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In a recent paper, we presented a calculation of(fiie) virtual corrections tdb—sl*1~ and of those
bremsstrahlung terms that are needed to cancel the infrared divergences. In the present paper we work out the
remainingO(«s) bremsstrahlung corrections to—sl*1~, which do not suffer from infrared and collinear
singularities. These new contributions turn out to be small numerically. In addition, we also investigate the
impact of the definition ofn, on the numerical results.
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I. INTRODUCTION ties. This improvement reduced the renormalization scale de-
pendence by a factor of 2.
The inclusive rare deca— X 1~ has not been ob- In the present paper we complete the calculation of the

served so far, but is expected to be measured at the operatiRgemsstrahlung corrections associated with the operators
B factories after a few years of data taking. The measureme?1,02,07,...,010, i.€., we add those bremsstrahlung terms
of its various kinematical distributions, combined with im- Which are purely finite and were therefore omitted in Ref.
proved data oB— Xy, will imply tight constraints on the [1]- We anticipate that the additional terms will have a small

extensions of the standard model and perhaps even revegiPact on the phenomenology bf>sl™l . _
some new physics. The paper is organized as follows. In Sec. I, we briefly

The main problem of the theoretical description Bf s_pecify the theoret_ical_ framework, before_, in Sec. I, we
—.XJ*1~ is due to the long-distance contributions fram discuss the organization of the calculation of the finite

{ states. When the i iant massof the lept bremsstrahlung corrections and review the structure of the
resonant states. en he nvarant massol the 1epton iy 51 corrections and singular bremsstrahlung contribu-

pair is close to the mass of a resonance, only model depety, s *cajculated in Ref1]. The finite bremsstrahlung cor-
dent predictions for these long-distance contributions ar@gctions are worked out in Secs. IV and V. In Sec. VI, finally,
avaﬂablg today. It is therefore unclear whether thg theoreticg),e investigate the numerical impact of the new corrections
uncertainty can be reduced to less tha20% when integrat-  op the invariant mass spectrum of the lepton pair. We also
ing over these domair(d,2]. illustrate the dependence of our results on the definition of
However, when restricting/s to a region below the reso- the charm guark mass.
nances, the long-distance effects are under control. The cor-
rections to the pure perturbative picture can be analyzed
within the heavy quark effective theory. In particular, all
available studies indicate that for the region G:G5=s/m? The appropriate tool for studies on weBkmeson decays
<0.25 the nonperturbative effects are below 10%6-8]. is the effective Hamiltonian technique. The effective Hamil-
Consequently, the differential decay rate Bxx> X, "1~ can  tonian is derived from the standard model by integrating out
be precisely predicted in this region using renormalizatiorthet quark and th&, andW bosons. For the decay channels
group improved perturbation theory. It was pointed out in theb—sI™|~ (I=u,e) it reads
literature that the differential decay rate and the forward-
backward asymmetry are particularly sensitive to new phys- 4G 10
ics in this kinematical windowW9-13). Hes= — —vasvtbz C,0;,
The next-to-leading logarithmiqNLL) result for B V2 i=1
—XJ "1™ suffers from a relatively largg+16%) depen-
dence on the matching scalgy [14,15. The next to NLL  whereO; are dimension-6 operators a@j denote the cor-
(NNLL) corrections to the Wilson coefficients remove theresponding Wilson coefficients. The operators we choose as
matching scale dependence to a large exXte®l; but leave a  in [16]:
+13% dependence on the renormalization sggle which

Il. EFFECTIVE HAMILTONIAN

is of O(my,). In order to further improve the theoretical pre- O;1=(s_ v, T%)(cLy*T?by),
diction, we have recently calculated ti¥ ) virtual two-

: : =1, . -
loop corrections to the matrix elements!™l~|O;|b) (i 0= (51 7,60) (CLy*by),

=1,2) as well as the virtuaD(«) one-loop corrections to
07,...,019 [1]. As some of these corrections suffer from
infrared and collinear singularities, we have added those O.= =
, =(s_.y,b “q),
bremsstrahlung corrections needed to cancel these singulari- 3= (5L L)Eq: (ar*a)

0556-2821/2002/68)/03400911)/$20.00 66 034009-1 ©2002 The American Physical Society



ASATRYAN, ASATRIAN, GREUB, AND WALKER PHYSICAL REVIEW D 66, 034009 (2002
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0,=(s17, T2 (@y*T), g
q C [

05: (§L7,u71/70'bL)2 (HV’L’YV‘)’UQ), 'Y* 3 g

a a) b) >

_ A VAo FIG. 1. Diagram(a) can be absorbed by replacing the Wilson
06= (57,7, 7. T 2 (Gy*9"y7T?q),
® e : q coefficientsC; and Cq throughCJ°? andC§'*?, respectively. y*

denotes an off-shell photon which subsequently decays into an
(I"17) pair. Similarly, diagranm(b) is absorbed through the replace-

ment C;—CI®. g denotes an on-shell gluon. The indexuns
from 1 to 6. See text for details.

e
O;,= ?mb(gl_a'ﬂva)F,u,vv
S

1
Og=—my(s " TabR)GM,,, IIl. ORGANIZATION OF THE CALCULATION
9s AND PREVIOUS RESULTS

3 e? 2 Tkl In this section we comment on the organization of the
2(SLy,b) 2 (1yH), calculation of the virtual and bremsstrahlung corrections to
the proces®—sl*|~ and repeat the results obtained in Ref.
e _ [1]. The one-loop diagrams in Fig. 1, associated with the
O10= ?@_YﬂbL)X (Iy*ysl). four-quark operator®, ,...,Og, lead to contributions that
S are proportional to the tree level matrix elements of the op-
The subscriptd. and R refer to left- and right-handed fer- eratorsOs, 68, andf)g Therefore, they can be absorbed by

mion fields. We work in the approximation where the com-appropriately modifying the Wilson coefficien®,, Cg, and

bination (V;V,,) of Cabibbo-Kobayashi-Maskaw@KM) Co. The modified coefficients we write as
matrix elements is neglected and the CKM structure factor-

izes. ’C”:mod:A7
In the following it is convenient to define the operators ! '
05,...,04 according to

68m0d:A8!
~ ag .
07779 (=710, @ Cg%=Ag+Tgh(2,8)+Ugh(18)+Wsh(08).  (3)
with the corresponding coefficients The auxiliary quantities\; , Tg, Ug, andWg are linear com-
4 binations of the Wilson coefficient€;(u). Their explicit
'é:_” -~ (j=7,...,10. (2) form is relegated to the Appendix. The one-loop function
T ag ! Y h(z,8) is given by[16]

2 arctarny/s/(4z—8), §<4z,

4 8 16 2 4
h(z,8)=— In(z)+ 57+ 5 E—§< +€Z) VI(4z—-3)/5|- \/_+ V8—4z\| s 4y (4)
RN

It is obvious that the modification of the Wilson coefficients \yhere C(*™9 are the leading order terms of the modified
automatically accounts also for the diagrams in Fig. 2 whenyjiison Coeff|c|ents ie.
calculating the corresponding corrections to the matrix ele-

ments (0,mo 0
C(7 dIA(7 )

(sITI7|T{Om90;|b)  (i=7.8,9), CPm=Ay, (5)
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FIG. 2. Diagrams which are automatically taken into account when calculating correctiGfs™0,, CL ™90, andCL™90,.

E:go'mOC’:AgO)JrTgO)h(z,%)JrUg°)h(1,§)+wg°)h(0,§). Taking into account the virtual and bremsstrahlung con-
tributions discussed so far, we obtain the result presented in
Ref.[1]:

For the explicit expressions of the quantitié$®, T,

U, andW{ we refer to the Appendix. i
Notice that the virtual and bremsstrahlung corrections of dI'(b—Xd"17)

the four-quark operators with topologies shown in Figs. 3 ds

and 4, however, have to be calculated explicitly. As the Wil-

son coefficient®C; andC, are much larger tha@,,...,Cg

\;vsdgia;gster]riocnc;ntr|butlons of these topologies only @y X{(1+2§)(|’égﬁ|2+ |6§g 2)
In the previous work1], we systematically calculated the

virtual corrections to the matrix elements &{?0,,

c?0,, shown in Fig. 3, as well as to those 6f*™Y0;

(j=7...,9) andC{Y0,, (cf. Fig. 5. Furthermore, we also +12 ReCEBe )y, (6)

took into account the corrections to the Wilson coefficients

calculated in Refd.16,17].

_ We fo~und that Fhe matrix elements of the. operators where the effective Wilson coefficien. & and E?‘jg
Oy and Oy [cf. Figs. 8a)-5(c)] suffer from infrared and are given by[1]
collinear singularities. Consequently, on decay width level

the interferences@;,0,) (j,k=7,9,10) are singular, too.

(1-93)°

Qe m. 2 Glzzmg,polé Viksvtb| 2
A 4873

+4(1+2/5)|CEM?

We thgrefore 'includgd thg gluon bremgstrahlung corrections ger_ (14 ag(m) or® A, - ag(m) [COFD(E)
associated with ©;,0,) (j,k=7,9,10) in order to get an 7 7 7 A 171
infrared finite result for the decay widffef. Figs. @a) and R R
6(b)]. +COF(3) +ALFY(3)], (7)
b CIOI, C202 S b C101, C202 S b C101, C202 S
>3 &) > . o 3 X o
g g
S S
c Qp c @
99 99
a)
b Clol’ C202 S
g
%, c
b) d) 1)

FIG. 3. The two-loop virtual diagrams induced By and O, that cannot be absorbed into t&g,&g contributions by weighting them
with the modified Wilson coefficients. The circles with crosses denote the possible locations where the virtual photon is emitted. The curly
lines represent gluons.
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a) b)
= s(m)
ey'=( 1+ 222 waQ)
X[Ag+ Toh(?2,8)+Ugh(1,3)+Wgh(03)]
—E§§%C$¢?k@+09¢$k®
+AFFE(3)], (®)

The quantitieC{”, 9, A;, AL, Ay, A, To, Ug, and
W, are Wilson coefficients or linear combinations thereof.

FIG. 4. The only two bremsstrahlung dia-
grams induced by),; and O, that cannot be ab-
sorbed into th@)mg contributions by weighting
them with the modified Wilson coefficients.

We give their analytical expressions and numerical values in

the Appendix. The one-loop functidr(mg,é) is given in Eq.
(4), while the two-loop function&${"}®), accounting for the
diagrams in Fig. 3, and the one-loop functidr) ), cor-
responding to the diagrams in Figgdband Se), are given

in Ref.[1]. The functionsw; and wg, finally, include both
virtual and bremsstrahlung corrections associated Wih
Oy, andO,,. For details of their construction we again refer
to [1].

E/V]hen calculating the decay widtt6), we retain only
terms linear ing (and thus inw;, wg) in the expressions for
|CEM2, |CEM2, and |CEM2 In the interference term
ReCECE™*) too, we keep only linear contributions i .
By construction one has to make the replacements
— w79 and w7— w+g in this term.

The functionsw;, wg, andw,q read

8 4
wr(3) = — §'”(m£b) —SLi®-57
2 R +3 R
- §In(s)|n(1—s)— 3 mln(l—s)

2 3(2—25—-8%%) e
T31-8%2+5 "
1 16-118—1782

ECRPES T (10

, 2 2
wg(é):—§L|(§,)—§In(1—§,)ln(§)—§7-r2
5+45 A
—mln(l_S)
28(1+38)(1—28) 5+ 95— 68
T 3(1-9A1+25) YT B(1-8)(1+25)’
(11)
4 4 2
w79(§)=—§|n(mib>—§Li(§)—§w2
2 12+78 A
—§In(s)ln(l—s)—§ —In(1-9)
253-25)  15-9%
—5(1_—§)2|H(S)+1—8 1-5° (12
Summary

The bremsstrahlung corrections associated with the inter-
ferences

(C{om95; ,CPm0y  (j,k=7,9,10
are already included in formulés). The remaining brems-
strahlung corrections, which are infrared finite, we derive in

Secs. IV and V. In Sec. IV we discuss the contributions of the
interferences

(ago,modﬁg ’E;f(o«modék) (k=7,8,9,10

which we call type A. There is no contribution frok= 10
because of the Dirac structures of the operators involved.
Section V is devoted to the interferences

(c?0;,ci?0)) (i,j=1.2

and

(C90;,C2M¥B,) (i=1,2; k=7,8,9,10.
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(177, 6600z 66007, I §60Gg>
(86005 § § (80007, (880675,
b ((5 (fidﬁv %) s b ké c“‘io9 %) s b (é C1o°10 %\c\) s b !é 6‘;\3 s b !é %\Q s
é /\\ /\\ i e
a) b) ©) d) €)

FIG. 5. One-loop virtuak?(as) corrections induced b{®™®0,, CLM™90,, CPLMIQ,, andC{9D,,. The circles with crosses
denote the possible locations for emission of a virtual photon.

Accordingly, we call these the tyd® terms. Again, the con- drbremSA droems  groems  grhems
tributions fork= 10 vanish due to the Dirac structures of the = = + +

. ds ds ds ds
operators involved.

_ ae.m.)z( a’s) mb poIAJV th|2(-?"2

3
IV. FINITE BREMSSTRAHLUNG CONTRIBUTIONS dm | \4m 48m
OF TYPE A X (2 Re C7gT7g+ CggTgg] + CggTas) .- (13

The bremsstrahlung contributions taken into account byrhe coefficients;; are given by
introducing the functionsw;(8) cancel the infrared diver-

gences associated with the virtual corrections. All other C7g= CF'E(7O'emC§0’em*,
bremsstrahlung terms are finite. This allows us to perform 2o —
their calculation directly ird=4 dimensions. Cgo=Cr-C Cy '

The bremsstrahlung contributions fro,-Og and

Og- Oy interference terms as well as thg-Og term oppose
no difficulties. The sum of these three parts can be written aghile the quantitiesr;; read

Cag=Cr-|CH*"?, (14)

—E 25— 272 —278+38%— 83+ 12(3+8%)In(3
18~ 93 T S+35°—5§ (5+57)In(S)

a5

(V843
arctaf\(4—35)/8]— arctan\/—z—A

2—-48+%2

E—arctar{—(z_g)\/§ s
_12<(1 s)\/—\/ -2 arctarw_2 .

+6

ié—i@ﬁ
2

) ] . (15

>|n(§)

4 [ 3
Tgg= 27[ 82+ (1—8)(77—-5—48%) —24Li(1-8)+3 10—4§—9§2+8InT§

+48 RE{ Li

X| arctaf/(4—78)/8]—arcta

3-5 (1-3%)/4-38
> +i N
'VF

) ( 208+ 1082— 383

\/: e 87+8 arctatﬁ\/(4—§)/§]>
§y4-5

)] ; (16)

~od
s b C5™" Oy, C1g010

> X

=2

fol
£

ot

66660

a) b) c)
FIG. 6. TheO(as) bremsstrahlung diagrams induced ®y, Og, 0,9, andOg. Weighting the contributions d®;, Og, andOg with

the corresponding modified Wilson coefficients accounts for the bremsstrahlung diagrams depicted ib)=ig&®) 2The crosses and circles
with crosses denote the possible locations for emission of a bremsstrahlung gluon and a virtual photon, respectively.
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789—2[5(4 §)—3-41In(8)(1-5—-8%)— 8Re(L|

+4

L, [A-8 V5V4-3
5 T+ 2 arcta >3

V. FINITE BREMSSTRAHLUNG CONTRIBUTIONS
OF TYPE B

arctaf \(4—35)/8]— arctar{ \/——g
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(2-8)\8\4-3 )
+1 2

S

J§4—§

8
2" 2

_L{—2+§4—@

2

2

Aig=Aipg+ qq_rKizw Aig=Aig. (20)

In this section we consider the bremsstrahlung contrlbu—

tions fromO; and O, and interference terms wit®,, O

Oy, and0,,. As mentioned before, interferences with,
vanish due to the Dirac structures of the operators.

The bremsstrahlung contributions discussed in this section
all involve the matrix elements associated with the two dia-

grams depicted in Fig. 4. Their suﬁ;ﬂ is given by

egQu

Jap=76,7 | E(@.B, rAis+E(a,B,0)Aig

CE(B.Q) ~ Ay E(ar.q) R
B.r.q q-r As Elara) oo Atz

_E(ﬁlr!Q) A|27 (18)

A
2’

As in add|t|onA|25— —Alza, the bremsstrahlung matrix el-

ements depend 0m23 and A|27 only. In d=4 dimensions
we find

— 1 Xy(1—y)?
Ai,3=8(q- r)f dx dyu,
0 C

y(1 —w?

A|27—8(q r)f dx dy—————, (22

where

C=mZ—2xy(1-y)(q-r)—q?y(1-y)—ié.

In the rest frame of thé quark and for fixeds= qzlmﬁ, the
phase space integrals which one encounters in the calculation

whereq andr denote the momenta of the virtual photon and©f drremP/d3 can be reduced to a two-dimensional integral

of the gluon, respectively. The index will be contracted
with the photon propagator, where@ss contracted with the
polarization vectore®(r) of the gluon. J, «p and Ay are
obtained fromJ,; and Aiy [1], respectively, by setting?
=0 and dropping terms proportional ;. The matrix
E(a,B,r) is defined as

1
E(a,B,F)IE(nw‘—Mﬁn)- (19

Due to Ward identities, the quantitiegik are not indepen-
dent of one another; namely,

9°J,s=0 andrfJ,z=0

imply thatKi5 andKie can be expressed as

drbremsB B Com.

ds 4 4qr

4873

+(C1g+ Cog) T2+ (C197 Cog) Tool}-

The quantitiesr;; , expressed in terms di,; andAi,;, read

2( a’s) szb poIJV th|2

over E,=E, /m, andE¢=E¢/m,, whereE, andE, are the
energy of the gluon and the quark, respectlvely In the
following it is useful to introduce the integration variable

w=1-2E, instead ofE,. The integration limits are then
given by

and we[§,1].

For fixed values of, the quantitiesAi,; and Ai,; depend
only on the scalar produat-r, which, in the rest frame of
theb quark, is given by @—8)mZ/2. The integration ovek,
turns out to be of rational kind and can be performed ana-
lytically. The remaining integration ovev, however, is more
complicated and is done numerically. The result can be writ-
ten as

f AW{(C11+ Cqpt Cpo) Too+ 2 RE(Cy7t Cp7) o7

(22
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8 (w—38)(1—-w)?
=
2275 3w {

[3W2+ 282(2+W) — 3W(5— 2W) ]| Ai pg 2+ [28%(2+W) + 3w (1 +2w) ]| Ai |
+43[w(1-w)—38(2+w)]-Re Ai ,zAi %},

(23
=3 éiw{[(l—w)(4§2—§w+ W2) +3W(4 +8—w)IN(W) Ai 53— [48%(1— W) +3w(4+5—w)In(W) JAi 7},
(24)
8 1
7287 9 sw(w—8)

S

(1+é—w)[w2+§(1—w)]”’

{[(w— $)2(28—W)(1—W)]Ainz—[28(W—8)2(1—W)]Ai 57+ SW[(1+ 25— 2W)Ai 55
—2(1+5—W)Ais]-In

(25)
729= 3 AL 28(1=W)(3+w) + 43w IN(W) JAi 55— [28(1—w)(3+w) +W(35+w)In(w)]Ai 7} (26)
|
The coefficientsc;; in Eq. (22) include the dependence on and
the Wilson coefficients and the color factors. Explicitly, they
read

_ 0)|2 _ 0)7(0,
Cll_Crl'|C§L )| , 017—C72'C§L )C(7 e,

NZ—1
ANZ

Finally, we list the explicit formulas for\i,s and Ai,; ex-

pressed as functions &fand the integration variable. We
obtain

c12=C,,-2 R4 CY"CY™*],

> TaTbTaTb=C_ 1, C. =
an 2 2

Co7=Cg- Cgo)ago'em* )

Ai 237
c1g=C,, C{'C*"

_ 0)72(0,
Cog= CF'C(Z )Cé oM

(27)
Coo=Cpg- |C(20)

2, Clgchz'c(lo)égo'em* ,

(28)
Co9=Ck- Cgorcgo,eff)*

S do3-of

z

where the color factor&e, C. and C, arise from the
following color structures:

(29
where the function§,(t) (k=—1) are defined through the
integral

1
Gk(t)=j dx X In[1—tx(1—x)—i4],
NZ-1 0
a a: =
; TaTa=Cpl, Cr N,
1
G1(t) =5 Go(t)
NZ-1
TATeT2TTT’=C, 1, C,=——7,
a,b,c 1 1 8N;

Explicitly, the functionsG _;(t) andGy(t) read
034009-7
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2

27rarctar|j\/(4—t)/t]—7; 2 arctal[ (A 0)/t], t<4,

G_q.(t)= 30
x(t) I e I I N e (30

—2imin| ——| - = +2In*| ———|, >4,

2 2 2
G mN(4—t)/[t—2-2(4—1t)/t arctaf (4 —1)/t], t<4, 31
t)=
olt) —imJt=Ht—2+2Jt=d)tIn[(Vi+\t—4)/2], t>4.
|
VI. NUMERICAL RESULTS I'(b— X €evg)

First, we investigate the numerical impact of the finite G2md m2 ., m?2
bremsstrahlung correctiorjsee Eqs(13) and (22)] on the = W“fﬂvcbﬁg( ;""e) K(—g) (33
dilepton invariant mass spectrum. Following common prac- T M, pole b
tice, we consider the ratio whereg(z) = 1—8z+8z°—z*—122%In(2) is the phase space

factor, and
R 1 dl(b—sl™17) 2a4(my) f(2)
Rquard 8) = T (b—Xevy) ds ) (32) K(z)=1- 3. ﬁ (34

. _ . o ~ incorporates the next-to-leading QCD correction to the semi-
in which the factom; ;e drops out. The explicit expression leptonic decay[18]. The functionf(z) has been calculated

for the semileptonic decay width(b— X.ev,) reads analytically in Ref.[19]. It reads
25 239 25 4 17
f(2)=—(1-2%)| —— —z+ —27%| +zIn(2)| 20+ 90z— = 2°+ — Z°| + 2% In?(2)(36+Z%) + (1—Z?)
4 3 4 3 3
17 64 17 .
(3— 3zt 322) In(1—2)—4(1+302%+ z*)In(z)In(1—z) — (14 1622+ z*)[ 6 Li(z) — w2]— 322341+ 2)

X (35

72— 4 Li(\2)+4 Li(—\z) -2 In(z)ln( 1 ﬁ”
1+z

We stress that the functioi(z) refers to on-shell renormal- 0.25 . .
ization of the charm quark mass. In Fig. 7 we consider the ~ Rqua™ 0OSdSunarl(S):[1-27i 0.08 1)]x10

contribution ARy,4(8), Which is due to the finite brems-

strahlung corrections in Eq§l3) and(22), for three values o the integrated quantitRyua . The error is obtained by

. . quarl
of the renormalization scalg.=2.5, 5, and 10 GeVand for  yarying 1 between 2.5 and 10 GeV. For comparison, the
a fixed valuem;/m,=0.29. The values of all the other input corresponding result without the finite bremsstrahlung cor-
parameters are as in R¢L]. In Fig. 8 we combine the new rection iSRquai(3) =[1.25+ 0.08(x)]x 10 ° [1].
corrections with the previous results. The solid lines show Among the errors iRyuar3) due to uncertainties in the
the ratio Ry,a(S), including the new corrections, for the input parameters, the one related to the charm quark mass is
values =10 GeV (uppermost curye 5 GeV (middle by far the largest. We therefore only comment on this error.
curve, and 2.5 GeV(lowest curvé and for a fixed value In principle, the uncertainties induced by the charm quark
m./my,=0.29. The dashed lines represent the correspondingnass have two sources. First, it is unclear whethgin the
results without the new corrections. We find that for Virtual and bremsstrahlung corrections should be interpreted
=0.05 the new corrections increase the r&?ﬂa‘ark(g) by as the pOle mass or the modified minimal subtraction scheme

~3%, while for larger values of their impact is even (MS) mass(at an appropriate scaleSecond, the question
smaller. When including the finite bremsstrahlung correc-arises of what is the numerical value wf,, once a choice
tions we obtain concerning the definition ain, has been made.
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FIG. 7. The new contributiolARy,(5) due to finite brems-
strahlung corrections fop=2.5 GeV (uppermost curve 5 GeV
(middle curve, and 10 GeMlowest curve andm,/my=0.29.

To illustrate these problems more clearly, it is useful to

first consider the proced3— Xgy. There, the one-loop ma-
trix elements ofO; andO, vanish, implying that the charm
qguark mass dependence only enter®ét). Formally, one

can interpretm in theseO(«as) expressions to be the pole

PHYSICAL REVIEW D 66, 034009 (2002

0.8 |

0.6

Ryuan(8) [1074]

0.06 0.08 0.1§ 0.12 0.14 0.16

0.4

FIG. 9. Ryua(8) for various values and definitions ai.: The
three bands are obtained by settim§®¥mP°*=0.31 (uppermost
0.29(middle), and 0.27(lowes} in I'(b— X.ev,). In the rare decay
b— X "I~ we setmM*/mP°"®=0.18, 0.22, 0.26. This leads to three
curves all within a narrow band. See text.

m, has to be specified. Therefore, the two-loop result explic-
itly depends on the definition of the charm quark mass. This
can be seen froifi]. For the pole mass definition, the results

mass or theMS mass because the difference is of higherfor the two-loop matrix elements @&, andO,, encoded in
order inas. Nevertheless, it has been argued in the literaturd={"3), are given in Eqs(54)—(56), while those corre-

[20] that the choicarnﬁ"_S(M) with e[ m.,my] seems more
reasonable tham{®® (which was used in all the previous

sponding to theMS definition are obtained by adding the
termsAFSY) _given in Eq.(49).

1,2m.ren

analysep due to the fact that the largest charm quark mass |n the following, we investigate the impact of pole MS
dependence comes from the real part of the two-loop matriyefinition of m. in the rare decayp— XJ *1~ on the ratio

elements 00, andO,, where the charm quarks are usually Rquar(8). In the semileptonic decap— X €v, the charm

off shell, with a momentum scale set by (or some siz-
able fraction of i}. It was shown in Ref[20] that the defi-

quark is basically on shell. Therefore, we always use the pole
mass definition for the charm quark masslitb— X .ev,),

nition of the charm quark mass leads to a relatively largeyhich entersRyuand 3).

uncertainty in the branching ratio: Changimg,/m, in
I'(B—Xsy) from 0.29-0.02 to 0.22-0.04, i.e., from
mPoYmpo® to mMS/mP'® (with e[ m,m,]), causes an en-
hancement of BRE— Xsy) by ~11%.

In the proces8— X | *1~ this problem is less severe be-
causem, enters already the one-loop diagraris., at
O(ag)] associated witlD, andO,. As the two-loop calcu-
lation requires the renormalization ai;, the definition of

1.5 | T T T T I T T T T I T T T T I T T T T ]
Tt ]
S 1| ]

‘E L .
g5
m - -
0 i 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 ]
005 o1 o015 02 025

FIG. 8. The solid curves show the ratRy,,«8) including the

In Fig. 9 we semP®YmP°"® equal to 0.31, 0.29, and 0.27
in the decay widthl'(b—X.eve). In the rare decayb
— X4l 717, on the other hand, we use tMS definition for
m,, and putm>/mf°®=0.18, 0.22, and 0.26ndependently
of mP?9mf°®, to be on the conservative sidé his leads,
for a given value ofmf®Ymf°®, to three curves which form
a narrow band. The uppermost band corresponds to
mPo¥mP'e=0.31, the middle to 0.29, and the lowest to 0.27.
The curves with the strange behavior ¥ 0.13 all belong
to the lowest valuen)'S/mP°®=0.18. As the result for the
two-loop corrections was derived in expanded form which
holds only fors<4m?/m2, the strange behavior illustrates
that, form./m,=0.18, the result is not valid f&&>0.13.

In Fig. 10 the three middle solid curves are obtained by
adopting the pole mass definition wf,, both in the rare and
in the semileptonic decay. They correspondnf®¥mpe'®
=0.31, 0.29, and 0.27. The dashed curves, on the other hand,
are obtained when th®S definition with mMS/mP°"=0.22
is used in the rare decay width. One finds that&fet0.06 the
results forR,,(S) are somewhat larger when using the pole
mass definition o, in the rare decay. For values beld@w

finite bremsstrahlung corrections while the dash-dotted curves show0-06 the situation is reversed and thus the same ab for
the corresponding results without the new corrections. The upper—>XsY [20]. Again, the strange behavior of the dashed curves

most curvegsolid and dash-dotteaorrespond tqu=10 GeV, the
middle curves tou=5GeV, and the lowest curves tu
=2.5GeV.m./m,=0.29.

indicates that, fom./my=0.22, the expanded formulas be-

come unreliable for values &>0.19. The thick solid lines
are obtained by adopting the pole mass definition on the

034009-9
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FIG. 10. Ry,an(5) for various values and definitions of; : The
solid curves are obtained by setting®¥m{%=0.33 (uppermost
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m., provided one takes the rather conservative range 0.25
<=mPoYmpee<0.33.
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APPENDIX: AUXILIARY QUANTITIES A;, Ty, Uy,

AND W,

The auxiliary quantitie®\;, T9, Ug, andW,, appearing

0.31, 0.29, 0.27, and 0.2%owes? in the rare and the semileptonic in the modified Wilson coefficients in Eq3) and in the

decays. The dashed lines are obtained by takiffyy mf*®=0.22 in
the rare decay andn?®¥mP®*=0.31, 0.29, and 0.27 (b
— X €E1,). See text.

whole and correspond ten./m,=0.33 (uppe) and 0.25
(lower). In summary, the figure shows that the quark mass
uncertainties can effectively be estimated by working with
the pole mass definition throughout, provided one takes the
rather conservative range 0259 mP°*<0.33,

Finally, in Fig. 11 we showR,,($) in the full ranges
€[0.05,0.23 for mP¥mP°®c[0.25,0.33. Note that for
these values af,/my, the expanded formulas hold just up to
§=0.25.

Comparing Fig. 8 with Fig. 11, we find that the uncer-
tainty due tom./my, is clearly larger than the leftoven
dependence. Varying./m, between 0.25 and 0.33, the cor-
responding uncertainty amounts 1dl5%.

To conclude, we have calculated the finite gluon brems-
strahlung corrections aP(a,) to I'(b—sl™17), taking into
account the contributions of the operat@s, O,, O, Og,

Og, and0O,y. We have worked out the numerical impact of
the new corrections on the invariant mass spectrum of the
lepton pair in the rangge [0.05,0.23 and found an increase

of about 3% fors=0.05 and even less for larger valuesSof
Furthermore, we investigated the uncertaintiesRgf.(5)

due to the definition and numerical uncertainties of the
charm quark mass. We found that these errors can be reliably
estimated when working with the pole mass definition of

1.5||||||||||||||||||

R uarc(8) [107]
(/
|

v b b Ly

0
0.05 0.1 0.15 0.2 0.25
]

FIG. 11. Ryuani(3) for m2®YmP°=0.33 (uppermos 0.31, 0.29,
0.27, and 0.25lowes} in the rare and the semileptonic decays in
the full window$e[0.05,0.25.
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effective Wilson coefficients in Eq$7)—(9) are the follow-
ing linear combinations of the Wilson coefficien(u)
[16,12:

_ 47
a ag(pm)

20
~ 5 Cs(1)— 5 Caln),

4
A; Colp)— §C3(M)_ §C4(M)

1
Ao= o5 Cal) + Calu) — 5 Cal ) +20Cs( )

as(p

10
- gce(ﬂ),

4 6 m
Ag= —W)cg<m+i§1 Ci(w) 72 In(j’)

as(p

4C 64C 64C
*3 3(M)+§ 5(,u)+2—7 6(1),

4

A0~ o )

Cio(m),

4
To= §Cl(M)+ Co(p)+6C5(u)+60Cs(u),
7 2
Ug=— §C3(M)_ §CA(M)_3805(M)

32
- ?C6(/-L),

Wy=— Ecs(ﬂ) - §C4(M) —8Cs(u)— gce(ﬂ)-
(A1)
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The elements/J) can be found ii16], while the loop func-
tion h(z,8) is given in Eq.(4). In the contributions that ex-
plicitly involve virtual or bremsstrahlung corrections only
the leading order coefficients®, T, U, and W
enter. They are given by

1 4 20 80
AP =CP—2Cf - gCi - o - ey,
1 10
AY'=Cy+Cy— cci+ 200 - —Cp,
4 a
O " [0y —S~M)

6

m 4
0)_(0 b 0
"G )759)'”(7 F30

64 64
—_cOy ~ 0

A =Ci, (A2)

4

(0)—

c¥+cY+6cy +60cy,

7 2 32
Ug’=— 3¢5~ 50;‘”— 38CY— Ecg‘” ,
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TABLE |. Coefficients appearing in Eq§7)—(9) for u=2.5, 5,
and 10 GeV. Fomg(u) (in the MS schemgwe used the two-loop
expression with five flavors angls(m;)=0.119. The entries corre-
spond to the pole top quark mass=174 GeV. The superscrigd)
refers to lowest order quantities.

M
2.5 GeV 5 GeV 10 GeV
as 0.267 0.215 0.180
c?® -0.697 —0.487 -0.326
c® 1.046 1.024 1.011
(A Ay (-0.360,0.031 (—0.321,0.019 (—0.287,0.008
AP —0.164 —0.148 -0.134

(AQ AY)  (4.241-0.170  (4.129,0.013  (4.131,0.155
(T 1) (0.115,0.278  (0.374,0.251  (0.576,0.231
(U UMy (0.045,0.023 (0.032,0.016  (0.022,0.011
(WP W) (0.044,0.016  (0.032,0.012  (0.022,0.009
(AQ ALY (—4.372,0.135 (—4.372,0.135 (—4.372,0.135

1 2 32
W= - - ScP-ac- 2.

We list the leading and next-to-leading order contributions to
the quantitiesd;, Tg, Ug, andWy in Table I.
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