributions@9#. The
novel feature of the spin dependent case is its different st
ture at smallx and in particular the absence of the noneiko
~or non-Sudakov! form factors. We also include the~spin
dependent! quark distributions, leading first to a system
CCFM equations for unintegrated spin dependent quark
gluon distributions. We shall then extend the analysis of R
@9# along the following lines.

~1! We shall incorporate theoretical QCD expectatio
concerning the double logarithmic smallx effects. We ob-
serve in particular that both the angular ordering constr
and the kernels of the corresponding system of the CC
equations have to be appropriately modified.

~2! We shall include complete splitting functionsPab(z)
and not only their singular and finite parts in the limitz
→1 andz→0, respectively.
0556-2821/2003/67~3!/034014~12!/$20.00 67 0340
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~3! We shall explore the relative simplicity of the syste
of the modified polarized CCFM equations due to absenc
noneikonal form factors and utilize the transverse coordin
representation of those equations. The transverse coord
b' is related to the transverse momentum of the part
through the Fourier-Bessel transformation and the system
the CCFM equation can be partially diagonalized by t
transformation.

The content of our paper is as follows. In the next sect
we recall the original formulation of the CCFM equatio
developed in Ref.@9# and include the polarized quark distr
butions, while in Secs. III and IV we formulate the modifi
cations of the CCFM framework, which will incorporate th
QCD expectations concerning the double ln2(1/x) resumma-
tion at low x and the complete Altarelli-Parisi evolution o
integrated densities in moderately small and large value
x. We observe that the modifed CCFM equations, includ
their extension discussed in Secs. IV and V can be parti
diagonalized by the Fourier-Bessel transformation. Sec. V
devoted to the numerical analysis of the modified CCF
equations and for simplicity we limit ourselves to the non
inglet quark distributions. Finally, in Sec. VI we summariz
our main results and give our conclusions.

II. THE ORIGINAL CCFM FORMULATION
FOR LONGITUDINALLY POLARIZED UNINTEGRATED

PARTON DISTRIBUTIONS

Along the lines of Refs.@6–8# a version of the CCFM
equation has been derived for the longitudinally polariz
gluon distribution@9#. For the corresponding expressions i
cluding quarks one has to take into consideration that the
emission occurs predominantly from a ladder of gluons
cause of their larger spin quantum number. Therefore, qu
appear only as initial states playing automatically the role
the hardest emission which enters in the Altarelli Parisi sp
ting function, see Fig. 1. Therefore, the arguments prese
in Ref. @9# are valid in the case of quarks as well. The p
©2003 The American Physical Society14-1
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larization does not enter into the soft emission. Con
quently, again a noneikonal form factor is absent and
eikonal form factor is identical to the one in the unpolariz
case. Furthermore, in its original formulation the CCF
equation is an evolution equation valid only in the limitsx
→0 andx→1, and therefore, the Altarelli Parisi kernels e
ter only in interpolated form, taking the limitsz→0 andz
→1 into account. The complete polarized CCFM equatio
take the following general form:

Df~x,k'
2 ,Q2!5~DPCCFM

^ Df!~x,k'
2 ,Q2!,

D f k~x,k'
2 ,Q2!5~DPqq

CCFM
^ D f k!~x,k'

2 ,Q2!. ~1!

Here we have used

Df5S D f S

D f g

D and DPCCFM5S DPqq
CCFM DPqg

CCFM

DPgq
CCFM DPgg

CCFMD .

~2!

Here D f g is the unintegrated polarized gluon distributio
function,D f S the unintegrated polarized singlet quark part
distribution function andD f k denotes any polarized nons
inglet combination of quark parton distribution function
such as the triplet (D f 3) and the octet contribution (D f 8).
For the convolution one has the structure

~DPCCFM
^ D f !~x,k'

2 ,Q2!

5E
0

2pduq'

2p E
Q0

2

` dq'
2

q'
2 E

x

12Q0 /q dz

z
Q~Q2zuq'u!

3DPCCFM~z,q'
2 ,Q2!D f ~x/z,k'8

2,q'
2 !, ~3!

using kW'8 5kW'1(12z)qW' . In terms of the principles dis
cussed above one obtains for the CCFM splitting kernels

DPgg
CCFM~z,q'

2 ,Q2!

5De
(g)@Q2,~zqW'!2#

as@q'
2 ~12z!2#

2p
DPgg

AP0~z!,

DPgq
CCFM~z,q'

2 ,Q2!

5De
(q)@Q2,~zqW'!2#

as@q'
2 ~12z!2#

2p
DPgq

AP0~z!,

DPqq
CCFM~z,q'

2 ,Q2!

5De
(q)@Q2,~zqW'!2#

as@q'
2 ~12z!2#

2p
DPqq

AP0~z!,

DPqg
CCFM~z,q'

2 ,Q2!

5De
(g)@Q2,~zqW'!2#

as@q'
2 ~12z!2#

2p
DPqg

AP0~z!. ~4!

The eikonal form factors have the form
03401
-
e
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De
(g,q)@q2,~zq!2#5expS 2CA,FE

(zq)2

q2 dq82

q82

3E
0

12Q0 /q8 dz8

12z8

as@q82~12z8!2#

p D
~5!

and the interpolating Altarelli-Parisi kernels then read~see
Ref. @10#!:

DPgg
AP0~z!52CA

22z

12z
,

DPqg
AP0~z!5S z2

1

2D ,

DPqq
AP0~z!5CF

11z2

12z
,

DPgq
AP0~z!5CF~22z!. ~6!

The fact that in the polarized case the CCFM splitting k
nels are independent ofk' allows a factorization in terms o
the Fourier-Bessel transformation

~DPCCFM
^ D f !~x,b'

2 ,Q2!

5E d2k'e2 ib'•k'~DPCCFM
^ D f !~x,k'

2 ,Q2!

5E
x

1dz

z EQ0
2

Q2/z2 dq'
2

q'
2

J0@~12z!ub'uuq'u#

3DPCCFM~z,q'
2 ,Q2!D f̄ ~x/z,b'

2 ,q'
2 !. ~7!

One should note thatf (x,Q2)5 f̄ (x,0,Q2) is just thek' in-
tegrated parton distribution.

III. MODIFICATIONS TO MAKE CONTACT
WITH LADDER DIAGRAMS

It may easily be observed that the angular ordering c
straint which is embodied within the CCFM equation gen
ates the double ln2(1/x) terms for the integrated parton dis
tributions. The result concerning resummation of those te
turns out to be, however, different from the QCD expec
tions discussed in Refs.@11–14#. The double ln2(1/x) effects
in QCD are generated by the ladder and nonladder bre
strahlung diagrams.

In order to get the expected double logarithmic limit
the integrated distributions corresponding to the ladder d
grams contribution it is sufficient to replace the angular
dering constraintQ(Q2zuq'u) by the stronger constrain
4-2
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FIG. 1. Construction of the po-
larized CCFM equation for quarks
from the one for gluons. The ker
nels for qq, qg, andgq splitting
are subsequently constructed fro
thegg soft emission by amending
the corresponding hard initia
states. Here the solid line de
scribes gluons while the dashe
line denotes quarks.
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Q(Q22zq'
2 ) in the corresponding evolution equations f

integrated distributions. The latter just correspond to th
Fourier transformed unintegrated evolution equations atb'

50. We assume that this replacement can be done for a
trary values of the transverse coordinateb' . Due to this
replacement we will obtain an equation which incorpora
the known collinear~LO Altarelli-Parisi! evolution for a not
too small x and the double logarithmic asymptotics forx
!1. However, the equation does not sum up the sin
ln(1/x) contributions as it was done by the original CCFM
BFKL ~unpolarized! equation. Having this point in mind we
will henceforward call the evolution equation for the pola
ized unintegrated parton distributions which we derive st
ing from the CCFM formulation and where we are includi
our modfications a modified polarized CCFM evolutio
equation. Apart from this substitution in the argument of t
theta function to include the double logarithmic contrib
tions, we shall also make the following modifications of t
original CCFM equations proposed in Ref.@9#.

~1! The argument ofas will be set equal toq'
2 instead of

q'
2 (12z)2.

~2! The nonsingular parts of the splitting function~s! will
be included in the definition of the Sudakov form factor~s!.

~3! Following Ref. @14# we include complete splitting
functions Pab(z) and not only their singular parts atz51
and constant contributions atz50.
03401
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~4! We represent the splitting functionsDPab(z) as

DPab(z)5DPab(0)1D P̄ab(z), where D P̄ab(0)50. Fol-

lowing Ref.@14# we shall multiplyDPab(0) andD P̄ab(z) by
Q(Q22zq'

2 ) and Q(Q22q'
2 ), respectively, in the inte-

grands of the corresponding integral equations. Follow
the terminology of Ref.@14# we call the corresponding con
tributions to the evolution kernels the ‘‘ladder’’ an
‘‘Altarelli-Parisi’’ contributions, respectively.

~5! We shall ‘‘unfold’’ the eikonal form factors in order to
treat real emission and virtual correction terms on equal fo
ing.

Using those prescriptions we get the following unfold
and modified polarized CCFM equations:

D f g~x,kW'
2 ,Q2!5D f̃ g

0~x,kW'
2 !1E d2qW'

pq'
2

as~q'
2 !

2p
Q~q'

2 2Q0
2!

3E
0

1dz

z S Q~z2x!H F12Q~Q22zq'
2 !

16Q~Q22q'
2 !S z

12z
22zD G

3D f g~x/z,kW'8
2 ,q'

2 !1S 8

3
Q~Q22zq'

2 !
4-3
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2
4

3
zQ~Q22q'

2 ! DD f S~x/z,kW'8
2 ,q'

2 !J
2zQ~Q22q'

2 !S 6

12z
2

11

2
1

Nf

3 D
3D f g~x,kW'

2 ,q'
2 ! D , ~8!

D f S~x,kW'
2 ,Q2!5D f̃ S

0 ~x,kW'
2 !1E d2qW'

pq2

as~q'
2 !

2p

3Q~q'
2 2Q0

2!E
0

1dz

z H Q~z2x!

3F @2NFQ~Q22zq'
2 !

12zNFQ~Q22q'
2 !#D f g~x/z,kW'8

2 ,q'
2 !

1
4

3 S Q~Q22zq'
2 !1

z1z2

12z

3Q~Q22q'
2 ! DD f S~x/z,kW'8

2 ,q'
2 !G

2zQ~Q22q'
2 !S 8

3~12z!
22D

3D f S~x,kW'
2 ,q'

2 !J , ~9!

where we have put explicit numbers for the factorsCA and
CF , and also introduced the singlet spin dependent uni
grated quark distributions

D f S5S i 51
NF ~D f qi

1D f q̄i
!. ~10!

The ‘‘nonsinglet’’ quark distributions evolve asD f S but
without the gluon contribution on the right-hand-side of t
integral equation.

In Eqs. ~8! and ~9! we set the upper limit of integration
over dz equal to 1 instead of 12Q0 /q since the integrands
are free from singularities atz51. It should be noted tha
kW'8 5kW'1(12z)qW' . It should also be noted that the inhom

geneous termsD f̃ g
0 andD f̃ S

0 in Eqs.~8! and ~9! do not con-
tain the Sudakov formfactors. They can be chosen to h
~for instance! the Gaussian form ink' normalized to unity
and multiplied by the input~integrated! distributions at the
scaleQ25Q0

2. The latter could be taken from one of th
existing~LO! QCD analysis of spin dependent parton dist
butions. To be precise the inhomogeneous terms are re
to the starting distributions at the reference scaleQ0

2 in the
‘‘single loop’’ approximation @15,16# corresponding to the
replacementQ(Q22zq'

2 ) by Q(Q22q'
2 ) in the integrals in

Eqs. ~8!, ~9!, since in general the integrals containing t
function Q(Q22zq'

2 ) do not vanish atQ25Q0
2 . Parametri-

zation of the driving term in terms of the parton distributio
03401
e-

ve

ted

may be regarded as a reasonable approximation, particu
in the region of large and moderately small values ofx which
is dominated by the single loop approximation.

Taking the Fourier-Bessel transformation on both sides
Eqs.~8! and ~9! we get the following equations for the dis
tributions f̄ g(x,b'

2 ,Q2) and f̄ S(x,b'
2 ,Q2):

f̄ g~x,b'
2 ,Q2!5 f̄ g

0~x,b'
2 !1E dq'

2

pq'
2

as~q'
2 !

2p
Q~q'

2 2Q0
2!

3E
0

1dz

z S J0@b'~12z!q'#Q~z2x!

3H F12Q~Q22zq'
2 !16Q~Q22q'

2 !

3S z

12z
22zD G f̄ g~x/z,b'

2 ,q'
2 !

1S 8

3
Q~Q22zq'

2 !2
4

3
zQ~Q22q'

2 ! D
3 f̄ S~x/z,b'

2 ,q'
2 !J 2zQ~Q22q'

2 !

3S 6

12z
2

11

2
1

Nf

3 D f̄ g~x,b'
2 ,q'

2 ! D , ~11!

f̄ S~x,b'
2 ,Q2!5 f̄ S

0 ~x,b'
2 !1E dq'

2

q'
2

as~q'
2 !

2p
Q~q'

2 2Q0
2!

3E
0

1dz

z H J0@b'~12z!q'#Q~z2x!

3F @2NFQ~Q22zq'
2 !

12zNFQ~Q22q'
2 !# f̄ g~x/z,b'

2 ,q'
2 !

1
4

3 S Q~Q22zq'
2 !1

z1z2

12z
Q~Q22q'

2 ! D
3 f̄ S~x/z,b'

2 ,q'
2 !G2zQ~Q22q'

2 !

3S 8

3~12z!
22D f̄ S~x,b'

2 ,q'
2 !J , ~12!

where

f̄ i~x,b'
2 ,Q2!5E d2kW'exp~2 ikW'•b'!D f i~x,k'

2 ,Q2!

52pE
0

`

k'dk'J0~k'b'!D f i~x,k'
2 ,Q2!

~13!

and
4-4
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D f i~x,k'
2 ,Q2!5E d2bW'

~2p!2
exp~ ikW'•b'! f̄ i~x,b'

2 ,Q2!5
1

2pE0

`

b'db'J0~k'b'!D f i~x,b'
2 ,Q2!. ~14!

From a physical point of view one can interpretb' as an ‘‘impact parameter’’ giving the transverse distance of the part
probe. Then the following expressions are obtained:

f̄ g~x,b'
2 ,Q2!5 f̄ g

0~x,b'
2 !1E

x

1dz

z EQ0
2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
f̄ S~x/z,b'

2 ,q'
2 !

8

3
J0@ ub'uuq'u~12z!#

1E
x

1dz

z EQ0
2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
f̄ g~x/z,b'

2 ,q'
2 !12J0@ ub'uuq'u~12z!# ~ ladder!

1E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
f̄ S~x/z,b'

2 ,q'
2 !S 2

4

3
zD J0@ ub'uuq'u~12z!#

1E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
6zF f̄ g~x/z,b'

2 ,q'
2 !2 f̄ g~x,b'

2 ,q'
2 !

~12z!
22 f̄ g~x/z,b'

2 ,q'
2 !GJ0@ ub'uuq'u~12z!#

1E
Q0

2

Q2 dq'
2

q'
2

as~q'
2 !

2p
f̄ g~x,b'

2 ,q'
2 !F11

2
2

NF

3
16 ln~12x!G ~Altarelli Parisi !, ~15!

f̄ S~x,b'
2 ,Q2!5 f̄ S

0 ~x,b'
2 !1E

x

1dz

z EQ0
2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
f̄ S~x/z,b'

2 ,q'
2 !

4

3
J0@ ub'uuq'u~12z!#

2E
x

1dz

z EQ0
2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
f̄ g~x/z,b'

2 ,q'
2 !NFJ0@ ub'uuq'u~12z!# ~ ladder!

1E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
J0@ ub'uuq'u~12z!#

4

3
F ~z1z2! f̄ S~x/z,b'

2 ,q'
2 !22z f̄S~x,b'

2 ,q'
2 !

~12z!
G

1E
Q0

2

Q2 dq'
2

q'
2

as~q'
2 !

2p
f̄ S~x,b'

2 ,q'
2 !F21

8

3
ln~12x!G

1E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
f̄ g~x/z,b'

2 ,q'
2 !2zNFJ0@ ub'uuq'u~12z!# ~Altarelli Parisi !. ~16!

The contribution for the quark nonsinglet part can be simply obtained from the expressions for the singlet part leaving
out all gluonic contributions

f̄ q NS~x,b'
2 ,Q2!5 f̄ q NS

0 ~x,b'
2 !1E

x

1dz

z EQ0
2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
f̄ q NS~x/z,b'

2 ,q'
2 !

4

3
J0@ ub'uuq'u~12z!# ~ ladder!

1E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
J0@ ub'uuq'u~12z!#

4

3
F ~z1z2! f̄ q NS~x/z,b'

2 ,q'
2 !22z f̄q NS~x,b'

2 ,q'
2 !

~12z!
G

1E
Q0

2

Q2 dq'
2

q'
2

as~q'
2 !

2p
f̄ q NS~x,b'

2 ,q'
2 !F21

8

3
ln~12x!G ~Altarelli Parisi !. ~17!
034014-5
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The expressions show that except for the scale ofas and
the occurrence of the Bessel functionJ0 the expression
match exactly the ones derived in Ref.@14# calculating lad-
der diagrams and combining this with the Altarelli Par
evolution. This shows the tight relationship that can
shown between modified CCFM and the ladder contri
tions.

IV. INCLUSION OF NONLADDER DIAGRAMS

There is a third contribution to the evolution of unint
grated parton distributions which is not covered by t
‘‘Altarelli-Parisi1ladder’’ approximation of the modified po
larized CCFM equation, these are the nonladder bremss
lung contributions. The method of implementing the nonla
der bremsstrahlung corrections in general into the dou
logarithmic resummation was proposed by Kirschner and
patov@13#. For integrated polarized parton distributions th
have been implemented in Ref.@14#. The method developed
in Ref. @13# is based on the infrared equations for the par
wavesF0,8(v,as):

F0,85S F0,8
qq F0,8

qg

F0,8
gq F0,8

gg
D . ~18!

The infrared equations for the partial waves read

F0~v,as!5
4pas

v
M02

2as

pv2
F8~v,as!G0

1
1

8p2v
F0

2~v,as!, ~19!

F8~v,as!5
4pas

v
M81

asN

2pv

d

dv
F8~v,as!

1
1

8p2v
F8

2~v,as!, ~20!

where the matricesM0 , M8, andG0 are given by

M85S 21

2N
2

NF

2

N 2N

D , ~21!
03401
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M05S DPqq~0! DPqg~0!

DPgq~0! DPgg~0!
D ,

~22!

G05S N221

2N
0

0 N

D . ~23!

The singlet partial wave matrixF0 is linked with the anoma-
lous dimension matrixgS

RES(v,as) controlling the evolution
of the moments of the integrated spin dependent distributi

F058p2gS
RES~v,as!. ~24!

The anomalous dimension matrix corresponding to the s
tion of Eq. ~19! is given by

gS
RES~v,as!5

v

2 F12A12
2as

pv S M0

v
2

F8~v,as!G0

2p2v2 D G .

~25!

The anomalous dimension matrix contains the resumma
of the double logarithmic ln2(1/x) effects which correspond
to the sum of powers ofas /v2 in the v space.

It should be noted that the inhomogeneous term in
nonlinear equation~19! which is proportional toM0 is also
proportional to the kernel matrix defining the ladder diagra
contributions in the double logarithmic approximation to t
evolution equation for the~integrated! parton distributions
@see Eqs.~8!, ~9! at b'50]. The fact that in Eq.~19! M0
appears in the inhomogeneous term while in Eqs.~8!, ~9! it
appears in the kernel matrix is linked with the fact that E
~19! defines theqq-scattering amplitude in thev representa-
tion, while Eqs.~8!, ~9! define the parton distributions. Th
double logarithmic approximation of Eqs.~8!, ~9! at b'50
would generate the anomalous dimension matrixg ladder

RES cor-
responding to ladder diagrams in the double logarithmic
proximation which is given by

g ladder
RES ~v,as!5

v

2 S 12A12
2asM0

pv2 D . ~26!

It has been observed in Ref.@14# that in order to get com-
plete anomalous dimension given by Eq.~25! one has to add
the corresponding terms proportional toF8(v,as)G0 in the
kernel matrix defining contribution of ladder diagrams. In t
two-scale unintegrated case one can simply add them
analogy to the Altarelli-Parisi and ladder contribution by i
serting the factorJ0@b'q'(12z)#. The results are given be
low.
4-6
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f̄ g~x,b'
2 ,Q2!5 f̄ g

0~x,b'
2 !1E

x

1dz

z EQ0
2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
f̄ S~x,b'

2 ,q'
2 !

8

3
J0@ ub'uuq'u~12z!#

1E
x

1dz

z EQ0
2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
f̄ g~x/z,b'

2 ,q'
2 !12J0@ ub'uuq'u~12z!# ~ ladder!

1E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
f̄ S~x/z,b'

2 ,q'
2 !S 2

4

3
zD J0@ ub'uuq'u~12z!#

1E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
6zF f̄ g~x/z,b'

2 ,q'
2 !2 f̄ g~x,b'

2 ,q'
2 !

~12z!
22 f̄ g~x/z,b'

2 ,q'
2 !GJ0@ ub'uuq'u~12z!#

1E
Q0

2

Q2 dq'
2

q'
2

as~q'
2 !

2p
f̄ g~x,b'

2 ,q'
2 !F11

2
2

NF

3
16 ln~12x!G ~Altarelli Parisi !

2E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
J0@ ub'uuq'u~12z!#S F F̃8

ṽ2G ~z!
G0

2p2D
gq

f̄ S~x/z,b'
2 ,q'

2 !

2E
x

1dz

z EQ2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
J0@ ub'uuq'u~12z!#S F F̃8

ṽ2G S q'
2

Q2
zD G0

2p2D
gg

f̄ g~x/z,b'
2 ,q'

2 ! ~nonladder!

~27!

f̄ S~x,b'
2 ,Q2!5 f̄ S

0 ~x,b'
2 !1E

x

1dz

z EQ0
2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
f̄ S~x/z,b'

2 ,q'
2 !

4

3
J0@ ub'uuq'u~12z!#

2E
x

1dz

z EQ0
2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
f̄ g~x/z,b'

2 ,q'
2 !NFJ0@ ub'uuq'u~12z!# ~ ladder!

1E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
J0@ ub'uuq'u~12z!#

4

3
F ~z1z2! f̄ S~x/z,b'

2 ,q'
2 !22z f̄S~x,b'

2 ,q'
2 !

~12z!
G

1E
Q0

2

Q2 dq'
2

q'
2

as~q'
2 !

2p
f̄ S~x,b'

2 ,q'
2 !F21

8

3
ln~12x!G

1E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
f̄ g~x/z,b'

2 ,q'
2 !2zNFJ0@ ub'uuq'u~12z!# ~Altarelli Parisi !

2E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
J0@ ub'uuq'u~12z!#S F F̃8

ṽ2G ~z!
G0

2p2D
qq

f̄ S~x/z,b'
2 ,q'

2 !

2E
x

1dz

z EQ2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
J0@ ub'uuq'u~12z!#S F F̃8

ṽ2G S q'
2

Q2
zD G0

2p2D
qg

f̄ g~x/z,b'
2 ,q'

2 ! ~nonladder!.

~28!

The contribution for the quark non-singlet part can be simply obtained from the expressions for the singlet part leaving
out all gluonic contributions
034014-7
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f̄ q NS~x,b'
2 ,Q2!5 f̄ q NS

0 ~x,b'
2 !1E

x

1dz

z EQ0
2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
f̄ q NS~x/z,b'

2 ,q'
2 !

4

3
J0@ ub'uuq'u~12z!# ~ ladder!

1E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
J0@ ub'uuq'u~12z!#

4

3
F ~z1z2! f̄ q NS~x/z,b'

2 ,q'
2 !22z f̄q NS~x,b'

2 ,q'
2 !

~12z!
G

1E
Q0

2

Q2 dq'
2

q'
2

as~q'
2 !

2p
f̄ q NS~x,b'

2 ,q'
2 !F21

8

3
ln~12x!G ~Altarelli Parisi !

2E
x

1dz

z EQ0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p
J0@ ub'uuq'u~12z!#S F F̃8

ṽ2G ~z!
G0

2p2D
qq

f̄ q NS~x/z,b'
2 ,q'

2 !

2E
x

1dz

z EQ2

Q2/z dq'
2

q'
2

as~q'
2 !

2p
J0@ ub'uuq'u~12z!#S F F̃8

ṽ2G S q'
2

Q2
zD G0

2p2D
qq

f̄ q NS~x/z,b'
2 ,q'

2 ! ~nonladder!.

~29!
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Here (@ F̃8 /v2#(z)) is the inverse Mellin transformation o
F8(v)/v2. Derived for largeN and fixedas , one can use an
approximate form@11#

F F̃8
Born

v
G ~z!52pasM8ln2~z!, ~30!

so that one gets in our case, e.g.,

S F F̃8

ṽ2G ~z!
G0

2p2D
qq

'2
N221

4pN2
as~q'

2 !ln2~z!. ~31!

V. NUMERICAL STUDIES

A. The input distributions

For the polarized input distributions we are going to u
the LO Standard Scenario parametrization given in Ref.@17#.
The structure of the integrated input distributions is a fac
multiplied with the unpolarized input distributions given
Ref. @18#. As we have ‘‘deexponentiated’’ the eikonal form
factor in the evolution equations, the input distributions ha
to beQ2 independent. This is different from the usual unp
larized CCFM-input distributions, where one uses for theQ2

dependence the corresponding eikonal form factor@19#. For
the k' dependence of the input distributions a Gaussian
satz is common@19#. In this way the input distribution as
defined at an input scaleQ0

2 have the following genera
scheme:

D f̃ i
0~x,k'

2 ,Q2!5Dpi~x,Q0
2!expS 2

k'
2

s2D 1

ps2

⇒D f̄ i
0~x,b'

2 ,Q2!5Dpi~x,Q0
2!expS 2

b'
2 s2

4 D , ~32!
03401
e

r

e
-

-

where Dpi(x,Q0
2) are the input integrated spin depende

parton distributions at the reference scaleQ0
2.

B. Features of the evolution

Settingb'50 in Eqs.~12! and~11!, one obtains evolution
equations for the integrated polarized parton distributio
equivalent to those given in Ref.@14#. Therefore, thex and
Q2 dependence of the unintegrated parton distributions
be exactly the same as given by the Altarelli Parisi evolut
equations supplemented by ladder and nonladder contr
tions. In this way the modified polarized CCFM equation
discussed here is consistent with the standard evolution
the integrated polarized parton distributions. In fact t
whole transverse momentum dependence is governed by
inclusion of the factorJ0@b'q'(12z)#. In principle, the
only genuine new feature of the modified CCFM equation
the k' ~or b') dependence. At large and moderately sm
values ofx one can make the ‘‘single-loop’’ approximatio
@15,16# corresponding to the replacementQ(Q22zq'

2 ) by
just Q(Q22q'

2 ) in the ‘‘ladder’’ contribution and to neglect
ing the‘‘non-ladder’’ contribution. Atb'50 the modified po-
larized CCFM equation in the single loop approximati
equation reduces then to the LO Altarelli-Parisi equation
the integral form.

Numerically, we perform the evolution using the Cheb
shev approximation technique as discussed in the Appen
The calculation is very time consuming, therefore, we ta
only eight polynomials in all cases into account. As t
Bessel functionJ0 is oscillating the corresponding integra
tion is numerically quite problematic. As a pragmatical so
tion the integration is only performed up to the fourth ze
We have checked that this procedure provides stable res
As the mathematical structure is the same for singlet
nonsinglet contributions we can restrict ourselves for the d
cussion of thek' dependence to the simple nonsinglet ca
In Fig. 2 we show the evolution of thek' dependence for the
4-8
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triplet contributionD f 35 1
6 (Du1Dū2Dd2Dd̄). The input

distributions atQ0
250.26 GeV2 taken from the Glu¨ck-Reya-

Stratmann-Vogelsang~GRSV! LO standard scenario set@17#
are compared to the evolved distributions atQ2

510.0 GeV2 andQ25100.0 GeV2. The width of the initial
transverse momentum dependences has been chosen to be
GeV. For the simulation the full content of the equation, t
Altarelli-Parisi, ladder and nonladder contributions all ha
been included. It is seen that due to the evolution thek'

dependence is broadening away from a Gaussian behavi
a more purely exponential decay. Such a feature has alre
been seen in the purely gluonic formulation of the genu
polarized CCFM equation as discussed in Ref.@9#.

VI. SUMMARY AND CONCLUSIONS

In this paper we have derived an integral equation of
unintegrated polarized parton distributions starting from

FIG. 2. Transverse momentum dependence for the triplet c

tribution D f 35
1
6 (Du1Dū2Dd2Dd̄) of the full modified pCCFM

evolution ~approximate form: Altarelli Parisi1 ladder1 nonlad-
der!. The thin lines show the input distributions GRSV LO standa
scenario@17# for Q0

250.26 GeV2 for x50.1 ~solid! and x50.01
~dashed!, while the bold lines show the same distribution evolved
Q2510 GeV2 ~top! and Q25100 GeV2 ~bottom!. It can be seen
from the logarithmical scale that the evolution leads to ak' broad-
ening away from the Gaussian shape to a mere simple expone
decay.
03401
to
dy
e

e
a

genuine polarized CCFM~pCCFM! formulation and includ-
ing some modifications incorporating the known colline
~LO Altarelli-Parisi! evolution for a not too smallx and the
double log asymptotics forx!1. This evolution equation
which we call modified polarized CCFM equation does n
sum up the single ln(1/x) as it was done by the CCFM/BFKL
unpolarized equation. An inclusion of the single log cont
butions would be very interesting, but is unfortunately b
yond the scope of this article. The modified CCFM equat
yields an approximate description, which contains contrib
tions of the type of ‘‘Altarelli Parisi,’’ ‘‘ladder,’’ and ‘‘non-
ladder’’ and which correspond to respective contributions
the integrated case. We have utilized the fact that these e
tions can be diagonalized using the Fourier-Bessel trans
mation with the ‘‘impact parameter’’b' . The nice feature of
this transformation is that by simply settingb'50 one ob-
tains already the corresponding expressions for the integr
parton distributions. In fact, the difference between both
only a factorJ0@b'q'(12z)#. As to theb' dependence the
mathematical structure is the same for the nonsinglet
singlet contributions to the unintegrated parton distributio
Using the technique of the Chebyshev approximation
have performed the evolution for the triplet distributionD f 3
and observed a characteristick' broadening away from the
Gaussian form to a more exponential decay. The relations
between the genuine and the modified pCCFM for unin
grated parton distributions on the one hand and the evolu
of integrated parton distributions on the other hand is d
played in Fig. 3. The modifications to the genuine pCCF
equation correspond to the Altarelli-Parisi part plus ladd
contributions in the evolution of the unintegrated parton d
tributions. The nonladder contributions have to be added
hand. As the only difference in the evolution kernels for t
integrated and the unintegrated parton distributions in F
rier space is the factorJ0@b'q'(12z)#, which becomes
unity as the transverse impact parameterb' goes to zero, it is

n-

tial

FIG. 3. Relationship between the pCCFM evolution and
modified approximate form for unintegrated parton distributions
the one hand and the evolution of integrated parton distributions
the other hand.
4-9
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clear that the diagram between transverse integration
evolution shown in Fig. 3 commutes. The next step will be
use the modified polarized CCFM equation as presented
to construct a consistent set of unintegrated polarized pa
distributions from existing data.
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APPENDIX: APPROXIMATION BY CHEBYSHEV
POLYNOMIALS

A possible diagonalization of the problem from a ma
ematical point of view would be the transformation of t
pCCFM equation@here using the weaker constraintQ(Q
2zq')] into Mellin space:

~DPCCFM
^ D f !~v,b'

2 ,Q2!

5E
0

1

dxxv21~DPCCFM
^ D f !~x,b'

2 ,Q2!

5E
Q0

2

Q2 dq'
2

q'
2

D f̄ ~v,b'
2 ,q'

2 !S E
0

1

dzzv21J0@~12z!

3ub'uuq'u#DPCCFM~z,q'
2 ,Q2! D

1E
Q2

` dq'
2

q'
2

D f̄ ~v,b'
2 ,q'

2 !S E
0

(q'
2 /Q2)21/2

dzzv21

3J0@~12z!ub'uuq'u#DPCCFM~z,q'
2 ,Q2! D . ~A1!

Unfortunately, it turns out that the back transformation af
evolution, especially as regards the small-x region, is nu-
merically quite problematic. Therefore, we take a differe
approach here, where both theq' and thex dependence is
expanded into properly chosen Chebyshev polynomi
These are defined in the following way:

Tn~x!5cos@narccos~x!#,

T0~x!51,

T1~x!5x,

Tn11~x!52xTn~x!2Tn21~x!, n>1,
~A2!
03401
nd

re
on

h

-

-

r

t

s.

E
21

1 Ti~x!Tj~x!

A12x2
dx55

0, iÞ j ,

p

2
, i 5 j Þ0,

p, i 5 j 50.

~A3!

The generic advantage of the Chebyshev polynomials is n
that there exists also a discrete orthogonality relation. Le

xk
(N)

ªcosFp
S k2

1

2D
N

G ~A4!

be thekth zero ofTN(x) then one has as a discrete orthog
nality relation (i , j ,N)

(
k51

N

Ti~xk!Tj~xk!55
0, iÞ j ,

N

2
, i 5 j Þ0,

N, i 5 j 50.

~A5!

The central point is that for any arbitrary functionf (x) in the
interval @21,1# the N coefficientscj given by

cj5
2

N (
k51

N

f ~xk
(N)!Tj 21~xk

(N)!

5
2

N (
k51

N

fF cosS p

k2
1

2

N
D G cosS p~ j 21!

k2
1

2

N
D

~A6!

yield an approximation formula

f ~x!'F (
k51

N

ckTk21~x!G2
c1

2
, ~A7!

which is exact on allxk
(N) ,k51, . . . ,N. Therefore, one can

always substitute the continuous integral expression for
isolation of the coefficientscj by a discrete one

cj5
2

pE21

1 dx

A12x2
Tk21~x! f ~x!

→ 2

N (
k51

N

fF cosS p

k2
1

2

N
D G cosS p~ j 21!

k2
1

2

N
D .

~A8!

So, choosing a cutoffQmax large enough, one can define a s
of variables
4-10
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t852
ln~q'

2 /Q0
2!

ln~Qmax
2 /Q0

2!
21,

t52
ln~Q2/Q0

2!

ln~Qmax
2 /Q0

2!
21. ~A9!

Correspondingly for anxmin small enough one can define
second set of variables

y5122
ln x

ln xmin
,

y85122
ln z

ln xmin
,

03401
Tn~y8!5TnS 122
ln z

ln xmin
D5Tn* ~z!.

~A10!

In this way one can expand

D f̄ ~x,b' ,q'
2 !5(

i j
D f̄ i j ~b'!ciTi 21~ t8!cjTj 21* ~x!,

~A11!

wherec151/2 andck51 in all other cases. In this way th
CCFM equation transforms to a simple set of linear eq
tions
master
ontribu-
are
D f̄ ~x,b'
2 ,Q2!5D f̄ 0~x,b'

2 !1~DPCCFM
^ D f̄ !~x,b'

2 ,Q2!

⇒D f̄ i j ~b'
2 !5D f̄ i j

0 ~b'
2 !1ai j i 8 j 8~b'

2 ! f̄ i 8 j 8~b'
2 !,

ai j i 8 j 8~b'
2 !52

ln~xmin!ln~Qmax
2 /Q0

2!

p2
ci 8cj 8E

21

1 Ti 21~ t !dt

A12t2 E
21

1 Tj 21~y!dy

A12y2 E
y

1

dy8E
21

t22(12y8)[ ln xmax/ln(Qmax
2 /Q0

2)]
dt8

3J0@~12z!ub'uuq'u#DPCCFM~z,t8,t !Ti 821~ t8!Tj 821
* FexpS ln xmin

2
~y82y! D G

→2
ln~xmin!ln~Qmax

2 /Q0
2!

N2
ci 8cj 8H (

k51

N

(
k851

N

Ti 21~ tk!Tj 21~yk8!E
yk8

1

dy8E
21

tk22(12y8)[ ln xmax/ln(Qmax
2 /Q0

2)]
dt8

3J0@~12z!ub'uuq'u#DPCCFM~z,q'
2 ,tk!Ti 821~ t8!Tj 821@12~y82yk8!#J . ~A12!

Here we used

tk5yk5cosS p

k2
1

2

N
D . ~A13!

The generalization for the gluon and quark singlet matrix valued expression is straightforward. The form of the
equation~A12! has now the advantage that one has to handle only a simple two dimensional integration. For some c
tions of the Altarelli-Parisi-like type the expressions are diagonal inx and q'

2 . In those cases more simple expressions
possible:

D f̄ ~x,Q2,b'
2 !5•••1E

Q0
2

Q2 dq'
2

q'
2

as~q'
2 !

2p F21
8

3
ln~12x!GD f̄ ~x,q' ,b'

2 !

⇒(
kl

ckcl f kl~b'
2 !Tk21~ tx!Tl 21~ tQ2!5•••1(

k8 l 8
ck8cl 8 f k8 l 8~b'

2 !E
Q0

2

Q2 dq'
2

q'
2

as~q'
2 !

2p
Tl 821~ tq

'
2 !F21

8

3
ln~12x!GTk821~ tx!

~A14!
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JAN KWIECIŃSKI AND MARTIN MAUL PHYSICAL REVIEW D 67, 034014 ~2003!
⇒ f kl~b'
2 !5•••1(

l 8k8
bkk8dll 8 f k8 l 8~b'

2 !,

bkk85(
j

ck8

2

N F21
8

3
ln~12xj !GTk821~ t j !Tk21~ t j !, xj5xmin

(12t j )/2 ,

dll 85(
j

cl 8

2

N
Tl 21~ t j !E

Q0
2

Qj
2 dq'

2

q'
2

as~q'
2 !

2p
Tl 821~ tq

'
2 !, Qj

25Qmax
2 S Q0

2

Qmax
2 D (12t j )/2

,

~A15!

wheret j is again thej th zero ofTN(t).
p
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