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Light rays at optical black holes in moving media

I. Brevik* and G. Halnes†

Division of Applied Mechanics, Norwegian University of Science and Technology, N-7491 Trondheim, Norway
~Received 15 June 2001; published 29 November 2001!

Light experiences a nonuniformly moving medium as an effective gravitational field, endowed with an

effective metric tensorg̃mn5hmn1(n221)umun, n being the refractive index andum the four-velocity of the
medium. Leonhardt and Piwnicki@Phys. Rev. A60, 4301~1999!# argued that a flowing dielectric fluid of this
kind can be used to generate an ‘‘optical black hole.’’ In the Leonhardt-Piwnicki model, only a vortex flow was
considered. It was later pointed out by Visser@Phys. Rev. Lett.85, 5252~2000!# that in order to form a proper
optical black hole containing an event horizon, it becomes necessary to add an inward radial velocity compo-
nent to the vortex flow. In the present paper we undertake this task: we consider a full spiral flow, consisting
of a vortex component plus a radially infalling component. Light propagates in such a dielectric medium in a
way similar to that occurring around a rotating black hole. We calculate, and show graphically, the effective
potential versus the radial distance from the vortex singularity, and show that the spiral flow can always capture
light in both a positive, and a negative, inverse impact parameter interval. The existence of a genuine event
horizon is found to depend on the strength of the radial flow, relative to the strength of the azimuthal flow. A
limitation of our fluid model is that it is nondispersive.

DOI: 10.1103/PhysRevD.65.024005 PACS number~s!: 04.20.2q, 42.50.Gy
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I. INTRODUCTION

The classical topic of light propagation in moving diele
tric media has received considerable interest in rec
years—for a review of recent developments see, for insta
Ref. @1#. Much of the reason for the revitalization of this fie
of research is evidently the advent of the electromagnetic
induced transparency~EIT! technique@2#, whereby the light
velocity in matter can be slowed down dramatically, to
ders of 1–10 m/s@3#. Under such circumstances it becom
possible to generate a fluid flow whose velocity is com
rable to that of light in the fluid. The flow will then have a
important influence upon the propagation of light.

Light waves experience a moving dielectric medium as

effective gravitational field. The effective metricg̃mn5hmn

1(n221)umun was used a long time ago to develop a re
tivistic model of a nondispersive dielectric medium, and w
be applied also in this paper.n is the refractive index, andum

is the four-velocity of the medium. The use of the effecti
metric allows us to apply the general-relativistic formalis
to systems that normally are not identified with general re
tivity. Some earlier papers along these lines are Refs.@4–7#.
Recent discussions on the general-relativistic analogue m
els can be found in Ref.@8#. Since the velocity of light can be
slowed down so dramatically, the flowing medium gives r
to the effect that light rays are moving along curved traj
tories.

The central references in our present context are the
pers of Leonhardt and Piwnicki@9,10#. These authors con
sidered a dielectric fluid swirling around a straight line
vortex, arguing that such a system can be used to genera
‘‘optical black hole.’’ Subsequent remarks of Visser@11#
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made it clear, however, that the interpretation of t
Leonhardt-Piwnicki model in its original form as an optic
black hole is not feasible: in order to obtain a black ho
endowed with an event horizon one has to add aninward
radial component to the vortex flow~cf. also the rebuttal
@12#!. This brings us to the subject of the present paper:
will develop the optical black hole theory based upon a g
eral spiral flow model, consisting of a vortex component p
a radially infalling component. We introduce an ‘‘effectiv
potential,’’ constructed as the appropriate generalization
the conventional effective potential outside a Schwarzsc
black hole@13#. Plotting the variation of the effective poten
tial versus radial distancer from the vortex singularity, we
get a powerful tool for predicting particle and light traject
ries. Our explicit calculations prove that Visser’s remar
@11# ~which are based upon general considerations! are right.
We find that the spiral flow can always capture light within
positive, and a negative, interval for the inverse impact
rameter. If the azimuthal velocity component is increas
the parameter interval for light being able to escape from
system is also increased. This reminds us of gravitatio
black holes in that it is known that a rotating black ho
captures light less efficiently than a static one of same m

One important limitation of our theory should be emph
sized: we considernondispersivemedia only. That means we
are unable to cope with the extremely dispersion-sensi
EIT effect @3#. Some more comments should be given, co
cerning the physical background for this statement. Althou
the EIT technique is extremely effective—the quantum int
ference allows pulse transmission through an atomic cl
which would otherwise have a transmission coefficient o
of ordere2110—it is notable that the effect is also extreme
dispersive. The steep dispersive profile is shown by Fig. 2
the article of Hauet al. @3#. According to the figure the high
refractive index prevails only over a frequency interval
about Dn52 MHz around the central frequencyn50.5
31015 Hz ~corresponding to a wavelength ofl5589 nm).
©2001 The American Physical Society05-1
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I. BREVIK AND G. HALNES PHYSICAL REVIEW D 65 024005
When the light propagates in the direction of motion of t
fluid, it follows from a consideration of the four-momentu
km of the photon that the fluid velocityv gives rise to
a Doppler shift of Dn5nnv/c, or v5(c/n)(Dn/n)
5120/n cm/s. Now, in the atomic vaporn is practically
unity, so we see that already a moderate fluid velocity
about 100 cm/s is sufficient for the Doppler effect to bri
the frequency in the local rest inertial frame of the flu
outside the EIT-generated high-n band. The Doppler argu
ment assumes for simplicity thatn is a constant, but this is
not disturbing for our estimate: both isn in the undisturbed
vapor close to unity, as mentioned, and moreover the ref
tive index-disturbance caused by the laser beams is
small, Dn51.831026. In practice, dispersive effects thu
play an important role; the Doppler detuning will exceed t
EIT window, and the present theory is not directly applica
to slow light. We think, however, that the nondispersi
theory is of interest in its own right.

In the next section we summarize the basic propertie
the phenomenological electromagnetic theory in a dielec
medium, emphasizing the formal analogy to general rela
ity, and also the connection between this kind of theory a
the transformation procedure worked out some years ago@7#,
from which one can map the electromagnetic field in
vacuum to that in a medium. Then, in Sec. III we consid
the effective metric for the two components of the spi
flow. In Sec. IV, before embarking on the rather compl
theory of the general spiral case, we define the ‘‘effect
potential,’’ which is a new concept in this context, and app
it to the two basic flow components separately~the pure sink,
and the pure vortex!. Figures 2 and 3 show the ‘‘effectiv
potentials’’ for these two cases. The figures are useful in
they show which regions are inaccessible for photon tra
tories. In Sec. V, which is the main section, we work out t
‘‘effective potential’’ for the full spiral flow, and introduce
various concepts: the event horizon, the apparent hori
the ergo region, and the static limit. Various kinds of phot
trajectories are discussed in relation to Fig. 4. As far as
know, this kind of analysis has not been given before, for
general composite flow. A summary is given in Sec. V
along with a closer discussion on the relationship to
Schwarzschild black hole.

We put c51, adopt the Minkowski metric conventio
hmn5(1,21,21,21), and follow the basic formulation o
Leonhardt and Piwnicki@9#. We mention in passing tha
some other related recent treatises can be found in R
@14–19#.

II. BASIC FORMALISM

We begin by giving a brief account of the basic forma
ism, letting in this section the four-velocityum of the fluid be
unspecified~thus not necessarily being the sum of vert
flow and radial flow!. With the above metric,umum51. If Ui

are the components of the three-dimensional velocity ve
U, i.e., UiUi5U2, we have thus

um5g~1,Ui !, ~1!
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whereg is the Lorentz factor,g5(12U2)21/2.
It ought to be emphasized that we are applying a kind

hybrid interpretation to the system. First, as far as the fl
flow velocity um and the wave four-vectorkm are concerned,
we consider the system as an ordinary special-relativi
system, in which covariant and contravariant indices
moved by means of the Minkowski metrichmn . Second,
when considering the wave propagation through the mov
flow, we make use of the effective metric, which will b
designated byg̃mn . The background for introducing this kin
of metric can be seen as follows. Starting from Maxwel
equations for a pure radiation field in a nondispersive m
dium moving with special-relativistic velocityum we obtain,
by defining the four-potentialAm from the basic field tenso
Fmn via the relationshipFmn5]mAn2]nAm , the field equa-
tion @7#

@h1k~]•u!2#Am50 ~2!

(h[]m]m, ]•u[]mum), where we have definedk as

k5n221. ~3!

In momentum space, Eq.~2! implies

k21k~k•u!250 ~4!

(k2[kmkm). Since the indices of the photon four-momentu
km, as mentioned, can be lowered and raised by
Minkowski metrichmn , we can write Eq.~4! as

g̃mnkmkn50, ~5!

with g̃mn being the effective metric

g̃mn5hmn1kumun. ~6!

It is the appearance of Eq.~5! that makes it possible to bor
row terminology from general relativity and consider th
propagation of light waves as taking place in a fictitious
‘‘effective’’ curved space whose metric is given by Eq.~6!.

In the limiting case of Hamilton’s geometrical optic
which is adopted here, the electromagnetic field tenso
modelled by the eikonal ansatz@20#. It implies that the pho-
ton four-momentum is essentially the four-divergence of
eikonal S, i.e., km52]mS. Accordingly, it becomes natura
to write the wave equation in such a way that it involves t
covariantcomponents of the wave vector, as in Eq.~5!.

We mention in passing the following point. In Ref.@7#, we
developed a transformation procedure which maps the e
trodynamic theory for a vacuum field directly into the ph
nomenological nondispersive theory for a medium field. T
mapping procedure is actually quite powerful, especially
connection with quantization of the medium field. Consiste
with the use of the canonical~space-like! four-momentumkm
in the medium, the quantization is done in accordance w
the nonsymmetric, divergence-free Minkowski energ
momentum tensor. The central building block in this kind
theory is the matrixbmn, defined by
5-2
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LIGHT RAYS AT OPTICAL BLACK HOLES IN MOVING MEDIA PHYSICAL REVIEW D 65 024005
bmn5hmn1~n21!umun, ~7!

satisfying the relationship (p an integer!

~bp!mn5hmn1~np21!umun. ~8!

The effective metric in Eq.~6! is thus nothing else than th
second power of the basic matrix:g̃mn[(b2)mn.

III. THE TWO FLOW COMPONENTS

We now turn to the situation in which the flow, as me
tioned above, is composed of a vortex component and a
dial component. The three-dimensional fluid velocityU can
thus be written as

U5Ur̂~r !er̂1U f̂~r !ef̂ , ~9!

in an orthogonal basis ~designated by hats! $eî %
5$er̂ ,ef̂ ,eẑ%. We write the azimuthal component in the for
U f̂5V/r with V a constant,r being the radial distance from
the singular vortex~situated along thez axis!. In a coordinate
basis, $ei%5$]/]r ,]/]f,]/]z%, this corresponds toUf

5V/r 2. The relativistic correction is introduced@9# via the
Lorentz factorg, so thatUf→V/(gr 2). As for the radial
flow, we start from the nonrelativistic standard form for
singular line source,Ur̂5G/r , G being a constant that i
negative when, as assumed here, the source is actually a
~There is for the radial component no difference between
orthogonal basis and the coordinate basis, i.e.,Ur̂5Ur .)
Again including the relativistic correction, we haveUr

→G/(gr ). Altogether, the three-dimensional fluid velocityU
in coordinate basis becomes decomposed as

U5~Ur ,Uf,Uz!5S G

gr
,

V

gr 2
,0D , ~10!

with Lorentz factor

g5A11
V21G2

r 2
. ~11!

From Eq.~1! we obtain the fluid’s four-velocity:

um5~u0,ur ,uf,uz!5S g,
G

r
,
V

r 2
,0D . ~12!

There are two nontrivial Killing vectors in the problem, vi
j (t)5]/]t and j (f)5]/]f. The four-vector productsk•j (t)
andk•j (f) are constant along the photon trajectory, mean
that the componentsk0 andkf are constants. We will desig
nate them respectively byE and2L:

k05E, kf52L. ~13!

The physical meaning of these quantities can be seen as
lows. Consider the line element for light at spatial infinity
02400
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n2
dt22dr22r 2df22dz2. ~14!

In an orthonormal basis$vm̂% at r→` we thus have that the
zeroth component becomesv 0̂5dt/n. The local photon en-
ergy Elocal at infinity is the contraction of the four
momentumk̃m with v 0̂:

Elocal5^v 0̂,k̃&5
k̃0

n
5nk0 , ~15!

sinceg̃005n2. Thus

E5
Elocal

n
. ~16!

SinceE andElocal differ only through a constant factorn, we
can use these two concepts interchangeably.

As for the azimuthal part, the interpretation ofL can be
taken over directly from the theory of an ordinary black ho
@13#. The spatial components of the metric at infinity a
identical to those of the Minkowski metric, for the Schwarz
child metric as well as for the present case with effect
metric g̃mn. The quantityL is the angular momentum~for an
ordinary black hole referring to equatorial orbits!. The minus
sign in front of the second of Eqs.~13! is due to our metric
convention.

The quantityb, defined by

b5
L

E
, ~17!

will henceforth be referred to as the impact parameter~at
infinity!. ~This is not in perfect agreement with the usu
definition of the impact parameter.! As discussed by Leon
hardt and Piwnicki@9# the canonical angular momentumL
differs from thekinetic angular momentum by a constan
due to the optical Aharonov-Bohm effect.

The light paths are defined by the wave four-vectork̃m

tracing out zero geodesics ofg̃mn. Introducing, as usual@13#,
an affine parameterl, we can parametrize the light pat
through the relation

k̃m5
dxm

dl
. ~18!

Of main interest for us is ther component:

k̃r5
dr

dl
. ~19!

It is to be noted that whendr/dl is zero the photon, with its
radial momentum equal tok̂r , has aturning point.

For reference purposes we write down the component
the effective metric for the full spiral flow. From Eqs.~6!,
~10!, and~11! we have
5-3
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g̃00511kS 11
V21G2

r 2 D ,

g̃0r5
kG

r
A11

V21G2

r 2
,

g̃0f5
kV

r 2
A11

V21G2

r 2
,

g̃rr 5211
kG2

r 2
, ~20!

g̃rf5
kGV

r 3
,

g̃ff52
1

r 2
1

kV2

r 4
,

g̃zz521.

We will need also the covariant components:

g̃00512
k

n2 S 11
V21G2

r 2 D ,

g̃0r5
kG

n2r
A11

V21G2

r 2
,

g̃0f5
kV

n2
A11

V21G2

r 2
,

g̃rr 5212
kG2

n2r 2
, ~21!

g̃rf52
kVG

n2r
,

g̃ff52r 22
kV2

n2
,

g̃zz521.

These expressions satisfy the contraction conditi
g̃mag̃mb5db

a .
It ought to be pointed out here that we have construc

the velocity of the composite flow, Eqs.~10!–~12!, as anad
hoc generalization of the flow adopted by Leonhardt a
Piwnicki @9,10#. Since the four-velocityum has to satisfy the
relativistic Euler equation, the value of the pressurep has to
adjust itself accordingly. We do not consider the press
here. It should also be mentioned that the values of the m
02400
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ric components given by Eqs.~20! and ~21! are different
from those used by Linet@16#.

IV. ‘‘EFFECTIVE POTENTIAL’’ FOR THE SPIRAL FLOW.
APPLICATION TO THE SPECIAL CASES

The Hamilton-Jacobi equation, Eq.~5!, will now be
solved for the general planar centrally symmetric flow. Th
spiral flow model of course gives associations to a Schwa
child black hole. We will show that the system indeed giv
rise to effects similar to those occurring near rotating bla
holes. Thus the concepts of an event horizon, and an e
sphere, can be introduced in a natural way, and we will a
show how qualitative features of light trajectories in the flo
are obtained by plotting the ‘‘effective potential’’ for light
First, the expression for the ‘‘effective potential’’ has to b
derived.

A. The ‘‘effective potential’’ for the spiral flow

Employing the effective metric picture, we will useg̃mn to
raise indices of the covariant wave vectorkm . Thus the con-
travariant effective wave vectork̃m will be defined as

k̃m5g̃mnkn , ~22!

the inverse equation beingkm5g̃mnk̃n. ~Note that the cova-
riant vectorkm retains its usual special-relativistic meaning!
In order to solve Eq.~5!, one needs to find all the compo
nents ofkm expressed in terms of known quantities. Sin
three components ofkm are constants,k05E, kf52L,
kz50, it remains to find the componentkr . To this end we
first expresskr as

kr5g̃r0k̃01g̃rr k̃
r1g̃rfk̃f, ~23!

and thereafter insertk̃05g̃0nkn , k̃f5g̃fnkn to convert Eq.
~23! to an expression in which all components except fro
kr are known. Taking into account the constants above,
can then writekr as

kr5
A

C
E2

B

C
L1

g̃rr

C

dr

dl
, ~24!

where

A5g̃0r g̃
001g̃fr g̃

0f,

B5g̃0r g̃
0f1g̃fr g̃

ff, ~25!

C512g̃0r g̃
0r2g̃fr g̃

fr .

At the turning point of a trajectorydr/dl50, so that the last
term in Eq.~24! vanishes. Turning points will be a matter o
main interest below. It is convenient, therefore, to introduc
new symbolk̂r denoting the value ofkr at just the turning
point. It is given by
5-4
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LIGHT RAYS AT OPTICAL BLACK HOLES IN MOVING MEDIA PHYSICAL REVIEW D 65 024005
k̂r5
A

C
E2

B

C
L. ~26!

All components ofkm in the Hamilton-Jacobi equation ar
thereby known. If we for simplicity consider the solution
this equation accepting the condition~26!, the Hamilton-
Jacobi equation determines which turning-point value ofr is
compatible with given input values ofE andL. To emphasize
notationally this particular case, we give an extra ‘‘hat’’
the symbols, so thatE→Ê, L→L̂. Whereas for given val-
ues of Ê and L̂ the equation determines for whichr the
turning of the photon trajectory takes place, it should
noted that at the samer other photons, corresponding to di
ferent values ofE andL are also allowed to exist, but they d
not have turning points at this position.

As will be discussed in more detail below, the turnin
point solutions give the effective potential for the syste
The Hamilton-Jacobi equation is a quadratic equation inÊ

~or alternatively inL̂); it is convenient to work instead in
terms of the ratio between these quantities, i.e.,b̂215Ê/L̂,
which is the inverse impact parameter. We write t
Hamilton-Jacobi equation in the form

Pb̂221Qb̂211R50, ~27!

with known coefficientsP, Q, R. This equation has two set
of solutions,b̂1

21(r ) andb̂2
21(r ), which in the following will

be called the ‘‘effective potentials.’’
Some remarks are called for here, since we are using

concept in a somewhat more restricted sense than wh
usually the case. Recall the conventional equation determ
ing the azimuthal anglef:

f2f05E ~L/r 2!dr

A2m@E02Ve f f~r !#
,

m andE0 being constants. In this case ther-dependent func-
tion Ve f f(r ) is naturally called an effective potential. Fo
example, trajectories around Schwarzschild black holes
be expressed in this form. The physical meaning of our ‘‘
fective potential’’ is simply that it corresponds to a cur
from which the turning points for photons can be read off.
other words, whereas in Ref.@13#, for instance, the effective
potential is part of the equation of motion, regardless
whether the trajectory has a turning point or not, in o
model the ‘‘effective potential’’ is found by solving the equ
tion of motion precisely at a turning point. Our ‘‘potentia
moreover does not have a nonrelativistic analogy.

The expressions forP, Q, R are at first sight com-
plicated, but after a lengthy algebra making use of the me
components~20!, ~21! as well as Eqs.~25!, ~26! we arrive at
the following relatively simple expressions:
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P5
kV21n2r 2

r 22kG2
,

Q5
22kV

r 22kG2
A11

V21G2

r 2
, ~28!

R5
k2~V21G2!2r 2

~kG22r 2!r 2
.

The solutions of Eq.~27! now become, when we make use
the expressions~28!,

b̂6
215

kV

kV21n2r 2
A11

V21G2

r 2
6

An2~r 22kG2!

kV21n2r 2
.

~29!

B. Inaccessible regions

In order to justify our interpretation of the expression~29!
as an ‘‘effective potential,’’ we shall now show how it acts
an impenetrable barrier. Let us assume temporarily t
dr/dl is nonzero. Thenkr , instead ofk̂r given by Eq.~26!,
has to be inserted in Eq.~5!. The Hamilton-Jacobi equation
accordingly becomes

Pb221Qb211R5F22g̃0rE12g̃rr S BL2AE

C D12g̃rfLG
3

g̃rr

C

dr

dl
2g̃rr

~ g̃rr !
2

C2 S dr

dl D 2

, ~30!

with the same factors~25! and~28! as before. Hereb21 has
taken the place ofb̂21, since turning points solutions ar
now not searched for.

Consider the left hand side of Eq.~30!. From Eq.~28! it
follows that if

r 2.kG2, ~31!

then P.0. If the left hand side is plotted versusb21 the
curve gets a positive curvature, and crosses the abscissa
at the turning point solutions,b̂6

21 , as indicated in Fig. 1.

FIG. 1. Qualitative sketch of the left hand side of Eq.~32!
versusb21, whenr 2.kG2.
5-5
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Consider next the right hand side of Eq.~30!. The first
term turns out to be zero, as it must be, since the right h
side cannot depend on the sign ofdr/dl while the left does
not. Thus, Eq.~30! becomes

Pb221Qb211R52g̃rr
~ g̃rr !

2

C2 S dr

dl D 2

. ~32!

From Eq. ~20! it follows that g̃rr is negative in the oute
region defined by Eq.~31!, so that the right hand side of Eq
~32! is positive in this region. The condition that both sid
of Eq. ~32! must be positive, makes us thus conclude that
region betweenb̂2

21 and b̂1
21 in Fig. 1 is inaccessible. The

solution of the Hamilton-Jacobi equation~32! accordingly
contains a potential barrier.

Let us now analyze the inner region:

r 2,kG2. ~33!

From Eq.~29! it follows that there are no real solutions fo
turning points in this region; the left hand side of Eq.~30!
has no zeros. The inequality~33! implies thatP is negative,
so that the curve in Fig. 1 is to be replaced by a curve~not
shown here! which is concave downwards and which has
intersection point with the abscissa axis. Sinceg̃rr is now
positive, the left hand side of Eq.~30! is negative for any
value of the impact parameter. Any photon, if it comes t
far, is allowed to exist for any value ofr in the inner region.
There is no potential barrier, so that a photon approach
the singularity will ultimately get absorbed there.

C. Application to the perfect sink flow

Before embarking on an analysis of the full spiral flow,
is worthwhile to consider the two special cases first.

The simplest special case is that of a perfect sink, co
sponding toV50, G,0. According to Eq.~29! the effec-
tive potential is now

b̂6
2156

Ar 22kG2

nr2
. ~34!

The ‘‘effective potential’’ is shown qualitatively in Fig. 2
The symmetry of the curve about the abscissa axis refl
the physical property that the turning point of a photon w
angular momentumL must occur at the same value ofr as
the turning point of a photon with angular momentum2L.

The present ‘‘effective potential’’ is essentially the sam
as the effective potential for light in Schwarzschild geome
@13#. At the position determined by

r 25kG2, ~35!

the effective potential becomes zero. This point is interpre
as theevent horizonof the system. At smallerr there is not,
for any impact parameter, a turning point.

The fluid’s three-dimensional velocity in coordinate ba
is, according to Eq.~10!,
02400
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U5S G

gr
,0,0D , with g5A11

G2

r 2
. ~36!

Now, the event horizon would from a physical viewpoint b
naturally defined as the position where the velocity of lig
relative to the medium, 1/n, is equal to the inward radial fluid
velocity, G/gr . This leads to the condition 1/n25G2/g2r 2

which, upon insertion of the Lorentz factor from Eq.~36!, is
just the same as Eq.~35!. This shows the consistency o
identifying the zero point of the effective potential with th
event horizon .

The effective potential curve for a perfect sink is esse
tially the same as for light outside a Schwarzschild bla
hole. Whereas a conventional black hole can be visualize
a sink of space-time, the present ‘‘optical black hole’’ c
analogously be visualized as a sink of the moving mediu
which at the same time serves as the artificial ‘‘space-tim

The three horizontal broken lines marked byR2 ,R3 ,R4 in
Fig. 2 refer to the fact that there are three different types
motion for photons in the radial flow. It is here first of a
appropriate to recall that in Schwarzschild geometry th
are actuallyfour types of motion possible when the orbitin
particle has nonzero mass@26#. The first type, which we
would naturally denote byR1, refer to the ‘‘pit’’ in the effec-
tive potential that permits stable orbits to exist around
black hole. Now, there are no stable orbits for light, so th
regionR1 does not exist, neither in Schwarzschild geome
nor in ‘‘perfect sink’’ geometry.

The other three regions exist for light, in Schwarzsc
geometry as well as in the present case:

Light can approach the center of the optical black h
with an inverse impact parameter that lies above the ‘‘eff
tive potential.’’ If b21 at some radius is equal to the ‘‘effec

FIG. 2. Perfect sink: effective potential,b̂6
215Ê/L̂, versus r.

Broken linesR2 , R3, and R4 refer to the three possible photo
trajectories.
5-6
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LIGHT RAYS AT OPTICAL BLACK HOLES IN MOVING MEDIA PHYSICAL REVIEW D 65 024005
tive potential’’ b̂1
21 , this will be the turning point for the

trajectory. After turning, the light goes outwards and esca
to infinity. This is illustrated as region 2.

If the photon has an inverse impact parameter that
above the maximum of the ‘‘effective potential,’’ it will be
captured by the optical black hole. This is shown as regio
The region also covers the case where a photon, em
somewhere outside the event horizon, escapes to infinity

Region 4 is the region for a photon which is emitt
somewhere near the event horizon and eventually is los
the inside region. It may at first propagate in the outwa
direction, but ‘‘hits’’ the potential curve to the left of th
maximum point, and turns back into the center of the opti
black hole.

Finally, we comment briefly on the unstable photon orb
that may exist temporarily in the pure sink flow. Differen
ating Eq.~34! we see that the extrema of the ‘‘effective p
tential’’ are lying at

r 252kG2. ~37!

The two extrema are lying at the same positionr ~which is
physically obvious since they describe photons travelling
opposite directions past the optical black hole!, and they cor-
respond to unstable orbits. The corresponding extrema
low from Eq. ~34! as

b̂6
2156

1

2nAkG
. ~38!

Evidently such orbits will never be permanent; a photon h
ing impact parameter very close to the critical one given
Eq. ~38! will spiral several times around the center before
either escapes to infinity or else becomes lost inside
event horizon.

D. Application to the perfect vortex flow

This is the case studied by Leonhardt and Piwnicki@9,10#.
It corresponds toG50. We will assume a positive vortex, s
that V.0. From Eq.~29! we get the ‘‘effective potential:’’

b̃6
215

kVA11V2/r 26nr

kV21n2r 2
. ~39!

A qualitative plot of the effective potential is shown in Fi
3. The rotation-induced asymmetry is obvious. The up
curve corresponds to the positive sign in Eq.~39!. When r
approaches zero, both solutions diverge. As in the gen
case, the region between the two solutions is inaccessib

WhenV is positive, the motion is in the positivef direc-
tion. Positive rotation of the fluid corresponds to positi
angular momentum, so that photons withL.0 move along
the medium whereas photons withL,0 are fighting agains
the flow. This is the physical reason why photon trajector
corresponding toL and2L are nonsymmetric in Fig. 3.

For later use, let us introduce theergo regionconcept. It
will be showed below that the boundary of this region is
02400
s

s

3.
ed

to
d

l

s

n

l-

-
y
t
e

r

al
.

s

t

the point where the negative solutionb̂2
21 for the ‘‘effective

potential’’ in Fig. 1 coincides with the origin of theb21 axis:

b̂2
21~r !50. ~40!

From Eq.~39! this means

r 5AkV. ~41!

As from Eq.~10! we have, for vortex flow,

U5S 0,
V

gr 2
,0D , ~42!

with

g5A11
V2

r 2
~43!

@corresponding to the orthogonal azimuthal componentU f̂

5V/(gr )#, we see that the same equation~41! can alterna-
tively be found by solving the relationshipV2/(g2r 2)
51/n2. This relationship means that the negative solution
the effective potential crosses ther axis in Fig. 3 where the
~orthogonal! flow velocity V/(gr ) just counterbalances th
velocity of light 1/n relative to the medium. Inside the radiu
given by Eq.~41! the flow velocity exceeds the local velocit
of light, and the region is per definition an ergo-region. T
physical consequence of this is that light in this region
forced to participate in the positivef rotation around the
center, no matter which way the light tries to escape.

The negative solution of Eq.~34! has abottom point. This
point corresponds to unstable circular orbits@9#. One might
imagine that light, having a value ofb21 just corresponding
to a turning point at the bottom point, does not go in orbit
all, but stands still. If this scenario were true, light would g

FIG. 3. Perfect vortex: effective potential,b̂6
215Ê/L̂, versus r.

Broken linesR2 , R3 and R4 refer to the three possible photo
trajectories.
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I. BREVIK AND G. HALNES PHYSICAL REVIEW D 65 024005
directly against the flow at a radial value where the flo
velocity equals the velocity of light in the medium.

This idea of still-standing light is however not correct. A
was showed above, the point where the flow velocity equ
the velocity of light is where the negative solution of th
‘‘effective potential’’ crosses ther axis. The bottom point of
this potential is at a largerr value, and the conclusion that w
have to make, is that the bottom point represents an unst
orbit instead.

As pointed out by Visser@11#, an azimuthal vortex canno
be taken to represent a genuine black hole. This can easi
seen from the ‘‘effective potential’’ plot of a photon posses
ing positive angular momentum. For, if the photon has
positiveb21, its accessible region is of typeR2 ~cf. also Fig.
2!, meaning that the photon ultimately gets reflected ou
infinity. The outward turning point can be found arbitrari
close to the vortex singularity. The system has no analog
a Schwarzschild black hole in the sense of a point of
return existing for all photons.

This does not mean that light cannot be captured by
vortex. As seen from Fig. 3 there is a region beneath
lower curve corresponding to typeR3 ~cf. again Fig. 2!. In
this case a photon coming in from infinity is captured by t
vortex, and will never escape. This region exists only
light of negative angular momenta~and therefore of negative
b21).

Photons having negative angular momenta, thus figh
against the stream, have no outer turning points inside
radius determined by the bottom point ofb̂2

21. The photons
find the bottom point in some sense to be similar to an ev
horizon. To be a genuine horizon, however, ther surface
must have the property that no photon emitted on the ins
has any possibility to escape, even if emitted only sligh
inside and in a radial direction. The bottom-point radius@or
the radius in Eq.~41!# does not satisfy this condition, th
reason being that the flow has no radial component. Pho
can be captured by the vortex, since the flow at an early s
manipulates the trajectories and generates an inward dire
spiraling motion for the photons. There is however noth
in the flow itself which drags photons directly towards t
center. If a photon in the inside region is emitted in a strai
outward direction, it will continue to increase itsr value until
it escapes to infinity.

It is instructive in this context to recall the effective p
tential for Schwarzschild geometry: Photons coming in fro
infinity and pass the potential’s top point, have no outer tu
ing point and will be captured. This does not mean that
radius of the top point corresponds to the event horizon;
Schwarzschild radius lies at a lowerr value.

Photons with negativeb21 can escape, if the absolut
value ofb21 is less than the absolute value of the effect
potential at the bottom point. Both types of regions,R2 and
R3, exist for negative values ofb21, as shown in Fig. 3.

V. BEHAVIOR OF LIGHT IN THE GENERAL FLOW

Combining the two elementary flows considered abo
we arrive at a considerably more complex physical pictu
Figure 4 shows the effective potential for the flow when t
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azimuthal and radial components are given equal weig
V25G2. It is striking how the previous symmetric perfec
sink diagram from Fig. 2 now becomes skew because of
addition of the vortex flow component.

A. Event horizon

The event horizon must first be properly defined. In ge
eral relativity it is defined as the boundary of the region fro
which null geodesics can never escape. If the inwa
pointing radial component of the fluid velocity exceeds t
velocity of light relative to the medium, then no matter wh
direction the light ray tries to escape, it will be swept inwa
by the sink and trapped. This defines the event horizon as
boundary of superluminal radial flow.~An equivalent defini-
tion was made by Visser@27# for the event horizon in acous
tics.!

The mathematical definition of the event horizon is thu

G2

g2r 2
5

1

n2
~44!

@cf. Eq. ~10!#. Taking into account Eq.~11! we get

r[r event5AkG22V2. ~45!

This equation shows that if the strength of the sink for
given vortex is so weak that

uGu,V/Ak, ~46!

then Eq.~45! cannot be satisfied. It is noteworthy that th
existence of an event horizon thus relies upon therelative
strength of the sink or vortex components, not upon th
individual absolute magnitude.

The event horizon is indicated by a vertical line in Fig.
A photon existing to the left of this line can never appear
the right hand side.

FIG. 4. Effective potential,b̂6
215Ê/L̂, versus r for light in a

medium with both radial and azimuthal flow. Broken linesR2 , R3,
andR4 refer to the three possible photon trajectories.
5-8
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LIGHT RAYS AT OPTICAL BLACK HOLES IN MOVING MEDIA PHYSICAL REVIEW D 65 024005
B. Apparent horizon, ergo region, and static limit

As already mentioned, a pure sink acts as a static op
black hole and does not distinguish between light hav
positive or negative angular momenta. Assume now that
sink strengthG is kept constant while the vortex strengthV
gradually increases. The vortex nature of the flow produ
turning points ‘‘higher up’’ for light having positiveL while
it ‘‘takes away’’ turning points having negativeL. Light
propagating along with the azimuthal flow is helped to
cape; light fighting against the flow is more easily captur

When V is further increased the vortex nature gradua
takes over, and a plot of the effective potential will be mo
and more like that of a pure vortex. There remains, howe
the following significant difference. When there is a rad
flow component, no matter how small in comparison w
the azimuthal flow component, the surface where

r 25kG2 ~47!

will have a special meaning. Inside this surface, which d
not depend onV at all, there are no turning points for in
coming photons. This surface has much in common with
event horizon@it becomes just the same as the event horiz
in the case of a perfect sink; cf. Eq.~35!#, but is in general
different from it. We will refer to the surface determined b
the condition~47! as theapparent horizon. This definition of
the apparent horizon stems from its visual appearance on
effective potential plot. It must not be confused with t
definition made by Visser in@27# of the apparent horizon fo
acoustic waves.

The physical meaning of this concept is the followin
Assume, as mentioned, thatG is constant whileV gradually
increases. Plotting the ‘‘effective potential’’ versusr in the
various cases one will see that the azimuthal flow influen
the sink flow in much the same way as the rotation of
ordinary black hole influences the black hole’s ability to ca
ture light. It is known in general relativity that a rotatin
black hole captures light less efficiently than a static hole
the same mass@26#. The same kind of effect is found here.
G is kept fixed whileV is increased, theb21 band of light
that will escape increases. This band is the vertical dista
between the top and bottom point of the effective potent

The vortex increases the band, but there is a limit to it
V→`, the last term in Eq.~29! becomes negligible and w
get

b̂6
21~V→`!5

1

r
; ~48!

the positive and negative solutions coincide. Here the me
ing of the apparent horizon comes in: from Eq.~29! we see
that the last term becomes imaginary outsider 5r app , where

r app5AkuGu ~49!

is the radius of the apparent horizon. The ‘‘effective pote
tial’’ is thus cut off at the apparent horizon. From Eqs.~48!
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and~49! we see that the maximum value ofb21 for a photon
that can escape from the flow, no matter how largeV is
chosen, can be defined by

besc
215

1

r app
5

1

Ak uGu
. ~50!

With infinite V, the lower curve for the ‘‘effective potential’
does not cross the abscissa axis, so the maximum interv
0,b21,1/r app .

The apparent horizon is marked by a vertical line in F
4. Geometrically, the apparent horizon is at ther value where
the upper curve for the ‘‘effective potential’’ meets the lowe
and the curves ‘‘cut each other off.’’ The term ‘‘apparent’’
used, because from a look at the potential plots, this rad
appears to be the horizon. The apparent horizon is the p
of no return for light coming in from the right on the figure
Inside this horizon there are no turning points, and light e
tering the region from the outside will never escape. Rec
that the apparent horizon does not depend onV, in contrast
to the event horizon, Eq.~45!, which depends on bothV and
G. The event horizon always lies inside the apparent horiz

The difference between the apparent horizon and
event horizon is experienced by light that is emitted in t
inside region. If this region extends beyond the apparent
rizon but not beyond the event horizon, it is possible for t
ray to escape to infinity. By contrast, in ordinary Schwar
child geometry, and for the perfect sink, the light pulse m
be emittedoutsidethe apparent horizon if such an escape
to happen, since in these cases the apparent horizon c
cides with the event horizon.

The next concept that it becomes natural to introduce
this special kind of flow is theergo region. In general rela-
tivity, a rotating black hole is known to have an ergo regi
that reaches outside the event horizon. The part of the e
region that lies outside the horizon is called the ergosph
A characteristic property of the ergosphere is thatg00 be-
comes negative, so that no state of rest can be defined.
respondingly, the time Killing vectorj (t) becomes spacelike
leading in turn to peculiar effects like the Penrose proc
~cf., for instance, Refs.@26,28#!.

In the present case, certain similarities with a rotati
black hole are found. The total flow velocity becomes eq
to the velocity of light relative to the medium when

V21G2

g2r 2
5

1

n2
. ~51!

When this equation is satisfied,

g̃0050. ~52!

For smaller values ofr , g̃00 becomes negative. The flow thu
possesses an effective ergosphere lying inside the pos
defined by Eq.~51!.

The ergosphere will always exist for spiral flow. It ex
tends outside the event horizon~if there is one!, and also
5-9
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I. BREVIK AND G. HALNES PHYSICAL REVIEW D 65 024005
outside the apparent horizon. To verify the last statement
calculate the total flow velocity:

U25
V21G2

g2r 2
5

1

11r 2/~V21G2!
. ~53!

At the apparent horizon, we find from this equation thatU2

51/n2 if V50 andU2.1/n2 if V.0. Thus, at the apparen
horizon the total flow velocity is even for a very small vorte
component larger than the velocity of light in the mediu
This horizon is therefore located inside the ergosphere.

We will call the outer limit of the ergosphere thestatic
limit, in analogy to what is done in general relativity@26#. It
will not be further discussed here~although we will briefly
return to it in the final section!. It is determined by the con
dition that the absolute flow velocity is equal to the veloc
of light relative to the medium, i.e., Eq.~51!. The static limit
is marked by a vertical line in Fig. 4.

C. Qualitative features of the light trajectories

The horizontal lines marked byR22R4 in Fig. 4 corre-
spond to the horizontal linesR22R4 in Fig. 2.

There is no region 1 in the ‘‘effective potential,’’ meanin
that there are no stable orbits for light. This is just analog
to the conditions outside a perfect sink, as discussed ab

Region 2 is divided into regions 2a and 2b in the figu
There is no qualitative difference between the two. They c
respond to light entering the flow with an inverse impa
parameter that at some point equals the ‘‘effective potenti
Rays in region 2 escape to infinity.

Below the potential’s bottom point, and above its t
point, lie regions 3a and 3b. The former represents a pho
with negative angular momentum captured by the flow s
gularity. The latter describes the same situation for a pho
with positive angular momentum. It should be noted th
region 3 may also describe a photon that is emitted so
where outside the event horizon and escapes to infinity.

Region 4 refers to photons emitted somewhere on the
side of the top or bottom points of the ‘‘effective potential
Note that theR4 lines cross the apparent horizon; there exi
no condition that forbid photons to cross the apparent h
zon from the inside. The event horizon, however, forbids a
crossing so that the horizontal lines end there.

Region 4 is divided into three subregions. RegionR4a lies
on the negative half of theb21 axis, whereasR4b andR4c lie
on the positive half. Two remarks should be made here:

First, region 4 contains only photons that are emitted
the inner region of the flow and eventually become captu
inside the event horizon. Although it remains adequate
keep the quantityb as a formal input parameter, the interpr
tation of it as an ‘‘impact parameter at infinity’’ becomes lo
No photons in region 4 will ever come from, or go to, infi
ity.

Second, the distinction between the linesR4b andR4c is
not physically important. The first line corresponds to a ph
ton with an inner turning point atb̂1

21 , while the second line

has an inner turning point atb̂2
21. The two curves meet at th

point where they are tangential to the apparent-horizon
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tical line. Together they enclose the inaccessible region
space, and there is no physical distinction between the t

Quite generally, the paths of light will be more comp
cated here than in Schwarzschild geometry. This is so
cause of the rotation. What can be read off from our plot
the ‘‘effective potential,’’ is which trajectories are capture
and which can escape. In order to calculate the real shap
trajectories, the azimuthal equation of motion has to
solved. This task will not be undertaken in the present pa
but we will discuss the azimuthal equation briefly in the ne
section.

VI. SUMMARY AND FINAL REMARKS

The usefulness of picturing a nonuniformly moving m
dium as an effective gravitational field, endowed with a m

ric g̃mn, as demonstrated earlier for a pure vertex flow in R
@1#, turns out to hold true also for the present case with
spiral flow. The effective metric is defined in Eq.~6!; its
contravariant and covariant components are given in E
~20! and ~21!.

The equation for a photon in Fourier space, Eq.~4!, is in
terms of the effective metric picture expressible in the fo
of the Hamilton-Jacobi equation, Eq.~5!. At the turning point
of a photon trajectory,dr/dl50. The turning point solutions
of the Hamilton-Jacobi equation are given as solutions of
~27!, in which b̂21 means the turning-point value of the in
verse impact parameterb21, in general defined asb21

5E/L. There are in general two solutions of the equatio
calledb̂1

21 andb̂2
21 . The solutions are given by Eq.~29!, and

are identified as the ‘‘effective potential~s!.’’ They are shown
in Fig. 2 for pure sink flow, in Fig. 3 for pure vortex flow
and in Fig. 4 for the general spiral case. ‘‘Effective potentia
considerations turn out to be useful for the qualitative ana
sis of the various kinds of photon trajectories that can occ
in particular, for the general case of spiral flow.

It is rather remarkable that the ‘‘effective potential’’ po
sesses properties that are qualitatively similar to those
countered for rotating black holes in general relativity. Th
we can identify an event horizon, as defined by Eq.~45!, for
the flow if its sink component is strong enough in compa
son to the vortex component to satisfy the conditionkG2

.V2. A photon emitted on the inside of the event horiz
can never escape to infinity. There exists also an appa
horizon, Eq. ~49!, lying outside the event horizon~if the
latter exists!. At the apparent horizon, the ‘‘effective poten
tial’’ is cut off. Photons emitted beyond the apparent horizo
but not beyond the event horizon, can escape to infinity.
nally, there is an ergosphere, whose outer boundary is de
mined by the condition that the flow velocity is equal to t
velocity of light relative to the medium, Eq.~51!. In the
ergosphere the time Killing vectorj (t) is spacelike (g̃00
,0), so that no state of rest relative to infinity can be d
fined.

We mention in passing that one interesting possible ap
cation of the pure vortex optical black hole is its relationsh
to the optical Aharonov-Bohm~AB! effect @25#. This effect
is in principle able to explore the long-ranging topologic
5-10
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LIGHT RAYS AT OPTICAL BLACK HOLES IN MOVING MEDIA PHYSICAL REVIEW D 65 024005
nature of a quantum vortex. The optical AB effect was a
lyzed by Leonhardt and Piwnicki@9,10#, assuming a very
high value of the refractive index. Because of the AB pha
shift around a vortex one may say, strictly speaking, that
are considering angular momenta rather than impact par
eters in the present paper.

We ought finally to make clear what are the limitations
the present kind of theory. First, only nondispersive me
are considered. Dispersion-sensitive effects such as the
generated ‘‘slow light’’@3# are thus not encompassed by t
theory.

Second, although the ‘‘effective potential’’ turns out to b
useful for determining the turning points for photons, th
concept does not allow us to determine the exact form of
spiral trajectories. If quantitative results are required, th
the azimuthal equation of motion has to be solved. T
equation can be constructed by considering thef component
of Eq. ~18!:

k̃f5
df

dl
, ~54!

and solving the equation

df

dl
5g̃fnkn5g̃f0k01g̃frkr1g̃ffkf . ~55!

If this is done, the actual trajectory can be plotted. Af
diagram would show special features at the point where
azimuthal flow component becomes of the same magnit
asc/n. We have made some calculations in this direction,
the formalism becomes somewhat unwieldy and is not rep
duced here.

A. On the physical meaning of the horizon

It is of interest to carry out the discussion of the physi
meaning of the horizon a bit further. In general relativity,
horizon has interesting quantum properties that have t
roots in the behavior of classical waves. This is related to
phase of a wave developing a logarithmic singularity at
horizon. The well known Hawking radiation stems from
Bogoliubov transformation relating the ‘‘in’’ vacuum to th
‘‘out’’ vacuum @21#. One may wonder: does our physic
system allow Hawking radiation to occur?

To investigate this point further, let us first recall som
facts about the behavior of a scalar fieldF near the horizon
r 52M of a Schwarzschild black hole~for simplicity we put
G5c51). As shown by Jensen and Candelas@22#, near the
horizon the solution of the scalar field equationhF50,
regular at infinity, varies withr as

F}S r

2M
21D 22iM v

. ~56!

The wavelengths become shortened near the horizon;
waves pile up. The effect is demonstrated graphically,
instance in Ref.@23# ~dealing with the somewhat more ge
eral case of a Schwarzschild–de Sitter scalar field!. It is
worth noticing here that the effect is quite analogous to t
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taking place near the horizon in a Rindler frame. In that ca
the field mode corresponding to Eq.~56! is found to vary as
the modified Bessel functionKiv of imaginary order@24#

F}Kiv~kx!. ~57!

Herek5uk'u is the magnitude of the transverse wave vec
k' , and x is the longitudinal distance from the horizon

Since Kiv(kx)5 1
2 G( iv)( 1

2 kx)2 iv for small arguments, it
follows that F}x2 iv, thus in essential agreement with E
~56!.

After these preliminaries we return to our flow field. T
avoid complicating the formalism too much, we imagine
scalar fieldF that is azimuthally symmetric. In the effectiv
metric picture the field equation is

]m~A2g̃g̃mn]nF!50, ~58!

where the indicesm andn run over 0 andr. From Eqs.~21!
we calculate the metric

g̃52F12
k

n2 S 11
V21G2

r 2 D G S r 21
k~V21G2!

n2 D
2

k2~V21G2!

n4 S 11
V21G2

r 2 D . ~59!

We will investigate whether there are solutions of Eq.~59!
that are singular at the horizon. As ‘‘horizon’’ it is natura
here first to consider the static limit,r 5r stat.l imit , since
g̃0050 there. According to Eqs.~51! or ~21!,

r stat.l imit5Ak~V21G2!. ~60!

Consider now positionsr just outside the static limit. As the
metric approaches a constant value in this limit,g̃→
2(k/n2)(V21G2), we can omit the influence from this fac
tor altogether when looking for singular solutions, and co
sider instead the reduced equation

]m~ g̃mn]nF!50. ~61!

Assuming a time factor exp(ivt) we can write this equation
approximatively as

S n21
k~V21G2!

r 2 D v2F2
2ivkG

r
A11

V21G2

r 2
] rF

1] rF S 12
kG2

r 2 D ] rFG50. ~62!

This equation actually has no solution singular at the st
limit. Such a solution occurs, however, at theapparent hori-
zon, r 5r app5AkuGu. The first term in Eq.~62! can be ne-
glected to leading order, and the scalar mode vanishingr
→` becomes, close to the apparent horizon,
5-11
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F}S 12
kG2

r 2 D 2 ivAk(V21n2G2)

. ~63!

This field, in fact, has the same qualitative behavior as
outside a Schwarzschild black hole, Eq.~56!. Physically, this
singular behavior can be understood from the fact that
apparent horizon is the point of no return for light coming
from infinity.

Does this imply that there really occurs Hawking rad
tion from the optical black hole? The answer is in our op
L
.

re

k.

e
cg

ev

02400
at

e

-
-

ion no, the reason being that the metricg̃mn is an artificial
metric only. Our fluid system is physically a specia
relativistic system. There exists one symmetry group in
present case, namely the Poincare´ group, according to which
the vector]/]t is a Killing vector of spacetime~cf. p. 45 in
@21#!. The condition for Hawking radiation to occur is tha
there are physically inequivalent ‘‘in’’ and ‘‘out’’ vacua. Tha
is the case incurvedspacetime, where the Poincare´ group is
no longer a symmetry group.~This point is however not
quite trivial, and it is only fair to mention that Hawking
radiation has been claimed to occur in recent discussion
acoustic black holes.!
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