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Light rays at optical black holes in moving media
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Light experiences a nonuniformly moving medium as an effective gravitational field, endowed with an
effective metric tensog””= 7**+ (n?—1)u“u”, n being the refractive index anat* the four-velocity of the
medium. Leonhardt and PiwnickPhys. Rev. A60, 4301(1999 ] argued that a flowing dielectric fluid of this
kind can be used to generate an “optical black hole.” In the Leonhardt-Piwnicki model, only a vortex flow was
considered. It was later pointed out by Vis§Bhys. Rev. Lett85, 5252(2000] that in order to form a proper
optical black hole containing an event horizon, it becomes necessary to add an inward radial velocity compo-
nent to the vortex flow. In the present paper we undertake this task: we consider a full spiral flow, consisting
of a vortex component plus a radially infalling component. Light propagates in such a dielectric medium in a
way similar to that occurring around a rotating black hole. We calculate, and show graphically, the effective
potential versus the radial distance from the vortex singularity, and show that the spiral flow can always capture
light in both a positive, and a negative, inverse impact parameter interval. The existence of a genuine event
horizon is found to depend on the strength of the radial flow, relative to the strength of the azimuthal flow. A
limitation of our fluid model is that it is nondispersive.
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[. INTRODUCTION made it clear, however, that the interpretation of the
Leonhardt-Piwnicki model in its original form as an optical
The classical topic of light propagation in moving dielec- black hole is not feasible: in order to obtain a black hole
tric media has received considerable interest in recergndowed with an event horizon one has to addiramard
years—for a review of recent developments see, for instancéadial component to the vortex flowcf. also the rebuttal
Ref.[1]. Much of the reason for the revitalization of this field [12]). This brings us to the subject of the present paper: We
of research is evidently the advent of the electromagneticallyVill develop the optical black hole theory based upon a gen-
induced transparendIT) techniquel2], whereby the light eral spiral _flow _model, consisting of a vortex component plus
velocity in matter can be slowed down dramatically, to or-2 radially infalling component. We introduce an “effective

ders of 110 m/§3]. Under such circumstances it becomesPotential,” constructed as the appropriate generalization of

possible to generate a fluid flow whose velocity is compa-the conventional effective potential outside a Schwarzschild

rable to that of light in the fluid. The flow will then have an :?'EI‘C" ho'e[lﬁ.ﬁ'%t.“?g thsf"a”attri]o” of tthe eﬁe"tl“”?tp"te”'
important influence upon the propagation of light. 'al Versus racial gistance from the vortex singuarity, we

Light waves experience a movina dielectric medium as arget a powerful tool for predicting particle and light trajecto-
9 P 9 ries. Our explicit calculations prove that Visser's remarks

effective gravitational field. The effective metrgg*”=»*" [11] (which are based upon general consideratians right.
+(n®*~1)u*u” was used a long time ago to develop a rela-\we find that the spiral flow can always capture light within a
tivistic model of a nondispersive dielectric medium, and will positive, and a negative, interval for the inverse impact pa-
be applied also in this paperis the refractive index, ana*  rameter. If the azimuthal velocity component is increased,
is the four-velocity of the medium. The use of the effectivethe parameter interval for light being able to escape from the
metric allows us to apply the general-relativistic formalismsystem is also increased. This reminds us of gravitational
to systems that normally are not identified with general relablack holes in that it is known that a rotating black hole
tivity. Some earlier papers along these lines are Réfs7]. captures light less efficiently than a static one of same mass.
Recent discussions on the general-relativistic analogue mod- One important limitation of our theory should be empha-
els can be found in Ref8]. Since the velocity of light can be sized: we considemondispersivenedia only. That means we
slowed down so dramatically, the flowing medium gives riseare unable to cope with the extremely dispersion-sensitive
to the effect that light rays are moving along curved trajecEIT effect[3]. Some more comments should be given, con-
tories. cerning the physical background for this statement. Although
The central references in our present context are the pdhe EIT technique is extremely effective—the quantum inter-
pers of Leonhardt and PiwnickB,10]. These authors con- ference allows pulse transmission through an atomic cloud
sidered a dielectric fluid swirling around a straight linearwhich would otherwise have a transmission coefficient only
vortex, arguing that such a system can be used to generate ahordere™*1%—it is notable that the effect is also extremely
“optical black hole.” Subsequent remarks of Vissgtl]  dispersive. The steep dispersive profile is shown by Fig. 2 in
the article of Hawet al.[3]. According to the figure the high
refractive index prevails only over a frequency interval of
*Email address: iver.h.brevik@mtf.ntnu.no about Av=2 MHz around the central frequency=0.5
"Email address: geirhal@stud.fim.ntnu.no X 10" Hz (corresponding to a wavelength =589 nm).
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When the light propagates in the direction of motion of thewherey is the Lorentz factory=(1—U?) "2,

fluid, it follows from a consideration of the four-momentum It ought to be emphasized that we are applying a kind of
k, of the photon that the fluid velocity gives rise to hybrid interpretation to the system. First, as far as the fluid
a Doppler shift of Av=wnv/c, or v=(c/n)(Av/v) flow velocity u* and the wave four-vectds, are concerned,
=120h cm/s. Now, in the atomic vapon is practically we consider the system as an ordinary special-relativistic
unity, so we see that already a moderate fluid velocity ofsystem, in which covariant and contravariant indices are
about 100 cm/s is sufficient for the Doppler effect to bringmoved by means of the Minkowski metrig,,. Second,
the frequency in the local rest inertial frame of the fluid when considering the wave propagation through the moving
outside the EIT-generated highband. The Doppler argu- flow, we make use of the effective metric, which will be

ment assumes for simplicity thatis a constant, but this is  designated byg,,, . The background for introducing this kind
not disturbing for our estimate: both isin the undisturbed of metric can be seen as follows. Starting from Maxwell's
vapor close to unity, as mentioned, and moreover the refracequations for a pure radiation field in a nondispersive me-
tive index-disturbance caused by the laser beams is veryium moving with special-relativistic velocity“ we obtain,
small, An=1.8x10"°. In practice, dispersive effects thus by defining the four-potentiah,, from the basic field tensor
play an important role; the Doppler detuning will exceed theg  via the relationshigF ,,= d,A,—,A,,, the field equa-
EIT window, and the present theory is not directly applicabletjon [7]
to slow light. We think, however, that the nondispersive
theory is of interest in its own right. [O+«(d- u)Z]A#=O 2)

In the next section we summarize the basic properties of
the phenomenological electromagnetic theory in a dielectriqmzaﬂ(;#, d-u=4,u*), where we have defined as
medium, emphasizing the formal analogy to general relativ-
ity, and also the connection between this kind of theory and k=n’—1. 3
the transformation procedure worked out some yearq ago
from which one can map the electromagnetic field in aln momentum space, E¢2) implies
vacuum to that in a medium. Then, in Sec. lll we consider
the effective metric for the two components of the spiral k?+ k(k-u)?=0 (4)
flow. In Sec. IV, before embarking on the rather complex
theory of the general spiral case, we define the “effective(k’=k*k ). Since the indices of the photon four-momentum
potential,” which is a new concept in this context, and applyk”, as mentioned, can be lowered and raised by the
it to the two basic flow components separatghe pure sink, Minkowski metric »,,,,, we can write Eq(4) as
and the pure vortex Figures 2 and 3 show the “effective 5
potentials” for these two cases. The figures are useful in that g“"k,k,=0, (5)
they show which regions are inaccessible for photon trajec-
tories. In Sec. V, which is the main section, we work out thewith g#* being the effective metric
“effective potential” for the full spiral flow, and introduce
various concepts: the event horizon, the apparent horizon, U= P+ kUt (6)
the ergo region, and the static limit. Various kinds of photon

trajectories are discussed in relation to Fig. 4. As far as e js the appearance of E¢6) that makes it possible to bor-
know, this kind of analysis has not been given before, for thgow terminology from general relativity and consider the
general composite flow. A summary is given in Sec. VI, propagation of light waves as taking place in a fictitious or
along with a closer discussion on the relationship to agffective” curved space whose metric is given by HE).
Schwarzschild black hole. In the limiting case of Hamilton’s geometrical optics,
We putc=1, adopt the Minkowski metric convention which is adopted here, the electromagnetic field tensor is
7,,=(1,—1,—1,—1), and follow the basic formulation of modelled by the eikonal ans&t20]. It implies that the pho-
Leonhardt and Piwnick{9]. We mention in passing that ton four-momentum is essentially the four-divergence of the
some other related recent treatises can be found in Refgikonal§ i.e., k,=—a,S. Accordingly, it becomes natural
[14-19. to write the wave equation in such a way that it involves the
covariantcomponents of the wave vector, as in Eg).
We mention in passing the following point. In RET], we
II. BASIC FORMALISM developed a transformation procedure which maps the elec-
We begin by giving a brief account of the basic formal- rodynamic theory for a vacuum field directly into the phe-
ism, letting in this section the four-velocity* of the fluid be ~ homenological nondispersive theory for a medium field. This
unspecified(thus not necessarily being the sum of vertexMapping procedure is actually quite powerful, especially in
flow and radial flow. With the above metriaj“u,=1. If U’ C(_)nnectlon with quanuzayon of the.medlum field. Consistent
are the components of the three-dimensional velocity vecto/ith the use of the canonicépace-likg four-momentunk,,
U, ie., U‘Ui=U2, we have thus in the medium, th_e qua_mtlzatlon is done in accor_dance with
the nonsymmetric, divergence-free Minkowski energy-
‘ momentum tensor. The central building block in this kind of
ut=y(1,U"), (1) theory is the matridb*”, defined by
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b#*’= "+ (n—1)utu?, (7) B 1
ds’=g,,, dx“dx’'—— dt*—dr’~r?d¢’—dZ. (14
satisfying the relationshipp(an integer n

(bP)#Y= pH¥+ (nP—1)u*u”. (8) In an orthonormal basi&u/;} atr—o we thus have that the

, o . , zeroth component become£'=dt/n. The local photon en-
The effective metric in Eq(6) is thus nothing else than the ergy Ejoca at infinity is the contraction of the four-

second power of the basic matrigi”=(b?)*". momentunk® with w0
lll. THE TWO FLOW COMPONENTS . ko
. . . . EIocaI:<w0!k>: —=nko, (15
We now turn to the situation in which the flow, as men- n

tioned above, is composed of a vortex component and a ra-
dial component. The three-dimensional fluid veloditycan sinceg®=n2. Thus
thus be written as
Elocal

U=UF(r)e;+U55(r)e;5, 9 E= n -’ (16

in an orthogonal basis(designated by hats {g}  SinceE andE,,y differ only through a constant factoy we
=1{€ ,€;,6}. We write the azimuthal component in the form can use these two concepts interchangeably.

U?=Q/r with Q a constant; being the radial distance from  As for the azimuthal part, the interpretation bofcan be
the singular vortexsituated along the axis). In a coordinate  taken over directly from the theory of an ordinary black hole

basis, {e}={a/dr,dla$,dldz}, this corresponds tou?  [13]. The spatial components of the metric at infinity are
:Q/rz' The relativistic correction is introducd:@] via the identical to those of the Minkowski metric, for the Schwarzs-

Lorentz factory, so thatU®—Q/(yr?). As for the radial child n:etric as well as for the present case with effective
flow, we start from the nonrelativistic standard form for a metricg””. The quantityL is the angular momentuifor an
singular line source’=T/r, T being a constant that is ordinary black hole referring to equatorial orbit¥he minus
negative when, as assumed here, the source is actually a sifign in front of the second of Eq$l3) is due to our metric
(There is for the radial component no difference between th€onvention.

orthogonal basis and the coordinate basis, LE.=U".) The quantityb, defined by

Again including the relativistic correction, we havd' L

—TI'/(yr). Altogether, the three-dimensional fluid velocity b=—, (17)
in coordinate basis becomes decomposed as E

r o will henceforth be referred to as the impact paramestr
U=(U’,U¢,UZ)=<—,—2,O), (10) infinity). (This is not in perfect agreement with the usual
Yoyr definition of the impact parametgi\s discussed by Leon-
hardt and Piwnicki9] the canonical angular momentulm

with Lorentz factor differs from thekinetic angular momentum by a constant,
due to the optical Aharonov-Bohm effect.
y=J1+ ' (11) The light paths are defined by the wave four-vedidr

2 tracing out zero geodesics gf”. Introducing, as usudlL3],

an affine parametek, we can parametrize the light path

r

From Eq.(1) we obtain the fluid’s four-velocity: through the relation
r Q ~ _dx"
Uﬂ:(uoyur’utﬁ’ul):(,y'?’r_Z’()). (12) k#_a. (18)

There are two nontrivial Killing vectors in the problem, viz. Of main interest for us is the component:

§wy=0alat and & 4)=3dld¢. The four-vector productk- & d

. . ~ r
andk- &4 are constant along the photon trajectory, meaning K'=—. (19
that the components, andk, are constants. We will desig- dx

nate them respectively by and —L: . ) o
It is to be noted that whedr/d\ is zero the photon, with its

ko=E, Kkg=-L. (13)  radial momentum equal t&', has aturning point
For reference purposes we write down the components of
The physical meaning of these quantities can be seen as fahe effective metric for the full spiral flow. From Eq&),
lows. Consider the line element for light at spatial infinity: (10), and(11) we have

024005-3



I. BREVIK AND G. HALNES

02+1?
2

r

§W=1+K(1+

I Q02%+T7?
=—\/1+ ,
r r2

= 0r

Q) Q247172
=— > ,

We will need also the covariant components:

Q2+7172

r

~ 1 K
Yoo 2

1+

Q%+1?
2 1

~ I’

Jor=—-\/ 1t
n2r r

Q%+1?
2 1)

- _KQ 14
Jog 2

r

~ xkI'?
O = —1- n2r2’

~ QT

Or¢p=— ’
o n?r

2
g e K
Joe 2

azz: -1

These expressions satisfy the contraction conditions

9“9, 0p-

It ought to be pointed out here that we have constructed
the velocity of the composite flow, Eq&L0)—(12), as anad

(20

(21)
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ric components given by Eq$20) and (21) are different
from those used by Lindtl6].

IV. “EFFECTIVE POTENTIAL" FOR THE SPIRAL FLOW.
APPLICATION TO THE SPECIAL CASES

The Hamilton-Jacobi equation, Ed5), will now be
solved for the general planar centrally symmetric flow. This
spiral flow model of course gives associations to a Schwarzs-
child black hole. We will show that the system indeed gives
rise to effects similar to those occurring near rotating black
holes. Thus the concepts of an event horizon, and an ergo-
sphere, can be introduced in a natural way, and we will also
show how qualitative features of light trajectories in the flow
are obtained by plotting the “effective potential” for light.
First, the expression for the “effective potential” has to be
derived.

A. The “effective potential” for the spiral flow

Employing the effective metric picture, we will ugé” to
raise indices of the covariant wave veckgy. Thus the con-

travariant effective wave vectd* will be defined as
kr=g""k,, (22)

the inverse equation beirig, =g, ,k”. (Note that the cova-
riant vectork,, retains its usual special-relativistic meanijng.
In order to solve Eq(5), one needs to find all the compo-
nents ofk, expressed in terms of known quantities. Since
three components of, are constantsko=E, k,=-L,
k,=0, it remains to find the componekt. To this end we

first expres¥k, as

kr:arO’RO‘Farr’Rr‘Far(b’R(ﬁ’ (23
and thereafter insek®=g"k,, k?=g%"k, to convert Eq.
(23) to an expression in which all components except from

k, are known. Taking into account the constants above, we
can then writek, as

K —mE— 2| gy dr 24
~cE et o an 24

where
A:60r§00+§¢r§0¢a
B=00:9%’+949%, (25

C= l_EOrﬁor _§</>ra¢r-

hoc generalization of the flow adopted by Leonhardt andAt the turning point of a trajectorgir/d\ =0, so that the last

Piwnicki [9,10]. Since the four-velocity* has to satisfy the
relativistic Euler equation, the value of the presspiteas to

term in Eq.(24) vanishes. Turning points will be a matter of
main interest below. It is convenient, therefore, to introduce a

adjust itself accordingly. We do not consider the pressur@ew symbolk, denoting the value ok, at just the turning
here. It should also be mentioned that the values of the mepoint. It is given by
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. A_ B
k=cE- gL (26)  Left

All components ofk,, in the Hamilton-Jacobi equation are
thereby known. If we for simplicity consider the solution of 0

this equation accepting the conditiq@6), the Hamilton- . . b
Jacobi equation determines which turning-point value isf ! !
compatible with given input values &andL. To emphasize !1 |

notationally this particular case, we give an extra “hat” to b_ ’})Jlr
the symbols, so th&—E, L—L.Whereas for given val-

ues of E and L the equation determines for whiaghthe

turning of the photon trajectory takes place, it should b
noted that at the sanreother photons, corresponding to dif-
ferent values ofE andL are also allowed to exist, but they do kQ2+n?r?

FIG. 1. Qualitative sketch of the left hand side of H2)
eversusb’l, whenr?> xI'2.

not have turning points at this position. P r2— (T2 '
As will be discussed in more detail below, the turning
point solutions give the effective potential for the system.

_ 2 2

The Hamilton-Jacobi equation is a quadratic equatioft in Q=— ZKQZ 1+ 0 EF , (28)
(or alternatively inL); it is convenient to work instead in re—«Il r
terms of the ratio between these quantities, bel=E/L,

R . R . R 2(92+F2)— r2
which is the inverse impact parameter. We write the R= K
Hamilton-Jacobi equation in the form (kT'2=r?)r? '

The solutions of Eq(27) now become, when we make use of
Pb 2+ 0b 1+R=0, (270 the expression§28),
- k() /1+ QZ+F2+\/n2(r2—KF2)

with kngwn (Etzcelﬁ|0|ent§f,_?, R. Thls e;quaﬂon has' two §ets = T 02122 2 k02inZ?
of solutions,b, ~(r) andb_~(r), which in the following will (29)

be called the “effective potentials.”

Some remarks are called for here, since we are using this
concept in a somewhat more restricted sense than what is
usually the case. Recall the conventional equation determin- In order to justify our interpretation of the expressi@9)
ing the azimuthal angle: as an “effective potential,” we shall now show how it acts as

an impenetrable barrier. Let us assume temporarily that

dr/d\ is nonzero. Therk, , instead ofk, given by Eq.(26),
(L/r?)dr has to be inserted in E@5). The Hamilton-Jacobi equation

J2m[Eq—V ”(r)]' accordingly becomes
0 e

B. Inaccessible regions

b= ho=

Pb™ e+ 0Ob " +R 29”"E+2g C

+ 25“754
mandE, being constants. In this case theependent func-

tion Ve¢(r) is naturally called an effective potential. For G, dr (9,)2(dr\2
example, trajectories around Schwarzschild black holes can l——é”r—; —) , (30
be expressed in this form. The physical meaning of our “ef- C dx c? ldx

fective potential” is simply that it corresponds to a curve
from which the turning points for photons can be read off. InWith the same factoré&25) and(28) as before. Heré™* has
other words, whereas in RdfL3], for instance, the effective taken the place ob™!, since turning points solutions are
potential is part of the equation of motion, regardless ofnow not searched for.
whether the trajectory has a turning point or not, in our Consider the left hand side of E(0). From Eq.(28) it
model the “effective potential” is found by solving the equa- follows that if
tion of motion precisely at a turning point. Our “potential”
moreover does not have a nonrelativistic analogy. r2>xIl?, (3D

The expressions foP, ©Q, R are at first sight com- o
plicated, but after a lengthy algebra making use of the metri€hen P>0. If the left hand side is plotted versis * the
component$20), (21) as well as Eqs(25), (26) we arrive at ~ Curve gets a positive curvatuAre, and crosses the abscissa axis
the following relatively simple expressions: at the turning point solutionsb;l, as indicated in Fig. 1.
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Consider next the right hand side of E®0). The first
term turns out to be zero, as it must be, since the right hanc |  Frommmmmmmmmmmmmmmossmem oo s S oo oo
side cannot depend on the signdif/d\ while the left does
not. Thus, Eq(30) becomes

= (9% dr)? v
-2 -1 _ T -
Pb + Qb *+R=-g o2 \an - (32

From Eq.(20) it follows that g™ is negative in the outer
region defined by Eq31), so that the right hand side of Eq. |,
(32 is positive in this region. The condition that both sides |0 : f
of EqQ. (32) must be positive, makes us thus conclude that the 5
region betweerb~! andb’ ! in Fig. 1 is inaccessible. The
solution of the Hamilton-Jacobi equatid32) accordingly
contains a potential barrier.

Let us now analyze the inner region:

o>

re<xI2. (33

From Eq.(29) it follows that there are no real solutions for o

turning points in this region; the left hand side of E§0) FIG. 2. Perfect sink: effective potentiah'=E/L, versus r.
has no zeros. The inequalit@3) implies thatP is negative, ~Broken linesR,, R;, and R, refer to the three possible photon
so that the curve in Fig. 1 is to be replaced by a cunat  trajectories.

shown hergwhich is concave downwards and which has no

intersection point with the abscissa axis. Simge is now r r2
positive, the left hand side of E¢30) is negative for any U=(—r,0,0), with  y=\/1+—. (36)
value of the impact parameter. Any photon, if it comes that Y r

far, is allowed to exist for any value ofin the inner region.
There is no potential barrier, so that a photon approachin§low, the event horizon would from a physical viewpoint be

the singularity will ultimately get absorbed there. naturally defined as the position where the velocity of light
relative to the medium, b/ is equal to the inward radial fluid
C. Application to the perfect sink flow velocity, I'/yr. This leads to the condition 17=1"72/y%r?

) _ . . which, upon insertion of the Lorentz factor from E&6), is
Before embarking on an analysis of the full spiral flow, 'tjust the same as E35). This shows the consistency of

is worthwhile to consider the two special cases first. identifying the zero point of the effective potential with the
The simplest special case is that of a perfect sink, correzyent horizon .
sponding to}=0, I'<0. According to Eq(29) the effec- The effective potential curve for a perfect sink is essen-
tive potential is now tially the same as for light outside a Schwarzschild black
JZ= T2 hole. Whereas a conventional black hole can be visualized as

[ e A — (34) a sink of space-time, the present “optical black hole” can
- nr2 analogously be visualized as a sink of the moving medium,
which at the same time serves as the artificial “space-time.”

The “effective potential” is shown qualitatively in Fig. 2. The three horizontal broken lines marked®y,R3,R, in

The symmetry of the curve about the abscissa axis reflectsig. 2 refer to the fact that there are three different types of
the physical property that the turning point of a photon withmotion for photons in the radial flow. It is here first of all
angular momentunh must occur at the same value ofis  appropriate to recall that in Schwarzschild geometry there
the turning point of a photon with angular momentunt.. are actuallyfour types of motion possible when the orbiting

The present “effective potential” is essentially the sameparticle has nonzero ma$86]. The first type, which we
as the effective potential for light in Schwarzschild geometrywould naturally denote bfR,, refer to the “pit” in the effec-

[13]. At the position determined by tive potential that permits stable orbits to exist around the
black hole. Now, there are no stable orbits for light, so that
r?=kI?, (35  regionR; does not exist, neither in Schwarzschild geometry

nor in “perfect sink” geometry.
the effective potential becomes zero. This point is interpreted The other three regions exist for light, in Schwarzscild
as theevent horizorof the system. At smaller there is not, geometry as well as in the present case:

for any impact parameter, a turning point. Light can approach the center of the optical black hole
The fluid’s three-dimensional velocity in coordinate basiswith an inverse impact parameter that lies above the “effec-
is, according to Eq(10), tive potential.” If b~ ! at some radius is equal to the “effec-

024005-6



LIGHT RAYS AT OPTICAL BLACK HOLES IN MOVING MEDIA PHYSICAL REVIEW D 65 024005

tive potential” B;l, this will be the turning point for the
trajectory. After turning, the light goes outwards and escapes
to infinity. This is illustrated as region 2.

If the photon has an inverse impact parameter that lies
above the maximum of the “effective potential,” it will be
captured by the optical black hole. This is shown as region 3%
The region also covers the case where a photon, emitte
somewhere outside the event horizon, escapes to infinity.

Region 4 is the region for a photon which is emitted
somewhere near the event horizon and eventually is lost tc

the inside region. It may at first propagate in the outward © p
direction, but “hits” the potential curve to the left of the A
maximum point, and turns back into the center of the optical b T e
black hole. :

Finally, we comment briefly on the unstable photon orbits =~ |----------------------- oo
that may exist temporarily in the pure sink flow. Differenti- Rs
ating Eq.(34) we see that the extrema of the “effective po-
tential” are lying at FIG. 3. Perfect vortex: effective potentidi, *=E/L, versus .

Broken linesR,, R; and R, refer to the three possible photon
r2=2xI2. (37) trajectories.

The two extrema are lying at the same positfofwhich is  the point where the negative solutibi* for the “effective

physically obvious since they describe photons travelling irbotential” in Fig. 1 coincides with the origin of the* axis:
opposite directions past the optical black hpknd they cor-

respond to unstable orbits. The corresponding extrema fol- Bty _
low from Eq.(34) as b_"(r)=0. (40)

From Eq.(39) this means

N
b _—Zn\/;F' (39 r=\/;Q. (41

Evidently such orbits will never be permanent; a photon havAS from Eq.(10) we have, for vortex flow,
ing impact parameter very close to the critical one given by
Eq. (38) will spiral several times around the center before it
either escapes to infinity or else becomes lost inside the
event horizon.

U=

Q
O,Fﬁ) , (42

with
D. Application to the perfect vortex flow

This is the case studied by Leonhardt and Piwn[i8ki0]. B /1+ Q_Z 43
It corresponds td'=0. We will assume a positive vortex, so Y= r2 (

that Q>0. From Eq.(29) we get the “effective potential:”

N YAV [corresponding to the orthogonal azimuthal comportéﬁt
5;1:KQ L+ Q% tnr. (39  =Q/(yr)], we see that the same equati@l) can alterna-
B kQ2+n?r2 tively be found by solving the relationshif)?/(y%r?)

=1/n?. This relationship means that the negative solution for

A qualitative plot of the effective potential is shown in Fig. the effective potential crosses thexis in Fig. 3 where the
3. The rotation-induced asymmetry is obvious. The uppeforthogonal flow velocity /(yr) just counterbalances the
curve corresponds to the positive sign in E89). Whenr  velocity of light 1h relative to the medium. Inside the radius
approaches zero, both solutions diverge. As in the generajiven by Eq.(41) the flow velocity exceeds the local velocity
case, the region between the two solutions is inaccessible.of light, and the region is per definition an ergo-region. The

When(} is positive, the motion is in the positiwg direc-  physical consequence of this is that light in this region is
tion. Positive rotation of the fluid corresponds to positiveforced to participate in the positive rotation around the
angular momentum, so that photons witb>0 move along center, no matter which way the light tries to escape.
the medium whereas photons with<0 are fighting against The negative solution of E434) has abottom point This
the flow. This is the physical reason why photon trajectoriepoint corresponds to unstable circular orji#§. One might
corresponding td. and —L are nonsymmetric in Fig. 3. imagine that light, having a value &f * just corresponding

For later use, let us introduce tleego regionconcept. It  to a turning point at the bottom point, does not go in orbit at
will be showed below that the boundary of this region is atall, but stands still. If this scenario were true, light would go
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directly against the flow at a radial value where the flow | | |
velocity equals the velocity of light in the medium. b | N P Ry

This idea of still-standing light is however not correct. As
was showed above, the point where the flow velocity equals
the velocity of light is where the negative solution of the
“effective potential” crosses the axis. The bottom point of
this potential is at a largervalue, and the conclusion that we
have to make, is that the bottom point represents an unstead
orbit instead.

As pointed out by Visser11], an azimuthal vortex cannot 0
be taken to represent a genuine black hole. This can easily b
seen from the “effective potential” plot of a photon possess-
ing positive angular momentum. For, if the photon has a
positiveb ™2, its accessible region is of tyf®, (cf. also Fig.

:Event :Appment :S ic Limi

2), meaning that the photon ultimately gets reflected out to Horizon oo Owerlinit foregspher
infinity. The outward turning point can be found arbitrarily
close to the vortex singularity. The system has no analogy to " _ ' _ )
a Schwarzschild black hole in the sense of a point of nc{'nedlum with both radial and azimuthal flow. Broken lires, Rs,

FIG. 4. Effective potentialp*=E/L, versus r for light in a

return existing for all photons. andR, refer to the three possible photon trajectories.

This does not mean that light cannot be captured by the ) ) )
vortex. As seen from Fig. 3 there is a region beneath th@zzlmutzhal and radial components are given equal weight:
lower curve corresponding to tyfR, (cf. again Fig. 2. In Q =F_ Lltis strlkmg_ how the previous symmetric perfect-
this case a photon coming in from infinity is captured by theSINK diagram from Fig. 2 now becomes skew because of the
vortex, and will never escape. This region exists only foraddition of the vortex flow component.
light of negative angular momentand therefore of negative
b~ 1. A. Event horizon

Photons having negative angular momenta, thus fighting

. . ] o The event horizon must first be properly defined. In gen-
against the stream, have no outer turning points inside the I . :
éral relativity it is defined as the boundary of the region from

radius determined by the bottom pointbf *. The photons  \yhich null geodesics can never escape. If the inward-
find the bottom point in some sense to be similar to an evenbointing radial component of the fluid velocity exceeds the
horizon. To be a genuine horizon, however, theurface  ye|ocity of light relative to the medium, then no matter what
must have the property that no photon emitted on the insidgjrection the light ray tries to escape, it will be swept inward
has any possibility to escape, even if emitted only slightlypy the sink and trapped. This defines the event horizon as the
inside and in a radial direction. The bottom-point radias boundary of superluminal radial flowAn equivalent defini-

the radius in Eq(41)] does not satisfy this condition, the tjon was made by Vissd@7] for the event horizon in acous-
reason being that the flow has no radial component. Photongg)

can be captured by the vortex, since the flow at an early stage The mathematical definition of the event horizon is thus
manipulates the trajectories and generates an inward directed

spiraling motion for the photons. There is however nothing rz 1
in the flow itself which drags photons directly towards the 5= (44)
center. If a photon in the inside region is emitted in a straight yre.n
outward direction, it will continue to increase itvalue until
it escapes to infinity. [cf. Eqg. (10)]. Taking into account Eq11) we get
It is instructive in this context to recall the effective po-
tential for Schwarzschild geometry: Photons coming in from F=rgyen= VK[ 2— Q2. (45)

infinity and pass the potential’s top point, have no outer turn-
ing point and will be captured. This does not mean that thel_
radius of the top point corresponds to the event horizon; th
Schwarzschild radius lies at a lowewalue.

Photons with negativé ™! can escape, if the absolute

his equation shows that if the strength of the sink for a
%iven vortex is so weak that

value ofb~ 1 is less than the absolute value of the effective IT|<Q/ Vi, (46)
potential at the bottom point. Both types of regioRs,and
R3, exist for negative values df !, as shown in Fig. 3. then Eq.(45) cannot be satisfied. It is noteworthy that the

existence of an event horizon thus relies upon rédative
strength of the sink or vortex components, not upon their
individual absolute magnitude.

Combining the two elementary flows considered above, The event horizon is indicated by a vertical line in Fig. 4.
we arrive at a considerably more complex physical pictureA photon existing to the left of this line can never appear on
Figure 4 shows the effective potential for the flow when thethe right hand side.

V. BEHAVIOR OF LIGHT IN THE GENERAL FLOW
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B. Apparent horizon, ergo region, and static limit and(49) we see that the maximum valuelof ! for a photon

As already mentioned, a pure sink acts as a static opticd’@t can escape from the flow, no matter how lafgeis
black hole and does not distinguish between light havingh0Sen, can be defined by
positive or negative angular momenta. Assume now that the
sink strengthl” is kept constant while the vortex strendgth o, 1 1
gradually increases. The vortex nature of the flow produces besc:%: m

turning points “higher up” for light having positivé. while
With infinite (), the lower curve for the “effective potential”

(50

it “takes away” turning points having negative. Light
propagating along with the azimuthal flow is helped to es-

2 o . ) ; does not cross the abscissa axis, so the maximum interval is
cape; light fighting against the flow is more easily captured0<b,1<1/r
app-

When Q is further increased the vortex nature gradually The apparent horizon is marked by a vertical line in Fig.

takes over, and a plot of the effective potential will be more, Geometrically, the apparent horizon is at thalue where

and more like that of a pure vortex. There remains, however, p ; o
the following significant difference. When there is a radial the upper curve for the "effective potential” meets the lower,

flow component, no matter how small in comparison Withand the curves “cut each other off.” The term "apparent” is
omp ’ P used, because from a look at the potential plots, this radius
the azimuthal flow component, the surface where

appears to be the horizon. The apparent horizon is the point
2= ;T2 (4 of no return for light coming in from the right on the figure.
Inside this horizon there are no turning points, and light en-
. . . . . . tering the region from the outside will never escape. Recall
will have a special meaning. Inside this surface, which doe§hat the apparent horizon does not dependlorin contrast
not depend orf) at all, there are no turning points for in- 4 e event horizon, Eq45), which depends on bot® and
coming phO‘OfﬁS- This surface has much in common W'th At The event horizon always lies inside the apparent horizon.
event horizor{it becomes just the same as the event horizon The difference between the apparent horizon and the
in the case of a perfect sink; cf. E(85)], but is in general event horizon is experienced by light that is emitted in the

different _fr_om it. We will refer to the_surfaqe det(_errr_lined by inside region. If this region extends beyond the apparent ho-
the condition(47) as theapparent horizonThis definition of izon but not beyond the event horizon, it is possible for the

: o r
the apparent ho_r izon stems from its visual appearance on tr}ﬁy to escape to infinity. By contrast, in ordinary Schwarzs-
effective potential plot. It must not be confused with the y

" . . child geometry, and for the perfect sink, the light pulse must
def|n|t|(_3n made by Visser if27] of the apparent horizon for be en?ittedoutgidethe appargnt horizon if sucr? anpescape is
acoustic waves.

. . . . . to happen, since in these cases the apparent horizon coin-
The physical meaning of this concept is the following. PP PP

A ioned. thati hile) duall cides with the event horizon.
Assume, as mentione ’“t tis constant w ' gradually The next concept that it becomes natural to introduce for
increases. Plotting the “effective potential” versusn the

. : . ) this special kind of flow is thergo region In general rela-
various cases one will see that the azimuthal flow mfluenceﬁvity a rotating black hole is known to have an ergo region
the_smk flow in mu_ch the same way as th? rotation of AMhat reaches outside the event horizon. The part of the ergo
ordinary black hole influences the black hole’s ability to cap-y¢4iqn that lies outside the horizon is called the ergosphere.
ture light. It is know_n in genere}l _relat|V|ty that a rotating 5 “characteristic property of the ergosphere is thaj be-
black hole captures light less e_ff|C|entIy tha_n a static hole Oomes negative, so that no state of rest can be defined. Cor-
the same magd{6]. The same kind of effect is found here. If respondingly, the time Killing vectof, becomes spacelike,

. . . . . _1 .
I"is k_ept fixed V\.’h”eQ IS mcre_ased, th.b band_ of I'g_ht leading in turn to peculiar effects like the Penrose process
that will escape increases. This band is the vertical dlstanc&]c for instance, Refd.26,28)

between the top and bottom point of the effective potential.
The vortex increases the band, but there is a limit to it. IfbI
Q) —oo, the last term in Eq(29) becomes negligible and we

In the present case, certain similarities with a rotating
ack hole are found. The total flow velocity becomes equal
to the velocity of light relative to the medium when

get
L Q%2+12 1 (51
6;1(9*)00):?; (48 ,yzrz - n2’
- ) ) o When this equation is satisfied,
the positive and negative solutions coincide. Here the mean-
ing of the apparent horizon comes in: from Eg9) we see Fog=0 (52)
00— Y.

that the last term becomes imaginary outsieer ,,,, where

For smaller values af, g, becomes negative. The flow thus
Fapp= \/;|F| (49 possesses an effective ergosphere lying inside the position
defined by Eq(51).
is the radius of the apparent horizon. The “effective poten- The ergosphere will always exist for spiral flow. It ex-
tial” is thus cut off at the apparent horizon. From E@48) tends outside the event horizdif there is one, and also
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outside the apparent horizon. To verify the last statement, wacal line. Together they enclose the inaccessible region of

calculate the total flow velocity: space, and there is no physical distinction between the two.
s Quite generally, the paths of light will be more compli-
229 +T 1 53 cated here than in Schwarzschild geometry. This is so be-

cause of the rotation. What can be read off from our plot of
the “effective potential,” is which trajectories are captured,
At the apparent horizon, we find from this equation ttdt  and which can escape. In order to calculate the real shape of
=1/n?if Q=0 andU?>1/n?if O>0. Thus, at the apparent trajectories, the azimuthal equation of motion has to be
horizon the total flow velocity is even for a very small vortex solved. This task will not be undertaken in the present paper,

component larger than the velocity of light in the medium. put we will discuss the azimuthal equation briefly in the next
This horizon is therefore located inside the ergosphere.  gection.

We will call the outer limit of the ergosphere trstatic
limit, in analogy to what is done in general relativigg]. It
will not be further discussed hefalthough we will briefly
return to it in the final section It is determined by the con- The usefulness of picturing a nonuniformly moving me-
dition that the absolute flow velocity is equal to the velocity dium as an effective gravitational field, endowed with a met-
of light relative to the medium, i.e., E€1). The static limit o 5ur 45 demonstrated earlier for a pure vertex flow in Ref.

is marked by a vertical line in Fig. 4. [1], turns out to hold true also for the present case with a
spiral flow. The effective metric is defined in E¢p); its

Y2 14020241

VI. SUMMARY AND FINAL REMARKS

C. Qualitative features of the light trajectories contravariant and covariant components are given in Egs.
The horizontal lines marked bg,— R, in Fig. 4 corre-  (20) and(21).. _ . o
spond to the horizontal line®,— R, in Fig. 2. The equation for a photon in Fourier space, B, is in

There is no region 1 in the “effective potential,” meaning terms of the effective metric picture expressible in the form
that there are no stable orbits for light. This is just analogou®f the Hamilton-Jacobi equation, E@). At the turning point
to the conditions outside a perfect sink, as discussed abov®f & photon trajectorydr/dx = 0. The turning point solutions
Region 2 is divided into regions 2a and 2b in the figure.of the Hamilton-Jacobi equation are given as solutions of Eq.
There is no qualitative difference between the two. They cor{27), in which b~* means the turning-point value of the in-
respond to light entering the flow with an inverse impactverse impact parametds !, in general defined ap !
parameter that at some point equals the “effective potential.=E/L. There are in general two solutions of the equation,

Rays in region 2 escape to infinity. _ calledb’;* andb~*. The solutions are given by E(9), and
Below the potential's bottom point, and above its top gre jdentified as the “effective potential.” They are shown
pgmt, lie regions 3a and 3b. The former represents a phqtom Fig. 2 for pure sink flow, in Fig. 3 for pure vortex flow,
with negative angular momentum captured by the flow sinynq in Fig. 4 for the general spiral case. “Effective potential”
gularity. The latter describes the same situation for a photoggpsiderations turn out to be useful for the qualitative analy-

with positive angular momentum. It should be noted thalsjs of the various kinds of photon trajectories that can occur,
region 3 may also describe a photon that is emitted somep particular, for the general case of spiral flow.

where outside the event horizon and escapes to infinity. |t s rather remarkable that the “effective potential” pos-
~ Region 4 refers to photons emitted someV\_/here on the INsesses properties that are qualitatively similar to those en-

side of the top or bottom points of the “effective potential.” oyntered for rotating black holes in general relativity. Thus,

Note that theR, lines cross the apparent horizon; there existSye can identify an event horizon, as defined by &), for

no condition that forbid photons to cross the apparent horithe flow if its sink component is strong enough in compari-

zon from the inside. The event horizon, however, forbids anygn to the vortex component to satisfy the conditioR?

crossing so that the horizontal lines end there. _ >(2. A photon emitted on the inside of the event horizon
Region 4 is divided into three subregions. Regp lies  can never escape to infinity. There exists also an apparent

on the negative half of the™* axis, wherea®,, andRyc lie  horizon, Eq.(49), lying outside the event horizofif the

on the positive half. Two remarks should be made here: |atter exists. At the apparent horizon, the “effective poten-
First, region 4 contains only photons that are emitted ing” js cut off. Photons emitted beyond the apparent horizon,

the inner region of the flow and eventually become capturegy,t not beyond the event horizon, can escape to infinity. Fi-

inside the event horizon. Although it remains adequate tQya|ly, there is an ergosphere, whose outer boundary is deter-

keep the quantity as a formal input parameter, the interpre- mined by the condition that the flow velocity is equal to the

tation of it as an “impact parameter at infinity” becomes lost. yg|ocity of light relative to the medium, E¢51). In the
No photons in region 4 will ever come from, or go to, infin- ergosphere the time Killing vectot, is spacelike Goo

ity. . R
o . . < -
Second, the distinction between the lifRg, and Ry is fin(()e)d' so that no state of rest relative to infinity can be de

not physically important. The first line corresponds to a pho- We mention in passing that one interesting possible appli-

. . . . Fad 71 . .
ton with an inner turning point dt . ~, while the second line - cation of the pure vortex optical black hole is its relationship
has an inner turning point & *. The two curves meet at the to the optical Aharonov-BohniAB) effect[25]. This effect
point where they are tangential to the apparent-horizon veris in principle able to explore the long-ranging topological
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nature of a quantum vortex. The optical AB effect was anataking place near the horizon in a Rindler frame. In that case,
lyzed by Leonhardt and PiwnicKi9,10], assuming a very the field mode corresponding to E@6) is found to vary as
high value of the refractive index. Because of the AB phasehe modified Bessel functiol;, of imaginary ordef24]

shift around a vortex one may say, strictly speaking, that we

are considering angular momenta rather than impact param- docK;,,(kX). (57
eters in the present paper.

We ought finally to make clear what are the limitations of Herek=|k, | is the magnitude of the transverse wave vector
the present kind of theory. First, only nondispersive medig&k, , and x is the longitudinal distance from the horizon.
are considered. Dispersion-sensitive effects such as the Elince K, (kx)= 2T (iw)(3kx) 7' for small arguments, it
?henerated “slow light’[3] are thus not encompassed by thefg|lows thatd«x i, thus in essential agreement with Eq.

eory. 56).

Second, although the “effective potential” turns out to be( ,Z\fter these preliminaries we return to our flow field. To
useful for determining the turning points for photons, thisayoid complicating the formalism too much, we imagine a

concept does not allow us to determine the exact form of thgcaar fieldd that is azimuthally symmetric. In the effective
spiral trajectories. If quantitative results are required, thenmetric picture the field equation is

the azimuthal equation of motion has to be solved. This

equation c.an be constructed by consideringdheomponent J.( /_aaﬂvav(b) —0, (58)
of Eq. (19): m
do where the indiceg. and v run over 0 and. From Egs.(21)
W:ﬁ’ (54)  we calculate the metric
2 2 2 2
and solving the equation =11 % Q7 +r o, K(QTHT)
g 2 2 res 2
n r n
=T T T . (59
dA KO [ Q2412
- 2 1+ 5 . (59
If this is done, the actual trajectory can be plotted.gA n r

diagram would show special features at the point where the

azimuthal flow component becomes of the same magnitudé/e will investigate whether there are solutions of E59)
asc/n. We have made some calculations in this direction, buthat are singular at the horizon. As “horizon” it is natural
the formalism becomes somewhat unwieldy and is not reprohere first to consider the static limit,=rg¢jimit, Since

duced here. E]oozo there. According to Eqg51) or (21),
A. On the physical meaning of the horizon Fstatlimit= VK(Q2+T72). (60)

It is of interest to carry out the discussion of the physical
meaning of the horizon a bit further. In general relativity, a - ) T
horizon has interesting quantum properties that have themetnczappzroac?es a constant value in this lingt-
roots in the behavior of classical waves. This is related to the («/n)(2°+1'%), we can omit the influence from this fac-
phase of a wave developing a logarithmic singularity at théOr altogether when looking for singular solutions, and con-
horizon. The well known Hawking radiation stems from a Sider instead the reduced equation
Bogoliubov transformation relating the “in” vacuum to the -

“out” vacuum [21]. One may wonder: does our physical 3,(9"79,8)=0. (62)
system allow Hawking radiation to occur?

To investigate this point further, let us first recall someAssuming a time factor exjgt) we can write this equation
facts about the behavior of a scalar fididnear the horizon ~approximatively as
r=2M of a Schwarzschild black holgor simplicity we put
G=c=1). As shown by Jensen and Canddl22], near the , . k(Q2+T?)) . 2wkl 0%+712
horizon the solution of the scalar field equatibh® =0, N+ ————]o'®-— 1+ 2 9, ®

regular at infinity, varies withr as '

Consider now positions just outside the static limit. As the

—2iMw KFZ
1- r_2 &,QD

=0. (62

(56) + 0

ol

The wavelengths become shortened near the horizon; thBhis equation actually has no solution singular at the static
waves pile up. The effect is demonstrated graphically, fodimit. Such a solution occurs, however, at tgparent hori-
instance in Ref[23] (dealing with the somewhat more gen- zon r=r,,,= Jk|T'|. The first term in Eq(62) can be ne-
eral case of a Schwarzschild—de Sitter scalar fieldis  glected to leading order, and the scalar mode vanishing at
worth noticing here that the effect is quite analogous to that-«~ becomes, close to the apparent horizon,
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2 Ve(Q2+n?T?)
ol 1T

—io ion no, the reason being that the met@g,, is an artificial
(63) metric only. Our fluid system is physically a special-
relativistic system. There exists one symmetry group in the
present case, namely the Poincgreup, according to which
oo . _ , the vectord/ ot is a Killing vector of spacetimécf. p. 45 in
This field, in fact, has the same qualitative behavior as thafp1)) The condition for Hawking radiation to occur is that
outside a Schwarzschild black hole, E§6). Physically, this  there are physically inequivalent “in” and “out” vacua. That
singular behavior can be understood from the fact that thes the case irturvedspacetime, where the Poincapmup is
apparent horizon is the point of no return for light coming inno longer a symmetry grougThis point is however not
from infinity. quite trivial, and it is only fair to mention that Hawking
Does this imply that there really occurs Hawking radia-radiation has been claimed to occur in recent discussions on

tion from the optical black hole? The answer is in our opin-acoustic black holep.
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