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Detectability of microwave background polarization
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Measurement of the amplitudes of both tBeand B components of the CMB polarization will open new
windows into the early Universe. Using a Fisher-matrix formalism, we calculate the required sensitivities and
observing times for an experiment to measure the amplitudes oftbatitd B components as a function of sky
coverage, taking full account of the fact that the two components cannot be perfectly separated in an incom-
plete sky map. We also present a simple approximation scheme that accounts for mikirgaB compo-
nents in computing predicted errors in tBecomponent power spectrum amplitude. In an experiment with
small sky coverage, mixing of the two components increases the difficulty of detecting the subddBinant
component by a factor of two or more in observing time; however, for larger survey sizes the effect of mixing
is less pronounced. As a result, the optimal experimental setup for detectiBgcitraponent must cover an
area of sky significantly larger than is found when mixing is neglected. Surprisingly, mixirig aid B
components can enhance the detectability ofEl@mponent by increasing the effective number of indepen-
dent modes that probe this component. The formalism presented in this paper can be used to explore ways in
which survey geometry and nonuniform noise due to uneven sky coverage will affect detectability of the two

components.
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[. INTRODUCTION data set will be a daunting task: the tensor contribution to the

CMB polarization is expected to be considerably smaller

The cosmic microwave background radiati@MB) con-  than the contribution due to scalar density perturbations. For-
tains a wealth of information about the high-redshift uni- tunately, the tensor contribution has a geometrically different
verse. Efforts to map the temperature anisotropy and estgignature from the scalar contribution, allowing the two to be
mate its power spectrum have already revolutionized oupeparated. To be specific, any polarization map can be split
understanding of cosmology, strongly suggesting that théto two component§21,22: the “E component,” which
Universe is spatially flat and constraining other cosmologicafransforms as a scalar, and thB tomponent,” which trans-
parameterse.g.[1—7)). Future anisotropy measurements, es-forms as a pseudoscafaBcalar density perturbations pro-
pecially the Microwave Anisotropy Prob@VAP) [8] and  duce only theE component, leaving th& component as a
Planck[9] satellite missions, will allow the cosmological pa- clean probe of subdominant sources of polarization such as
rameters to be determined with unprecedented precisiot¢nSor perturbatiorrs.

(e.g.,[10,11)). Given a full-sky polarization map, it is possible to sepa-
Polarization will be the next frontier in the study of the rate theE andB components perfectly; with incomplete sky
CMB; considerable effort is already underwés.g., [12—  coverage, however, there is inevitably some cross-

14]) to map the CMB polarization structure. That the CMB contamination between the components. This naturally
should be polarized is an extremely robust predicfif, 16|

of the gravitational instability paradigm of standard cosmo- L o S _
logical theory, so detection of CMB polarization will provide ~The division of a polarization field int& andB components is

a reassuring confirmation of the standard model. Moreover, 8losely analogous to the division of a vector field into curl-free and
large amount of additional information is expected to pedivergence-free parts. This is the reason for naming the components
lurking in CMB polarization maps. Measurement of the after the electric and magnetic field©f course it is hardly neces-
CMB polarization power spectra will help in breaking cer- sary to add that these names have nothing to do with the actual
tain degeneracies between cosmological paramgt@rs2Q electric and magnetic fields of the radiatip&lsewhere in the lit-

But perhaps most exciting of all is the possibility that CMB €"alure, the two components are cal@dnd, for “gradient” and
polarization measurements will contain the signature of pri- cur:” respectively. If the world needed yet another name for these
mordial gravity wavestensor perturbationsproduced dur- componentgwhich it certainly does ngt they could be calledr

ing an ir?flatio)rqary epocti2l ga If these Sﬁopes are real and X; as we will see below, these give the orientation of the

. . . . olarization with respect to the wave vector in Fourier space.
ized, we will have far more direct evidence than we currentl)})zm addition to tensors, vector perturbations also produce

do that inflation actually occurred, and we will have probedg component polarization; however, because vector perturbations

the Universe at far earlier times than any current observagecay over time, they are not expected to contribute significantly to
tions. the observed polarization, at least in the inflation-inspired models
Detecting the gravity-wave signal in a CMB polarization e consider in this paper. In some modétspological-defect mod-
els in particulay), vector perturbations may be sourced at times close
to recombination and may therefore be observable, but we do not
*Electronic address: ebunn@stcloudstate.edu consider such models in this paper.
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makes detecting thB component more difficult, as it is in
danger of being swamped by tligypically much larger E

component. In this paper, we will examine the experimental
requirements to detect bot and B- component polariza-

Cross contamination. i
One approach to separatifgfrom B is to observe in a i W
circular ring[24—26. The separation of components is par-
ticularly clean in this case, but a strategy involving a two- SN
dimensional map is likely to be much better for measuring:::::::::izzzzzzzzzzzziiiioiin i
power spectrum amplitud¢27], as many more independent (a) (b)
modes at a given scale can be found in the data. Attention ) _
has therefore been paid to finding normal modes that mini- FIG. 1. Gaussian *hot spots.” The left panel is purdycom-
mize the complications due #-B cross contamination in a POnent. and the right panel is pureycomponent.
two-dimensional map27,28. In the present paper, we adopt ) ) )
a more straightforward approach: we consider the likelihood 2 7°Q -~ (ﬂ_ ﬂ) -0 (E) &)
function of a polarization map in pixel space and compute axay \ ax*  ay® '
the Fisher matrix for the normalizations of bokhand B ) ] o ) )
power spectra. Since this “brute-force” approach is based onvhile aB-component field satisfies this equation:
the likelihood function of the full data, it must be at least as 2U 2Q  2Q
good as(i.e., give as small error bars)aany method based + (_2_ _2)
on an expansion in normal modes. oxdy \ 9x= ady
The remainder of this paper is organized as follows. In . . .
Sec. Il, we review some properties of polarization maps anéThes_e equations are simply the spin-2 analogues of the
illustrate the difficulties in splitting a partial-sky map ino equationsV Xv=0 andV-v=0 fpr the scalar and pseudo-
andB components. In Sec. Ill, we present the Fisher-matrixScalar components (.)f a vector fild. .
formalism we will use to determine the detectability of the An arbitrary polarization field can always be written as a

two components in a given experiment and also present tw um oLgnIE':anq . compol?ent. One.éaasy Wa)é to S.(tf th'st.'sl
simple approximation schemes for determining the detect0 WOTK In Fourier space. 1t we consiger a mode with spatia

ik-x H H
ability. Section IV presents our results, and Sec. V contains ﬁependencg ! then E_q.(3) implies that thee component
brief discussion. as a polarization that is always parallel or perpendicular to

k. In terms of the Stokes parameters, it can be written

COS 2y gik-x
Sin 2¢

i
:::::
::::::

1777 70mmsN
e

!

/

=0 (B). 4

Il. THE E-B DECOMPOSITION (Q (5)

oc
U E

In this section we describe the nature of #d decom-
position of a polarization field. This description makes nowhereg, is the anglek makes with thex axis. Similarly, aB
pretense of completeness; much more information on thignode has a polarization direction that is always at a 45°
subject can be found in the literature. See in particulamngle tok. It can be obtained by simply rotating the polar-

[29,30 and references therein. ization of anE mode through 45° at each point:
. . Q —sin Zd)k ik-x
A. The flat-sky approximation U Boc C0S 2, e’ (6)

Polarization is a spin-2 quantity.e., it is invariant under
180° rotations The linear polarization expected to be found  To decompose an arbitrary map irff@ndB components,
in the CMB is described by the two Stokes paramef@end  therefore, we simply take the Fourier transform<€oandU
U, which are related to the magnituékeand direction¢ of  and then, for each wavevector, projé€t,U) onto the axes

the polarization as follows: defined by Egs(5) and (6). Of course, to perform this de-
composition, we need to kno®@ andU over all space. If we
Q=P cos 2, (D only know Q and U over a finite region, the Fourier trans-

form and hence th&-B split will depend on the boundary

@) conditions we assume.
Figure 1 shows Gaussian “hot spots” for both tBeandB
components. Note that tH& component, unlike th& com-
There are several ways to describe the division of a poponent, has handedness; this is the reason that density per-

larization map intce andB components. One simple way is turbations, which lack handedness, cannot excite this com-
to examine a small patch of the sky, which can be well apponent. Of course, we could generate another pait,oB
proximated as flat. In this approximation, &component maps by replacindQ, U) by (—Q,—U), which is equiva-
polarization field is one whose Stokes parameters satisfy thient to rotating the polarizations in these plots through 90° at
following equation: each point.

U=Psin2¢.
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To illustrate the ambiguity in thE-B decomposition of an nents is quite simple in the spherical harmonic basis: the
incomplete data set, suppose that we have observed only ogeefficientsa,, in the expansion can simply be written
guadrant of theE-component hot spot, as shown in the left
panel of Fig. 2. This is of course a pulepolarization field: as+2im=Em*iBjny. (8
it satisfies Eq(3) at every point. However, it is also the sum
of the E and B polarization fields shown in the center and Thjs, combined with the reality conditiona® ,
right panels. These fields were produced by Fourier trans=(_1)ma,,  allows one to determing,, andB,, from
forming the region covered by the data with periodic bound+he spherical harmonic coefficients.

ary conditions and splitting each Fourier mode iftandB If we assume that the polarization is a realization of a
parts according to Eq¢5) and(6). There are infinitely many  siagistically isotropic random procegie., that there is no
other ways the decomposition could have been done; fopreferred directiop) then the ensemble averages,,) and

instance, the data could have been padded with zeroes on @gw must both vanish, and the covariances must satisfy
sides before Fourier transforming.

In this particular example, the “contamination” of a pure (EmE" >:CE5 S5 9)
E component byB is not a small effect: the rms amplitude of Im=prme /= A Cmm
the B component shown in Fig. 2 is 0.87 times that of the
component. This is because the map being decomposed has a (BimBY /) =CP i1+ S - (10)
large amount of power on scales of order the width of the
map. In general, we can expect a large amount of cross conf in addition the random process is parity-invarigtacks
tamination betweeit andB on the largest scales probed by handednegsthen
a given data set, with much less contamination on smaller
scales. The reason for this is simple: the ambiguity inEH& (EimB; ) =0. (11)
decomposition is a result of our ignorance of the boundary
conditions to impose on the two components, so the natur
length scale associated wilB mixing is the width of the
map.

EEurthermore, if the random process is Gaussian, then the two
power spectré:,E andC}3 comprise a complete description of
the random processThese power spectra are therefore the
only thing a Gaussian theoretical model needs to predict
B. Beyond the flat-sky approximation about CMB polarization. Fortunately, theoretical models are
capable of computing predicted power spectra with great pre-
cision and speed21,22, for instance using the publicly
availablecMBFAST software[31].

Of course, actual observations always involve convolving

Although the flat-sky formulas are in general simpler to
work with, for many applications we need to consider the
exact, full-sky formulas. In this section we will very briefly

f;{:n;r?ngs;?fl :géwtizlesg; s€@1,22,27,28 for further de- the true polarization field with the telescope beam. As long

. A . . as the beam is azimuthally symmetric and purely copolar,

Since polarization is a spin-2 quantity, the natural bas'sthis results in a simole replacement GF'B with CEBp?
functions to use in expressing the Stokes paramée@rs) hereb, is the L pd i P ‘ fthe b ltt ' i
on the sphere are the spin-2 spherical harmonics. SpecifYy ereb, Is Ine Legendre transtorm of the beam pattemn. For
: a Gaussian beam of widih,.,m[full width at half maximum
cally, we can write
(FWHM) = 0peamv8 In 2], we have
|

Q=iU =|:Zz > A2 52Yim, 7 b2=exp(— (1 + 1) 02y (12)

m=—

where +,Y |, is a spin-2 spherical harmonic. Detailed infor- 3There is also the cross correlation betweenErmmponent and
mation on the spin-2 spherical harmonics can be found in théhe temperature anisotropy. We choose to focus exclusively on po-
sources cited above. For our purposes, all we need to know iarization data in the present paper, though, ignoring temperature
that decomposing a polarization field infband B compo-  data.
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Throughout this paper, we will us@F'B to denote the beam- tween measurements at different pointRQ(x;) Q(x.)),
smoothed power spectra. (U(Xx1)U(xo)), and({Q(x;)U(x)}), which can be expressed
In the next section, we will consider the analysis of dataas sums over the power spectra. Specificall &ndU are
from a hypothetical CMB polarization experiment. The key defined with respect to coordinate axes such thatxth&is

ingredients in the analysis are the real-space correlations b@ins the two points, then

21+1
(Q(Xl)Q(X2)>:§|: (W (CIEFlI(Xl'X2)_C|BF2I(X1'X2))1 (13
21+1
(UOU0) =2 | =5 = | (CPRu(x1 ) ~ CFF a1 (X1 %2)), (14
(Q(x1)U(x,)) =0, (15
where the function§,, andF,, can be expressed in terms of Legendre functions as
(I+2)x -4 1(1-1)
=) '2‘1(X)_<W+T P(x)
Fulx)=2 T~ D(1+2) ’ (19
- <|+2>Pfl<x>—<l—1>xpﬁ<x>)
Fa)=H i D0+ 213 (7

In practice, we often wish to know the correlations in Here A and B range ovefQ,U}, and s, is the noise vari-
some other coordinate system. Since we know H@QMJ)  ance in pixeli of mapA.
transforms under rotations, we can easily get these correla- We will arrange our data points into a data vector,
tions by applying the appropriate rotation matrices to the
correlations given abovdA pleasingly explicit recipe for of
doing this can be found if27].) .

an

Ill. FORMALISM d= up |- (21
A. Likelihoods and Fisher matrices :
Un

The Fisher information matrix provides a useful way to
quantify the ability of a data set to estimate parameters. It h
been applied to great effect in the study of CMB temperatur
anisotropy(e.g.,[32]) and also to CMB polarization studies —_\"- /- " . : . :
[27,33. In this section, we show how the Fisher matrix can®f INdicesiA, with i ranging from 1 toN andA being either
be used to calculate the significance with which the ampli-Q orU. Then a typlcal elemgnt of thg covariance matrix Is
tudes of theE andB power spectra can be measured from al\/_IiAJ-B. The covariance matrix contains contributions from
polarization map. signal and noise

Suppose we have made maps contaiffhgnd U mea-

he 2NX2N data covariance matrix is defined to bhé
=(dd"). We can label elements of the data vector with a pair

—MS N
surements al pixels. The pixel locations are,,... Xy . Our Miajg=Miajs t Mijs (22)
2N data points can be written )
with
0;i=Q(x) + €qi, (18 s
Migio=Wo(Xi X)) =(Q(x)Q(X))), (23
ui=U(x) + ey; - (19
s _ VA _ _
Herei ranges over pixels in the map, arg;(ey;) is the Mivju =Wu(xi X)) =(UOGU04)), (24)
noise in theith pixel of the Q(U) map. We will assume s
uncorrelated noise: Migju=Wx(X; ;%) =(Q(x)U(X;)), (25)
<6Ai€Bj>:aii5ABaij . (20) MiNAjB:(TiZA(Sij(SAB' (26)
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As described in the previous section, the correlation funcSpecifically, if all parameters except thh are knowna
tionswq, Wy ,Wy can be expressed as sums over the powepriori, thena,, will be determined with an expected error of
spectra. 1/\JF,p- If on the other hand all parameters are unknown,
Atheory predicts a pair of power spec andCy’, and  then the uncertainty is i, is V(F 1), Furthermore, these
hence a covariance matrM. The likelihood of a theory is  expected uncertainties are the smallest that can be obtained
1 from this data set by any unbiased data analysis method.
/;(M)oc(detm)mex,{ - —dTM1d>_ (27) We will be interested in determining whether tBe and
2 B-component polarizations can be detected by a given ex-
periment. Let us make an admittedly optimistic assumption:
suppose that thehapesof the power spec'[rét|E and C,B are
L=IndetM +d™ ~ld=—2 In £+ const, (28)  known but the amplitudes are not. Then we will have two
parametersyg and ag, such that
which can also be written in the following convenient form:

It is more convenient to work with the quantity

L=Tr(InM+M ~1dd"). (29 CEB= qp oG8, (34)

(The logarithm of a matrix is as usual defined via the Taylor

series, or equivalently by diagonalizing the matrix and taking R

the logarithms of its eigenvalugs. where CFB represents the true power spectrum. Then the
Now suppose that we are considering a class of theoriematricesM(®) and M(® that appear in Eq(33) are simply

that containg® unknown parameters, ,...,ap, and suppose the parts oM (and in particulaiMS) proportional toCF and

for simplicity that the covariance matrix is linear in these cE.

parameters, so that we can write We will say that theE(B) component is detectable if the
P parameterg(ag) can be measured with an expected uncer-
M=MO@+> (ap—1)MP), (30) tainty considerably less than one. Specificallyxf has an
p=1 expected uncertainty of @/ then we can expect to measure

the amplitude ol’ClE with a signal-to-noise ratio af. So fif,

In oth ds. the 1 I t th ters h b say, we are interested in knowing whether a particular ex-
n other words, the trué values ot the parameters ave begn, ;o design will provide a 3-sigma detection of Ehe

taken to be one. Our ability to measure parameters will bCom onent. we simplv compute thex? Fisher matrixF
determined by how sharply peaked the likelihood is about its P . h Eyﬁ—_ P
maximum, so we perform a Taylor expansionLirto deter- and determine whethey(F Jee = 3.

mine this. If we Ietap stand fora/aap, then

Here M (©) represents théunknowr) true covariance matrix.

dpL =Tr(M _1c9pM -M _l((?pM )M ~ddT™) B. The JKW approximation

=Tr(M IMP—M~IMPM~1dd"). (3D In the next section, we will present experimental require-
ments for detecting th& and B components, using the for-

Note that in the ensemble averaged™)=M®, so(d,L)  malism described above. This process is somewhat labori-
=0 when all parameters are equal to one. _ous, since it involves manipulatingN2<2N matrices, so
_ The quantity that characterizes the sharpness of the likésjmpier methods are clearly desirable. One very useful such
lihood peak is of course th_e secon_d derivative, so we mu%pproximation has been provided by Jaffe, Kamionkowski,
plunge ahead and differentiate again: and Wang(JKW) [33]. Similar results may be found i25].

_ 1 —1 In this section, we present a brief heuristic “derivation” of

OqdpL =Tr(=M MM IM the JKW approximart)ion.

+M IM@OM - IMPM~LddT First, consider an experiment in which tNepixels cover
. . o the entire sky uniformly. Let us also suppose that the noise
+MTIMPM T IM@M iddT). (32)  level 62 is the same in each pixel of th@ andU maps.[In

) ) other words,o? is the same as3; of Eq. (20) and is as-
Let us take an ensemble average of this quantity and evaluate, .o to be the same across all pixels of both maftse
i =M@ i i . . . - . . ;
it at M=M™" (which is both the true value and the ynysis of this experiment is quite simple: we can estimate

ensemble-average maximum-likelihood locajiofhen each coefficient.. ;. and hence each,, andBy,, inde-
1 1 pendently by exploiting the orthonormality of the spherical
2F 4o=(9qdpLIm=m©@)=Tr(M'® "M@M©@ "M P)), harmonics over the whole sphere. Each coefficient will have

(33 noise of amplitude

The quantities=,, are the elements of thex P Fisher ma-
trix F. They tell us the expected uncertainty with which a :4_7"02 (35)
parametery, can be determined from a likelihood analysis. '

* N
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It is convenient to define the weight of a set ofQ andU of the signal-to-noise ratio of the power spectrum amplitude
maps to bé is equal toj the number of modes that are detected with high
signal-to-noise.
N B Now consider an experiment that only covers a fraction of

w=> Tl (36)  the skyfg,. The number of independent modes that can be
detected will of course be reduced by a factgg,. On the
other hand, the noise variance for each mode will be reduced
by the same factor, since the total weight of the experiment is
concentrated in a smaller area. We might guess, therefore,
that the generalization of E@40) to the case of partial sky
coverage is

The results of this section depend on the assumption of un
form noise, sow=2N/¢?. Equation(35) can therefore be
written

8w
2
oL =—. (37
ow SNR2 skyE 21+1
(SNRE 8= [1+(87fgy/WC®)]*

(41
If we wish to estimate th&-component power spectru@F

therefore, we have at our disposal a set of mdependen uation(41) is the JKW approximatiofcompare to Eq(1)
Gaussian random numbelfs.m (estimators of the true coef- oquKW] P P d

ficients E,r) with zero mean and variances A question arises as to the lower limit of the sum. JKW

A 1 £ o advocate starting the sum b,=180°/L, wherelL is the
(|Eiml*)=Cr+a%. (39 survey size, on the grounds that modes with smaléamnot
be probed. It can be argued, though, that the sum should
Since all the variables are independent, the likelihood has thgegm at the lowest possible(namely 2. After all, the fact
usual Gaussian form: that modes with low are not probed is already accounted for
1 E | by the inclusion of the prefactdr,. The effective number
ﬁoc(]_[ (C|E+U,2<)) 2 Im . (39 of mdependent modes below some multipblels apprOX|-
I,m 215 CF+ matelyfskylo, which is better approximated bﬁ/skyE o2l

+1) than byfsky2:° (2I+1) The choice made makes little

0,
of the power spectrum is unknown, we can determine |t§j ifference to the f|nal resuligt most about 20%, and usually

expected uncertainty just as in the previous section, by conf'uch 1ess, for the results to be shown belpso for consis-

puting the Fisher matriXwhich is diagonal for a full-sky tengf/ we fOIIOV\;IJKVQIV?l prescription. d f
experimenkt Differentiating the above expression fdt course, the J approximation does not account for

twice, we find that the uncertainty in the parametgyr is the mixing of E andB mOd?S due to |n<_:omplete sky cover-
given by age. We therefore expect it to overestimate the detectability

of the subdominanB component, since some modes that are
2 used to estimat® will be swamped by contamination from
the largerE component. As we will see below, this is indeed
the case. Perhaps more surprising is the fact that the JKW
approximation sometimasderestimatethe detectability of
(40) theE componeljt. In the next subsection, we will consider an
enhanced version of the JKW approximation that sheds some
light on the reason for this.
Here SNR stands for “signal-to-noise ratio.” An experiment
with an SNR of, say, 3, is one in which we would expect to C. A toy model of E-B mixing
measure the power spectrum normalization with an accuracy
of three sigma. Of course, an identical relation applie@go
This result has a very simple interpretatip®5]. The

1

If we assume as before that only the overall normalization

1
(SNR2=0, =§Zm

21+1
[1+(87/wC)]?

l oc
Py

In this section, we will consider an experiment that covers
a square patch of sky that is small enough to permit the use

. Eio - . e , of the flat-sky approximation. Suppose as usual that the sky
quantityw C, /8 is the square of the signal-to-noise ratio for polarization is a Gaussian random ﬁqi‘GHS)- It can of

a single mode at multipole Modes for which this quantity ) .

is much greater than unity contribute 1 to the sum, while®OUrse be written as a Fourier transform,
modes for which it is much less than one contribute nothing. _

Therefore, what this formula says, roughly, is that the square pzf d?kp(k)e'k X, (42

and each Fourier component can be split intoEaand aB

“Beware: this definition differs by a factorfrom the weight as part:

defined in JKW. While we are on the subject, note that the polar-
ization power spectra in JKW and also in Rg¥2] differ by a factor .
of two from those found elsewhere in the literature and in this P(k)= E(k)( 2¢k) ( )( —sin 2¢k) (43)
paper. sin 2¢ COS 2Py
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The assumption that the polarization is a realization of ayhere cosr=k-§. A similar equation holds for th& com-
homogeneous, isotropic, parity-invariant Gaussian randorgonent.
field means thaE andB are Gaussian random variables with  Whenq is large compared to I/ of course, all values of
zero mean and covariances k that contribute significantly to the integral are quite close
in direction toq, so sirf 2a~0 andag(q) really does depend
almost entirely on th& component. In other words, mixing
of E andB is relatively unimportant on small scales. But for
smallq, « cannot be taken to be small. In fact, if we assume
= 1 that the power spectra are approximately constant over the
(B(k)B™ (k"))= (2m)? CP(k) a(k—k"), (45) range whpere the Fi/)vindow funcggn is Iarge),lwe can pull them

out of the integral to find

-~ 1
<E(k)E*(k')>=WCE(k)b’(k—k’), (44)

(E(k)B*(k"))=0. (46) .
= - 2 2
The power spectr&F andC® depend only on the magnitude ([Ee(a)]?)~ F(CE(Q)Cq“L C%(a)sy). (52
of k. The factor of (27)? is inserted for consistency with
standard normalization convention858(k)~C[® with | Wherec_g ands_s are the averages of i and sif 2«
=k. weighted byW2(k—q). Similarly,

Now, suppose that the polarization is measured over a
square patch of sky of aréZ. We mighP choose to analyze 1 o o
such a data set by expanding the observed region in a Fourier ([Aag(q)|?)~ X (CB(a)ci+CE(a)sd). (53
series with coefficients

5 1 5 B We can find these averages by numerical integration. Aver-
Q=12 Jde xp(x)e~ "4, (47 aging over the direction af, we get approximately
whereq=(2x/L)(ny,n,) for integersn, andn, . 122 24 (54
These Fourier series coefficients are related to the true Cq=Sq= qL’

Fourier transform in the usual way,
(If we are a bit more sophisticated and taper the edges of the
5(Q)=f d2kp(K)W(k—q), (48  data before Fourier transforming, then the window function
W does not ring so much, am@ can be reduced by-10—
20%. As we will see in the next section, though, this approxi-
mation gives surprisingly good results ag is.
siny L/2| [ siny,L/2 Now suppose tha€F>CB. Then for eachy with a rea-
WI( 7’):( v L12 )( yLI2 (49 sonably large value o‘sé we will have two independeht
* Y modes that are dominated By rather than the expected one:
In other words, each mod&q) probes a range df values according to Eq(53), even the nominaB modedg(q) is
of width ~L ! aroundq. mostly E. Since, as we have seen in the previous section, the
Suppose that we wish to estimate tBeand B power  signal-to-noise ratio is determined by counting the number of
spectra from these Fourier coefficients. We might proceed bynodes with high signal-to-noise, this enhances the signifi-

decomposing each(q) into an “E” and “ B” piece: cance with whichag can be measured.
In fact, we can modify the JKW approximation to take
COS 25 —sin 2¢q)

this into account. Each “nomind mode”ag(q) provides a
Sin 2¢yq COS 2pq measurement of thé&-mode with mean-square amplitude
o , o _ Cfcf and mean-square noiser8g,/w+CPs’. (Here |q
However, sincea(q) contains contributions from a wide —|  we are imagining an attempt to measure the
range ofk’s, not all of which are parallel tg, these will not E-component, so we treat tfBcomponent part of the signal
really be purelyE or B. In fact, the mean-square value of the as if it were noise.We can therefore replaca-ﬂsky/WCF in

where the window function is

a(q)=ag ag (50

supposedlyjE component is Eq. (41) with
~ 1 o
EECIRS (ZT)ZI d?k(CE(k)cog 2a o 87f g/ W+ CPs? 55
1|= - - .
+CB(K)sir 2a)W2(k—q),  (51) Cfcf

SIn fact, we probably would not analyze the data in quite such a It can be shown that correlations between the different modes are
naive way; we would at least taper the edges to reduce ringing imelatively weak. This is not terribly precise, but after all this section
the Fourier modes. But we are trying to keep things simple. is called “a toy model.”
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And we should also include a term that accounts for the fact 4—10 . . .

thatag(q) can be used to measure tBemode amplitude:
— -12
87fgy/w+CPcl 10
K| = T (56) (E‘
Crs S jo-tal -
The final result is 2z
-16| i
(SNR)2=fiky2 (21+1) st °
E 24 (L+xky)? (L+kp)?) |
(57) 10718 ST S
1 10 100 1000 10000
Although this looks quite messy, the interpretation is L

fairly simple. x;;* and «,* are the squared signal-to-noise  fiG. 3. £ andB power spectra. The solid curves are th€éDM
ratios with which theE-component amplitude can be de- models with no reionization described in the text. From top to bot-
tected in each modeounting theB-component contribution  tom, T/S takes the values 0.1, 0.05, and 0.01. The dashed curve is
as nois¢ Modes with high signal-to-noise contribute one to a reionized model withr=0.3, T/S=0.1, andn tilted to 1.15.

the sum, while modes with low signal-to-noiger low

E-signal-toB-signal, sinceB-signal is being counted as t 100 K s¥/2\ 2 W
. . L =S obs H _
noise contribute zero. In the no-mixing limisf —0, thex,, detector years Ny = 5
. : 1yea s 2.35x 10
term does not contribute, and thg, term agrees with Eq. (59)
(41).

Incidentally, we now face the same question as in the
original JKW approximation regarding the lower limit of the
sum. As before, it makes relatively little difference whether
we start the sum at 2 or at 180°/In the results shown
below, we have started the sum at 2.

We can try to use this approximation to find the
B-component delectability, but it turns out to give terrible
results. This is not surprising: because we can always me
sure theE component more accurately than tBecompo-
nent, modeling it simply as an unknown source of noise is
poor approximation.

We consider a “concordance” cold dark matter model
with a cosmological constatt CDM) with parameters cho-
sen for reasonable agreement with the bulk of the available
data: h=0.70, 0,=0.041, 0,=0.7, Q,=1, n=1. In
most of our results, we ignore the effects of reionization by
setting the optical depthto last scattering equal to zero. We
llow the tensor-to-scalar ratid/S, defined as the ratio of
the tensor and scalar temperature power spectta=at to
%ary. E and B power spectra for these models are shown in
ig. 3.

Once all of the above parameters have been specified, we
can compute thée and B component power spectra with
IV. RESULTS CMBFAST, normalize to the Cosmic Background Explorer
Consider an experiment in which a square patch of sky of COBE) data[31,34, and smooth with a Gaussian beam

lengthLL is observed. We will suppose that the patch is pix-beam We then use the formalism of Sec. Il A to calculate

elized into arNg;geX Ngige SQuare array and that bofhandU the S|gnal—to—no_|se ratios fof the amph_tude of tﬁe_and B
gpmponents. Since we are interested in determining the re-

are measured in each pixel, so that the dimension of our dat&’. ' .
vectord is 2N§ide Suppose furthermore that the noise lewel quired ex_penmental parameter; for a strong deFchon of the
is the same for all of these measurements. The weight of thiyvo amplitudes, we fix the desired signal-to-noise at 3 and
. : solve numerically for the required weights. The results are
experiment is then N )
shown in Figs. 4 and 5. For comparison, we also show the
result of the JKW approximation and, for the case of Ehe

2
w= ZNZide_ (58) component, the result of the “enhanced” JKW approxima-
o tion of Eq. (57). Although most of our results were calcu-

lated with ope,,=0.3°, we calculated th&/S=0.01 power
The weight is of course proportional to the observing time:spectra foroy,.,,=0.1° and 0.5° as well to illustrate the ef-
w=NtonsT5/s?, WhereNy is the number of detectors and fect of beam size on our results.
tops IS the observing timeT=2.728 K is the current CMB In the Fisher matrix analysis, we analyze maps with sev-
temperature. Its presence is simply to convert units: weeral different pixel sizes, as indicated in the figure captions.
choose to measurein temperature units but the power spec- For the 0.3° beam, for example, the largest pixel size is 0.5°,
tra in dimensionlesAT/T units. Instead of quoting weights, which is somewhat larger than one would ideally like to use.
therefore, we can simply quote observing times in, say, deWe use this large pixel size so that we can investigate data
tector years at some nominal sensitivity level. In the resultsets with large sky coverage without having to invert incon-
below, we will use 10QuK s*? as our nominal sensitivity, so veniently large matrices. As shown in the figures, there is
our observing times in detector years will simply be overlap in map size between different pixel sizes, which
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FIG. 4. E and B component delectability for different tensor-scalar ratios. In this figure and the next, the vertical axis is the observing
time in detector years, at a nominal sensitivity of 10K s required for a 3-sigma measurement of the power spectrum amplitude. The
beam size i%rpg,,=0.3° (FWHM=0.71°). The points are the results of the Fisher matrix analysis. The three different symbols are for maps
with pixel sizes of 0.18°, 0.3°, and 0.5°. The solid line is the result found with the JKW approximation. Baciiaponent case, the result
of the enhanced JKW approximation is shown as a dashed line.

gives a crude idea of the amount of information being lost The detectability of thee component is quite flat as a
when large pixel sizes are used. In general, the bulk of théunction of survey size even for fairly small maps, but that of
information is found on scales larger than the pixel scale; fothe B component is not. For the case of a 0.3° beam, the
maps with a reasonable number of pixels, the fact that we areptimal survey size for detecting tlRecomponent is 22°, as
undersampling the beam does not appear to affect the resuitempared to 17° found via the JKW approximation. For
very much. Obeani= 0.5°, the optimum is 26°, while the JKW approxima-
Note that the JKW approximation underestimates the diftion would give 19°. For ther,.,,=0.1° case, the optimum
ficulty of detecting theB component as expected. For small survey size was too large to find with the Fisher-matrix for-
survey sizes, though, it overestimates the difficulty of meamalism. The JKW optimum for this case occursLat 15°,
suring theE component amplitude. The enhanced JKW ap-with a detection time of 180 detector years; it is reasonable
proximation provides a better fit in this regime. to suppose that the true optimum is at even larger scales.
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FIG. 5. E andB component delectability for different beam sizes. The results shown here allTh@we).01. The symbols have the same
meanings as in Fig. 4, except for the pixel sizes: for a beam size of 0.1°, the different symbols represent pixel sizes of 0.06°,0.1°,0.15°, while
for the 0.5° beam the symbols represent 0.3°,0.5°,0.8° pixels.

While it may not be necessary for an experiment to V. DISCUSSION
achieve the optimum survey size, one would certainly like to
stay well to the right of the “knee” in Figs. 4 and 5. For the
case of a 0.3° beam, the required detection time is relativel
flat for L=12° but rises sharply at smaller This suggests
that a map of at least 4040 oeaprSized pixels should be

As we have seen in the previous section, the Fisher-matrix
formalism gives a slightly better detectability for the
%—component power spectrum amplitude than is predicted by
the no-mixing JKW approximation, at least in the case of
) ) .~ small survey sizes. The reason for this is that some modes
made in order to measure thHg&component amplitude in p ” :
. . . . that “should” probe theB component are actually dominated
such an experiment. The experimental weight required for % : . .
. N ) y the E component, increasing the number of independent
3-sigmaB-component detection in such an experiment would des th b d X I i
be such that th&-component-signal-to—noise per pixel is modes that can be used to eSt'mate . mponent ampii-
tude. The enhanced JKW approximatitsv) does surpris-

approximately unity. . o ¥ .
In order to determine whether reionization made a signifi-Inglly well at characterizing thé&-component detectability,

: . . .~ confirming that this “extra mode” explanation is indeed cor-
cant difference to our results, we examined a model in whic ect

the optical depth to last scattering was-0.3. In order to The main practical consequence of the enhanced
keep the temperature power spectrum more or less the sanecomponent detectability is that experiment designers need
we filted the spectral inder from 1 to 1.15. As shown in o e terribly concerned about ensuring large sky coverage:
Fig. 3, this makes a large difference to the polarization powefhe detection requirements are fairly flat as a function of
spectra, but most of the difference is on larger scales thagyryey size. For th& component, on the other hand, survey
those to which our degree-scale experiments are most sensize is quite important. The required observation time rises
tive. The required detection times for this model were verysharply as the survey size decreases. For a 0.3° beam, the
similar to those in the no-reionization case: for Beom-  “knee” in detectability occurs at a survey size of about 12°.
ponent, the difference was less than 4%, while for Bie As expected, the neglect of mixing in the JKW approxi-
component it ranged from 15% down to 5% over the ranganation causes it to underestimate the difficulty of measuring
of survey sizes shown in Fig. 4. the B component. We might expect this underestimation to
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0.87 ' ' ' TTEET to the errors achievable in real experimehisiter all, loss-
less or nearly lossless methods such as those that have been
applied to recent temperature anisotropy measurenéys

O~6_‘ 7] can be easily adapted to the polarization case. The other
idealization that has been made in this analysis is that only

o - 1 the amplitudes, and not the shapes, of the power spectra are
E 0.4 i ] unknown. This will of course not be true in a real experiment

(although, as long as CMB temperature anisotropy experi-
L 1 ments continue to return results consistent with standard
0.2 — models, strong constraints on the shapes will be available

i 1 however, for the first few experiments to detect EhandB
modes, a band-power estimate of the power spectrum in a

0.0l TV few bands will probably be sufficient and may be expected to
0 10 20 30 40 50 yield error bars similar in size to those calculated by the
Survey Size / Coherence Length Fisher-matrix formalism.

E-B mixing is significant only on scales comparable to the
. . L . size of the survey, and therefore affects a relatively small
The quantity on the vertical axis is the ratio of the requiBechode number of mode$27,28. It might therefore be surprising

detection time calgulated using the JKW a_pproxmapo_n to that c:althat mixing has as large an effect on tBecomponent de-
culated from the Fisher matrix. On the horizontal axis is the survey, I . . . . .

) i ; . . “tectability as it does. The main point to remember in this
size measured in units of tH&@mode coherence length defined in

the text. The solid lines are thep.,—0.3° models from Fig. 4; regard is that the modes with wavelengths of order the sur-

T/S decreases from top to bottom. The dotted and dashed lines ay S’_'Z€ are always the ones that are detected V‘gth the high-
the 0.1°- and 0.5°-beam models plotted in Fig. 5. The kinks in the?St Signal-to-noise(After all, the beam-smoothe@;” is in-

curves are caused by the fact that different pixel sizes were used Mariably a sharply decreasing functionlofvhereas the noise
the maps. has a flat power spectrujpilhe loss of these modes to mix-

ing therefore has a disproportionately large effect.
depend primarily on the survey size, measured relative to It should be noted that the criterion adopted for “detect-
some sort of coherence length of the signal being looked fobility” of a component in this paper is that the amplitude of
In Fig. 6, we illustrate this by plotting the ratio of the detec- that component's power spectrum can be measured with
tion time calculated using the JKW approximation to thesmall fractional uncertainty. It is possible for a component to
Fisher-matrix calculation. On the horizontal axis is plottedPe “detected”(i.e., for the null hypothesis that the compo-
the survey size, measured in units of tReomponent co- Nentis absent to be ruled 9wt high significance even if this

= 1/l oo, Where the coherence multipole is with high signal-to-noise, and if that mode is known to be a

pure B mode, with noE-component contamination, then the
B component will have been detected with high significance.

FIG. 6. Comparison of JKW and Fisher matrix detectabilities.

+ 2~B
=M (60) However, based on a single mode, the amplitude of the

321+ 1)ICP power spectrum cannot be determined with fractional uncer-
tainty less thar©(1), sosuch an experiment would not meet

the weighted average multipole, with weights givenl®l  the detectability criterion considered in this paper.
+1)C,B. (HereClB is the beam-smoothed power spectrum as This scenario could easily occur in an experiment de-
usual) All of the models discussed in the last section aresigned to measure the Stokes parameters in a thin 2ihg
plotted here. In general, the JKW approximation become£6]. Because an accurate characterization of the power spec-
good when the survey size is many coherence lengths, batum amplitudes will be extremely important in interpreting
for L=20 coherence lengths, it underestimates the detectiopolarization results, and because a detection of the polariza-
difficulty by a factor of~2.5. tion in many different modes is much more robust than a

It is important to note that the Fisher-matrix formalism detection in only a few, we have chosen to adopt the stronger
used in this paper gives thmstpossible error bars that can detectability criterion of this paper.
be achieved from a given experiment. Even if, for example, The formalism described in this paper has numerous ap-
we expand the data set in some set of normal modes thalications. Although we have considered only square maps, it
minimize E-B mixing [26—28, we cannot do any better than can of course be used to explore the effects of survey geom-
the brute-force likelihood analysis of the entire data set oretry on detectability of the two components. It can also easily
which the Fisher-matrix formalism is based. This is not tobe adapted to examine the degree to which inhomogeneous
say, of course, that such methods are not useful. They mayoise alters detectability. One might suppose, for instance,
reduce computation time, provide insight into the nature ofthat measuring the edges of the survey with high precision
the E-B decomposition, and allow filtered real-space maps of
the E and B components to be made, for example.

Although the Fisher-matrix results represent the idealized “Unless foreground contamination, which is not treated in the
minimum possible error bars, they are likely to be quite closeresent work, proves to be a serious problem.
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