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Constraints on the gravitational force on photons from microlensing
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Gravitational microlensing observations are used to study the radial dependence of the gravitational force
acting on photons. The Newton inverse square law is shown to be valid at a few % level at a distance scale of
a few AU ~where 1 AU51.4963108 km is the astronomical unit!. Constraints on possible non-Newtonian
terms are derived.
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I. INTRODUCTION

In the past decade, interest in experimental studies of
viations from Newton’s law of gravitation, the so-called i
verse square law, has been renewed by claims of detectio
new macroscopic forces~see for instance@1# and references
therein!. The inverse square law has been tested over sc
ranging from 1 cm to 108 km. At astronomical scales, th
most stringent limits on possible deviations come from pl
etary and rocket motions@2#.

The status of Newtonian gravity is more controversial
larger scales. Some authors have suggested to modify
inverse square law in an attempt to explain the galactic r
tion curves@3–5# ~the so-called ‘‘dark matter’’ problem!. It
has been noted that the gravitational deflection of light is
important test of these models@6,7#.

The gravitational force on photons is known from stud
of the deflection of light by the Sun at the scale of a fract
of an AU ~where 1 AU51.4963108 km is the astronomi-
cal unit! and by gravitational lensing observations on larg
scales. The deflection of light by the Sun has been show
be consistent with the inverse square law@8#.

Gravitational lensing~see Ref.@9# for a review! is a con-
sequence of the gravitational deflection of light. It h
evolved from a theoretical speculation to being an import
tool for observational astrophysics. Lensing by structures
scales differing as much as clusters of galaxies and s
~‘‘microlensing’’! has been observed. Lensing by galax
and clusters of galaxies has been used by Dar@10# to inves-
tigate the validity of the inverse square law at the kpc
31016 km) scale and above. This author compared the m
inferred from the size of the Einstein ring to the veloc
dispersion inside the lensing system. An agreement
found at the 30% level. However, as mentioned previou
the validity of the inverse square law at the galactic scale
been questioned by several authors@3#.

Microlensing is sensitive to gravitational interactions a
scale of a few to a few tens of AU. Hence it would fill
small part of the gap between the solar system scale~where
Newton’s law is known to be accurate at the 1029 level @1#!
and the galactic scale. The purpose of this paper is to add
the following question: can we learn something on the gra
tational interaction of photons from microlensing expe
ments?

Microlensing observations have an obvious drawback:
lensing mass cannot be estimated in two independent w
0556-2821/2002/65~6!/062002~7!/$20.00 65 0620
e-

of

les

-

t
he
a-

n

s

r
to

t
n
rs

s

ss

as
y,
s

ss
i-

e
ys.

Hence, microlensing observations are not sensitive to the
solute value of the gravitational constant. On the other ha
the impact parameter of the lensed photons changes
time when the lens moves in front of the source. This allo
tests of the radial dependence of the gravitational force
ing on photons.

II. THE GRAVITATIONAL LENS EQUATION

A. Angular position of images

The simplest lensing configuration is shown in Fig. 1.
source star located at S is lensed by a massive lens star~mass
M! at L and observed at O. The Schwarzschild radiusr S and
the Einstein radiusr E are defined by

r S5
2GM

c2
~1!

r E5A2r SDLSDOL

DOS
~2!

DOS5DOL1DLS . ~3!

Since we want to study non-Newtonian gravity, G in t
above equation is not necessarily the same as Newton’s
stant measured in the laboratory. The image positionsr are
given by the normalized lens equation:

r 2r o5a~r ! ~4!

FIG. 1. An observer located at O receives photons from a sou
star at S. The source star is lensed by a lens star at L. The dist
between the observer and the lens isDOL , the distance between th
lens and the source isDLS . The lens plane is normal to the line o
sight OS.
©2002 The American Physical Society02-1
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wherer o is the projected position of the source in the pla
perpendicular to the line of sight containing the lens, anda
is related to the deflection angleb by

a5
DLSDOL

DOS
b. ~5!

B. The deflection angle

In the weak field approximation, the deflection angle
related to the gravitational potentialF by

b522E
S

O

]'Fdz ~6!

where z is a coordinate along the source-observer axis. F
Schwarzschild lens, the potential is

F}
1

r
~7!

which gives the well known result@18#

a~r !5
r E

2

r F11OS r S

r D G . ~8!

Since deviations from the inverse square law are not
pected to be large, the class of lenses for which

a~r !5
r E

2

r
@11 f ~r !#, f ~r !!1 ~9!

@hereafter called quasi Schwarzschild~QS! lenses#, is espe-
cially important.

C. Models of deviations from the inverse square law

Three models for a deviation from the inverse square
are considered in this paper. The first model~model I! is a
power law model:

F}r 2d. ~10!

This model is convenient for lensing analysis, since the
flection angle is also found to follow a power law with inde
2d. Whend;1, this model is equivalent to a QS lens wi

f ~r !5~12d!ln
ur u
r E

. ~11!

The second model~model II! is a Yukawa type model

F}
1

r
~11ee2r /l! ~12!

wheree andl are phenomenological parameters. Potent
of this type have been proposed to describe short ra
@12,13,11# or long range@4# modifications of gravity. The
deflection angle induced by the model II potential can
expressed with the modified Bessel functionK1:
06200
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b}
1

r F11e
r

l
K1S r

l D G . ~13!

The last model~model III! simply adds an extra 1/r 2 term
to the ordinary 1/r deflection:

b}
1

r S 11e8
r E

r D . ~14!

An extra 1/r 2 term exists also in general relativity@19#, but it
is predicted to be very small. On the other hand, this te
might be non-negligible for some exotic lenses such
lenses with scalar charges@14#.

III. SCHWARZSCHILD LENSES

For a Schwarzschild lens, Eq.~4! is readily solved. Two
imagesr 1 andr 2 are found. However, these images are n
detected individually in microlensing observations. Inste
the experiments take advantage of the apparent magnifica
of the flux of the lensed source.

The magnification factor is given by

A~r o!5Ur 1

r o

dr1

dro
U1Ur 2

r o

dr2

dro
U. ~15!

The lensing is detected when the lens moves in front of
source with a transverse velocityv t . For Schwarzschild
lenses, the shape of the ‘‘light curve’’~magnification A ver-
sus time t! is given by the well known formula@15#

A5
u212

uAu214
~16!

u25uo
21

v t
2~ t2to!2

r E
2

~17!

wherev t is the transverse velocity of the lens. The Einste
radius crossing time defined bytE5r E /v t is the only physi-
cal observable.

The microlensing events found by astronomical surve
such as EROS, MACHO or OGLE@16# fit well the expected
shape. Since our goal is to constrain the deviations fr
Newtonian gravity, the expected magnification for QS len
has to be computed and compared to the shape~16!. The first
step is to solve the lens equation~4!. This equation has in
general more than two solutions, even in the case of
lenses~see e.g.@14#!. It is easy to show that models I and
~with e!1) have only 2 solutions for Eq.~4!. Model III has
2 solutions fore8.0, but can have either 2 or 4 solutions fo
e8,0. The lens equation for model III withe8,0 has 4
solutions if

ur 0u,U r E

4e8
22e8r EU . ~18!

The right-hand side of this inequality can be arbitrarily lar
for smalle8, so that this inequality holds for practical value
2-2
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of r 0 ande8. Discarding this case~model III with e8,0), the
lens equation~4! has only 2 solutions for the models consi
ered in this paper. These solutions can be expressed as
nite series in two special cases: large source distances
QS lenses. In the next 2 sections, these special case
investigated in turn.

IV. MAGNIFICATION OF QS LENSES AT LARGE AND
SMALL DISTANCES

A. Solutions of the lens equation at large distances

As written above, the lens equation~4! is assumed to have
only 2 solutions. One of the solutions, denoted byr 1 , goes
continuously tor o when r 0 is large compared tor E . r 1 is
easily found by application of the Lagrange inversion fo
mula @17#:

r 15r o1 (
n51

`
1

n!

dn21

dro
n21 @a~r o!#n. ~19!

The second solution of the lens equation is denoted byr 2

and goes continuously to 0 whenr 0 is large compared tor E .
To obtain this solution, the lens equation is rewritten as
di

e

06200
nfi-
nd
are

-

y5a~r ! ~20!

y52r o1a21~y!. ~21!

The Lagrange inversion formula now gives:

r 252a21~r o!1 (
n51

`
~21!n11

n!

dn21

dro
n21

3S da21~r o!

dro
@a21~r o!#nD ~22!

5 (
n51

`
~21!n

n!

dn21

dro
n21 @a21~r o!#n. ~23!

To simplify the calculation, we now specialize to model
lenses to obtain the magnification in the limits of large a
small source distances. However, the conclusion obtaine
the next section can be shown to hold qualitatively for mo
II and model III QS lenses.

B. Application to model I lenses

The explicit values ofr 6 for power law model I are:
r 15r o1
r E

11d

r o
d

1 (
n52

`
~21!n21@~nd! . . . ~nd1n22!#

n!

r E
n(d11)

r o
n(d11)21

~24!

r 252r E
S S r E

r o
D 1/d

1 (
n52

` ~21!n21F S n

d D . . . S n

d
1n22D G

n! S r E

r o
D [(n/d)1n21]D . ~25!
It is clear that these expressions have a restricted vali
range inr o . Using the methods of Ref.@17#, the series forr 1

are found to converge for

r o>
d11

dd/(d11)
r E ~26!

while the series forr 2 converge if the same inequality is tru
with d changed into 1/d. In the worst case~that of Schwarzs-
child lenses!, the expansions converge forr o>2r E .

For a Schwarzschild lens, the expressions forr 6 simplify
to

r 15r o1 (
n51

`
@2~n21!! ~21!n21#

n! ~n21!!

r E
2n

r o
2n21

~27!

r 252S (
n51

`
@2~n21!! ~21!n21#

n! ~n21!!

r E
2n

r o
2n21D ~28!

5r o2r 1 ~29!
tya well known result.
The magnification factor for model I is

A~r o!5Ur 1

r o

dr1

dro
U1~r 1↔r 2! ~30!

5U r 1

r oF11dS r E

r 1
D d11GU1~r 1↔r 2! ~31!

5U r 1
2

r o@~11d!r 12dr o#
U1~r 1↔r 2!. ~32!

In the high magnification limit (r o!r E), the magnifica-
tion can be written as

Ahm5
r E8

r o
~33!
2-3
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where r E8 is defined byr E852r E /(11d). Thus, in the high
magnification limit, a lens with a power law interaction ca
not be distinguished from a Schwarzschild lens with Einst
radiusr E8 .

In the low magnification limit (r o@2r E), ther 6 solutions
can be expanded in powers of (r E /r o)d and (r E /r o)1/d.
Keeping only the leading terms of the expansion, the mag
fication is given by

Alm511~12d!
r E

r o

d11

1d~2d21!
r E

r o

2(d11)

1
1

d

r E

r o

2[(1/d)11]

. ~34!

For a QS lens (d511e,e!1), this can be rewritten as

Alm512eS r E

r o
D 2

12S r E

r o
D 4

~11e!1OXe2,S r E

r o
D 6C.

~35!

This has to be compared to the magnification of a Schwa
child lens:

Alm
Schw5112S r E

r o
D 4

1OXS r E

r o
D 6C. ~36!

Thus, in the low magnification limit, the magnification
the sum of the magnification of a Schwarzschild lense
50) and of an additional term. A pure Schwarzschild le
has a magnification which is fourth order inr E /r o . The non-
Newtonian term of the magnification@Eq. ~35!# is both first
order ine and second order inr E /r o , and can become domi
nant at large enoughr o .

The result obtained in this section shows that Newton
and non-Newtonian lenses are significantly different in
low magnification regime. However, the microlensing eve
are best observed in the high magnification regime. In
next section, we show that the shape~16! has a simple gen
eralization for QS lenses.

V. FIRST ORDER SOLUTIONS FOR QS LENSES

It is natural to compare the two solutionsr 6 of the lens
equation~4! @with a given by Eq.~9!# to the solutionsr 6

o of
the lens equation for Schwarzschild lenses. Changing
variabler to y5r 2(r E /r ), changes the lens equation into
set of 2 equations:

y2r o5
f @ 1

2 ~y1Ay214r E
2 !#

1
2 ~y1Ay214r E

2 !
~y.0! ~37!

y2r o5
f @ 1

2 ~y2Ay214r E
2 !#

1
2 ~y2Ay214r E

2 !
~y,0!. ~38!

Since f !1, this set of equations is formally solvable by th
Lagrange inversion formula. Transforming back to ther vari-
able, the solutions are
06200
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1 5r 6

o 1 (
n51

`
~61!n

n!

dn21

dro
n21 S f ~r 6

o !r E
2

Ar o
214r E

2 D n

. ~39!

A necessary condition for Eq.~39! to hold is thatr 1
1 (r 2

1 )
and r 1

o (r 2
o ) have the same sign.

The magnification of a QS lens can be expressed as

AQS5
1

ur ou S U r 1
2

2r 12r o2r E
2 f 8~r 1!

U D 1~r 1↔r 2!. ~40!

Replacingr 6 by their values from Eq.~39! and keeping
only leading order terms inf gives:

AQS5
r o

212r E
2

r oAr o
214r E

2
1

r E
2@r 1

o 2f 8~r 1
o !2r 2

o 2f 8~r 2
o !#

r o~r o
214r E

2 !

1
2r E

4@ f ~r 1
o !1 f ~r 2

o !#

r o~r o
214r E

2 !3/2
. ~41!

In the case of the power law model I, a straightforwa
calculation shows that

AQS
I 5

r o
21~22e!r E

2

r oAr o
214r E

2
. ~42!

The magnification has also a simple expression for mo
III,

AQS
III 5

r o
212r E

2

r oAr o
214r E

2
14e8

r E
3

r o~r o
214r E

2 !
, ~43!

while the expression for model II is more involved:

AQS
II 5

r o
212r E

2

r oAr o
214r E

2
1S e

l2D r E
2F(

6
ur 6

0 u3K0S Ur 6
0

l
U D G

r o~r o
214r E

2 !

12S e

l D r E
4F(

6
ur 6

0 uK1S Ur 6
0

l
U D G

r o~r o
214r E

2 !3/2
. ~44!

VI. CONSTRAINTS ON THE GRAVITATIONAL FORCE
FROM A MICROLENSING EVENT

The detailed study of all available microlensing data a
the extraction of the best possible constraints is outside
scope of this paper and will be the subject of future work
simple simulation shows that the light curve of a bright m
crolensed source~with photometric errors of;0.5%), moni-
tored with a time sampling of 3 points per night, shou
constrain the parameters of model I and II at the level
;5%. The parametere of model III can be constrained a
the ;10% level forl;r E . The limits can be improved by
combining the results of several light curves.

It is interesting to compare these predictions with the li
2-4
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FIG. 2. Microlensing observa-
tion OGLE BUL-SC39 361372.
The solid line shows the overall fi
to a Schwarzschild lens. Only th
first 225 days of data are show
for clarity.
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its obtained from a real life event. For this, we use data fr
the Galactic bulge microlensing events catalog@20# released
by the OGLE Collaboration. This catalog, which contai
214 events, is available on the web.1 The event BUL-SC39
361372 has a very bright source star, with a I band magni-
tudeI o513.392, and accordingly very small photometric e
rors (,1%). Thelight curve of BUL-SC39 361372 is show
in Fig. 2.

All the fits presented here are performed with theMINUIT

program @21#. The light curve has first been fitted to th
shape~16!, which corresponds to a Newtonian gravitation
potential. A magnification at maximumAmax and an Einstein
crossing timetE of

Amax55.4860.06 ~45!

tE518.1860.05 days ~46!

were found, in very good agreement with the values p
lished by the OGLE Collaboration@20#. The x2 has a high
value of 358 for 246 degrees of freedom. The residuals of
fit, displayed in Fig. 3, show no obvious trend as a funct
of time. From this, it is clear that the Schwarzschild le
model provides a reasonable fit to the data. The distribu

1Web address: ftp://astro.princeton.edu/ogle/ogle2/microlens
gb/
06200
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of residuals is well fitted by a Gaussian with a zero mean
a standard deviation of 1.43. This may be due to an ove
timate of the errors or to other systematic effects. The mic
lensing fit may be improved by using a more sophistica
lens model. The light curve may deviate from the shape~16!
if the source star@22# or the lens@23# is in a binary system.
Other possible effects include the orbital motion of the Ea
~‘‘microlensing parallax’’! @24#, or the finite size of the
source star@25#. No rescaling of the errors was attempted f
the fits of the non-Newtonian effects.

The fit of the power law model I gives

d2150.01460.018. ~47!

The gravitational potential is thus found to be Newtonian
the 2% level. The fit of model III parametere8 gives

e850.03460.03. ~48!

The maximum contribution of an extrae8r E
2/r 2 in the gravi-

tational potential is thus

431023<e8<6.431022~68% C.L.!. ~49!

The fit of the Yukawa type model II is illustrated in Fig. 4
The parameterl was varied between 0.2r E and 10 r E . The
other parameters were fitted. Parametere is less than 2.5s
from zero everywhere, except nearl51.25 r E . At this
value of l, e is 4.5 standard deviations from zero. Para

g/
2-5



.
y
f

s
n
e

f.

s
n

r

J.-F. GLICENSTEIN PHYSICAL REVIEW D 65 062002
FIG. 3. Residuals of the
Schwarzschild lens fit to micro-
lens OGLE BUL-SC39 361372
These residuals do not show an
obvious trend as a function o
time. Only the first 225 days of
data are shown for clarity.

FIG. 4. 68% C.L. upper limits
on the model II parametere as a
function of l. A typical value of
r E51.4 AU was assumed. The
hashed zone with horizontal line
is the 68% C.L. accepted domai
obtained from the analysis of th
microlensing event OGLE BUL-
SC39 361372~this work!. The
68% C.L. accepted domain of Re
@8# is shown by vertical lines. The
dashed lines show the boundarie
of the 68% C.L. accepted domai
for a simulated observation with
25 images per night on an 8 mete
telescope.
062002-6
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eters e and tE are strongly correlated@see e.g. Eq.~33!#;
because of this, the fitted parameters may sometimes
away from the Schwarzschild lens solution. A 68% C.L. e
cluded domain can be derived from the size of the error b
assuming that there is no non-Newtonian signal.

The limits on the parameters of model II are expressed
units of the Einstein radiusr E . They must be converted int
physical units. While this is not possible on an event
event basis, an average value forr E can be obtained. Fur
thermore, it is sufficient for our purpose to give an order
magnitude estimate. With typical values of

DOS58 kpc ~50!

DLS53 kpc ~51!

M50.3 M ( ~52!

one finds r E;2 108 km;1.4 AU. As shown in Fig. 4,
bulge microlensing events such as OGLE BUL-SC
361372 give significant constraints one for l in the range
0.53101021012 m. The deflection of light by the Sun@8#
gives constraints forl in the range 10820.531011 m. The
upper limits onueu from Ref.@8#, also shown in Fig. 4, are a
order of magnitude smaller than the present work.

The limits on model II parameters obtained from micr
lensing can be improved either by using all the availa
microlensing events or by taking data with better time sa
pling and better photometry. This can be achieved by mo
er

ish

ro

06200
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in

y
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toring a bright microlensed source with a dedicated 8-me
class telescope. A simple simulation~dashed lines in Fig. 4!
shows that a 1% limit one can be reached by taking a
average of 25 images per night with a photometric accur
of 0.1%.

VII. CONCLUSION

In this paper, we have studied the radial dependence
the gravitational force acting on photons with observed m
crolensing events. Newton’s inverse square law was foun
be valid at the level of a few percent at a distance of abou
AU. Some constraints on non-Newtonian gravity were d
rived. These constraints are much weaker than the lim
from planetary and rocket data@2#, but only slightly weaker
than those derived from the gravitational deflection of lig
by the Sun@8#. Finally, the constraints might be improved b
systematically using all available ‘‘well measured’’ micro
lensing observations or by taking data with good tim
sampling on a dedicated 8 m class telescope.
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