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Complete gluon bremsstrahlung corrections to the processb\sl¿lÀ
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In a recent paper, we presented a calculation of theO(as) virtual corrections tob→sl1l 2 and of those
bremsstrahlung terms that are needed to cancel the infrared divergences. In the present paper we work out the
remainingO(as) bremsstrahlung corrections tob→sl1l 2, which do not suffer from infrared and collinear
singularities. These new contributions turn out to be small numerically. In addition, we also investigate the
impact of the definition ofmc on the numerical results.
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I. INTRODUCTION

The inclusive rare decayB→Xsl
1l 2 has not been ob

served so far, but is expected to be measured at the oper
B factories after a few years of data taking. The measurem
of its various kinematical distributions, combined with im
proved data onB→Xsg, will imply tight constraints on the
extensions of the standard model and perhaps even re
some new physics.

The main problem of the theoretical description ofB
→Xsl

1l 2 is due to the long-distance contributions fromc̄c
resonant states. When the invariant massAs of the lepton
pair is close to the mass of a resonance, only model de
dent predictions for these long-distance contributions
available today. It is therefore unclear whether the theoret
uncertainty can be reduced to less than620% when integrat-
ing over these domains@1,2#.

However, when restrictingAs to a region below the reso
nances, the long-distance effects are under control. The
rections to the pure perturbative picture can be analy
within the heavy quark effective theory. In particular, a
available studies indicate that for the region 0.05, ŝ5s/mb

2

,0.25 the nonperturbative effects are below 10%@3–8#.
Consequently, the differential decay rate forB→Xsl

1l 2 can
be precisely predicted in this region using renormalizat
group improved perturbation theory. It was pointed out in
literature that the differential decay rate and the forwa
backward asymmetry are particularly sensitive to new ph
ics in this kinematical window@9–13#.

The next-to-leading logarithmic~NLL ! result for B
→Xsl

1l 2 suffers from a relatively large~616%! depen-
dence on the matching scalemW @14,15#. The next to NLL
~NNLL ! corrections to the Wilson coefficients remove t
matching scale dependence to a large extent@16#, but leave a
613% dependence on the renormalization scalemb , which
is of O(mb). In order to further improve the theoretical pr
diction, we have recently calculated theO(as) virtual two-
loop corrections to the matrix elements^sl1l 2uOi ub& ( i
51,2) as well as the virtualO(as) one-loop corrections to
O7 ,...,O10 @1#. As some of these corrections suffer fro
infrared and collinear singularities, we have added th
bremsstrahlung corrections needed to cancel these singu
0556-2821/2002/66~3!/034009~11!/$20.00 66 0340
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ties. This improvement reduced the renormalization scale
pendence by a factor of 2.

In the present paper we complete the calculation of
bremsstrahlung corrections associated with the opera
O1 ,O2 ,O7 ,...,O10, i.e., we add those bremsstrahlung term
which are purely finite and were therefore omitted in R
@1#. We anticipate that the additional terms will have a sm
impact on the phenomenology ofb→sl1l 2.

The paper is organized as follows. In Sec. II, we brie
specify the theoretical framework, before, in Sec. III, w
discuss the organization of the calculation of the fin
bremsstrahlung corrections and review the structure of
virtual corrections and singular bremsstrahlung contrib
tions, calculated in Ref.@1#. The finite bremsstrahlung cor
rections are worked out in Secs. IV and V. In Sec. VI, final
we investigate the numerical impact of the new correctio
on the invariant mass spectrum of the lepton pair. We a
illustrate the dependence of our results on the definition
the charm quark mass.

II. EFFECTIVE HAMILTONIAN

The appropriate tool for studies on weakB meson decays
is the effective Hamiltonian technique. The effective Ham
tonian is derived from the standard model by integrating
the t quark and theZ0 andW bosons. For the decay channe
b→sl1l 2 ( l 5m,e) it reads

Heff52
4GF

&
Vts* Vtb(

i 51

10

CiOi ,

whereOi are dimension-6 operators andCi denote the cor-
responding Wilson coefficients. The operators we choose
in @16#:

O15~ s̄LgmTacL!~ c̄LgmTabL!,

O25~ s̄LgmcL!~ c̄LgmbL!,

O35~ s̄LgmbL!(
q

~ q̄gmq!,
©2002 The American Physical Society09-1



-
m

to

rs

he
to
f.

the
t
op-
by

on

n

an
-

ASATRYAN, ASATRIAN, GREUB, AND WALKER PHYSICAL REVIEW D 66, 034009 ~2002!
O45~ s̄LgmTabL!(
q

~ q̄gmTaq!,

O55~ s̄LgmgngsbL!(
q

~ q̄gmgngsq!,

O65~ s̄LgmgngsTabL!(
q

~ q̄gmgngsTaq!,

O75
e

gs
2 mb~ s̄LsmnbR!Fmn ,

O85
1

gs
mb~ s̄LsmnTabR!Gmn

a ,

O95
e2

gs
2 ~ s̄LgmbL!(

l
~ l̄ gml !,

O105
e2

gs
2 ~ s̄LgmbL!(

l
~ l̄ gmg5l !.

The subscriptsL and R refer to left- and right-handed fer
mion fields. We work in the approximation where the co
bination (Vus* Vub) of Cabibbo-Kobayashi-Maskawa~CKM!
matrix elements is neglected and the CKM structure fac
izes.

In the following it is convenient to define the operato
Õ7 ,...,Õ10 according to

Õj5
as

4p
Oj ~ j 57,...,10!, ~1!

with the corresponding coefficients

C̃j5
4p

as
Cj ~ j 57,...,10!. ~2!
ts
e
le

03400
-

r-

III. ORGANIZATION OF THE CALCULATION
AND PREVIOUS RESULTS

In this section we comment on the organization of t
calculation of the virtual and bremsstrahlung corrections
the processb→sl1l 2 and repeat the results obtained in Re
@1#. The one-loop diagrams in Fig. 1, associated with
four-quark operatorsO1 ,...,O6 , lead to contributions tha
are proportional to the tree level matrix elements of the
eratorsÕ7 , Õ8 , andÕ9 . Therefore, they can be absorbed
appropriately modifying the Wilson coefficientsC̃7 , C̃8 , and
C̃9 . The modified coefficients we write as

C̃7
mod5A7 ,

C̃8
mod5A8 ,

C̃9
mod5A91T9h~z,ŝ!1U9h~1,ŝ!1W9h~0,ŝ!. ~3!

The auxiliary quantitiesAi , T9 , U9 , andW9 are linear com-
binations of the Wilson coefficientsCi(m). Their explicit
form is relegated to the Appendix. The one-loop functi
h(z,ŝ) is given by@16#

FIG. 1. Diagram~a! can be absorbed by replacing the Wilso

coefficientsC̃7 and C̃9 throughC̃7
mod and C̃9

mod, respectively. g*
denotes an off-shell photon which subsequently decays into
( l 1l 2) pair. Similarly, diagram~b! is absorbed through the replace

ment C̃8→C̃8
mod. g denotes an on-shell gluon. The indexi runs

from 1 to 6. See text for details.
h~z,ŝ!52
4

9
ln~z!1

8

27
1

16

9

z

ŝ
2

2

9 S 21
4z

ŝ DAu~4z2 ŝ!/ ŝu•H 2 arctanAŝ/~4z2 ŝ!, ŝ,4z,

lnS Aŝ1Aŝ24z

Aŝ2Aŝ24z
D 2 ip, ŝ.4z.

~4!
d
It is obvious that the modification of the Wilson coefficien
automatically accounts also for the diagrams in Fig. 2 wh
calculating the corresponding corrections to the matrix e
ments

^sl1l 2uC̃i
~0,mod!Õi ub& ~ i 57,8,9!,
n
-

where C̃i
(0,mod) are the leading order terms of the modifie

Wilson coefficients, i.e.,

C̃7
~0,mod!5A7

~0! ,

C̃8
~0,mod!5A8

~0! , ~5!
9-2
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FIG. 2. Diagrams which are automatically taken into account when calculating corrections toC̃7
(0,mod)Õ7 , C̃8

(0,mod)Õ8 , andC̃9
(0,mod)Õ9 .
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C̃9
~0,mod!5A9

~0!1T9
~0!h~z,ŝ!1U9

~0!h~1,ŝ!1W9
~0!h~0,ŝ!.

For the explicit expressions of the quantitiesAi
(0) , T9

(0) ,
U9

(0) , andW9
(0) we refer to the Appendix.

Notice that the virtual and bremsstrahlung corrections
the four-quark operators with topologies shown in Figs
and 4, however, have to be calculated explicitly. As the W
son coefficientsC1 and C2 are much larger thanC3 ,...,C6
we retain the contributions of these topologies only forO1
andO2 insertions.

In the previous work@1#, we systematically calculated th
virtual corrections to the matrix elements ofC1

(0)O1 ,

C2
(0)O2 , shown in Fig. 3, as well as to those ofC̃j

(0,mod)Õj

( j 57,...,9) andC̃10
(0)Õ10 ~cf. Fig. 5!. Furthermore, we also

took into account the corrections to the Wilson coefficie
calculated in Refs.@16,17#.

We found that the matrix elements of the operatorsÕ7 ,
Õ9 and Õ10 @cf. Figs. 5~a!–5~c!# suffer from infrared and
collinear singularities. Consequently, on decay width le
the interferences (Õj ,Õk) ( j ,k57,9,10) are singular, too
We therefore included the gluon bremsstrahlung correcti
associated with (Õj ,Õk) ( j ,k57,9,10) in order to get an
infrared finite result for the decay width@cf. Figs. 6~a! and
6~b!#.
03400
f
3
-

s
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Taking into account the virtual and bremsstrahlung co
tributions discussed so far, we obtain the result presente
Ref. @1#:

dG~b→Xsl
1l 2!

dŝ
5S ae.m.

4p D 2 GF
2mb,pole

5 uVts* Vtbu2

48p3 ~12 ŝ!2

3$~112ŝ!~ uC̃9
effu21uC̃10

effu2!

14~112/ŝ!uC̃7
effu2

112 Re~C̃7
effC̃9

eff* !%, ~6!

where the effective Wilson coefficientsC̃7
eff , C̃9

eff , and C̃10
eff

are given by@1#

C̃7
eff5S 11

as~m!

p
v7~ ŝ! DA7 2

as~m!

4p
@C1

~0!F1
~7!~ ŝ!

1C2
~0!F2

~7!~ ŝ!1A8
~0!F8

~7!~ ŝ!#, ~7!
he curly

FIG. 3. The two-loop virtual diagrams induced byO1 andO2 that cannot be absorbed into theÕ7,8,9 contributions by weighting them

with the modified Wilson coefficients. The circles with crosses denote the possible locations where the virtual photon is emitted. T
lines represent gluons.
9-3
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FIG. 4. The only two bremsstrahlung dia
grams induced byO1 andO2 that cannot be ab-

sorbed into theÕ7,8,9 contributions by weighting
them with the modified Wilson coefficients.
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C̃9
eff5S 11

as~m!

p
v9~ ŝ! D

3@A91T9h~m̂c
2,ŝ!1U9h~1,ŝ!1W9h~0,ŝ!#

2
as~m!

4p
@C1

~0!F1
~9!~ ŝ!1C2

~0!F2
~9!~ ŝ!

1A8
~0!F8

~9!~ ŝ!#, ~8!

C̃10
eff5S 11

as~m!

p
v9~ ŝ! DA10. ~9!

The quantitiesC1
(0) , C2

(0) , A7 , A8
(0) , A9 , A10, T9 , U9 , and

W9 are Wilson coefficients or linear combinations thereo
We give their analytical expressions and numerical values
the Appendix. The one-loop functionh(m̂c

2,ŝ) is given in Eq.
~4!, while the two-loop functionsF1,2

(7),(9) , accounting for the
diagrams in Fig. 3, and the one-loop functionsF8

(7),(9) , cor-
responding to the diagrams in Figs. 5~d! and 5~e!, are given
in Ref. @1#. The functionsv7 and v9 , finally, include both
virtual and bremsstrahlung corrections associated withÕ7 ,
Õ9 , andÕ10. For details of their construction we again refe
to @1#.

When calculating the decay width~6!, we retain only
terms linear inas ~and thus inv7 , v9! in the expressions for
uC̃7

effu2, uC̃9
effu2, and uC̃10

effu2. In the interference term

Re(C̃7
effC̃9

eff * ) too, we keep only linear contributions inas .
By construction one has to make the replacementsv9
→v79 andv7→v79 in this term.

The functionsv7 , v9 , andv79 read

v7~ ŝ!52
8

3
lnS m

mb
D2

4

3
Li ~ ŝ!2

2

9
p2

2
2

3
ln~ ŝ!ln~12 ŝ!2

1

3

81 ŝ

21 ŝ
ln~12 ŝ!

2
2

3

ŝ~222ŝ2 ŝ2!

~12 ŝ!2~21 ŝ!
ln~ ŝ!

2
1

18

16211ŝ217ŝ2

~21 ŝ!~12 ŝ!
, ~10!
03400
.
in

v9~ ŝ!52
4

3
Li ~ ŝ!2

2

3
ln~12 ŝ!ln~ ŝ!2

2

9
p2

2
514ŝ

3~112ŝ!
ln~12 ŝ!

2
2ŝ~11 ŝ!~122ŝ!

3~12 ŝ!2~112ŝ!
ln~ ŝ!1

519ŝ26ŝ2

6~12 ŝ!~112ŝ!
,

~11!

v79~ ŝ!52
4

3
lnS m

mb
D2

4

3
Li ~ ŝ!2

2

9
p2

2
2

3
ln~ ŝ!ln~12 ŝ!2

1

9

217ŝ

ŝ
ln~12 ŝ!

2
2

9

ŝ~322ŝ!

~12 ŝ!2 ln~ ŝ!1
1

18

529ŝ

12 ŝ
. ~12!

Summary

The bremsstrahlung corrections associated with the in
ferences

~C̃j
~0,mod!Õj ,C̃k

~0,mod!Õk! ~ j ,k57,9,10!

are already included in formula~6!. The remaining brems
strahlung corrections, which are infrared finite, we derive
Secs. IV and V. In Sec. IV we discuss the contributions of
interferences

~C̃8
~0,mod!Õ8 ,C̃k

~0,mod!Õk! ~k57,8,9,10!

which we call type A. There is no contribution fromk510
because of the Dirac structures of the operators involv
Section V is devoted to the interferences

~C1
~0!Oi ,Cj

~0!Oj ! ~ i , j 51,2!

and

~Ci
~0!Oi ,C̃k

~0,mod!Õk! ~ i 51,2; k57,8,9,10!.
9-4
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FIG. 5. One-loop virtualO(as) corrections induced byC̃7
(0,mod)Õ7 , C̃8

(0,mod)Õ8 , C̃9
(0,mod)Õ9 , and C̃10

(0)Õ10. The circles with crosses
denote the possible locations for emission of a virtual photon.
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Accordingly, we call these the typeB terms. Again, the con-
tributions fork510 vanish due to the Dirac structures of t
operators involved.

IV. FINITE BREMSSTRAHLUNG CONTRIBUTIONS
OF TYPE A

The bremsstrahlung contributions taken into account
introducing the functionsv i( ŝ) cancel the infrared diver
gences associated with the virtual corrections. All oth
bremsstrahlung terms are finite. This allows us to perfo
their calculation directly ind54 dimensions.

The bremsstrahlung contributions fromÕ7-Õ8 and
Õ8-Õ9 interference terms as well as theÕ8-Õ8 term oppose
no difficulties. The sum of these three parts can be written
03400
y

r

s

dGbrems,A

dŝ
5

dG78
brems

dŝ
1

dG89
brems

dŝ
1

dG88
brems

dŝ

5S ae.m.

4p D 2S as

4p D mb,pole
5 uVts* Vtbu2GF

2

48p3

3~2 Re@c78t781c89t89#1c88t88!. ~13!

The coefficientsci j are given by

c785CF•C̃7
~0,eff!C̃8

~0,eff!* ,

c895CF•C̃8
~0,eff!C̃9

~0,eff!* ,

c885CF•uC̃8
~0,eff!u2, ~14!

while the quantitiest i j read
s

t785
8

9ŝ H 2522p2227ŝ13ŝ22 ŝ3112~ ŝ1 ŝ2!ln~ ŝ!

16S p

2
2arctanF 224ŝ1 ŝ2

~22 ŝ!AŝA42 ŝ
G D 2

224 ReS Li F ŝ2 iAŝA42 ŝ

2 G D
212S ~12 ŝ!AŝA42 ŝ22 arctanFAŝA42 ŝ

22 ŝ G D S arctan@A~42 ŝ!/ ŝ#2arctanFAŝA42 ŝ

22 ŝ G D J , ~15!

t885
4

27ŝ H 28p21~12 ŝ!~772 ŝ24ŝ2!224 Li~12 ŝ!13S 1024ŝ29ŝ218 lnF Aŝ

12 ŝG D ln~ ŝ!

148 ReS LiF32 ŝ

2
1 i

~12 ŝ!A42 ŝ

2Aŝ
G D 26S 20ŝ110ŝ223ŝ3

AŝA42 ŝ
28p18 arctan@A~42 ŝ!/ ŝ# D

3S arctan@A~42 ŝ!/ ŝ#2arctanFAŝA42 ŝ

22 ŝ G D J , ~16!

FIG. 6. TheO(as) bremsstrahlung diagrams induced byÕ7 , Õ9 , Õ10, andÕ8 . Weighting the contributions ofÕ7 , Õ8 , andÕ9 with
the corresponding modified Wilson coefficients accounts for the bremsstrahlung diagrams depicted in Figs. 2~b!–2~e!. The crosses and circle
with crosses denote the possible locations for emission of a bremsstrahlung gluon and a virtual photon, respectively.
9-5
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t895
2

3 H ŝ~42 ŝ!2324 ln~ ŝ!~12 ŝ2 ŝ2!28 ReS Li F ŝ

2
1 i

AŝA42 ŝ

2 G2Li F221 ŝ~42 ŝ!

2
1 i

~22 ŝ!AŝA42 ŝ

2 G D
14S ŝ2A42 ŝ

ŝ
12 arctanFAŝA42 ŝ

22 ŝ G D S arctan@A~42 ŝ!/ ŝ#2arctanFAŝA42 ŝ

22 ŝ G D J . ~17!
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V. FINITE BREMSSTRAHLUNG CONTRIBUTIONS
OF TYPE B

In this section we consider the bremsstrahlung contri
tions fromO1 andO2 and interference terms withÕ7 , Õ8 ,
Õ9 , and Õ10. As mentioned before, interferences withÕ10
vanish due to the Dirac structures of the operators.

The bremsstrahlung contributions discussed in this sec
all involve the matrix elements associated with the two d
grams depicted in Fig. 4. Their sumJ̄ab is given by

J̄ab5
egsQu

16p2 FE~a,b,r !D̄ i 51E~a,b,q!D̄ i 6

2E~b,r ,q!
r a

q•r
D̄ i 232E~a,r ,q!

qb

q•r
D̄ i 26

2E~b,r ,q!
qa

q•r
D̄ i 27GL l

2
, ~18!

whereq andr denote the momenta of the virtual photon a
of the gluon, respectively. The indexa will be contracted
with the photon propagator, whereasb is contracted with the
polarization vectoreb(r ) of the gluon. J̄ab and D̄ i k are
obtained fromJab and D i k @1#, respectively, by settingr 2

50 and dropping terms proportional tor b . The matrix
E(a,b,r ) is defined as

E~a,b,r !5
1

2
~gagbr”2r”gbga!. ~19!

Due to Ward identities, the quantitiesD̄ i k are not indepen-
dent of one another; namely,

qaJ̄ab50 and r bJ̄ab50

imply that D̄ i 5 and D̄ i 6 can be expressed as
03400
-

n
-

D̄ i 55D̄ i 231
q2

q•r
D̄ i 27, D̄ i 65D̄ i 26. ~20!

As in additionD̄ i 2652D̄ i 23, the bremsstrahlung matrix el
ements depend onD̄ i 23 and D̄ i 27 only. In d54 dimensions
we find

D̄ i 2358~q•r !E
0

1

dx dy
xy~12y!2

C
,

D̄ i 2758~q•r !E
0

1

dx dy
y~12y!2

C
, ~21!

where

C5mc
222xy~12y!~q•r !2q2y~12y!2 id.

In the rest frame of theb quark and for fixedŝ5q2/mb
2, the

phase space integrals which one encounters in the calcula
of dGbrems,B/dŝ can be reduced to a two-dimensional integ
over Êr5Er /mb and Ês5Es /mb , whereEr andEs are the
energy of the gluon and thes quark, respectively. In the
following it is useful to introduce the integration variab
w5122Ês instead ofÊs . The integration limits are then
given by

ÊrPFw2 ŝ

2
,
w2 ŝ

2w G and wP@ ŝ,1#.

For fixed values ofŝ, the quantitiesD̄ i 23 and D̄ i 27 depend
only on the scalar productq•r , which, in the rest frame of
theb quark, is given by (w2 ŝ)mb

2/2. The integration overÊr

turns out to be of rational kind and can be performed a
lytically. The remaining integration overw, however, is more
complicated and is done numerically. The result can be w
ten as
dGbrems,B

dŝ
5S ae.m.

4p D 2S as

4p D GF
2mb,pole

5 uVts* Vtbu2

48p3 E
ŝ

1

dw$~c111c121c22!t2212 Re@~c171c27!t27

1~c181c28!t281~c191c29!t29#%. ~22!

The quantitiest i j , expressed in terms ofD̄ i 23 and D̄ i 27, read
9-6
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t225
8

27

~w2 ŝ!~12w!2

ŝw3 $@3w212ŝ2~21w!2 ŝw~522w!#uD̄ i 23u21@2ŝ2~21w!1 ŝw~112w!#uD̄ i 27u2

14ŝ@w~12w!2 ŝ~21w!#•Re@D̄ i 23D̄ i 27* #%, ~23!

t275
8

3

1

ŝw
$@~12w!~4ŝ22 ŝw1w2!1 ŝw~41 ŝ2w!ln~w!#D̄ i 232@4ŝ2~12w!1 ŝw~41 ŝ2w!ln~w!#D̄ i 27%,

~24!

t285
8

9

1

ŝw~w2 ŝ!H @~w2s!2~2ŝ2w!~12w!#D̄ i 232@2ŝ~w2 ŝ!2~12w!#D̄ i 271 ŝw@~112ŝ22w!D̄ i 23

22~11 ŝ2w!D̄ i 27#• lnF ŝ

~11 ŝ2w!@w21 ŝ~12w!#G J , ~25!

t295
4

3

1

w
$@2ŝ~12w!~ ŝ1w!14ŝw ln~w!#D̄ i 232@2ŝ~12w!~ ŝ1w!1w~3ŝ1w!ln~w!#D̄ i 27%. ~26!
n
ey
The coefficientsci j in Eq. ~22! include the dependence o
the Wilson coefficients and the color factors. Explicitly, th
read

c115Ct1
•uC1

~0!u2, c175Ct2
•C1

~0!C̃7
~0,eff!* ,

c275CF•C2
~0!C̃7

~0,eff!* ,

c125Ct2
•2 Re@C1

~0!C2
~0!* #,

c185Ct2
•C1

~0!C̃8
~0,eff!* , c285CF•C2

~0!C̃8
~0,eff!* ,

~27!

c225CF•uC2
~0!u2, c195Ct2

•C1
~0!C̃9

~0,eff!* ,

c295CF•C2
~0!C̃9

~0,eff!* ,

where the color factorsCF , Ct1
, and Ct2

arise from the
following color structures:

(
a

TaTa5CF1, CF5
Nc

221

2Nc
,

(
a,b,c

TaTcTaTbTcTb5Ct1
1, Ct1

5
Nc

221

8Nc
3 ,
03400
and

(
a,b

TaTbTaTb5Ct2
1, Ct2

52
Nc

221

4Nc
2 .

Finally, we list the explicit formulas forD̄ i 23 and D̄ i 27 ex-
pressed as functions ofŝ and the integration variablew. We
obtain

D̄ i 235221
4

w2 ŝ FzG21S ŝ

zD2zG21S w

z D
2

ŝ

2
G0S ŝ

zD1
ŝ

2
G0S w

z D G , ~28!

D̄ i 2752FG0S ŝ

zD2G0S w

z D G , ~29!

where the functionsGk(t) (k>21) are defined through the
integral

Gk~ t !5E
0

1

dx xk ln@12tx~12x!2 id#,

G1~ t !5
1

2
G0~ t !.

Explicitly, the functionsG21(t) andG0(t) read
9-7
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G21~ t !5H 2p arctan@A~42t !/t#2
p2

2
22 arctan2@A~42t !/t#, t,4,

22ip lnSAt1At24

2 D 2
p2

2
12 ln2SAt1At24

2 D , t.4,

~30!

G0~ t !5H pA~42t !/t2222A~42t !/t arctan@A~42t !/t#, t,4,

2 ipA~ t24!/t2212A~ t24!/t ln@~At1At24!/2#, t.4.
~31!
ite

ac

n

e

mi-
VI. NUMERICAL RESULTS

First, we investigate the numerical impact of the fin
bremsstrahlung corrections@see Eqs.~13! and ~22!# on the
dilepton invariant mass spectrum. Following common pr
tice, we consider the ratio

Rquark~ ŝ!5
1

G~b→Xcen̄e!

dG~b→sl1l 2!

dŝ
, ~32!

in which the factormb,pole
5 drops out. The explicit expressio

for the semileptonic decay widthG(b→Xcen̄e) reads
-
th
-

t

ow
e

din

ec

03400
-

G~b→Xcen̄e!

5
GF

2mb,pole
5

192p3 uVcbu2gS mc,pole
2

mb,pole
2 DKS mc

2

mb
2D , ~33!

whereg(z)5128z18z32z4212z2 ln(z) is the phase spac
factor, and

K~z!512
2as~mb!

3p

f ~z!

g~z!
~34!

incorporates the next-to-leading QCD correction to the se
leptonic decay@18#. The function f (z) has been calculated
analytically in Ref.@19#. It reads
f ~z!52~12z2!S 25

4
2

239

3
z1

25

4
z2D1z ln~z!S 20190z2

4

3
z21

17

3
z3D1z2 ln2~z!~361z2!1~12z2!

3S 17

3
2

64

3
z1

17

3
z2D ln~12z!24~1130z21z4!ln~z!ln~12z!2~1116z21z4!@6 Li~z!2p2#232z3/2~11z!

3Fp224 Li~Az!14 Li~2Az!22 ln~z!lnS 12Az

11Az
D G . ~35!
he
or-

ss is
ror.
ark

ted
me
We stress that the functionf (z) refers to on-shell renormal
ization of the charm quark mass. In Fig. 7 we consider
contribution DRquark( ŝ), which is due to the finite brems
strahlung corrections in Eqs.~13! and ~22!, for three values
of the renormalization scale~m52.5, 5, and 10 GeV! and for
a fixed valuemc /mb50.29. The values of all the other inpu
parameters are as in Ref.@1#. In Fig. 8 we combine the new
corrections with the previous results. The solid lines sh
the ratio Rquark( ŝ), including the new corrections, for th
values m510 GeV ~uppermost curve!, 5 GeV ~middle
curve!, and 2.5 GeV~lowest curve! and for a fixed value
mc /mb50.29. The dashed lines represent the correspon
results without the new corrections. We find that forŝ
50.05 the new corrections increase the ratioRquark( ŝ) by
;3%, while for larger values ofŝ their impact is even
smaller. When including the finite bremsstrahlung corr
tions we obtain
e

g

-

Rquark5E
0.05

0.25

dŝRquark~ ŝ!5@1.2760.08~m!#31025

for the integrated quantityRquark. The error is obtained by
varying m between 2.5 and 10 GeV. For comparison, t
corresponding result without the finite bremsstrahlung c
rection isRquark( ŝ)5@1.2560.08(m)#31025 @1#.

Among the errors inRquark( ŝ) due to uncertainties in the
input parameters, the one related to the charm quark ma
by far the largest. We therefore only comment on this er
In principle, the uncertainties induced by the charm qu
mass have two sources. First, it is unclear whethermc in the
virtual and bremsstrahlung corrections should be interpre
as the pole mass or the modified minimal subtraction sche

(MS̄) mass~at an appropriate scale!. Second, the question
arises of what is the numerical value ofmc , once a choice
concerning the definition ofmc has been made.
9-8
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To illustrate these problems more clearly, it is useful
first consider the processB→Xsg. There, the one-loop ma
trix elements ofO1 andO2 vanish, implying that the charm
quark mass dependence only enters atO(as). Formally, one
can interpretmc in theseO(as) expressions to be the pol
mass or theMS mass because the difference is of high
order inas . Nevertheless, it has been argued in the literat
@20# that the choicemc

MS(m) with mP@mc ,mb# seems more
reasonable thanmc

pole ~which was used in all the previou
analyses! due to the fact that the largest charm quark m
dependence comes from the real part of the two-loop ma
elements ofO1 andO2 , where the charm quarks are usua
off shell, with a momentum scale set bymb

pole ~or some siz-
able fraction of it!. It was shown in Ref.@20# that the defi-
nition of the charm quark mass leads to a relatively la
uncertainty in the branching ratio: Changingmc /mb in
G(B→Xsg) from 0.2960.02 to 0.2260.04, i.e., from
mc

pole/mb
pole to mc

MS/mb
pole ~with mP@mc ,mb#!, causes an en

hancement of BR(B→Xsg) by ;11%.
In the processB→Xsl

1l 2 this problem is less severe be
cause mc enters already the one-loop diagrams@i.e., at
O(as

0)# associated withO1 andO2 . As the two-loop calcu-
lation requires the renormalization ofmc , the definition of

FIG. 7. The new contributionDRquark( ŝ) due to finite brems-
strahlung corrections form52.5 GeV ~uppermost curve!, 5 GeV
~middle curve!, and 10 GeV~lowest curve! andmc /mb50.29.

FIG. 8. The solid curves show the ratioRquark( ŝ) including the
finite bremsstrahlung corrections while the dash-dotted curves s
the corresponding results without the new corrections. The up
most curves~solid and dash-dotted! correspond tom510 GeV, the
middle curves to m55 GeV, and the lowest curves tom
52.5 GeV.mc /mb50.29.
03400
r
e

s
ix

e

mc has to be specified. Therefore, the two-loop result exp
itly depends on the definition of the charm quark mass. T
can be seen from@1#. For the pole mass definition, the resu
for the two-loop matrix elements ofO1 andO2 , encoded in
F1,2

(7),(9) , are given in Eqs.~54!–~56!, while those corre-
sponding to theMS definition are obtained by adding th
termsDF1,2,mcren

ct(9) given in Eq.~49!.

In the following, we investigate the impact of pole vsMS
definition of mc in the rare decayb→Xsl

1l 2 on the ratio
Rquark( ŝ). In the semileptonic decayb→Xcen̄e the charm
quark is basically on shell. Therefore, we always use the p
mass definition for the charm quark mass inG(b→Xcen̄e),
which entersRquark( ŝ).

In Fig. 9 we setmc
pole/mb

pole equal to 0.31, 0.29, and 0.2
in the decay widthG(b→Xcen̄e). In the rare decayb
→Xsl

1l 2, on the other hand, we use theMS definition for
mc , and putmc

MS/mb
pole50.18, 0.22, and 0.26~independently

of mc
pole/mb

pole, to be on the conservative side!. This leads,
for a given value ofmc

pole/mb
pole, to three curves which form

a narrow band. The uppermost band corresponds
mc

pole/mb
pole50.31, the middle to 0.29, and the lowest to 0.2

The curves with the strange behavior forŝ.0.13 all belong
to the lowest valuemc

MS/mb
pole50.18. As the result for the

two-loop corrections was derived in expanded form wh
holds only for ŝ,4mc

2/mb
2, the strange behavior illustrate

that, formc /mb50.18, the result is not valid forŝ.0.13.
In Fig. 10 the three middle solid curves are obtained

adopting the pole mass definition ofmc , both in the rare and
in the semileptonic decay. They correspond tomc

pole/mb
pole

50.31, 0.29, and 0.27. The dashed curves, on the other h
are obtained when theMS definition with mc

MS/mb
pole50.22

is used in the rare decay width. One finds that forŝ.0.06 the
results forRquark( ŝ) are somewhat larger when using the po
mass definition ofmc in the rare decay. For values belowŝ
,0.06 the situation is reversed and thus the same as fb
→Xsg @20#. Again, the strange behavior of the dashed cur
indicates that, formc /mb50.22, the expanded formulas be
come unreliable for values ofŝ.0.19. The thick solid lines
are obtained by adopting the pole mass definition on

w
r-

FIG. 9. Rquark( ŝ) for various values and definitions ofmc : The
three bands are obtained by settingmc

pole/mb
pole50.31 ~uppermost!,

0.29~middle!, and 0.27~lowest! in G(b→Xcen̄e). In the rare decay
b→Xsl

1l 2 we setmc
MS/mb

pole50.18, 0.22, 0.26. This leads to thre
curves all within a narrow band. See text.
9-9
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whole and correspond tomc /mb50.33 ~upper! and 0.25
~lower!. In summary, the figure shows that the quark m
uncertainties can effectively be estimated by working w
the pole mass definition throughout, provided one takes
rather conservative range 0.25<mc

pole/mb
pole<0.33.

Finally, in Fig. 11 we showRquark( ŝ) in the full rangeŝ
P@0.05,0.25# for mc

pole/mb
poleP@0.25,0.33#. Note that for

these values ofmc /mb the expanded formulas hold just up
ŝ50.25.

Comparing Fig. 8 with Fig. 11, we find that the unce
tainty due tomc /mb is clearly larger than the leftoverm
dependence. Varyingmc /mb between 0.25 and 0.33, the co
responding uncertainty amounts to615%.

To conclude, we have calculated the finite gluon brem
strahlung corrections ofO(as) to G(b→sl1l 2), taking into
account the contributions of the operatorsO1 , O2 , O7 , O8 ,
O9 , andO10. We have worked out the numerical impact
the new corrections on the invariant mass spectrum of
lepton pair in the rangeŝP@0.05,0.25# and found an increas
of about 3% forŝ50.05 and even less for larger values ofŝ.
Furthermore, we investigated the uncertainties ofRquark( ŝ)
due to the definition and numerical uncertainties of
charm quark mass. We found that these errors can be reli
estimated when working with the pole mass definition

FIG. 10. Rquark( ŝ) for various values and definitions ofmc : The
solid curves are obtained by settingmc

pole/mb
pole50.33 ~uppermost!,

0.31, 0.29, 0.27, and 0.25~lowest! in the rare and the semileptoni
decays. The dashed lines are obtained by takingmc

MS/mb
pole50.22 in

the rare decay andmc
pole/mb

pole50.31, 0.29, and 0.27 inG(b
→Xcen̄e). See text.

FIG. 11. Rquark( ŝ) for mc
pole/mb

pole50.33~uppermost!, 0.31, 0.29,
0.27, and 0.25~lowest! in the rare and the semileptonic decays
the full window ŝP@0.05,0.25#.
03400
s

e

-

e

e
ly

f

mc , provided one takes the rather conservative range 0
<mc

pole/mb
pole<0.33.
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APPENDIX: AUXILIARY QUANTITIES Ai , T9 , U9 ,
AND W9

The auxiliary quantitiesAi , T9 , U9 , andW9 , appearing
in the modified Wilson coefficients in Eq.~3! and in the
effective Wilson coefficients in Eqs.~7!–~9! are the follow-
ing linear combinations of the Wilson coefficientsCi(m)
@16,12#:

A75
4p

as~m!
C7~m!2

1

3
C3~m!2

4

9
C4~m!

2
20

3
C5~m!2

80

9
C6~m!,

A85
4p

as~m!
C8~m!1C3~m!2

1

6
C4~m!120C5~m!

2
10

3
C6~m!,

A95
4p

as~m!
C9~m!1(

i 51

6

Ci~m!g i9
~0! lnS mb

m D
1

4

3
C3~m!1

64

9
C5~m!1

64

27
C6~m!,

A105
4p

as~m!
C10~m!,

T95
4

3
C1~m!1C2~m!16C3~m!160C5~m!,

U952
7

2
C3~m!2

2

3
C4~m!238C5~m!

2
32

3
C6~m!,

W952
1

2
C3~m!2

2

3
C4~m!28C5~m!2

32

3
C6~m!.

~A1!
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The elementsg i9
(0) can be found in@16#, while the loop func-

tion h(z,ŝ) is given in Eq.~4!. In the contributions that ex
plicitly involve virtual or bremsstrahlung corrections on
the leading order coefficientsAi

(0) , T9
(0) , U9

(0) , and W9
(0)

enter. They are given by

A7
~0!5C7

~1!2
1

3
C3

~0!2
4

9
C4

~0!2
20

3
C5

~0!2
80

9
C6

~0! ,

A8
~0!5C8

~1!1C3
~0!2

1

6
C4

~0!120C5
~0!2

10

3
C6

~0! ,

A9
~0!5

4p

as
S C9

~0!1
as

4p
C9

~1!D
1(

i 51

6

Ci
~0!g i9

~0! lnS mb

m D1
4

3
C3

~0!

1
64

9
C5

~0!1
64

27
C6

~0! ,

A10
~0!5C10

~1! , ~A2!

T9
~0!5

4

3
C1

~0!1C2
~0!16C3

~0!160C5
~0! ,

U9
~0!52

7

2
C3

~0!2
2

3
C4

~0!238C5
~0!2

32

3
C6

~0! ,
r,

.

03400
W9
~0!52

1

2
C3

~0!2
2

3
C4

~0!28C5
~0!2

32

3
C6

~0! .

We list the leading and next-to-leading order contributions
the quantitiesAi , T9 , U9 , andW9 in Table I.

TABLE I. Coefficients appearing in Eqs.~7!–~9! for m52.5, 5,
and 10 GeV. Foras(m) ~in the MS scheme! we used the two-loop
expression with five flavors andas(mZ)50.119. The entries corre
spond to the pole top quark massmt5174 GeV. The superscript~0!
refers to lowest order quantities.

m

2.5 GeV 5 GeV 10 GeV

as 0.267 0.215 0.180
C1

(0) 20.697 20.487 20.326

C2
(0) 1.046 1.024 1.011

(A7
(0) ,A7

(1)) ~20.360,0.031! ~20.321,0.019! ~20.287,0.008!

A8
(0) 20.164 20.148 20.134

(A9
(0) ,A9

(1)) ~4.241,20.170! ~4.129,0.013! ~4.131,0.155!

(T9
(0) ,T9

(1)) ~0.115,0.278! ~0.374,0.251! ~0.576,0.231!

(U9
(0) ,U9

(1)) ~0.045,0.023! ~0.032,0.016! ~0.022,0.011!

(W9
(0) ,W9

(1)) ~0.044,0.016! ~0.032,0.012! ~0.022,0.009!

(A10
(0) ,A10

(1)) ~24.372,0.135! ~24.372,0.135! ~24.372,0.135!
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@8# F. Krüger and L. M. Sehgal, Phys. Lett. B380, 199 ~1996!.
@9# A. Ali, P. Ball, L. T. Handoko, and G. Hiller, Phys. Rev. D61,

074024~2000!.
@10# E. Lunghi and I. Scimemi, Nucl. Phys.B574, 43 ~2000!.
@11# E. Lunghi, A. Masiero, I. Scimemi, and L. Silvestrini, Nuc

Phys.B568, 120 ~2000!.
@12# A. Ali, E. Lunghi, C. Greub, and G. Hiller, Phys. Rev. D66,

034002~2002!.
@13# H. H. Asatryan, H. M. Asatrian, G. K. Yeghiyan, and G. K

Savvidy, Int. J. Mod. Phys. A16, 3805~2001!.
@14# M. Misiak, Nucl. Phys.B393, 23 ~1993!; B439, 461~E! ~1995!.
@15# A. J. Buras and M. Mu¨nz, Phys. Rev. D52, 186 ~1995!.
@16# C. Bobeth, M. Misiak, and J. Urban, Nucl. Phys.B574, 291

~2000!.
@17# K. Chetyrkin, M. Misiak, and M. Mu¨nz, Phys. Lett. B400, 206

~1997!.
@18# N. Cabibbo and L. Maiani, Phys. Lett.79B, 109 ~1978!.
@19# Y. Nir, Phys. Lett. B221, 184 ~1989!.
@20# P. Gambino and M. Misiak, Nucl. Phys.B611, 338 ~2001!.
9-11


