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Lattice regularization for chiral perturbation theory
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The SU~3! chiral Lagrangian for the lightest octets of mesons and baryons is constructed on a spacetime
lattice. The lattice spacing acts as an ultraviolet momentum cutoff which appears directly in the Lagrangian so
chiral symmetry remains explicit. As the lattice spacing vanishes, Feynman loop diagrams typically become
divergent due to inverse powers of the lattice spacing, and these divergences get absorbed into counterterms
such that the standard results of dimensional regularization are obtained. One advantage of lattice regulariza-
tion is that power divergences are seen explicitly. In the present work, the octet meson masses, the octet baryon
masses and thepN sigma term are all computed explicitly to one loop order.
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I. INTRODUCTION

Chiral perturbation theory~ChPT! @1# is a low momentum
effective field theory for QCD. For the physics of pion
kaons and eta mesons, ChPT organizes the infinite se
possible interactions into a systematic expansion in inve
powers of the chiral scale,Lx . Although no precise defini-
tion of Lx is required, it is understood to beO(1 GeV):

Lx;mr;4pFp;4pFK;1 GeV. ~1!

Powers of 4pF appear as natural suppression factors in
calculation of the loop diagrams in ChPT, and ther meson is
the lightest hadron which does not appear explicitly in
ChPT Lagrangian. The crucial test of ChPT comes from
explicit calculation of observables to see whether higher
der terms in the expansion really give smaller contributio
and the literature contains many such successful exam
@2#.

Since no baryon is light in comparison toLx , it is diffi-
cult to include them into ChPT without destroying the sy
tematic expansion. Recent work on baryon ChPT is prod
ing interesting new suggestions@3#, but we will use the
traditional solution, heavy baryon ChPT~HBChPT! @4#,
which is a double expansion in 1/Lx and 1/mbaryon.

In the present work, the chiral Lagrangian is construc
on a spacetime lattice, where the inverse lattice spacing p
the role of a momentum cutoff. Because the lattice spac
appears directly in the chirally-symmetric Lagrangian, t
chiral properties of calculations are assured. The latt
regularized HBChPT Lagrangian is not unique~we will
choose an isotropic hypercubic lattice! but the continuum
limit is unique and is the familiar continuum-defined chir
Lagrangian. Since observable quantities cannot depend
the regularization and renormalization prescriptions, a
valid lattice implementation must reproduce the results
dimensional regularization in the limit of vanishing lattic
spacing.

In contrast to dimensional regularization, lattice regul
ization shows the power divergences explicitly. These div
gences can also be seen with a nonlattice cutoff, but th
typically invoked at the time of integration rather than d
0556-2821/2001/64~3!/034005~10!/$20.00 64 0340
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rectly in the Lagrangian, so care is required to be sure
chiral symmetry is not violated by the cutoff procedure. O
example of research that relies upon information ab
power divergences is found in Ref.@5#, where a nonlattice
cutoff was used to discuss the convergence of HBChPT
the scale of baryon substructure.

Lattice QCD simulations are always performed with
nonzero lattice spacing, and they typically use unphys
quark masses as well. ChPT is regularly employed for
extrapolations to physical results@6#. Lattice-regularized
ChPT offers an analytic way to study discretization errors
these chiral extrapolations. Although lattice-regulariz
ChPT does not have a unique Lagrangian, it does allo
determination of the typical size of discretization errors a
function of the quark masses and the lattice spacing.
connection between lattice ChPT and lattice QCD has b
discussed in Ref.@12# in the limits of strong coupling and
largeNc.

In Sec. II of the present work, an SU~3! meson Lagrang-
ian is constructed at leading and next-to-leading chiral or
on a spacetime lattice, and the meson masses and reno
ization constants are calculated. This allows a compariso
the work of Shushpanov and Smilga@7# who calculated the
quadratically-divergent pieces ofFp , mp and wave function
renormalization in an SU~2! lattice theory. Section III of the
present work contains the meson-baryon Lagrangian. A
culation of the baryon masses and the pion-nucleon sig
term is shown to produce the familiar dimensional regul
ization results as the lattice spacing approaches zero. In
IV, the baryon masses and the pion-nucleon sigma term
discussed for nonzero lattice spacing, and Sec. V contai
concluding discussion.

II. THE MESON LAGRANGIAN

When the standard SU~3! ChPT Lagrangian of Gasser an
Leutwyler @8# is written in Euclidean spacetime, it takes th
following form:

LM5LM
(2)1LM

(4) , ~2!

LM
(2)5

F2

4
TrH(

m
¹mU†¹mU2x†U2xU†J , ~3!
©2001 The American Physical Society05-1
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LM
(4)52L1S (

m
Tr$¹mU†¹mU% D 2

2L2(
m,n

Tr$¹mU†¹nU%Tr$¹mU†¹nU%2L3(
m,n

Tr$¹mU†¹mU¹nU†¹nU%

1L4(
m

Tr$¹mU†¹mU%Tr$x†U1xU†%1L5(
m

Tr$¹mU†¹mU~x†U1U†x!%2L6~Tr$x†U1xU†%!22L7~Tr$x†U

2xU†%!22L8Tr$x†Ux†U1xU†xU†%1 iL 9(
m,n

Tr$Fmn
R ¹mU¹nU†1Fmn

L ¹mU†¹nU%2L10(
m,n

Tr$U†Fmn
R UFmn

L %,

~4!
ala

co
,

xi

le

ng

lcu-
in-
to

gra-

;
n

e-
s
to

eta
whereU(x) is a nonlinear representation of the pseudosc
meson octet, and the current quark mass matrixM enters via

x52BM. ~5!

External vector and axial vector fields appear within the
variant derivative,¹mU(x), and within the field strengths
Fmn

L (x) andFmn
R (x).

The chiral transformation ofU(x) is

U~x!→g~x!U~x!h~x!, ~6!

where g(x)PSUR(3) and h(x)PSUL(3). On aspacetime
lattice, we introduce the parallel transporters,Rm(x)
PSUR(3) andLm(x)PSUL(3), which transform as

Rm~x!→g~x!Rm~x!g†~x1am!, ~7!

Lm~x!→h†~x!Lm~x!h~x1am!. ~8!

am is a Euclidean vector of lengtha in them direction, anda
is the lattice spacing. The Lie algebra-valued vector and a
vector fields,Vm(x) andAm(x), appear in the exponents,

Lm~x!5exp$2 ial m~x!%, ~9!

Rm~x!5exp$2 iar m~x!%, ~10!

wherel m(x)5Vm(x)2Am(x) andr m(x)5Vm(x)1Am(x). In
LM

(2) , the following covariant derivative is used,

¹m
(1)U~x!5

1

a
$Rm~x!U~x1am!Lm

† ~x!2U~x!%, ~11!

but for all other Lagrangian terms~in LM
(4) , LM

(6) , . . . ! a
more symmetric derivative is used:

¹m
(6)U~x!5

1

2a
$Rm~x!U~x1am!Lm

† ~x!

2Rm
† ~x2am!U~x2am!Lm~x2am!%. ~12!

Use of¹m
(6) at leading order would produce extraneous po

in the meson propagator~‘‘doublers’’! and use of¹m
(1) in

higher order Lagrangian terms can violate parity.
The lattice ChPT action is simply obtained by summi

the Lagrangian over all spacetime lattice sites:
03400
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SM@U,Vm ,Am#5a4(
x

LM~x!. ~13!

The propagators and vertices required for perturbative ca
lations can be extracted from this action, but if the path
tegral formalism is used, one must pay particular attention
extra meson interactions which get generated by the inte
tion measure:

DU5e2Smeas[p] )
a51

8

dpa. ~14!

The definitionU(x)5exp$2ilapa(x)/F% has been employed
la is a Gell-Mann matrix andpa(x) is a pseudoscalar meso
field. The ‘‘effective action’’ from the measure is@9#

Smeas@p#52
1

2 (
x

TrlnH 2@12cosF~x!#

F2~x!
J , ~15!

F~x!5
2

F (
a51

8

tapa~x!, ~16!

where tbc
a 52 i f abc and f abc are the structure constants d

fined by @la,lb#52i f abclc. These measure contribution
also exist in the continuum theory, although they happen
vanish when dimensional regularization is used.

Neglecting isospin violation and usingml to denote the up
and down quark masses, the lowest order pion, kaon and
two point functions are

GMM52H xM
2 1

4

a2 (
m

sin2S aqm

2 D J , ~17!

where

xp5A2Bml , ~18!

xK5AB~ml1ms!, ~19!

xh5A2

3
B~ml12ms!. ~20!

The meson masses are obtained from the zero of Eq.~17!,
corresponding to the pole in the propagator,
5-2
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mM5
2

a
arcsinhS axM

2 D . ~21!

Notice the existence of a Gell-Mann–Okubo relation,

3sinh2S amh

2 D54sinh2S amK

2 D2sinh2S amp

2 D , ~22!

which reproduces the conventional relation asa→0.
At next-to-leading order, the meson masses receive t

level contributions fromLM
(4) and fromSmeas@p# as well as

loop diagrams from the interactions ofLM
(2) . The only loop

topology at this order is shown in Fig. 1 and, for example
charged kaon loop makes the following addition to the p
two-point function:

DGpp5
1

3a2F2E2p/a

p/a d4p

~2p!4 H xK
2 1

4

a2 (
n

sin2S apn

2 D J 21

3S a2

2
~xp

2 1xK
2 !1(

m
$524 cos~aqm!

24 cos~apm!13 cos~aqm2apm!% D . ~23!

FIG. 1. The only meson loop topology which contributes to
meson mass at one-loop order in ChPT.
03400
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Notice that only momenta within the first Brillouin zone ca
appear in the integral, since physics at shorter distan
cannot be resolved on the spacetime lattice. The integra
thus finite, and only diverges asa→0. It is convenient to
rewrite the propagator within Eq.~23! as the integral of an
exponential, using 1/D5*0

`dx exp(2xD), which leads to

DGpp5
1

6a4F2 H 11
a2xp

2

2
W4~a2xK

2 !J
1

1

4a4F2 H 11
4

3 S 12
3

8
a2xK

2 DW4~a2xK
2 !J

3(
m

sin2S aqm

2 D , ~24!

where

Wn~e2![E
0

`

dxI0
n~x!expH 2xS n1

e2

2 D J ~25!

and I 0(x) is a Bessel function,

I 0~x!5E
2p

p du

2p
exp~x cosu!. ~26!

By including all of the one-loop diagrams andLM
(4) tree-level

pieces, the complete two point functions to next-to-lead
order are found to be
GMM52
1

ZM
(1)ZM

(6) H XM
2 1

4ZM
(6)

a2 (
m

sin2S aqm

2 D1S 12ZM
(6)

a2 D(
m

sin2~aqm!J ~27!

with

Zp
(1)511

7

24a2F2
1

1

3a2F2 S 12
3

16
a2xp

2 DW4~a2xp
2 !1

1

6a2F2 S 12
3

8
a2xK

2 DW4~a2xK
2 !2

xh
2

48F2
W4~a2xh

2 !, ~28!

Zp
(6)512

8

F2
~xp

2 12xK
2 !L42

8

F2
xp

2 L5 , ~29!

ZK
(1)511

7

24a2F2
1

1

8a2F2 S 12
3

8
a2xp

2 DW4~a2xp
2 !1

1

4a2F2 S 12
3

8
a2xK

2 DW4~a2xK
2 !

1
1

8a2F2 S 12
1

24
a2xh

2 DW4~a2xh
2 !, ~30!

ZK
(6)512

8

F2
~xp

2 12xK
2 !L42

8

F2
xK

2 L5 , ~31!
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Zh
(1)511

7

24a2F2
2

xp
2

16F2
W4~a2xp

2 !1
1

2a2F2 S 12
1

24
a2xK

2 DW4~a2xK
2 !2

xh
2

16F2
W4~a2xh

2 !, ~32!

Zh
(6)512

8

F2
~xp

2 12xK
2 !L42

8

F2
xh

2L5 , ~33!

Xp
2 5xp

2 2
8

F2
xp

2 ~xp
2 12xK

2 !~L422L6!2
8

F2
xp

4 ~L522L8!1
7xp

2

24a2F2
1

xp
2

4a2F2 H W4~a2xp
2 !2

1

3
W4~a2xh

2 !J
2

xp
4

16F2
W4~a2xp

2 !2
xp

2 xK
2

16F2
W4~a2xK

2 !2
xp

2 xh
2

48F2
W4~a2xh

2 !, ~34!

XK
2 5xK

2 2
8

F2
xK

2 ~xp
2 12xK

2 !~L422L6!2
8

F2
xK

4 ~L522L8!1
7xK

2

24a2F2
1

xK
2

6a2F2
W4~a2xh

2 !

2
3xp

2 xK
2

64F2
W4~a2xp

2 !2
3xK

4

32F2
W4~a2xK

2 !2
xK

2 xh
2

192F2
W4~a2xh

2 !, ~35!

Xh
25xh

22
8

F2
xh

2~xp
2 12xK

2 !~L422L6!2
8

F2
xh

4~L522L8!1
128

9F2
~xK

2 2xp
2 !2~3L71L8!1

7xh
2

24a2F2

2
xp

2

4a2F2
W4~a2xp

2 !1
~xp

2 13xh
2 !

6a2F2
W4~a2xK

2 !1
~7xp

2 216xK
2 !

36a2F2
W4~a2xh

2 !2
xp

2 xh
2

16F2
W4~a2xp

2 !

2
xK

2 xh
2

48F2
W4~a2xK

2 !2
xh

4

16F2
W4~a2xh

2 !. ~36!
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The physical meson masses are obtained by usingXM in-
stead ofxM in Eq. ~21!. Notice that the pseudoscalar meso
are exactly massless in the chiral limit (ml5ms50), indicat-
ing that the theory does indeed have exact chiral symm
even for nonzero lattice spacing. This feature has been
phasized in the SU~2! case by the authors of Ref.@7#.

The lattice regularized theory gives finite predictions
all observables at nonzero lattice spacing. The chiral exp
sion is in inverse powers ofLx . If one chooses to extrapo
late to the limit of vanishing lattice spacing, then divergenc
appear in the loop contributions and they must be absor
into renormalized values of the Lagrangian parameters. W
the information in Appendix A, it is a simple matter to sho
that the continuum limit of the lattice theory gives precise
the masses that are familiar from dimensional regulariza
@8#. Moreover, the logarithmic dependences of the coun
terms are found to be

L4
r ~1/a2!22L6

r ~1/a2!2$L4
r ~1/a1!22L6

r ~1/a1!%

52
1

36~4p!2
lnS a2

a1
D , ~37!
03400
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n
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L5
r ~1/a2!22L8

r ~1/a2!2$L5
r ~1/a1!22L8

r ~1/a1!%

5
1

6~4p!2
lnS a2

a1
D , ~38!

3L7
r ~1/a2!1L8

r ~1/a2!2$3L7
r ~1/a1!1L8

r ~1/a1!%

5
5

48~4p!2
lnS a2

a1
D , ~39!

for sufficiently small lattice spacingsa1 anda2. This is pre-
cisely the scale dependence that is known from Ref.@8#, as
required, since observables cannot depend on the regula
tion prescription.

III. THE MESON-BARYON LAGRANGIAN

The HBChPT Lagrangian is organized as a systematic
pansion in the inverse baryon mass as well as the inv
chiral scale,Lx . This is accomplished by writing the La
grangian in terms of a heavy baryon field,Bv(x), instead of
the relativistic field,B(x), as follows:
5-4
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Bv~x!5exp~ imHBv•x!
1

2
~11v” !B~x!, ~40!

where the mass parametermHB is chosen to cancel, or nearl
cancel, the octet baryon masses. The first few orders in
double expansion of HBChPT are well known@4#, and in
Euclidean spacetime one finds

LMB5LMB
(0) 1LMB

(1) 1LMB
(2) 1LMB

(3) 1 higher order, ~41!

LMB
(0) 5~m02mHB!Tr~B̄vBv!, ~42!

LMB
(1) 5(

m
†Tr~B̄vvmDmBv!1DTr~B̄vSm$um ,Bv%!

1FTr~B̄vSm@um ,Bv# !‡, ~43!

LMB
(2) 5

1

2m0
Tr„B̄v~v•Dv•D2D2!Bv…

2bDTr~B̄v$x1 ,Bv%!2bFTr~B̄v@x1 ,Bv# !

2b0Tr~B̄vBv!Tr~x1!1•••, ~44!

LMB
(3) 5•••, ~45!

where the omitted terms do not contribute to the pres
work. m0 is the leading contribution to the octet baryon ma
03400
he

nt
s

that would appear in a relativistic Lagrangian,D andF are
the two axial couplings, andSm5 i

2 g5(nsmnvn is the Pauli-
Lubanski spin vector. The matrixBv denotes the baryon oc
tet,

Bv5S 1

A2
Sv

01
1

A6
Lv Sv

1 pv

Sv
2

2
1

A2
Sv

01
1

A6
Lv nv

Jv
2 Jv

0
2

2

A6
Lv

D ,

~46!

while the pseudoscalar mesons appear withinU5j2 and
x15j†xj†1jx†j. The hadron fields transform under loc
chiral transformations as

Bv~x!→o~x!Bv~x!o†~x!, ~47!

j~x!→g~x!j~x!o†~x!5o~x!j~x!h~x!. ~48!

It is convenient to choosev5(0,0,0,1), and to use a
nearest-neighbor covariant derivative in the time directio
aD4Bv~x!5Bv~x!2
1

4
j†~x!R4

†~x2a4!j~x2a4!Bv~x2a4!j†~x2a4!R4~x2a4!j~x!

2
1

4
j~x!L4

†~x2a4!j†~x2a4!Bv~x2a4!j~x2a4!L4~x2a4!j†~x!

2
1

4
j†~x!R4

†~x2a4!j~x2a4!Bv~x2a4!j~x2a4!L4~x2a4!j†~x!

2
1

4
j~x!L4

†~x2a4!j†~x2a4!Bv~x2a4!j†~x2a4!R4~x2a4!j~x!. ~49!

Spatial covariant derivatives appear inLMB
(2) 1LMB

(3) 1•••, and for these a symmetric definition is used~to conserve parity!:

aDjBv~x!5
1

8
j~x!L j~x!j†~x1aj !Bv~x1aj !j~x1aj !L j

†~x!j†~x!

1
1

8
j†~x!Rj~x!j~x1aj !Bv~x1aj !j~x1aj !L j

†~x!j†~x!

1
1

8
j~x!L j~x!j†~x1aj !Bv~x1aj !j

†~x1aj !Rj
†~x!j~x!

1
1

8
j†~x!Rj~x!j~x1aj !Bv~x1aj !j

†~x1aj !Rj
†~x!j~x!

2
1

8
j†~x!Rj

†~x2aj !j~x2aj !Bv~x2aj !j
†~x2aj !Rj~x2aj !j~x!
5-5
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2
1

8
j~x!L j

†~x2aj !j
†~x2aj !Bv~x2aj !j~x2aj !L j~x2aj !j

†~x!

2
1

8
j†~x!Rj

†~x2aj !j~x2aj !Bv~x2aj !j~x2aj !L j~x2aj !j
†~x!

2
1

8
j~x!L j

†~x2aj !j
†~x2aj !Bv~x2aj !j

†~x2aj !Rj~x2aj !j~x!. ~50!
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One also defines

um~x!5
i

2
j†~x!¹m

(6)U~x!j†~x!2
i

2
j~x!¹m

(6)U†~x!j~x!,

~51!

where¹m
(6)U(x) is given by Eq.~12!.

From LMB
(0) 1LMB

(1) , the lowest order baryon two-poin
function is

GBB5mHB2m02
i

a H sin~aq4!22i sin2S aq4

2 D J , ~52!

which has a unique zero in the first Brillouin zone, occurri
at

E[2 ip45
1

a
ln$11a~m02mHB!%. ~53!

The physical baryon mass is thenmHB1E5m01O(a).
Typically the parametermHB is chosen to equalm0, and then
E50 at this order in lattice-regularized HBChPT.

The contribution ofLMB
(2) to the two-point function is

purely tree-level and the contribution at the order ofLMB
(3) is

purely from loop diagrams. The two topologies for loop d
grams are shown in Fig. 2. The diagram with no inter
baryon propagator involves the same functions that w
used in the previous section for meson masses. For exam
the contribution of the charged pion loop to the proton tw
point function is

DGpp
(a)5

i

2aF2E2p/a

p/a d4p

~2p!4 H xp
2 1

4

a2 (
n

sin2S apn

2 D J 21

3H sin~aq4!2sin~aq42ap4!22i sin2S aq4

2 D
12i sin2S aq42ap4

2 D J , ~54!

52
1

16a3F2
$cos~aq4!

2 i sin~aq4!%H 12
1

2
a2xp

2 W4~a2xp
2 !J . ~55!
03400
-
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-

Because the other diagram in Fig. 2 has an internal bar
propagator, its evaluation is somewhat more involved. T
calculation is outlined in Appendix B.

As anticipated by Eq.~53!, the final results for the baryon
masses are

mB5mHB1
1

a
ln~11aXB! ~56!

where

XB5m02mHB22~2xK
2 1xp

2 !b01gB
DbD1gB

FbF

2
1

3a3F2
2

1

16a3F2 (
i 5p,K,h

aB
i Ȳ~a2xi

2!

1
1

16aF2 (
i 5p,K,h

xi
2bB

i W4~a2xi
2!. ~57!

Ȳ(e2)[Y3(e2)1Y4(e2) is defined by Eq.~A2!, and the co-
efficientsaB

i andbB
i are given in Table I.

As a→0 these baryon masses must be identical to
results of dimensional regularization. Unlike dimension
regularization, the results of Eq.~56! contain cubic and linear
divergences asa→0, but these can be absorbed into ren
malized parameters as follows:

m0
r 5m02

1

3a3F2
2

~5D 219F 2!

16a3F2
Ȳ~0!, ~58!

b0
r 5b01

~13D 219F 2!

192aF2
Ȳ8~0!2

11

576aF2
W4~0!,

~59!

bD
r 5bD2

3~D 223F 2!

128aF2
Ȳ8~0!2

5

384aF2
W4~0!,

~60!

FIG. 2. The two loop topologies which contribute to a bary
mass at leading-loop order in HBChPT.
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TABLE I. Coefficients that appear in the baryon masses.

B5N B5S B5J B5L

aB
p (9/4)(D1F)2 D 216F 2 (9/4)(D2F)2 3D 2

aB
K (1/2)(5D 226DF19F 2) 3(D 21F 2) (1/2)(5D 216DF19F 2) D 219F 2

aB
h (1/4)(D23F)2 D 2 (1/4)(D13F)2 D 2

bB
p 3/4 3/2 3/4 1/2

bB
K 3/2 1 3/2 5/3

bB
h 5/12 1/6 5/12 1/2

gB
D 24xK

2 24xp
2 24xK

2 24xh
2

gB
F 4(xK

2 2xp
2 ) 0 24(xK

2 2xp
2 ) 0
a

lt

m
a

t

wn
sses
al

n-
ed

e
that
ta-
iral
he

x-
y a
In

ld

les

sat-
bF
r 5bF1

5DF

64aF2
Ȳ8~0!, ~61!

where a prime denotes differentation with respect to the
gument. It is convenient to choosemHB5m0

r . With reference
to Appendix A, thea→0 limit is easily obtained, and is
identical to the known dimensional regularization resu
@10# as required,

mB→m0
r 22~2mK

2 1mp
2 !b0

r 1gB
DbD

r 1gB
FbF

r

2
~aB

pmp
3 1aB

KmK
3 1aB

hmh
3 !

24pF2
. ~62!

To conclude this section, consider the pion-nucleon sig
term defined at zero momentum transfer via the Feynm
Hellmann theorem,

spN5m̂
]mN

]m̂
, ~63!

wherem̂5(mu1md)/2. With lattice regularization and exac
isospin symmetry, the relation becomes

spN5xp
2 S ]

]~xp
2 !

1
1

2

]

]~xK
2 !

D XN , ~64!

leading to the following explicit expression:

spN522xp
2 ~2b01bD1bF!1

3xp
2

64aF2
$W4~a2xp

2 !

1a2xp
2 W48~a2xp

2 !1W4~a2xK
2 !1a2xK

2 W48~a2xK
2 !%

1
5xp

2

576aF2
$W4~a2xh

2 !1a2xh
2W48~a2xh

2 !%

2
9xp

2

64aF2
~D1F!2Ȳ8~a2xp

2 !

2
xp

2

64aF2
~5D 226DF19F 2!Ȳ8~a2xK

2 !

2
xp

2

192aF2
~D23F!2Ȳ8~a2xh

2 !. ~65!
03400
r-

s

a
n-

Using Appendix A, thea→0 limit is found to be

spN→22mp
2 ~2b0

r 1bD
r 1bF

r !2
9mp

3

64pF2
~D1F!2

2
mp

2 mK

64pF2
~5D 226DF19F 2!2

mp
2 mh

192pF2
~D23F!2,

~66!

as has been obtained from dimensional regularization@10#.

IV. THE BARYON MASSES
AT NONZERO LATTICE SPACING

In the previous sections of this work, it has been sho
that expressions for the meson masses, the baryon ma
and thepN sigma term are the same in both dimension
regularization and lattice regularization in the limit of va
ishing lattice spacing. Different expressions are obtain
whenaÞ0.

Consider first a lattice spacing that satisfiesp/a.Lx .
Most lattice QCD simulations are performed with lattic
spacings that satisfy this criterion, but with quark masses
are larger than the physical values. If lattice QCD compu
tions are first extrapolated to the continuum, then the ch
extrapolations~i.e. the extrapolations of observables from t
simulated quark masses to the physical quark masses! can
use the continuum ChPT Lagrangian. Without the initial e
trapolation to the continuum, lattice QCD data should obe
lattice ChPT Lagrangian instead of the continuum one.
practice, theaÞ0 effects of lattice-regularized ChPT shou
be O(pa/p),O(p/Lx), wherep;mp is a typical momen-
tum. This can now be tested explicitly for the observab
under discussion.

For completeness, we also consider a coarser lattice
isfying p/a,Lx . In this case, Eq.~56! can be expanded in
powers ofxi /(4pF), xi /m0 , (p/a)/(4pF) and (p/a)/m0
as follows:

mB5mHB1XB1 higher order5mB
(0)1mB

(1)1mB
(2)1mB

(3)

1 higher order, ~67!

mB
(0)5m0 , ~68!
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mB
(1)50, ~69!

mB
(2)522~2xK

2 1xp
2 !b01gB

DbD1gB
FbF , ~70!

mB
(3)52

a

2
~mB

(2)!22
1

3a3F2
2

1

16a3F2

3 (
i 5p,K,h

aB
i Ȳ~a2xi

2!

1
1

16aF2 (
i 5p,K,h

xi
2bB

i W4~a2xi
2!. ~71!

Similar notation will be used for thepN sigma term,

spN5spN
(0)1spN

(1)1spN
(2)1spN

(3)1 higher order, ~72!

where

spN
(0)5spN

(1)50, ~73!

spN
(2)522xp

2 ~2b01bD1bF!,
~74!

andspN
(3) is obtained by subtractingspN

(2) from Eq. ~65!. Re-
call that the parametersb0 , bD andbF are not dimensionless
they contain an implicit suppression factor due to their po
tion in LMB

(2) .
The four baryon masses plus thepN sigma term are a se

of five observables which depend on five parameters:m0 ,
b0 , bD , bF andD. The other axial coupling is obtained from
F5gA2D'1.2672D. To determine discretization error
~i.e. finite-a errors; differences from continuum results!, one
could hold the parameters fixed and determine
a-dependence of each observable, or conversely hold the
servables fixed and determine thea-dependence of each pa
rameter. In what follows, the experimentally-measured v
ues of the five observables will be used to determine the
parameters at each lattice spacing.

All five observables are linear inm0 , b0 , bD andbF when
the lattice spacing vanishes, but the first term on the rig
hand side of Eq.~71! introduces quadratic dependences
nonzeroa. This term serves as a reminder that theaÞ0
extension of the continuum HBChPT Lagrangian is n
unique. In fact, the term can be eliminated by adding n
a-dependent terms to the original~minimal! HBChPT La-
grangian, such as

DLMB
(3) }aTr~B̄vBv!~Trx1!21•••, ~75!

with coefficients fixed appropriately. In the present disc
sion, we will omit the first term on the right-hand side of E
~71! from calculations. The particular discretization erro
obtained are expected to be representative of a typical la
ChPT Lagrangian.

Without the first term on the right-hand side of Eq.~71!,
D and F are easily obtained from the Gell-Mann–Okub
relation,
03400
i-

e
b-

l-
e

t-
r

t

-

ce

DGMO5
3

4
mL1

1

4
mS2

1

2
mN2

1

2
mJ

5
~D 223F 2!

64a3F2
$4Ȳ~a2xK

2 !2Ȳ~a2xp
2 !23Ȳ~a2xh

2 !%.

~76!

With these couplings in hand,bD can be extracted frommS

2mL , andbF from mJ2mN . Finally, b0 is obtained from
spN andm0 from mN .

Figure 3 shows the resulting value of each parameter
function of the lattice cutoff. The ‘‘experimental’’ value o
spN was set to 45 MeV@11#, andmh was required to satisfy
Eq. ~22!. As expected, the renormalized parameters are
sentially independent of lattice spacing forp/a*Lx ; their
values in this region are near the dimensional regulari
values, which are ultimately attained asa→0. Significant
lattice spacing dependences occur forp/a&500 MeV. The
cubic dependence of the unrenormalized parameterm0 on
the inverse lattice spacing is clearly seen.

FIG. 3. Five parameters, obtained by fitting to the experimen
values ofgA , spN and the four masses of the octet baryons. T
sixth parameter is easily obtained asF5gA2D. The fit to experi-
mental values is redone for each lattice cutoff,p/a. Both the~a!
renormalized and~b! unrenormalized values of the parameters a
plotted.
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V. CONCLUSIONS

Lattice regularization is a method for introducing an u
traviolet cutoff directly into the chiral Lagrangian withou
destroying the Lagrangian’s chiral symmetry. As the latt
spacing vanishes, lattice regularization represents an alte
tive to dimensional regularization. Unlike dimensional reg
larization, the lattice theory displays power divergenc
explicitly.

In this work, a lattice ChPT Lagrangian for mesons a
baryons has been constructed, and hadron masses an
pion-nucleon sigma term have been calculated to one-l
order.

Researchers have had occasion to apply a nonlattice u
violet cutoff to ChPT.~See, for example, Ref.@5#.! However,
the spacetime lattice is a particularly convenient implem
tation, due in part to its explicit preservation of chiral sym
metry. Another benefit is that the lattice spacing appears
rectly in the Lagrangian, whereas a nonlattice cutoff wo
typically be invoked for each Feynman diagram at the ti
of loop integration.

Lattice regularization is also relevant to lattice QC
simulations, where ChPT is routinely used to extrapolate
tice QCD data as a function of quark masses. The pre
work demonstrates how discretization errors arising from
difference between lattice ChPT and continuum ChPT can
calculated for a particular lattice ChPT Lagrangian.
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APPENDIX A: LIMITS INVOLVING WN„e2
… AND Ȳ„e2

…

Collected in this appendix are some limits involving t
functions,Wn(e2) and Ȳ(e2)[Y3(e2)1Y4(e2), defined by

Wn~e2![E
0

`

dxI0
n~x!expH 2xS n1

e2

2 D J
5E

2p

p dnu

~2p!n S n1
e2

2
2 (

m51

n

cosumD 21

, ~A1!

Yn~e2!54E
0

`

dxI0
n21~x!$I 0~x!2I 09~x!%

3expH 2xS n1
e2

2 D J
5

4

nE2p

p dnu

~2p!n S (
m51

n

sin2umD
3S n1

e2

2
2 (

m51

n

cosumD 21

. ~A2!
03400
e
a-

-
s

d
the
p

ra-

-

i-
d
e

t-
nt
e
e

t.
d

As e vanishes, the functions of interest approach a fin
limit,

lim
e→0

W3~e2!5W3~0!'0.51, ~A3!

lim
e→0

W4~e2!5W4~0!'0.31, ~A4!

lim
e→0

Ȳ~e2!5Ȳ~0!'1.43. ~A5!

By making use of the asymptotic behavior of the Bes
function,

I 0~x! →
x→`exp~x!

A2px
, ~A6!

the following useful limits are obtained:

lim
e→0

H W3~e2!2W3~0!

e J 52
1

2p
, ~A7!

lim
e→0

H W4~e2!2W4~0!

e J 50, ~A8!

lim
e→0

H Ȳ~e2!2Ȳ~0!

e J 50. ~A9!

When comparing lattice regularized results to dimensio
regularization, the following relation is helpful:

lim
e→0

H W4~e2!2W4~0!

e2 J 5 lim
e→0

H lne

4p2J 1 const. ~A10!

To understand this connection to the logarithm, integrate
~A6! to produce the exponential integral,

Ei~2x!52E
1

`

dt
exp~2xt!

t
, ~A11!

and then notice that

lim
x→0

S Ei~2x!

ln~x! D51. ~A12!

Finally, the calculation of thepN sigma term makes use o
the following limits:

lim
e→0

$eW38~e2!%52
1

4p
, ~A13!

lim
e→0

$eW48~e2!%50, ~A14!

lim
e→0

$eȲ8~e2!%50, ~A15!
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and the identity

Yn8~e2!5
2

n
2S 21

e2

n DWn~e2!. ~A16!

APPENDIX B: A LOOP CALCULATION

This appendix outlines the calculation of the Feynm
diagram in Fig. 2 which contains an intermediate bary
propagator. For definiteness, the contribution of a charg
pion loop to the proton is chosen.

The diagram represents the following integral:

DGpp
(b)52 ia lim

e→0
E

2p/a

p/a d4p

~2p!4 H xp
2 1

4

a2 (
n

sin2S apn

2 D J 21

3H sin~aq41ap41 i e!

12i sin2S aq41ap41 i e

2 D J 21

3H iA2

aF
~D1F!(

m
Sm sin~apm!J 2

. ~B1!

The precise limits of integration deserve some thought. O
might consider integrating from -min(p/a,p/a1qm)
through min(p/a,p/a2qm) since this would ensure tha
both the meson and nucleon momenta remain within the
Brillouin zone. However, choosingv5(0,0,0,1) and working
in the proton’s rest frame makesqm suppressed by the in
verse baryon mass, so the limits of Eq.~B1! are accurate to
the order we are working. These choices also lead toS450.
.

an
ce

er

ys

03400
n
n
d-

e

st

Notice that an ‘‘i e ’’ term has been included in the nucleo
denominator of Eq.~B1!, so that the singularity can b
treated correctly. Using

sin~aq41 i e!12i sin2S aq41 i e

2 D
5e2e$sin~aq4!1 i @ee2cos~aq4!#%, ~B2!

and a property of the Pauli-Lubanski vector,

2SmSn5 1
2 ~vmvn2dmn!1@Sm ,Sn#, ~B3!

one arrives at the following form:

DGpp
(b)5 lim

e→0
S 2~D1F!2

4aF2 D E
2p/a

p/a d4p

~2p!4

3H xp
2 1

4

a2 (
n

sin2S apn

2 D J 21

3 (
k51

3

sin2~apk!H 11S sinhe

coshe2cos~ap4! D J .

~B4!

The piece without sinhe is expressible in terms ofY4(a2xp
2 ),

and the piece containing sinhe can be expressed in terms o
Y3(a2xp

2 ). The functionsYn(e2) are discussed in Appendi
A. The final result is

DGpp
(b)52

3

32a3F2
~D1F!2$Y3~a2xp

2 !1Y4~a2xp
2 !%.

~B5!
-
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