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Detectability of microwave background polarization

Emory F. Bunn*
Physics & Astronomy Department, St. Cloud State University, St. Cloud, Minnesota 56301

~Received 14 August 2001; published 18 January 2002!

Measurement of the amplitudes of both theE and B components of the CMB polarization will open new
windows into the early Universe. Using a Fisher-matrix formalism, we calculate the required sensitivities and
observing times for an experiment to measure the amplitudes of bothE andB components as a function of sky
coverage, taking full account of the fact that the two components cannot be perfectly separated in an incom-
plete sky map. We also present a simple approximation scheme that accounts for mixing ofE andB compo-
nents in computing predicted errors in theE-component power spectrum amplitude. In an experiment with
small sky coverage, mixing of the two components increases the difficulty of detecting the subdominantB
component by a factor of two or more in observing time; however, for larger survey sizes the effect of mixing
is less pronounced. As a result, the optimal experimental setup for detecting theB component must cover an
area of sky significantly larger than is found when mixing is neglected. Surprisingly, mixing ofE and B
components can enhance the detectability of theE component by increasing the effective number of indepen-
dent modes that probe this component. The formalism presented in this paper can be used to explore ways in
which survey geometry and nonuniform noise due to uneven sky coverage will affect detectability of the two
components.

DOI: 10.1103/PhysRevD.65.043003 PACS number~s!: 98.70.Vc, 98.80.Cq, 98.80.Es
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I. INTRODUCTION

The cosmic microwave background radiation~CMB! con-
tains a wealth of information about the high-redshift u
verse. Efforts to map the temperature anisotropy and e
mate its power spectrum have already revolutionized
understanding of cosmology, strongly suggesting that
Universe is spatially flat and constraining other cosmolog
parameters~e.g.@1–7#!. Future anisotropy measurements, e
pecially the Microwave Anisotropy Probe~MAP! @8# and
Planck@9# satellite missions, will allow the cosmological pa
rameters to be determined with unprecedented preci
~e.g.,@10,11#!.

Polarization will be the next frontier in the study of th
CMB; considerable effort is already underway~e.g., @12–
14#! to map the CMB polarization structure. That the CM
should be polarized is an extremely robust prediction@15,16#
of the gravitational instability paradigm of standard cosm
logical theory, so detection of CMB polarization will provid
a reassuring confirmation of the standard model. Moreove
large amount of additional information is expected to
lurking in CMB polarization maps. Measurement of th
CMB polarization power spectra will help in breaking ce
tain degeneracies between cosmological parameters@17–20#.
But perhaps most exciting of all is the possibility that CM
polarization measurements will contain the signature of
mordial gravity waves~tensor perturbations! produced dur-
ing an inflationary epoch@21–23#. If these hopes are rea
ized, we will have far more direct evidence than we curren
do that inflation actually occurred, and we will have prob
the Universe at far earlier times than any current obse
tions.

Detecting the gravity-wave signal in a CMB polarizatio
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data set will be a daunting task: the tensor contribution to
CMB polarization is expected to be considerably sma
than the contribution due to scalar density perturbations. F
tunately, the tensor contribution has a geometrically differ
signature from the scalar contribution, allowing the two to
separated. To be specific, any polarization map can be
into two components@21,22#: the ‘‘E component,’’ which
transforms as a scalar, and the ‘‘B component,’’ which trans-
forms as a pseudoscalar.1 Scalar density perturbations pro
duce only theE component, leaving theB component as a
clean probe of subdominant sources of polarization such
tensor perturbations.2

Given a full-sky polarization map, it is possible to sep
rate theE andB components perfectly; with incomplete sk
coverage, however, there is inevitably some cro
contamination between the components. This natur

1The division of a polarization field intoE andB components is
closely analogous to the division of a vector field into curl-free a
divergence-free parts. This is the reason for naming the compon
after the electric and magnetic fields.~Of course it is hardly neces
sary to add that these names have nothing to do with the ac
electric and magnetic fields of the radiation.! Elsewhere in the lit-
erature, the two components are calledG andC, for ‘‘gradient’’ and
‘‘curl,’’ respectively. If the world needed yet another name for the
components~which it certainly does not!, they could be called1
and 3; as we will see below, these give the orientation of t
polarization with respect to the wave vector in Fourier space.

2In addition to tensors, vector perturbations also produ
B-component polarization; however, because vector perturbat
decay over time, they are not expected to contribute significantl
the observed polarization, at least in the inflation-inspired mod
we consider in this paper. In some models~topological-defect mod-
els in particular!, vector perturbations may be sourced at times clo
to recombination and may therefore be observable, but we do
consider such models in this paper.
©2002 The American Physical Society03-1
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EMORY F. BUNN PHYSICAL REVIEW D 65 043003
makes detecting theB component more difficult, as it is in
danger of being swamped by the~typically much larger! E
component. In this paper, we will examine the experimen
requirements to detect bothE- and B- component polariza-
tion signals in a degree-scale experiment, accounting for
cross contamination.

One approach to separatingE from B is to observe in a
circular ring @24–26#. The separation of components is pa
ticularly clean in this case, but a strategy involving a tw
dimensional map is likely to be much better for measur
power spectrum amplitudes@27#, as many more independen
modes at a given scale can be found in the data. Atten
has therefore been paid to finding normal modes that m
mize the complications due toE-B cross contamination in a
two-dimensional map@27,28#. In the present paper, we ado
a more straightforward approach: we consider the likeliho
function of a polarization map in pixel space and comp
the Fisher matrix for the normalizations of bothE and B
power spectra. Since this ‘‘brute-force’’ approach is based
the likelihood function of the full data, it must be at least
good as~i.e., give as small error bars as! any method based
on an expansion in normal modes.

The remainder of this paper is organized as follows.
Sec. II, we review some properties of polarization maps
illustrate the difficulties in splitting a partial-sky map intoE
andB components. In Sec. III, we present the Fisher-ma
formalism we will use to determine the detectability of t
two components in a given experiment and also present
simple approximation schemes for determining the det
ability. Section IV presents our results, and Sec. V contain
brief discussion.

II. THE E-B DECOMPOSITION

In this section we describe the nature of theE-B decom-
position of a polarization field. This description makes
pretense of completeness; much more information on
subject can be found in the literature. See in particu
@29,30# and references therein.

A. The flat-sky approximation

Polarization is a spin-2 quantity~i.e., it is invariant under
180° rotations!. The linear polarization expected to be foun
in the CMB is described by the two Stokes parametersQ and
U, which are related to the magnitudeP and directionf of
the polarization as follows:

Q5P cos 2f, ~1!

U5P sin 2f. ~2!

There are several ways to describe the division of a
larization map intoE andB components. One simple way
to examine a small patch of the sky, which can be well
proximated as flat. In this approximation, anE-component
polarization field is one whose Stokes parameters satisfy
following equation:
04300
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]2Q

]x]y
2S ]2U

]x2 2
]2U

]y2 D50 ~E!, ~3!

while a B-component field satisfies this equation:

2
]2U

]x]y
1S ]2Q

]x2 2
]2Q

]y2 D50 ~B!. ~4!

~These equations are simply the spin-2 analogues of
equations“3v50 and“•v50 for the scalar and pseudo
scalar components of a vector field.!

An arbitrary polarization field can always be written as
sum of anE and aB component. One easy way to see this
to work in Fourier space. If we consider a mode with spa
dependenceeik•x, then Eq.~3! implies that theE component
has a polarization that is always parallel or perpendicula
k. In terms of the Stokes parameters, it can be written

S Q
U D

E

}S cos 2fk

sin 2fk
Deik•x ~5!

wherefk is the anglek makes with thex axis. Similarly, aB
mode has a polarization direction that is always at a
angle tok. It can be obtained by simply rotating the pola
ization of anE mode through 45° at each point:

S Q
U D

B

}S 2sin 2fk

cos 2fk
Deik•x. ~6!

To decompose an arbitrary map intoE andB components,
therefore, we simply take the Fourier transforms ofQ andU
and then, for each wavevector, project~Q ,U! onto the axes
defined by Eqs.~5! and ~6!. Of course, to perform this de
composition, we need to knowQ andU over all space. If we
only know Q and U over a finite region, the Fourier trans
form and hence theE-B split will depend on the boundary
conditions we assume.

Figure 1 shows Gaussian ‘‘hot spots’’ for both theE andB
components. Note that theB component, unlike theE com-
ponent, has handedness; this is the reason that density
turbations, which lack handedness, cannot excite this c
ponent. Of course, we could generate another pair ofE, B
maps by replacing~Q, U! by (2Q,2U), which is equiva-
lent to rotating the polarizations in these plots through 90
each point.

FIG. 1. Gaussian ‘‘hot spots.’’ The left panel is purelyE com-
ponent, and the right panel is purelyB component.
3-2
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FIG. 2. The left panel is sim-
ply one quadrant of the
E-component hot spot shown in
Fig. 1. The center and right pane
are a pureE and a pureB compo-
nent, respectively, which sum to
equal the left panel.
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To illustrate the ambiguity in theE-B decomposition of an
incomplete data set, suppose that we have observed only
quadrant of theE-component hot spot, as shown in the le
panel of Fig. 2. This is of course a pureE polarization field:
it satisfies Eq.~3! at every point. However, it is also the su
of the E and B polarization fields shown in the center an
right panels. These fields were produced by Fourier tra
forming the region covered by the data with periodic boun
ary conditions and splitting each Fourier mode intoE andB
parts according to Eqs.~5! and~6!. There are infinitely many
other ways the decomposition could have been done;
instance, the data could have been padded with zeroes o
sides before Fourier transforming.

In this particular example, the ‘‘contamination’’ of a pur
E component byB is not a small effect: the rms amplitude o
the B component shown in Fig. 2 is 0.87 times that of theE
component. This is because the map being decomposed
large amount of power on scales of order the width of
map. In general, we can expect a large amount of cross
tamination betweenE andB on the largest scales probed b
a given data set, with much less contamination on sma
scales. The reason for this is simple: the ambiguity in theE-B
decomposition is a result of our ignorance of the bound
conditions to impose on the two components, so the nat
length scale associated withE-B mixing is the width of the
map.

B. Beyond the flat-sky approximation

Although the flat-sky formulas are in general simpler
work with, for many applications we need to consider t
exact, full-sky formulas. In this section we will very briefl
summarize this formalism; see@21,22,27,28# for further de-
tails and useful identities.

Since polarization is a spin-2 quantity, the natural ba
functions to use in expressing the Stokes parameters~Q ,U!
on the sphere are the spin-2 spherical harmonics. Spe
cally, we can write

Q6 iU 5(
l 52

`

(
m52 l

l

a72,lm 72Ylm , ~7!

where 72Ylm is a spin-2 spherical harmonic. Detailed info
mation on the spin-2 spherical harmonics can be found in
sources cited above. For our purposes, all we need to kno
that decomposing a polarization field intoE and B compo-
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nents is quite simple in the spherical harmonic basis:
coefficientsa72,lm in the expansion can simply be written

a62,lm5Elm6 iBlm . ~8!

This, combined with the reality conditiona22,lm*
5(21)ma2,l 2m , allows one to determineElm andBlm from
the spherical harmonic coefficients.

If we assume that the polarization is a realization o
statistically isotropic random process~i.e., that there is no
preferred direction!, then the ensemble averages^Elm& and
^Blm& must both vanish, and the covariances must satisf

^ElmEl 8m8
* &5Cl

Ed l l 8dmm8 , ~9!

^BlmBl 8m8
* &5Cl

Bd l l 8dmm8 . ~10!

If in addition the random process is parity-invariant~lacks
handedness!, then

^ElmBl 8m8
* &50. ~11!

Furthermore, if the random process is Gaussian, then the
power spectraCl

E andCl
B comprise a complete description o

the random process.3 These power spectra are therefore t
only thing a Gaussian theoretical model needs to pre
about CMB polarization. Fortunately, theoretical models
capable of computing predicted power spectra with great p
cision and speed@21,22#, for instance using the publicly
availableCMBFAST software@31#.

Of course, actual observations always involve convolv
the true polarization field with the telescope beam. As lo
as the beam is azimuthally symmetric and purely copo
this results in a simple replacement ofCl

E,B with Cl
E,Bbl

2,
wherebl is the Legendre transform of the beam pattern. F
a Gaussian beam of widthsbeam@full width at half maximum
(FWHM)5sbeamA8 ln 2#, we have

bl
25exp„2 l ~ l 11!sbeam

2
…. ~12!

3There is also the cross correlation between theE component and
the temperature anisotropy. We choose to focus exclusively on
larization data in the present paper, though, ignoring tempera
data.
3-3
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Throughout this paper, we will useCl
E,B to denote the beam

smoothed power spectra.
In the next section, we will consider the analysis of da

from a hypothetical CMB polarization experiment. The k
ingredients in the analysis are the real-space correlations
in
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tween measurements at different points,^Q(x1)Q(x2)&,
^U(x1)U(x2)&, and^Q(x1)U(x2)&, which can be expresse
as sums over the power spectra. Specifically, ifQ andU are
defined with respect to coordinate axes such that thex axis
joins the two points, then
^Q~x1!Q~x2!&5(
l

S 2l 11

4p D „Cl
EF1l~x1•x2!2Cl

BF2l~x1•x2!…, ~13!

^U~x1!U~x2!&5(
l

S 2l 11

4p D „Cl
BF1l~x1•x2!2Cl

EF2l~x1•x2!…, ~14!

^Q~x1!U~x2!&50, ~15!

where the functionsF1l andF2l can be expressed in terms of Legendre functions as

F1l~x!52S ~ l 12!x

~12x2!
Pl 21

2 ~x!2S l 24

12x2 1
l ~ l 21!

2 D Pl
2~x!

~ l 21!l ~ l 11!~ l 12!
D , ~16!

F2l~x!54S ~ l 12!Pl 21
2 ~x!2~ l 21!xPl

2~x!

~ l 21!l ~ l 11!~ l 12!~12x2!
D . ~17!
air

is
m

In practice, we often wish to know the correlations
some other coordinate system. Since we know how~Q,U!
transforms under rotations, we can easily get these corr
tions by applying the appropriate rotation matrices to
correlations given above.~A pleasingly explicit recipe for
doing this can be found in@27#.!

III. FORMALISM

A. Likelihoods and Fisher matrices

The Fisher information matrix provides a useful way
quantify the ability of a data set to estimate parameters. It
been applied to great effect in the study of CMB temperat
anisotropy~e.g.,@32#! and also to CMB polarization studie
@27,33#. In this section, we show how the Fisher matrix c
be used to calculate the significance with which the am
tudes of theE andB power spectra can be measured from
polarization map.

Suppose we have made maps containingQ and U mea-
surements atN pixels. The pixel locations arex1 ,...,xN . Our
2N data points can be written

qi5Q~xi !1eQi , ~18!

ui5U~xi !1eUi . ~19!

Here i ranges over pixels in the map, andeQi(eUi) is the
noise in thei th pixel of the Q(U) map. We will assume
uncorrelated noise:

^eAieB j&5sAi
2 dABd i j . ~20!
la-
e

as
e

i-

HereA andB range over$Q,U%, andsAi
2 is the noise vari-

ance in pixeli of mapA.
We will arrange our data points into a data vector,

d5S q1

]

qN

u1

]

uN

D . ~21!

The 2N32N data covariance matrix is defined to beM
5^ddT&. We can label elements of the data vector with a p
of indicesiA, with i ranging from 1 toN andA being either
Q or U. Then a typical element of the covariance matrix
MiA jB . The covariance matrix contains contributions fro
signal and noise

MiA jB5MiA jB
S 1MiA jB

N , ~22!

with

MiQ jQ
S 5wQ~xi ,xj ![^Q~xi !Q~xj !&, ~23!

MiU jU
S 5wU~xi ,xj ![^U~xi !U~xj !&, ~24!

MiQ jU
S 5wX~xi ,xj ![^Q~xi !U~xj !&, ~25!

MiA jB
N 5s iA

2 d i j dAB . ~26!
3-4
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As described in the previous section, the correlation fu
tions wQ ,wU ,wX can be expressed as sums over the po
spectra.

A theory predicts a pair of power spectraCl
E andCl

B , and
hence a covariance matrixM . The likelihood of a theory is

L~M !}~detM !21/2expS 2
1

2
dTM21dD . ~27!

It is more convenient to work with the quantity

L5 ln detM1dTM21d522 lnL1const, ~28!

which can also be written in the following convenient form

L5Tr~ ln M1M21ddT!. ~29!

~The logarithm of a matrix is as usual defined via the Tay
series, or equivalently by diagonalizing the matrix and tak
the logarithms of its eigenvalues.!

Now suppose that we are considering a class of theo
that containsP unknown parametersa1 ,...,aP , and suppose
for simplicity that the covariance matrix is linear in the
parameters, so that we can write

M5M ~0!1 (
p51

P

~ap21!M ~p!. ~30!

HereM (0) represents the~unknown! true covariance matrix
In other words, the true values of the parameters have b
taken to be one. Our ability to measure parameters will
determined by how sharply peaked the likelihood is abou
maximum, so we perform a Taylor expansion inL to deter-
mine this. If we let]p stand for]/]ap , then

]pL5Tr„M21]pM2M21~]pM !M21ddT
…

5Tr~M21M ~p!2M21M ~p!M21ddT!. ~31!

Note that in the ensemble average,^ddT&5M (0), so ^]pL&
50 when all parameters are equal to one.

The quantity that characterizes the sharpness of the
lihood peak is of course the second derivative, so we m
plunge ahead and differentiate again:

]q]pL5Tr~2M21M ~q!M21M ~p!

1M21M ~q!M21M ~p!M21ddT

1M21M ~p!M21M ~q!M21ddT!. ~32!

Let us take an ensemble average of this quantity and eva
it at M5M (0) ~which is both the true value and th
ensemble-average maximum-likelihood location!. Then

2Fqp[^]q]pLuM5M ~0!&5Tr~M ~0!21
M ~q!M ~0!21

M ~p!!.
~33!

The quantitiesFqp are the elements of theP3P Fisher ma-
trix F. They tell us the expected uncertainty with which
parameterap can be determined from a likelihood analys
04300
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Specifically, if all parameters except thepth are knowna
priori , thenap will be determined with an expected error o
1/AFpp. If on the other hand all parameters are unknow
then the uncertainty is inap is A(F21)pp. Furthermore, these
expected uncertainties are the smallest that can be obta
from this data set by any unbiased data analysis method

We will be interested in determining whether theE- and
B-component polarizations can be detected by a given
periment. Let us make an admittedly optimistic assumpti
suppose that theshapesof the power spectraCl

E andCl
B are

known but the amplitudes are not. Then we will have tw
parametersaE andaB , such that

Cl
E,B5aE,BĈl

E,B , ~34!

where Ĉl
E,B represents the true power spectrum. Then

matricesM (E) and M (B) that appear in Eq.~33! are simply
the parts ofM ~and in particularMS! proportional toCl

E and
Cl

B .
We will say that theE~B! component is detectable if th

parameteraE(aB) can be measured with an expected unc
tainty considerably less than one. Specifically, ifaE has an
expected uncertainty of 1/q, then we can expect to measu
the amplitude ofCl

E with a signal-to-noise ratio ofq. So if,
say, we are interested in knowing whether a particular
perimental design will provide a 3-sigma detection of theE
component, we simply compute the 232 Fisher matrixF
and determine whetherA(F21)EE .3.

B. The JKW approximation

In the next section, we will present experimental requi
ments for detecting theE andB components, using the for
malism described above. This process is somewhat lab
ous, since it involves manipulating 2N32N matrices, so
simpler methods are clearly desirable. One very useful s
approximation has been provided by Jaffe, Kamionkows
and Wang~JKW! @33#. Similar results may be found in@25#.
In this section, we present a brief heuristic ‘‘derivation’’ o
the JKW approximation.

First, consider an experiment in which theN pixels cover
the entire sky uniformly. Let us also suppose that the no
level s2 is the same in each pixel of theQ andU maps.@In
other words,s2 is the same assAi

2 of Eq. ~20! and is as-
sumed to be the same across all pixels of both maps.# The
analysis of this experiment is quite simple: we can estim
each coefficienta62,lm , and hence eachElm andBlm , inde-
pendently by exploiting the orthonormality of the spheric
harmonics over the whole sphere. Each coefficient will ha
noise of amplitude

s
*
2 5

4p

N
s2. ~35!
3-5
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It is convenient to define the weightw of a set ofQ andU
maps to be4

w[(
i 51

N

(
A5$Q,U%

sAi
22. ~36!

The results of this section depend on the assumption of
form noise, sow52N/s2. Equation~35! can therefore be
written

s
*
2 5

8p

w
. ~37!

If we wish to estimate theE-component power spectrumCl
E ,

therefore, we have at our disposal a set of independ
Gaussian random numbersÊlm ~estimators of the true coef
ficientsElm! with zero mean and variances

^uÊlmu2&5Cl
E1s

*
2 . ~38!

Since all the variables are independent, the likelihood has
usual Gaussian form:

L}S)
l ,m

~Cl
E1s

*
2 ! D 21/2

expS 2
1

2 (
l ,m

uElmu2

Cl
E1s

*
2 D . ~39!

If we assume as before that only the overall normalizat
of the power spectrum is unknown, we can determine
expected uncertainty just as in the previous section, by c
puting the Fisher matrix~which is diagonal for a full-sky
experiment!. Differentiating the above expression forL
twice, we find that the uncertainty in the parameteraE is
given by

~SNR!E
2[saE

225
1

2 (
l ,m

S Cl
E

Cl
E1s

*
2 D 2

5
1

2 (
l 52

`
2l 11

@11~8p/wCl
E!#2 . ~40!

Here SNR stands for ‘‘signal-to-noise ratio.’’ An experime
with an SNR of, say, 3, is one in which we would expect
measure the power spectrum normalization with an accu
of three sigma. Of course, an identical relation applies toaB .

This result has a very simple interpretation@25#. The
quantitywCl

E/8p is the square of the signal-to-noise ratio f
a single mode at multipolel. Modes for which this quantity
is much greater than unity contribute 1 to the sum, wh
modes for which it is much less than one contribute nothi
Therefore, what this formula says, roughly, is that the squ

4Beware: this definition differs by a factor 4p from the weight as
defined in JKW. While we are on the subject, note that the po
ization power spectra in JKW and also in Ref.@22# differ by a factor
of two from those found elsewhere in the literature and in t
paper.
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of the signal-to-noise ratio of the power spectrum amplitu
is equal to1

2 the number of modes that are detected with h
signal-to-noise.

Now consider an experiment that only covers a fraction
the sky f sky. The number of independent modes that can
detected will of course be reduced by a factorf sky. On the
other hand, the noise variance for each mode will be redu
by the same factor, since the total weight of the experimen
concentrated in a smaller area. We might guess, theref
that the generalization of Eq.~40! to the case of partial sky
coverage is

~SNR!E,B
2 5

f sky

2 (
l

2l 11

@11~8p f sky/wCl
E,B!#2 . ~41!

Equation~41! is the JKW approximation@compare to Eq.~1!
of JKW#.

A question arises as to the lower limit of the sum. JK
advocate starting the sum atl min5180°/L, whereL is the
survey size, on the grounds that modes with smallerl cannot
be probed. It can be argued, though, that the sum sho
begin at the lowest possiblel ~namely 2!. After all, the fact
that modes with lowl are not probed is already accounted f
by the inclusion of the prefactorf sky. The effective number
of independent modes below some multipolel 0 is approxi-
mately f skyl 0

2, which is better approximated byf skyS2
l 0(2l

11) than byf skyS l min

l0 (2l11). The choice made makes littl

difference to the final results~at most about 20%, and usuall
much less, for the results to be shown below!, so for consis-
tency we follow JKW’s prescription.

Of course, the JKW approximation does not account
the mixing ofE andB modes due to incomplete sky cove
age. We therefore expect it to overestimate the detectab
of the subdominantB component, since some modes that a
used to estimateB will be swamped by contamination from
the largerE component. As we will see below, this is indee
the case. Perhaps more surprising is the fact that the J
approximation sometimesunderestimatesthe detectability of
theE component. In the next subsection, we will consider
enhanced version of the JKW approximation that sheds s
light on the reason for this.

C. A toy model of E-B mixing

In this section, we will consider an experiment that cove
a square patch of sky that is small enough to permit the
of the flat-sky approximation. Suppose as usual that the
polarization is a Gaussian random fieldp5(U

Q). It can of
course be written as a Fourier transform,

p5E d2kp̃~k!eik•x, ~42!

and each Fourier component can be split into anE and aB
part:

p̃~k!5Ẽ~k!S cos 2fk

sin 2fk
D1B̃~k!S 2sin 2fk

cos 2fk
D . ~43!

r-

s
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The assumption that the polarization is a realization o
homogeneous, isotropic, parity-invariant Gaussian rand
field means thatẼ andB̃ are Gaussian random variables wi
zero mean and covariances

^Ẽ~k!Ẽ* ~k8!&5
1

~2p!2 CE~k!d~k2k8!, ~44!

^B̃~k!B̃* ~k8!&5
1

~2p!2 CB~k!d~k2k8!, ~45!

^Ẽ~k!B̃* ~k8!&50. ~46!

The power spectraCE andCB depend only on the magnitud
of k. The factor of (2p)2 is inserted for consistency with
standard normalization conventions:CE,B(k)'Cl

E,B with l
5k.

Now, suppose that the polarization is measured ove
square patch of sky of areaL2. We might5 choose to analyze
such a data set by expanding the observed region in a Fo
series with coefficients

ã~q!5
1

L2 E
L2

d2xp~x!e2 iq•x, ~47!

whereq5(2p/L)(nx ,ny) for integersnx andny .
These Fourier series coefficients are related to the

Fourier transform in the usual way,

ã~q!5E d2kp̃~k!W~k2q!, ~48!

where the window function is

W~g!5S singxL/2

gxL/2 D S singyL/2

gyL/2 D . ~49!

In other words, each modeã(q) probes a range ofk values
of width ;L21 aroundq.

Suppose that we wish to estimate theE and B power
spectra from these Fourier coefficients. We might proceed
decomposing eachã(q) into an ‘‘E’’ and ‘‘ B’’ piece:

ã~q!5ãES cos 2fq

sin 2fq
D1ãBS 2sin 2fq

cos 2fq
D . ~50!

However, sinceã(q) contains contributions from a wid
range ofk’s, not all of which are parallel toq, these will not
really be purelyE or B. In fact, the mean-square value of th
supposedlyE component is

^uãE~q!u2&5
1

~2p!2 E d2k„CE~k!cos2 2a

1CB~k!sin2 2a…W2~k2q!, ~51!

5In fact, we probably would not analyze the data in quite suc
naive way; we would at least taper the edges to reduce ringin
the Fourier modes. But we are trying to keep things simple.
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where cosa5k̂•q̂. A similar equation holds for theB com-
ponent.

Whenq is large compared to 1/L, of course, all values of
k that contribute significantly to the integral are quite clo
in direction toq, so sin2 2a'0 andãE(q) really does depend
almost entirely on theE component. In other words, mixing
of E andB is relatively unimportant on small scales. But fo
smallq, a cannot be taken to be small. In fact, if we assum
that the power spectra are approximately constant over
range where the window function is large, we can pull the
out of the integral to find

^uãE~q!u2&'
1

L2 „C
E~q!cq

21CB~q!sq
2
…, ~52!

where cq
2 and sq

2 are the averages of cos2 2a and sin2 2a
weighted byW2(k2q). Similarly,

^uãB~q!u2&'
1

L2 „C
B~q!cq

21CE~q!sq
2
…. ~53!

We can find these averages by numerical integration. Av
aging over the direction ofq, we get approximately

12cq
25sq

25
2.4

qL
. ~54!

~If we are a bit more sophisticated and taper the edges of
data before Fourier transforming, then the window functi
W does not ring so much, andsq

2 can be reduced by;10–
20%. As we will see in the next section, though, this appro
mation gives surprisingly good results as is.!

Now suppose thatCE@CB. Then for eachq with a rea-
sonably large value ofsq

2 we will have two independent6

modes that are dominated byE, rather than the expected on
according to Eq.~53!, even the nominalB mode ãB(q) is
mostlyE. Since, as we have seen in the previous section,
signal-to-noise ratio is determined by counting the numbe
modes with high signal-to-noise, this enhances the sign
cance with whichaE can be measured.

In fact, we can modify the JKW approximation to tak
this into account. Each ‘‘nominalE mode’’ ãE(q) provides a
measurement of theE-mode with mean-square amplitud
Cl

Ecl
2 and mean-square noise 8p f sky/w1Cl

Bsl
2. ~Here uqu

5 l . We are imagining an attempt to measure t
E-component, so we treat theB-component part of the signa
as if it were noise.! We can therefore replace 8p f sky/wCl

E in
Eq. ~41! with

k1l[
8p f sky/w1Cl

Bsl
2

Cl
Ecl

2
. ~55!

a
in

6It can be shown that correlations between the different modes
relatively weak. This is not terribly precise, but after all this secti
is called ‘‘a toy model.’’
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And we should also include a term that accounts for the
that ãB(q) can be used to measure theE-mode amplitude:

k2l[
8p f sky/w1Cl

Bcl
2

Cl
Esl

2
. ~56!

The final result is

~SNR!E
25

f sky

2 (
l

~2l 11!S 1

~11k1l !
2 1

1

~11k2l !
2D .

~57!

Although this looks quite messy, the interpretation
fairly simple. k1l

21 and k2l
21 are the squared signal-to-nois

ratios with which theE-component amplitude can be d
tected in each mode~counting theB-component contribution
as noise!. Modes with high signal-to-noise contribute one
the sum, while modes with low signal-to-noise~or low
E-signal-to-B-signal, sinceB-signal is being counted a
noise! contribute zero. In the no-mixing limit,sl

2→0, thek2l

term does not contribute, and thek1l term agrees with Eq
~41!.

Incidentally, we now face the same question as in
original JKW approximation regarding the lower limit of th
sum. As before, it makes relatively little difference wheth
we start the sum at 2 or at 180°/L. In the results shown
below, we have started the sum at 2.

We can try to use this approximation to find th
B-component delectability, but it turns out to give terrib
results. This is not surprising: because we can always m
sure theE component more accurately than theB compo-
nent, modeling it simply as an unknown source of noise
poor approximation.

IV. RESULTS

Consider an experiment in which a square patch of sky
lengthL is observed. We will suppose that the patch is p
elized into anNside3Nsidesquare array and that bothQ andU
are measured in each pixel, so that the dimension of our
vectord is 2Nside

2 . Suppose furthermore that the noise leves
is the same for all of these measurements. The weight of
experiment is then

w5
2Nside

2

s2 . ~58!

The weight is of course proportional to the observing tim
w5NdtobsT0

2/s2, whereNd is the number of detectors an
tobs is the observing time.T052.728 K is the current CMB
temperature. Its presence is simply to convert units:
choose to measures in temperature units but the power spe
tra in dimensionlessDT/T units. Instead of quoting weights
therefore, we can simply quote observing times in, say,
tector years at some nominal sensitivity level. In the res
below, we will use 100mK s1/2 as our nominal sensitivity, so
our observing times in detector years will simply be
04300
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detector years[NdS tobs

1 yearD S 100mK s1/2

s D 2

5
w

2.3531016.

~59!

We consider a ‘‘concordance’’ cold dark matter mod
with a cosmological constant~LCDM! with parameters cho-
sen for reasonable agreement with the bulk of the availa
data: h50.70, Vb50.041, VL50.7, V tot51, n51. In
most of our results, we ignore the effects of reionization
setting the optical deptht to last scattering equal to zero. W
allow the tensor-to-scalar ratioT/S, defined as the ratio o
the tensor and scalar temperature power spectra atl 52, to
vary. E andB power spectra for these models are shown
Fig. 3.

Once all of the above parameters have been specified
can compute theE and B component power spectra wit
CMBFAST, normalize to the Cosmic Background Explor
~COBE! data @31,34#, and smooth with a Gaussian bea
sbeam. We then use the formalism of Sec. III A to calcula
the signal-to-noise ratios for the amplitude of theE and B
components. Since we are interested in determining the
quired experimental parameters for a strong detection of
two amplitudes, we fix the desired signal-to-noise at 3 a
solve numerically for the required weights. The results
shown in Figs. 4 and 5. For comparison, we also show
result of the JKW approximation and, for the case of theE
component, the result of the ‘‘enhanced’’ JKW approxim
tion of Eq. ~57!. Although most of our results were calcu
lated withsbeam50.3°, we calculated theT/S50.01 power
spectra forsbeam50.1° and 0.5° as well to illustrate the e
fect of beam size on our results.

In the Fisher matrix analysis, we analyze maps with s
eral different pixel sizes, as indicated in the figure captio
For the 0.3° beam, for example, the largest pixel size is 0
which is somewhat larger than one would ideally like to u
We use this large pixel size so that we can investigate d
sets with large sky coverage without having to invert inco
veniently large matrices. As shown in the figures, there
overlap in map size between different pixel sizes, wh

FIG. 3. E andB power spectra. The solid curves are theLCDM
models with no reionization described in the text. From top to b
tom, T/S takes the values 0.1, 0.05, and 0.01. The dashed curv
a reionized model witht50.3, T/S50.1, andn tilted to 1.15.
3-8
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FIG. 4. E andB component delectability for different tensor-scalar ratios. In this figure and the next, the vertical axis is the ob
time in detector years, at a nominal sensitivity of 100mK s1/2, required for a 3-sigma measurement of the power spectrum amplitude
beam size issbeam50.3° (FWHM50.71°). The points are the results of the Fisher matrix analysis. The three different symbols are fo
with pixel sizes of 0.18°, 0.3°, and 0.5°. The solid line is the result found with the JKW approximation. In theE-component case, the resu
of the enhanced JKW approximation is shown as a dashed line.
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gives a crude idea of the amount of information being l
when large pixel sizes are used. In general, the bulk of
information is found on scales larger than the pixel scale;
maps with a reasonable number of pixels, the fact that we
undersampling the beam does not appear to affect the re
very much.

Note that the JKW approximation underestimates the
ficulty of detecting theB component as expected. For sm
survey sizes, though, it overestimates the difficulty of m
suring theE component amplitude. The enhanced JKW a
proximation provides a better fit in this regime.
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The detectability of theE component is quite flat as
function of survey size even for fairly small maps, but that
the B component is not. For the case of a 0.3° beam,
optimal survey size for detecting theB component is 22°, as
compared to 17° found via the JKW approximation. F
sbeam50.5°, the optimum is 26°, while the JKW approxima
tion would give 19°. For thesbeam50.1° case, the optimum
survey size was too large to find with the Fisher-matrix fo
malism. The JKW optimum for this case occurs atL515°,
with a detection time of 180 detector years; it is reasona
to suppose that the true optimum is at even larger scales
3-9
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FIG. 5. E andB component delectability for different beam sizes. The results shown here all haveT/S50.01. The symbols have the sam
meanings as in Fig. 4, except for the pixel sizes: for a beam size of 0.1°, the different symbols represent pixel sizes of 0.06°,0.1°,0.1
for the 0.5° beam the symbols represent 0.3°,0.5°,0.8° pixels.
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While it may not be necessary for an experiment
achieve the optimum survey size, one would certainly like
stay well to the right of the ‘‘knee’’ in Figs. 4 and 5. For th
case of a 0.3° beam, the required detection time is relativ
flat for L*12° but rises sharply at smallerL. This suggests
that a map of at least 40340 sbeam-sized pixels should be
made in order to measure theB-component amplitude in
such an experiment. The experimental weight required fo
3-sigmaB-component detection in such an experiment wo
be such that theB-component-signal–to–noise per pixel
approximately unity.

In order to determine whether reionization made a sign
cant difference to our results, we examined a model in wh
the optical depth to last scattering wast50.3. In order to
keep the temperature power spectrum more or less the s
we tilted the spectral indexn from 1 to 1.15. As shown in
Fig. 3, this makes a large difference to the polarization po
spectra, but most of the difference is on larger scales t
those to which our degree-scale experiments are most s
tive. The required detection times for this model were ve
similar to those in the no-reionization case: for theE com-
ponent, the difference was less than 4%, while for theB
component it ranged from 15% down to 5% over the ran
of survey sizes shown in Fig. 4.
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V. DISCUSSION

As we have seen in the previous section, the Fisher-ma
formalism gives a slightly better detectability for th
E-component power spectrum amplitude than is predicted
the no-mixing JKW approximation, at least in the case
small survey sizes. The reason for this is that some mo
that ‘‘should’’ probe theB component are actually dominate
by the E component, increasing the number of independ
modes that can be used to estimate theE-component ampli-
tude. The enhanced JKW approximation~57! does surpris-
ingly well at characterizing theE-component detectability
confirming that this ‘‘extra mode’’ explanation is indeed co
rect.

The main practical consequence of the enhan
E-component detectability is that experiment designers n
not be terribly concerned about ensuring large sky covera
the detection requirements are fairly flat as a function
survey size. For theB component, on the other hand, surv
size is quite important. The required observation time ri
sharply as the survey size decreases. For a 0.3° beam
‘‘knee’’ in detectability occurs at a survey size of about 12

As expected, the neglect of mixing in the JKW approx
mation causes it to underestimate the difficulty of measur
the B component. We might expect this underestimation
3-10
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DETECTABILITY OF MICROWAVE BACKGROUND . . . PHYSICAL REVIEW D65 043003
depend primarily on the survey size, measured relative
some sort of coherence length of the signal being looked
In Fig. 6, we illustrate this by plotting the ratio of the dete
tion time calculated using the JKW approximation to t
Fisher-matrix calculation. On the horizontal axis is plott
the survey size, measured in units of theB-component co-
herence length. The coherence length is defined byucoh
5p/ l coh, where the coherence multipole is

l coh[
( l~2l 11!l 2Cl

B

( l~2l 11!lCl
B , ~60!

the weighted average multipole, with weights given byl (2l
11)Cl

B . ~HereCl
B is the beam-smoothed power spectrum

usual.! All of the models discussed in the last section a
plotted here. In general, the JKW approximation becom
good when the survey size is many coherence lengths,
for L&20 coherence lengths, it underestimates the detec
difficulty by a factor of;2.5.

It is important to note that the Fisher-matrix formalis
used in this paper gives thebestpossible error bars that ca
be achieved from a given experiment. Even if, for examp
we expand the data set in some set of normal modes
minimizeE-B mixing @26–28#, we cannot do any better tha
the brute-force likelihood analysis of the entire data set
which the Fisher-matrix formalism is based. This is not
say, of course, that such methods are not useful. They
reduce computation time, provide insight into the nature
theE-B decomposition, and allow filtered real-space maps
the E andB components to be made, for example.

Although the Fisher-matrix results represent the ideali
minimum possible error bars, they are likely to be quite clo

FIG. 6. Comparison of JKW and Fisher matrix detectabilitie
The quantity on the vertical axis is the ratio of the requiredB-mode
detection time calculated using the JKW approximation to that
culated from the Fisher matrix. On the horizontal axis is the sur
size measured in units of theB-mode coherence length defined
the text. The solid lines are thesbeam50.3° models from Fig. 4;
T/S decreases from top to bottom. The dotted and dashed line
the 0.1°- and 0.5°-beam models plotted in Fig. 5. The kinks in
curves are caused by the fact that different pixel sizes were use
the maps.
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to the errors achievable in real experiments.7 After all, loss-
less or nearly lossless methods such as those that have
applied to recent temperature anisotropy measurements@1,2#
can be easily adapted to the polarization case. The o
idealization that has been made in this analysis is that o
the amplitudes, and not the shapes, of the power spectra
unknown. This will of course not be true in a real experime
~although, as long as CMB temperature anisotropy exp
ments continue to return results consistent with stand
models, strong constraints on the shapes will be availab!;
however, for the first few experiments to detect theE andB
modes, a band-power estimate of the power spectrum
few bands will probably be sufficient and may be expected
yield error bars similar in size to those calculated by t
Fisher-matrix formalism.

E-B mixing is significant only on scales comparable to t
size of the survey, and therefore affects a relatively sm
number of modes@27,28#. It might therefore be surprising
that mixing has as large an effect on theB-component de-
tectability as it does. The main point to remember in th
regard is that the modes with wavelengths of order the s
vey size are always the ones that are detected with the h
est signal-to-noise.~After all, the beam-smoothedCl

B is in-
variably a sharply decreasing function ofl, whereas the noise
has a flat power spectrum.! The loss of these modes to mix
ing therefore has a disproportionately large effect.

It should be noted that the criterion adopted for ‘‘dete
ability’’ of a component in this paper is that the amplitude
that component’s power spectrum can be measured
small fractional uncertainty. It is possible for a component
be ‘‘detected’’~i.e., for the null hypothesis that the compo
nent is absent to be ruled out! at high significance even if this
criterion is not met. For instance, if a single mode is detec
with high signal-to-noise, and if that mode is known to be
pureB mode, with noE-component contamination, then th
B component will have been detected with high significan
However, based on a single mode, the amplitude of
power spectrum cannot be determined with fractional unc
tainty less thanO(1), sosuch an experiment would not me
the detectability criterion considered in this paper.

This scenario could easily occur in an experiment d
signed to measure the Stokes parameters in a thin ring@24–
26#. Because an accurate characterization of the power s
trum amplitudes will be extremely important in interpretin
polarization results, and because a detection of the polar
tion in many different modes is much more robust than
detection in only a few, we have chosen to adopt the stron
detectability criterion of this paper.

The formalism described in this paper has numerous
plications. Although we have considered only square map
can of course be used to explore the effects of survey ge
etry on detectability of the two components. It can also ea
be adapted to examine the degree to which inhomogene
noise alters detectability. One might suppose, for instan
that measuring the edges of the survey with high precis

7Unless foreground contamination, which is not treated in
present work, proves to be a serious problem.
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would help in separating the two components, since
modes that are ‘‘ambiguous’’ with respect to theE-B split
tend to be supported most strongly near the boundary@28#.
Finally, the formalism described herein may prove usefu
studies of weak gravitational lensing~e.g.@35,36#!: the shear
induced by lensing is a spin-2 field, and the mathematic
therefore quite closely analogous to the case of CMB po
ization.
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