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Vector non-Abelian Chern-Simons duality
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Abelian Chern-Simons gauge theory is known to possess an ‘‘S-self-dual’’ action where its coupling constant
k is inverted, i.e.,k↔1/k. Here a vector non-Abelian duality is found in the pure non-Abelian Chern-Simons
action at the classical level. The dimensional reduction of the dual Chern-Simons action to two dimensions
constitutes a dual Wess-Zumino-Witten action already given in the literature.

DOI: 10.1103/PhysRevD.65.045006 PACS number~s!: 11.10.Kk, 02.40.2k
r-

tri
i

th

be

or

L
b

e

r-

n
n

n
. A

e
e
lo

al

,

ting

ef.

l
ng

tric

on-
ns
e-
al
ain

ity.
ns

as
text

ee

-

,
of

on-
nal
h
al

ern-

ls
ec-

on.
he
om-
the
I. INTRODUCTION

Duality is a very important tool in the study of nonpertu
bative physics in quantum field and string theories~for a
review, see for instance@1#!. In this context, duality helps to
describe the strong coupling limit of some supersymme
field and string theories. Thus, it is important to determine
a theory does admit dual versions. In order to do that,
Roček-Verlinde procedure is very useful@2#. One general
signature to know whether a system can be descri
through ‘‘dual’’ variables is the presence of aglobal symme-
try. This symmetry can be made local to construct a m
general Lagrangian with additional variables~Lagrange mul-
tiplier fields! and a bigger symmetry. From thisparent La-
grangian, the original Lagrangian and its associated dual
grangian can be obtained. This global symmetry can
Abelian or non-Abelianand, according to this, the abov
mentioned dualization procedure is calledAbelian or non-
Abelian duality. Abelian duality is nowadays well unde
stood ~for a review see for instance@3,4#!. However non-
Abelian duality has a more complicated structure. No
Abelian duality was originally proposed by de la Ossa a
Quevedo in@5#. Its global structure was investigated in@6#
and further worked out in@7,8#. In particular, in Ref.@8#, the
structure of non-Abelian duality of Wess-Zumino-Witte
~WZW! models was studied in detail at the quantum level
nontrivial generalization of the non-AbelianT duality is the
Poisson-LieT duality, which was considered by Klimcˇik and
Severa in a series of papers@9#.

On the other hand, Chern-Simons gauge theory has b
used to describe a wide range of phenomena in three dim
sions. These range from condensed matter systems in
dimensions and particularly in the fractional quantum H
effect and superconductivity~see for instance@10#! to (2
11)-dimensional gravity@11#. On the mathematical side

*Email address: compean@fis.cinvestav.mx
†Email address: octavio@ifug3.ugto.mx
‡Email address: cramirez@fcfm.buap.mx
0556-2821/2002/65~4!/045006~5!/$20.00 65 0450
c
f
e

d

e

a-
e

-
d

en
n-
w

l

Chern-Simons theory has been very useful for construc
knot and link invariants@12#. The study of duality in the
Abelian Chern-Simons action was first introduced in R
@13# and further studied in Refs.@14,15#. In particular, in Ref.
@15#, the effects ofT duality in the fractional quantum Hal
effect were computed. This duality works by interchangi
the levelk of the Chern-Simons theory to 1/k. The generali-
zation to the non-Abelian Chern-Simons and supersymme
Chern-Simons cases has been worked out in Refs.@16,17#. In
these papers, it was found that at the classical level, the n
Abelian dual theories are also non-Abelian Chern-Simo
theories with inverted level, just as in the Abelian case. R
cently, some new non-Abelian dualities in two-dimension
models were discovered by dimensionally reducing cert
three-dimensional non-Abelian dual systems@18#. These re-
sults seem to be relevant to massive type-IIA supergrav
Another recent application of non-Abelian duality concer
the dual descriptions of Belavin-Polyakov instantons@19#.

A very different duality of the Chern-Simons action h
also been discussed by Kapustin and Strassler in the con
of the mirror symmetry of the Abelian gauge theory in thr
dimensions@20#. In this latter paper it is found thatN53
Chern-Simons QED andN54 QED are in factS-dual with
the mappingk↔1/k. In this case the non-Abelian vector du
ality generalization still remains an open problem.

It is well known from Ref.@12# that for compact groups
the quantization of Chern-Simons gauge theory consists
the finite-dimensional Hilbert state constructed from the c
formal blocks of the associated two-dimensional ratio
conformal field theory~RCFT!. Other features of CFT, suc
as the conformal anomaly and the duality of conform
blocks, can also be reinterpreted by means of the Ch
Simons three-dimensional theory@21#. It is natural to ask
whether the Rocˇek-Verlinde procedure for the WZW mode
can be carried over from the Chern-Simons theory persp
tive. In this paper we find a positive answer to this questi

We address the problem of non-Abelian duality in t
Chern-Simons gauge theory in three dimensions, with a c
pact and simple gauge group. In the process we derive
non-Abelian duality of WZW models found in Ref.@8#, from
©2002 The American Physical Society06-1
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the Chern-Simons perspective. To be specific, we exploit
fact that the Chern-Simons action is invariant under glo
transformations of the connection in the adjoint represe
tion. This symmetry is gauged out, and the dual action
then obtained. In order to verify the proposed non-Abel
Chern-Simons duality and its possible consequences, we
duce the parent action to its 2D counterpart. It turns out t
it coincides with the duality found in Ref.@8#, where its
consequences were computed. The reduction to 2D R
may help us to understand properly the structure of n
Abelian duality in three dimensions. In@22#, a mirror sym-
metry of 3D Chern-Simons theories with a geometric int
pretation, realized as a brane configuration of D-branes
NS-branes, was found. Our results would be relevant to
a relation of@22# to the geometrical WZW models realized
brane configurations@23#.

This paper is organized as follows. In Sec. II we brie
review the necessary tools of non-Abelian duality~we follow
Ref. @4#! which will be useful in the subsequent section
Sections III and IV are the main contribution of this paper.
Sec. III basically we find the dual non-Abelian Cher
Simons action. In Sec. IV we reduce the dual action to t
dimensions. Finally in Sec. V we give our concluding r
marks.

II. NON-ABELIAN DUALITY

In this section we will briefly recall the basics of non
Abelian duality. Non-Abelian duality was first proposed
Ref. @5#, in the context of the target space duality in stri
theory, and further developed in@6–9#. The starting point is
a given nonlinear sigma model described by a LagrangiaL
consisting ofM world-sheet scalar fieldsXM and with non-
constant target space metricGMN(X). This metric is assumed
to possess a group of non-Abelian isometriesG. Let n be the
index denoting the isometric directions. Then scalar fie
transform under the global groupG as Xm→gn

mXn with gn
m

PG. Following the Rocˇek-Verlinde procedure, one ca
gauge out a non-Abelian subgroupH of G, with ]Xm

→DXm5]Xm1Aa(Ta)n
mXn. The procedure also incorpo

rates into the action a term* tr(LF) where F5]Ā2 ]̄A

1@A,Ā# andL is a two-index Lagrange multiplier field. Th
gauge field is a Lie algebra@Lie(G)# valued field in the
adjoint representation ofH.

The partition function is given by

Z5E DX

VG
E DLDADĀexpH 2 i S Sgauged@X,A,Ā#

1E tr~LF ! D J . ~1!

The original action can, as usual, be found by integrat
of the Lagrange multiplierL. The dual theory can be ob
tained by integrating over the gauge fieldsA andĀ. It yields

Z5E DXDLd@F# det
dF
dv

exp~2 iS8@X,L#!det~ f 21!,

~2!
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whereF is the gauge fixing function,v represents the pa
rameters of the group of isometries,f is a matrix-valued co-
efficient of the quadratic term in the gauge fields a
S8@X,L# is given by

S8@X,L#5S@X#2
1

4pa8
E J̄a~ f 21!abJb , ~3!

whereJ and J̄ are currents coupled toĀ andA respectively.
In the next section we will show that the non-Abelia

Chern-Simons theory possessesexactlythis non-Abelian du-
ality structure. Thus, it will constitute a new example of th
sort of duality.

III. NON-ABELIAN CHERN-SIMONS DUAL ACTION

Consider the pure Chern-Simons action

L5
k

4pEM
TrS AdA1

2

3
A3D , ~4!

whereA is a connection on theG bundleE over M, G is a
compact and simple Lie group andM is an oriented arbi-
trary three-manifold with nonempty boundary]MÞ0” . ‘‘Tr’’
is an invariant quadratic form on the Lie algebraG
5Lie(G) of G. The wedge product is omitted from this a
tion.

Let $Ta%, a51, . . . ,dim(G), be a basis ofG5Lie(G)
with @Ta,Tb#5 f c

abTc and ‘‘Tr’’ the diagonal quadratic form
Tr(TaTb)522dab . In local coordinates ofM, the action~4!
is thus written as

L5
k

4pEM
« i jk S Ai

a] jAka1
1

3
f abcAi

aAj
bAk

cD . ~5!

The partition function of this theory is given by

Z5E DAexpS ik

4pEM
TrS AdA1

2

3
A3D D . ~6!

We intend to find a ‘‘dual’’ action to Eq.~5! using the
non-Abelian generalization of the Rocˇek-Verlinde procedure
originally proposed in @5# and further developed in
@6,8,24,25# ~for some reviews see@3,4#!. We begin by noting
that the action~5! is invariant under the global transforma
tions

Ai→g21Aig, ~7!

whereg is a constant element ofG. As in the standard pro-
cedure, we gauge a subgroupH of the above symmetry in the
action~5!, with algebraH, and introduce theH-valued gauge
field Bi to get the parent action:

LD5E
M

« i jkF k

4p S Ai
aD̂ jAka1

1

3
f abcAi

aAj
bAk

cD
1

1

2p
x i

aF jka~B!G , ~8!
6-2
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VECTOR NON-ABELIAN CHERN-SIMONS DUALITY PHYSICAL REVIEW D65 045006
where the Lagrange multipliersx i
a and the field strength

F jk
a (B)5] jBk

a2]kBj
a1 f bc

a Bj
bBk

c areH-valued forms onM,

and D̂ i5] i1@Bi ,•# are the corresponding covariant deriv
tives with respect to theB fields. This action is invarian
under the symmetry transformations

Bi→h21Bih1h21] ih, Ai→h21Aih, x→hxh21,
~9!

that is,

D̂ iA5h21D̂ iA h, ~10!

for any elementh of H.
The partition function for this system is given by

Z5E DADxDBexp~ iL D!. ~11!

Integrating with respect to the Lagrange multipliersx i
a ,

we get the constraints

F jk
a ~B!50, ~12!

which lead to considering only flat gauge connectionsBi of
the form

Bi5h21] ih. ~13!

Then locally the gauge fields are pure gauge, the gauge
ing Bi

a50 can be chosen, and we recover the original act
~5!.

On the other hand, the ‘‘dual’’ action can be obtained
integrating over theH-valued gauge fieldsBi

a and then fixing
the gauge. The relevant part of the action is

LD5E
M

« i jk S . . . 1
k

8p
f abcAi

aAj
bBk

c1
1

2p
x i

a] jBka

1
1

4p
f abcx i

aBj
bBk

c1 . . . D . ~14!

This is a Gaussian integral and the integration defines
‘‘dual’’ action LD* with partition function

Z5E DADxdetM 21/2exp~ iL D* !, ~15!

with the H-invariant dual action,

LD* @A,x#5L@A#1
1

4pEM
Ji

a~x,A!Mab
21 i j Jj

b~x,A!

1
1

4pE]M
Na

i ~x!Mi j
21 ab

„Nb
j ~x!22Jb

j ~x,A!…,

~16!

whereL@A# is the standard Chern-Simons action~5!,
04500
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k~x,A!5« i jk S ] ix ja1

k

8p
f abcAi

bAj
cD , ~17!

Na
i 5« i jknjxka , with ni the normal to]M, andM 21 is the

inverse matrix of

Mab
i j 5

1

2
« i jk f abcxk

c . ~18!

Up to boundary terms, the form of the dual action~16! co-
incides with Eq.~3!, with the difference that the factor de
terminant in Eq.~15! appears here with a square root due
the fact that the integral is Gaussian. The action~16! is still
gauge invariant underH transformations and as usual,
order to obtain the true dual action, a gauge fixing has to
undertaken. However, as pointed out in@5# the dual action
will not depend on the definite form of the gauge fixing.

The matrix~18! can be singular in general. Algebraical
its inverse can be given, although not in a generally sim
form. For example forH5SU(2) it is given by

Mi j
21 ab5

1

det~M !
~x i

ax j
b22x j

ax i
b!.

In the case that det(M ) has singularities, counterterms hav
to be added in order to regularize the corresponding po
@24#.

IV. DUAL WESS-ZUMINO-WITTEN ACTION

In order to understand the precise structure of the thr
dimensional dual action~16!, we compute the correspondin
theory on the boundary]M of M. To do this we follow
Refs. @26,27#. If the manifold M has a boundary, we ca
consider the two dimensional theory corresponding to
action~8!. In order to do that, we separate the time from t
space components:d5d01d̃, A5A01Ã, B5B01B̃ and
x5x01x̃; then the parent action~8! can be rewritten as

LD5E
M

1

4p
TrF2

1

2
Ãd0Ã1x̃d0Ã1x0F̃~B̃!2kA0~ d̃Ã1B̃Ã

1ÃB̃1Ã2!1B0~ d̃x̃1B̃x̃1x̃B̃2kÃ2!G , ~19!

where we set the boundary conditionsA05B050.
Thus, after integrating out the Lagrange multipliers, w

have the following equations:

F̃~B̃!5d̃B̃1B̃250, ~20!

G~Ã,B̃![d̃Ã1B̃Ã1ÃB̃1Ã250, ~21!

H~Ã,B̃,x̃ ![d̃x̃1B̃x̃1x̃B̃2kÃ250. ~22!

Further, we observe that if we defineÃ5f̃2B̃ and x̃

52kÃ1l̃, where f̃PG and l̃PH, then G(Ã,B̃)5F̃(f̃)
2F̃(B̃) and H(Ã,B̃,x̃)52kG(Ã,B̃)1d̃l̃1B̃l̃1l̃B̃.
6-3
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Therefore the equations we have to set to zero areF̃(B̃)
5F(f̃)50 and d̃l̃1B̃l̃1l̃B̃50. The first two equations
can be solved byB̃5h21d̃h and f̃5g21d̃g, wherehPH
and gPG. Now, if we insert these solutions into the la
equation, we get

d̃l̃1h21d̃hl̃1l̃h21d̃h50, ~23!

that is,

hd̃l̃h211d̃hl̃h211hl̃h21d̃hh215d̃~hl̃h21!50.
~24!

Therefore

l̃5h21d̃a h, x̃52kÃ1h21d̃a h ~25!

whereaPH. We get

LD5E
M

1

4p
TrF k

2
g21d̃gd0~g21d̃g!2

k

2
h21d̃hd0~h21d̃h!

1h21d̃ahd0~h21d̃h!G , ~26!

which can be rewritten as

LD5E
M

1

4p
TrF d̃S k

2
d̃g21d0g2

k

2
d̃h21d0h1d̃ad0hh21D

2
k

6
~h21dh!31

k

6
~g21dg!3G . ~27!

Therefore, if for example our manifold isM5R3D,
whereD is a 2-disk, then ifr andf are the coordinates o
the disk, we get the two dimensional parent action,

I D5E
R3]D

1

4p
TrS 2

k

2
g21]fgg21] tg

1
k

2
h21]fhh21] th2]fa] thh21Ddfdt

1
k

24pER3D
Tr@~g21dg!32~h21dh!3#. ~28!

This parent action contains two WZW actions forg andh,
as well as thea term. It coincides with the non-Abelian
duality parent action for WZW given in@8# @see Eq.~4.16! of
Ref. @8##.

From Eq.~25!, we see that the fielda corresponds to the
field x in Eq. ~8! and thus its integration should give th
WZW action as result. Indeed, the integration overa gives
]f(h21] th)50, whose solution ish(t,f)5A(f)B(t). After
substitution of this solution back into the parent action~28!,
the a term and theh WZW action vanish identically. Thus
as expected, the resulting action is the WZW action co
sponding to the Chern-Simons action~4!,
04500
-

I WZW5
k

2E Trg21]fgg21] tgdfdt1
k

6
TrE ~g21dg!3.

~29!

In order to get the dual action to Eq.~29!, it has to be
integrated over theh field in Eq.~28! @8#. Let us denote byI h
the action containingh; its variation with respect toh gives

dhI h52
1

4pE Tr@h21dh~] t]fa2k]f~h21] th!

1@h21] th,]fa#!#dtdf50, ~30!

which is solved by

]fa5kh21]fh, ~31!

whose substitution in the parent action gives

Ĩ WZW52
1

4pER3]D
TrS k

2
g21]fgg21] tg

1
k

2
h21]fhh21] thDdfdt

1
k

24pER3D
Tr@~g21dg!32~h21dh!3#. ~32!

A detailed analysis done in@8#, taking into account quan
tum corrections, in particular the ones due to the change
variable~31!, shows that this dual non-Abelian WZW actio
corresponds exactly to a (G/H)k3Hk WZW model.

V. CONCLUDING REMARKS

In this paper we have further investigated the structure
non-Abelian duality. We have found that one can associa
dual action with the non-Abelian Chern-Simons actio
which constitutes a new example of this kind of duality. A
ter solving the constraints, we find an explicit ‘‘dual’’ actio
for the original Chern-Simons~CS! action~5! in terms of the
Lagrange multiplier variablesxk

a , given by Eq.~16!. This
action contains a Chern-Simons term of the original fieldsAi

a

plus thex action and a boundary term. It needs still to
gauge fixed in order to eliminate redundant degrees of fr
dom. In order to see which 2D CFT theory corresponds
this dual, we resort to the two dimensional theory on t
boundaryR3]D corresponding to the parent action. Th
procedure was performed in the Sec. IV and the non-Abe
action I D obtained in Ref.@8# resulted.

We can summarize our results with the following di
gram:

CS →
D

CS̃

↓R ↓R

WZW →
D

WZW̃
6-4
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where the mapping consisting in obtaining the dual action
denoted byD. R denotes the dimensional reduction of t
dual action on the boundaryR3]D. The reduced parent ac
tion I D Eq. ~28! corresponds to two coupled WZW action
just as was found in Ref.@8#. It is interesting to see that th
above diagram commutes. The reason for this is that
dimensional reduction of CS˜ theory, i.e., the WZW̃model,
coincides with the dual actionĨ WZW to the WZW model ob-
tained in@8# which comes directly from dimensional redu
tion of the CS theory according to Refs.@26,27#, and it is
given by Eq.~32!. This is so because both approaches h
the same WZW parent actionI D @Eq. ~28!#.

It was the main aim of the paper to construct the no
Abelian dual theory of the non-Abelian Chern-Simo
theory. Similarly to other examples, the dual action is
Chern-Simons action coupled to a Freedman-Townsend
action Eq.~16!. To find the utility of the non-Abelian Chern
Simons duality, it remains to apply it to some systems
volving non-Abelian Chern-Simons theory. One of these
amples would be to find a relation between some proper
in the strong/weak coupling region of the Chern-Simo
gauge theory and in the weak/strong region of the sa
theory. This could be of importance, for instance, in relat
the topological invariants of knots and links defined in t
strong coupling limit 1/k→` ~Jones polynomial! and those
,’’

.

s.

,
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defined in the weak coupling limit 1/k→0 ~Vassiliev invari-
ants!.

Finally, non-Abelian Chern-Simons actions with noncom
pact complex groups are relevant in the description of
11) quantum gravity@11#. Dual actions for gravity and su
pergravity were found in@16,17#. We would like to apply the
issues considered here to the Chern-Simons~super!gravity
case and compare with the dual actions obtained in@16,17#.
From Ref.@21# it is known that for the gravitational case, th
associated Hilbert space is infinite dimensional. Even in t
case CFT is of extreme importance to describe the gra
system@28#. Thus non-Abelian Chern-Simons duality and
two-dimensional reduction would be useful to address
gravitational case.

Also, it is well known that non-Abelian Chern-Simon
gauge theory can be regarded as a topological string th
@29#. It is tantalizing to apply the dual Chern-Simons acti
in order to look forS-duality structure in the various topo
logical sigma models involved. It would also be interesti
to compare our results with that obtained by Mohamm
@30#. Some of these subjects are under current investigat

ACKNOWLEDGMENTS

This work was supported in part by CONACy
grants 28454E and 33951E.
. J.

cr.

ys.

B

cl.

y,’’
@1# A. Giveon and D. Kutasov, Rev. Mod. Phys.71, 983~1999!; A.
Sen, ‘‘An Introduction to Non-Perturbative String Theory
hep-th/9802051.
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