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Enhancing mechanisms of neutrino transitions in a medium of nonperiodic constant-density layer
and in the Earth
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The enhancement of the transitionsnm(ne)→ne(nm;t), n2→ne , n̄m→ n̄s , ne→ns , etc. of neutrinos passing
through a medium of nonperiodic density distribution, consisting of~i! two layers of different constant densi-
ties ~e.g., Earth core and mantle!, or ~ii ! three layers of constant density with the first and the third layers
having identical densities and widths which differ from those of the second layer~e.g., mantle-core-mantle in
the Earth!, is studied. We find that, in addition to the known local maxima associated with the MSW effect and
the neutrino oscillation length resonance~NOLR!, the relevant two-neutrino transition probabilities have new
resonance-like absolute maxima. The latter correspond to a new effect oftotal neutrino conversion and are
absolute maxima in any independent variable: the neutrino energy, the layers widths, etc. We find the complete
set of such maxima. We prove that the NOLR and the new absolute maxima are caused by a maximal
constructive interference between the amplitudes of the neutrino transitions in the different density layers. We
show that the strong resonance-like enhancement of the transitions in the Earth of the Earth-core-crossing solar
and atmospheric neutrinos is due to the effect of total neutrino conversion.
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I. INTRODUCTION

The Earth enhancement of the two-neutrino oscillations
the solar and atmospheric neutrinos has been discussed r
extensively in the past~see, e.g., Refs.@1–3#!. The subject
continues to be of considerable interest today. This intere
to a large extent stimulated by the high statistics solar
atmospheric neutrino experiments which are opera
~Super-Kamioknade, SNO! or are presently under constru
tion ~BOREXINO, ICARUS, etc.! as well as by the existing
strong experimental evidences for oscillations of the so
and atmospheric neutrinos.

It was pointed out recently in@4# that then2→ne , nm

→ne (ne→nm(t)) oscillations of solar and atmospheric ne
trinos in the Earth, caused by neutrino mixing in vacuum1

can be strongly amplified by a new type of resonance-
mechanism which differs from the Mikheyev-Smirno
Wolfenstein~MSW! one and takes place when the neutrin
traverse the Earth core on the way to the detector~see also
@5–7#!. As numerical calculations have shown@4,8,5# ~see
also, e.g.,@9#!, at small mixing angles (sin22u&0.05), the
maxima in the neutrino energyE of the corresponding tran
sition probabilities, P(n2→ne)[Pe2 and P(nm→ne)

*Email address: mih@phys.uni-sofia.bg
†Also at Institute of Nuclear Research and Nuclear Energy, B

garian Academy of Sciences, 1784 Sofia, Bulgaria.
1Then2→ne transition probability accounts, as is well known, f

the Earth effect in the solar neutrino survival probability in the ca
of the MSW two-neutrinone→nm(t) and ne→ns transition solu-
tions of the solar neutrino problem,ns being a sterile neutrino.
0556-2821/2001/63~7!/073003~21!/$20.00 63 0730
f
ther

is
d
g

r

e

s

@P(ne→nm(t))#, caused by this enhancing mechanism,
absolute maxima and dominate inPe2 and P(nm→ne)
@P(ne→nm(t))#: the values of the probabilities at thes
maxima in the simplest case of two-neutrino mixing are co
siderably larger—by a factor of;(2.5–4.0)@;(3.0–7.0)#,
than the values ofPe2 andP(nm→ne)5P(ne→nm(t)) at the
local maxima associated with the MSW effect taking place
the Earth core~mantle!. The effect of the enhancement
equally dramatic at large mixing angles. The enhancemen
present and dominates also in then2→ne transitions in the
case ofne2ns mixing and in thene→ns and n̄m→ n̄s tran-
sitions at small mixing angles@4–7#. Even at small mixing
angles the enhancement is relatively wide@4,5,7# in the Na-
dir angle2 h and in the neutrino energy and leads to importa
observable effects. It also exhibits rather strong energy
pendence.

The indicated resonance-like enhancement of the pr
ability Pe2 has important implications for the tests of th
MSW ne→nm(t) andne→ns transition solutions of the sola
neutrino problem@4,6,10,11,8,12,13#. For values ofDm2

from the small mixing angle~SMA! MSW solution region
and the geographical latitudes at which the Sup
Kamiokande, SNO and ICARUS detectors are located,
enhancement takes place in thene→nm(t) case for values of
the 8B neutrino energy lying in the interval;(5212)
MeV to which these detectors are sensitive. Accordingly
small mixing angles the enhancement of interest is predic
@10,12# to produce a much bigger, by a factor of up to;6

l-

e
2The Nadir angle determines uniquely the neutrino traject

through the Earth.
©2001 The American Physical Society03-1
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(;8), day-night, or D-N, asymmetry in the Supe
Kamiokande~SNO! sample of solar neutrino~charged cur-
rent! events, whose night fraction is due to the core-cross
neutrinos~Core D-N asymmetry!, in comparison with the
asymmetry determined by using thewhole night event
sample~Night asymmetry!. As a consequence, it can be po
sible to test a substantial part of the MSWne→nm(t) SMA
solution region in theDm22sin22u plane~see, e.g.,@14#! by
performing core D-N asymmetry measuremen
@10,8,12,13#. The Super-Kamiokande Collaboration has
ready successfully applied this approach to the analysi
their solar neutrino data@14#: the limit the collaboration has
obtained on the D-N asymmetry utilizing only the measu
event rate in the night N5 bin, approximately 80% of whi
is due to the Earth-core-crossing solar neutrinos, permitte
exclude a small part of the MSW SMA solution region.
contrast, the published Super-Kamiokande upper limit on
Night D-N asymmetry@14# does not allow to probe the SMA
solution region: the predicted asymmetry is too small~see,
e.g.,@10#!.

The same strong enhancement mechanism can and sh
be operative also@4# in the nm→ne (ne→nm(t)) small mix-
ing angle transitions of the atmospheric neutrinos cross
the Earth core if the atmosphericnm andn̄m indeed take part
in large mixing vacuumnm( n̄m)↔nt( n̄t), oscillations with
Dm2;(10232831023) eV2, as is strongly suggested b
the Super-Kamiokande data@15#, and if all three flavor neu-
trinos are mixed in vacuum. The new resonance-like
hancement can take place practically for all neutrino traj
tories through the core@e.g., for the trajectories withh
5(0°223°)#. It can produce an excess of e-like events
21<cosuz<20.8, uz being the Zenith angle, in the Supe
Kamiokande multi-GeV atmospheric neutrino data and
be responsible for at least part of the strong Zenith an
dependence of the Super-Kamiokande multi-GeV and s
GeV m-like data@4,7#.

Some of the earlier articles in which the oscillations of t
solar and atmospheric neutrinos traversing the Earth h
been studied~see, e.g.,@1–3,8#! contain plots of the prob-
abilities Pe2 and/or P(nm→ne) or P(ne→nm(t)) on which
one can clearly recognize now the dominating maximum
to the enhancement effect of interest. However, this ma
mum was invariably incorrectly interpreted to be due to
MSW effect in the Earth core~see, e.g.,@1–3#! before the
appearance of@4#.

In view of the important role the mechanism of enhan
ment of the neutrino transitions in the Earth under discuss
can play in the interpretation of the results of the expe
ments with solar and atmospheric neutrinos and in obtain
information about possible small mixing anglenm ( n̄m) and
ne ( n̄e) oscillations, it would be desirable to have an una
biguous understanding of the underlying physics of
mechanism. In@4# it was interpreted as an effect of constru
tive interference between the various probability amplitud
~notably of the neutrino transitions in the Earth mantle and
the Earth core!, entering into the sum representing the pro
ability amplitude of the transition in the Earth.

The exact conditions for the enhancement of the pr
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abilities Pe2 , P(nm→ne) P(ne→nm(t)), etc. by the mecha-
nism of interest can be studied analytically@4# owing to the
results of a detailed numerical analysis@16# ~see also@3,17#!
which showed that for the calculation of the probabilities
interest the two-layer model of the Earth density distributi
provides a very good~in many cases, excellent! approxima-
tion to the more complicated density distributions predic
by the existing models of the Earth@18,19#. In the two-layer
model, the neutrinos crossing the Earth mantle and the c
traverse effectively two layers with constant but differe
densities,r̄man and r̄c , and chemical composition or elec
tron fraction numbers,Ye

man andYe
c . The neutrino transitions

of interest3 result from two-neutrino oscillations taking plac
~i! first in the mantle over a distanceX8 with a mixing angle
um8 and oscillation lengthLman, ~ii ! then in the core over a
distanceX9 with mixing angleum9 Þum8 and oscillation length
LcÞLman, and ~iii ! again in the mantle over a distanceX8
with um8 andLman. Utilizing the above prescription, analyti
expressions for the probabilities of neutrino transitions in
Earth Pe2 , P(nm→ne)5P(ne→nm(t)), etc. were derived
and were used to study their extrema@4#. Assuming that the
neutrino oscillation parametersDm2.0 and cos 2u.0 are
fixed and treating the neutrino pathsX8 andX9 as indepen-
dent variables, it was found in@4# that in addition to the
maxima corresponding to the MSW effect in the Ea
mantle or in the Earth core, there exists a new maximum
Pe2 andP(nm→ne). The latter takes place when the relativ
phases the states of the two energy-eigenstate neutrino
quire after the neutrinos have crossed the mantle,DE8X8
52pX8/Lman, and the core,DE9X952pX9/Lc , obey the
constraints

DE8X85p~2k11!, DE9X95p~2k811!,
~1!

k,k850,1,2, . . . ,

and if the inequality@4,6#

cos~2um9 24um8 1u!,0, ~2!

is satisfied. Condition~2! is valid for the probabilityPe2.
When equalities~1! hold, Eq. ~2! ensures thatPe2 has a
maximum. At the maximumPe2 takes the form@4#

Pe2
max5sin2~2um9 24um8 1u!. ~3!

The analogs of Eqs.~1!–~3! for the probability P(nm(e)
→ne(m;t)) can be obtained@4# by formally setting u50
while keepingum8 Þ0 andum9 Þ0 in Eqs.~1!–~3!.4 The term
‘‘neutrino oscillation length resonance’’~NOLR! was used

3The densitiesr̄man,c should be considered as mean densit
along the neutrino trajectories.

4The conditions for the corresponding maximum inP(ne→ns)

and P( n̄m→ n̄s) coincide in form with those for P(nm(e)

→ne(m;t)).
3-2
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ENHANCING MECHANISMS OF NEUTRINO . . . PHYSICAL REVIEW D63 073003
in @4# to denote the resonance-type enhancement ofPe2 ,
P(nm→ne) @P(ne→nm(t))#, etc. associated with the cond
tions ~1! and ~2!.

The non-MSW mechanism of strong enhancement of
probabilitiesPe2 , P(nm→ne) @P(ne→nm(t))#, etc. for the
Earth core crossing neutrinos, was identified in@4# with the
neutrino oscillation length resonance. This interpretation w
based on the observation that for the several fixed test va
of sin22u&0.02 and Nadir angleh considered in@4#, condi-
tions ~1! were approximately satisfied at the correspond
non-MSW absolute maxima ofPe2 and P(nm→ne) in the
variableE/Dm2 and the numerically calculated values ofPe2

andP(nm→ne) at these maxima were reproduced by Eq.~3!
with a relatively good precision. Doubts about the corre
ness of such an interpretation remained since~i! for the pa-
rameters of the Earth@18# ~core radius, mantle width, etc.!,
used in the calculations, the set of conditions~1! and~2!, as
was shown in@4#, cannot be exactly satisfied at small mixin
angles, and~ii ! although the phaseDE8X8 was close top at
the relevant maxima ofPe2 andP(nm→ne) in the test cases
studied, the values of the phaseDE9X9 differed quite sub-
stantially from those required by Eq.~1!. Moreover, the same
~or similar! enhancement mechanism was found to be op
tive in the n2→ne transitions in the case ofne2ns mixing
and in thene→ns transitions, at small mixing angles@4#.
However, as was noticed in@4#, the conditions~1! and~2! are
not even approximately fulfilled for then2→ne>ns→ne and
ne→ns transitions at small mixing angles; similar concl
sions were reached for then̄m→ n̄s transitions@5#.

The indicated results stimulated the systematic study
the extrema of the probabilitiesPe2 , P(nm→ne), P(ne
→ns), etc. of the neutrino transitions in the Earth and mo
generally, in a medium of non-periodic constant density l
ers, which is presented here. We consider transitions of n
trinos in a medium consisting of~i! two layers of different
constant densities, and~ii ! three layers of constant densi
with the first and the third layers having identical densit
and widths which differ from those of the second layer. Ne
trinos pass through such systems of layers on the way to
neutrino detectors, e.g., when they~i! are produced in the
central region of the Earth and traverse both the Earth c
and mantle,~ii ! travel first in vacuum and then in the Ear
mantle,~iii ! cross the Earth mantle, the core and the man
again. We derive and analyze the complete set of extrem
the two-neutrino transition probabilities in both cases o
medium with two and three constant density layers, ass
ing that @4# Dm2/E and sin22u are fixed and treating the
widths of the layers,X8 and X9, as independent variable
For both media considered we find that in addition to
local maxima associated with the MSW effect and t
NOLR, there exist absolute maxima caused by a strong
fect of enhancement and corresponding to a total neut
conversion. We find the complete set of such abso
maxima. The latter are absolute maxima in any possible
dependent variables: the neutrino energy, the widths of
of the layers, etc. The conditions for existence of the n
maxima are derived and it is shown that they are satisfied
particular, for the transitions of the Earth-core-crossing so
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and atmospheric neutrinos. These conditions differ from
conditions of enhancement of the probability of transitions
neutrinos propagating in a medium with periodically varyi
density, discussed in@20#. We show that the strong
resonance-like enhancement of these transitions is due to
effect of total neutrino conversion. At small mixing angle
and in the case of the transitionsn2→ne and nm→ne , for
instance, the values of the parameters sin22u andDm2/E at
which the total neutrino conversion takes place for neutrin
traversing the Earth core along a given trajectory are ra
close to the values of the parameters for which the NO
giving Pe251 or P(nm→ne)51 occurs, and the two en
hancement mechanisms practically coincide. For sma
sin22u the NOLR reproduces approximately~in some cases
roughly! the enhancement: for fixedh and sin22u5(1023

21022), for instance, it reproduces the values ofP(n2

→ne) andP(nm→ne) at the absolute maxima in theDm2/E
variable with an error of;(15–60)% ~see further!. In the

case of then2→ne>ns→ne , ne→ns and then̄m→ n̄s tran-
sitions at small mixing angles, the total neutrino convers
occurs for values of the parameters for which the NOLR
not realized. In all transitions, however, only the total ne
trino conversion mechanism is operative. This mechanism
responsible also for the strong enhancement of the ab
transitions at large mixing angles as well as of then2→ne

transitions due tone2ns mixing and of thene→ns and the

n̄m→ n̄s transitions at small and large mixing angles.
We demonstrate that the NOLR and the newly fou

resonance-like enhancement effect are caused by a max
constructive interference between the amplitudes of the n
trino transitions in the different density layers. Thus, the
cal and absolute maxima they produce in the neutrino tr
sition probabilities are of interference nature. Therefore
confirm the physical interpretation of the strong resonan
like enhancement of the transitions in the Earth of the Ea
core-crossing solar and atmospheric neutrinos, given in@4#.

Most of the results of our analysis are illustrated by t
physically realistic examples of the transitions of neutrin
passing through the Earth. These examples and the re
regarding the transitions of Earth-core-crossing solar and
mospheric neutrinos are derived using the Stacey mo
from 1977@18# as a reference Earth model. The density d
tribution in the Stacey model is spherically symmetric and
addition to the two major density structures, the core and
mantle, there are a certain number of substructures~shells or
layers!. The core has a radiusRc53485.7 km, the Earth
mantle depth is approximatelyRman52885.3 km, and the
Earth radius in the Stacey model isR% 56371 km. There-
fore, when the Nadir angleh is less than 33.17°, neutrino
arriving at the detector pass through three layers: the ma
the core and the mantle again. The mean values of the m
densities of the core and of the mantle read, respectiv
r̄c>11.5 g/cm3 and r̄man>4.5 g/cm3. The density distribu-
tion in the 1977 Stacey model practically coincides with th
in the more recent PREM model@19#. For Ye we have used
the standard values@18,19,21# ~see also@10#! Ye

man50.49
andYe

c50.467.
3-3
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A brief description of the results of the present study
given in Ref.@22#.

II. PRELIMINARY REMARKS

We will consider the simple case of mixing of two wea
eigenstate neutrinosna andnb , aÞb5e,m,t,s, ns being a
sterile neutrino, in vacuum. The mixing matrix relating t
states of the neutrinosna,b and of the neutrinosn1,2 having
definite massesm1,2 in vacuum is chosen in the form

S na

nb
D 5S cosu sinu

2sinu cosu D S n1

n2
D , ~4!

whereu is the vacuum mixing angle. In the case of relat
istic and stable neutrinosn1,2, the evolution equation for
neutrino propagation in constant-density medium reads

i
d

dt S na

nb
D 5

DE

2 S 2cos~2um! sin~2um!

sin~2um! cos~2um!
D S na

nb
D 5MS na

nb
D .

~5!

Hereum is the mixing angle in matter,

cos~2um!5
1

DE
„~Dm2/2E!cos~2u!2Vab…, ~6!

E being the neutrino energy,DE is the difference between
the energies of the two energy-eigenstate neutrinos in ma

DE5
Dm2

2E
AS cos~2u!2

2EVab

Dm2 D 2

1sin2~2u!, ~7!

Dm25m2
22m1

2, andVab is the difference between the effe
tive potentials ofna andnb in the medium. We shall alway
assume in what follows that

cos~2u!.0, Dm2.0. ~8!

In the case of neutrino propagation in an electrically neu
unpolarized cold medium, like the Earth, one has

Vem5A2GFNe , Ves5A2GFS Ne2
1

2
NnD ,

~9!
Vms52A2GFNn/2,

whereNe and Nn are the electron and the neutron numb
densities in the medium, respectively. The antineutrino st
n̄a and n̄b satisfy the same equations~5! with Vab replaced
by Vāb̄52Vab in Eqs. ~6! and ~7!. For the EarthNe>Nn
and in addition toVem.0 we haveVes.0 andVm̄ s̄.0. If
Eq. ~8! holds, the neutrino mixing can be enhanced by
Earth matter only in the cases ofnm(ne)→ne(nm;t) (n2

→ne), ne→ns and n̄m→ n̄s transitions, while for, e.g.,
cos(2u).0 and Dm2,0 this will be true for then̄m( n̄e)
→ n̄e( n̄m;t) ( n̄2→ n̄e), n̄e→ n̄s and nm→ns transitions. Our
general results will be formulated for the generic wea
eigenstate neutrino transitions,na→nb ; for neutrinos cross-
07300
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ing the Earth we will be interested either in the former or
the latter set of transitions, depending on whether Eq.~8!
holds orDm2 cos(2u),0. The case of~solar! n2→ne transi-
tions in a three-layer medium~the Earth! will be considered
separately.

The evolution of the neutrino system is given by the u
tary matrix ~see, e.g.,@23,24#!

U5exp~2 iMt !5cosf2 i ~sn!sinf, ~10!

where

f5
1

2
DEt ~11!

and

n5@sin~2um!,0,2cos~2um!# ~12!

is a real unit vector. The probabilities of thena→nb (nb
→na) transition,Pab(ba)5uAab(ba)u2, and of thena (nb)
survival, Paa(bb)5uAaa(bb)u2, are determined by the ele
ments of the evolution matrixU, which coincide with the
four different probability amplitudesAab5Uba , etc.:

Pab5uUbau25~n1 sinf!21~n2 sinf!25Pba ~13!

and

Paa5uUaau25cos2f1~n3 sinf!2512Pab5Pbb .
~14!

We are interested in the extrema of the transition pr
ability Pab when neutrinos propagate through a mediu
with ~nonperiodic sequence of! layers of different constan
density and chemical composition. In this case the evolut
matrix, as is well known, represents a product of the evo
tion matrices for the different layers and can always be w
ten in the same form as in Eq.~10!. It follows from Eqs.~13!
and~14! that the conditions for anabsolutemaximum of the
transition probability,Pab51, read

maxPab51: H cosf50,

n3 sinf50,
~15!

while the conditions for anabsoluteminimum of Pab, have
the form

min Pab50: H n1 sinf50,

n2 sinf50.
~16!

When neutrinos propagate in a constant-density med
the transition probability

Pab5
1

2
~12cos 2f!sin2~2um!5@sinf sin~2um!#2

~17!

can be non-negligible even in the case of small vacuum m
ing angleu if the neutrino mixing in matter is maximal,um
3-4
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5p/4. This is the well-known MSW effect which take
place when the resonance condition

cos~2um!50 ~18!

is satisfied. In order to get total neutrino conversion,Pab
51, the additional requirement

cosf50 ~19!

has to be satisfied. For a fixed time of propagationt, or a
distanceX>t traveled by the neutrino, there always exists
solution of the system of equations~15!. The absolute
minima Pab50 correspond, as it follows from Eq.~16!, to
the curves

sinf50. ~20!

In the next sections we discuss the case of neutrino pro
gation through a number of nonperiodic constant-density
ers. A new phenomenon of maximal constructive interf
ence between the probability amplitudes of the transition
the different layers takes place in this case, leading to a s
stantial enhancement of the transition probability. Ev
when the oscillation parameters have values very differ
from those required by the resonance conditions~18! for the
individual layers, the neutrino transition probability ca
reach its absolute maximum,Pab51, due to this effect.

III. MEDIUM WITH TWO CONSTANT-DENSITY LAYERS

Suppose neutrinosna or nb have crossed a medium con
sisting of two layers having constant but different dens
and chemical composition. These could be the Earth c
and mantle~for neutrinos born in the Earth central region!,
the vacuum and the Earth mantle, etc. Let us denote
effective potential differences and the lengths of the path
the neutrinos~antineutrinos! in the two layers byVab8 (Vāb̄

8 ),

Vab9 (Vāb̄
9 ) andX8, X9, respectively. We shall assume with

out loss of generality that

0<uVab(āb̄)
8 u,uVab(āb̄)

9 u. ~21!

The transitions ofna andnb crossing the two layers will be
determined by the two sets of two parameters—the mix
angle in matter~6! or the unit vector~12!, and the phase
difference ~11! with t5X8 or X9, which characterize the
transitions in each of the layers:um8 or n8 andf8, andum9 or
n9 andf9. Since the evolution matrix of the system is give
by U5U9U8, U8 andU9 being the evolution matrices in th
first and in the second layers, the parameters ofU, F andn
@Eq. ~10!#, can be expressed in terms off8, n8 andf9, n9 as
follows ~see, e.g.,@23#!:

cosF5cosf8 cosf92~n8•n9!sinf8 sinf9

5cosf8 cosf92cos~2um9 22um8 !sinf8 sinf9,
~22!

n sinF5n8 sinf8 cosf91n9 cosf8 sinf9

2@n83n9#sinf8 sinf9.
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Using, e.g., Eqs.~13! and~22! it is not difficult to derive the
transition probabilityPab5Pba in this case:

Pab5
1

2
@12cos 2f8#sin22um8 1

1

2
@12cos 2f9#sin22um9

1
1

4
@12cos 2f8#@12cos 2f9#

3@sin2~2um9 22um8 !2sin22um8 2sin22um9 #

1
1

2
sin 2f8 sin 2f9 sin 2um8 sin 2um9 . ~23!

Because ofT invariance and unitarity, the probability~23! is
symmetric with respect to the interchange of the parame
of the two layers, i.e., does not depend on the order in wh
the neutrinos traverse them.

For fixed sin2(2u) and Dm2/E and given density and
chemical composition in the two layers, the unit vectorsn8
andn9 are also fixed for each layer. The phasesf8 andf9,
which depend on the widths of the layersX8 andX9, can be
independent variables of the system if the two widthsX8 and
X9 can be varied independently. This is an interesting c
with a clear physical meaning and we are going to inve
gate it in the present and the next sections. In this way
NOLR resonance in then2→ne , nm(ne)→ne(nm;t) andne
→ns transitions was discovered@4#. Let us note that in the
case of the Earth,X8 and X9 cannot be treated as indepe
dent variables as long as the Earth radius and the Earth
radius are fixed. Neutrino transitions in the Earth will b
considered at the end of this section and in Sec. VI.

Varying the phasesf8 and f9 we can investigate the
number and the structure of the extrema of the transit
probability Pab . These are determined by the system of tw
equations

dPab

df8
5sin 2um8 F~2um8 22um9 ,2um9 ;2f8,2f9!50, ~24!

dPab

df9
5sin 2um9 F~2um9 22um8 ,2um8 ;2f9,2f8!50, ~25!

where

F~Y,Z;w,c!5sinY cosZ sinw1sinZ@sinwcosc cosY

1cosw sinc#, ~26!

and by two known supplementary conditions on the values
the second derivatives ofPab at the points where Eqs.~24!
and ~25! hold.

We are interested first of all in theabsolutemaxima of the
neutrino conversion,

case A: maxPab51. ~27!

They are determined by Eqs.~14!, ~15! and ~22!
3-5



M. V. CHIZHOV AND S. T. PETCOV PHYSICAL REVIEW D63 073003
maxPab51: H cosF[cosf8 cosf92cos~2um9 22um8 !sinf8 sinf950,

n3 sinF[2@cos~2um8 !sinf8 cosf91cos~2um9 !cosf8 sinf9#50.
~28!
It is not difficult to check that conditions~24! and ~25! are
satisfied if relations~28! hold. The solutions of Eq.~28! can
be readily found:

solution A: 5 tanf856A 2cos~2um9 !

cos~2um8 !cos~2um9 22um8 !
,

tanf956A 2cos~2um8 !

cos~2um9 !cos~2um9 22um8 !
,

~29!

where the signs are correlated. Obviously, the solutions~29!
do not exist for any pairs of values of the parameters sin2(2u)
and Dm2/E. Under the assumptions~8!, ~21! and for Vab8
e
c-
-
-

t

07300
>0 @e.g., for thenm(ne)→ne(nm;t), ne→ns and n̄m→ n̄s
transitions of the Earth-crossing neutrinos#, they can take
place only in the region limited by the three conditions5 ~Fig.
1!

region A: H cos 2um8 >0,

cos 2um9 <0,

cos~2um9 22um8 !>0.

~30!

The first boundary, cos 2um8 50, corresponds to atotal neu-
trino conversionin the first layer. From Eq.~29! we get the
correct result for the relevant conditions on the phases@see
Eqs.~19! and ~20!#,
solution B: H cosf850, or 2f85p~2k811!, k850,1, . . . ,

sinf950, or 2f952pk9, k950,1, . . . ,
~31!
b-
-

tary
guaranteeing that~i! neutrino conversion takes place in th
first layer, and~ii ! no neutrino conversion occurs in the se
ond layer, so that when cos 2um8 50 we have maximal transi
tion probability,Pab51. It is easy to show by direct calcu
lations using Eqs.~23!–~25! that the phase conditions~31!
correspond to the local maxima

case B: maxPab5sin22um8 , ~32!

FIG. 1. The regions of the four different solutionsA, B, C andD
@Eqs. ~29!, ~31!, ~37! and ~45!# for the maxima of the transition
probability Pem5Pme in a two-layer medium. The two differen
layers correspond to the core and the mantle of the Earth@18,19#.
provided the oscillation parameters sin2(2u) andDm2/E be-
long to the regionB,

region B: cos 2um8 <0. ~33!

It proves useful to interpret this result in terms of pro
ability amplitudes. If neutrinosna have crossed the two lay
ers, the amplitude of thena→nb transition represents a sum
of two terms:

Aab5Uba5Uba9 Uaa8 1Ubb9 Uba8 , ~34!

where

Uaa8 5cosf81 i cos~2um8 !sinf8,

Uba9 52 i sin~2um9 !sinf9,

Uba8 52 i sin~2um8 !sinf8,

Ubb9 5cosf92 i cos~2um9 !sinf9. ~35!

In the general case the transition probability

5These conditions can also be derived from the two supplemen
inequalities ensuring that the solutions~29! of Eq. ~24! and ~25!
indeed correspond to maxima ofPab .
3-6
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Pab5uUba9 u2uUaa8 u21uUbb9 u2uUba8 u2

12Re„~Uba9 Uaa8 !* Ubb9 Uba8 … ~36!

is a sum of two products of the probabilities of neutri
oscillations in the different layers and of the interferen
term. The latter can play a crucial role in the resonance-
enhancement of the neutrino transitions.
si
s

e

th
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-
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The phase requirements~31! reduce the expression in Eq
~36! to only one term,Pab5uUba8 u2, with no contribution
from the interference term becauseUba9 50. Thus, the
maxima in regionB ~33! can be ascribed to neutrino trans
tions taking place in the first layer only. The absolu
maxima, maxPab51, correspond for sin22u,1 to the MSW
effect in the first layer.

The second boundary cos(2um9 )50 in Eq.~30! corresponds
to a total neutrino conversion in the second layer,
solution C: H sinf850, or 2f852pk8, k850,1, . . . ,

cosf950, or 2f95p~2k911!, k950,1, . . . .
~37!
he
in

kes

sion

Eq.

e

This case is completely analogous to the previously con
ered caseB, with the two layers interchanged. Using Eq
~23!–~25! we get solutionC which realizes thelocal maxima

case C: max Pab5sin22um9 , ~38!

in the region

region C: cos 2um9 >0. ~39!

The case of equality in Eq.~39! can be associated with th
MSW effect taking place in the second layer.

We get a very different mechanism of enhancement of
neutrino transition probabilityPab in the intermediate region

H cos 2um8 .0,

cos 2um9 ,0,
~40!

located between the regionsB ~33! andC ~39!. The maxima
of Pab in this region are caused by a maximal contributi
of the interference term in Eq.~36! for Pab . Indeed, using
Eq. ~34! one can write the probabilityPab in the form

Pab5uz11z2u2, ~41!

where z15@Re(Uba9 Uaa8 ),Im(Uba9 Uaa8 )# and z2

5@Re(Ubb9 Uba8 ),Im(Ubb9 Uba8 )# are two vectors in the com
plex plane. In the case of the probabilityPab the interference
is maximal and constructive, as it follows from Eq.~41!,
whenz1 andz2 are collinear and point in the same directio
i.e., when
d-
.

e

,

Im~Uba9 Uaa8 !

Im~Ubb9 Uba8 !
5

Re~Uba9 Uaa8 !

Re~Ubb9 Uba8 !
.0. ~42!

The second equation in Eq.~15! @or Eq.~28!# ensures that
the two vectors are collinear, while the constraints~40! guar-
antee that they point in the same direction. Actually, t
equation in Eq.~42! coincides with the second equation
Eq. ~15! for the resonance condition~18!

cos~2um!5
1

sinf
@cos~2u8!sinf8 cosf9

1cos~2u9!cosf8 sinf9#50, ~43!

with the additional constraints~40!, corresponding to the in-
termediate region where the new type of enhancement ta
place. The transition probability of interest~23! can obvi-
ously be represented in the two layer case under discus
also in the form~17!,

Pab5sin2~2um!sin2f, ~44!

where the first and the second multipliers are defined by
~43! and the first equation in Eq.~22!. To get a total neutrino
conversion,Pab51, not only Eq.~43! has to hold, but also
condition~19! must be satisfied. This is possible in regionA
~30!, but not in the whole intermediate region~40!.

Indeed, the boundary cos(2u m9 22um8 )50 in Eq. ~30! cor-
responds to a maximum ofPab associated with the phas
constraints
solution D: H cosf850, or 2f85p~2k811!, k850,1, . . . ,

cosf950, or 2f95p~2k911!, k950,1, . . . .
~45!
3-7
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The above conditions are necessary for a maximal neut
conversion in each layer@see Eqs.~19! and~35!#. As can be
shown exploiting Eqs.~23!–~25!, they lead to local maxima

case D: maxPab5sin2~2um9 22um8 !, ~46!

if the oscillation parameters belong to the finite regionD,

region D: cos~2um9 22um8 !<0. ~47!

Our results show a very interesting feature of the neutr
transitions in a medium consisting of two constant-dens
layers. One can have total neutrino conversion,Pab51,

FIG. 2. The same as in Fig. 1 for the case vacuum-Earth man
07300
o

o
y

even if the MSW resonance does not take place in any of
two layers. As we have seen, this is possible in regionA,
excluding the two boundaries cos(2um8 )50 and cos(2u m9 )50,
corresponding to the MSW effect. Therefore, in order
have a large transition probability,Pab>1, a periodic den-
sity profile is not required even when the MSW resonanc
not realized in any of the two layers. These conclusions
main valid, as we shall see, for transitions of neutrinos t
versing three layers of constant density, e.g., for the tra
tions of the solar and atmospheric neutrinos crossing
Earth core on the way to the detectors. It should be emp
sized that solutionA, Eq. ~29!, providing the absolute
maxima ofPab , can be and was derived directly from Eq
~15! and ~22! without utilizing the standard extrema equ
tions ~24!, ~25!, i.e., its derivation does not depend on th
chosen set of variablesof Pab , which are varied to obtain
the extrema conditions. Obviously, it can also be obtain
for a given set of variablesfrom Eq. ~23! and the corre-
sponding extrema conditions of the type of Eqs.~24!, ~25!.

Theabsoluteminima of Pab in the case under discussio
are located on the intersections of the curves

min Pab

50: H sinf850, or 2f852pk8, k850,1, . . . ,

sinf950, or 2f952pk9, k950,1, . . . .

~48!

Our results apply to the case when the first layer
vacuumV850 ~Fig. 2!, because there is no principal diffe

e.
f
TABLE I. The values ofDm2/E<2031027 eV2/MeV and of sin22u, at which the absolute maxima o
Pem5Pme , Pes andPm̄ s̄ , corresponding to a total neutrino conversion,Pab51 @solutionsA, Eq. ~29!#, take
place for neutrinos traveling from the center of the Earth to the Earth surface. The values of 2f8, 2f9 ~in
units of p), sin22um8 , sin22u m9 and sin2(2u m9 22um8 ) at the absolute maxima are also given.

P(nm→ne)5P(ne→nm(t))

Dm2

E F1027
eV2

MeVG sin22u 2f8/p 2f9/p sin22um8 sin22u m9 sin2(2u m9 22um8 )

6.611 .138 .867 .888 .434 .603 .999
5.825 .651 1.094 1.866 .999 .501 .521

11.736 .649 2.356 2.679 .872 .985 .221
18.970 .828 4.153 4.853 .935 1.000 .072
13.589 .938 3.063 3.933 1.000 .885 .117

P(ne→ns)
3.355 .359 .531 .608 .774 .862 .590
6.073 .883 1.333 1.652 .993 .943 .103

10.181 .904 2.281 2.723 .975 .999 .037
13.663 .984 3.155 3.844 1.000 .983 .019
17.809 .962 4.089 4.912 .989 1.000 .012

P( n̄m→ n̄s)
4.006 .275 .625 .684 .612 .745 .870
5.966 .850 1.287 1.679 .989 .848 .234

10.441 .849 2.303 2.709 .945 .996 .086
13.589 .981 3.133 3.864 1.000 .959 .045
18.002 .936 4.106 4.896 .974 1.000 .027
3-8
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ENHANCING MECHANISMS OF NEUTRINO . . . PHYSICAL REVIEW D63 073003
ence between the neutrino oscillations in constant-den
medium and in vacuum. If we assume the nonzero den
layer to be the Earth mantle, maximal neutrino convers
~solution A! can take place provided neutrinos travel a d
tance of; few3103 km in vacuum.

The above results are valid also, e.g., for neutrinos bor
the central region of the Earth. Such neutrinos cross
layers—the Earth core and mantle, on the way to the E
surface. If the dimensions of the region of neutrino prod
tion are small compared to the Earth core radius, the neut
path lengthsX8 andX9 are fixed. The extrema condition wit
respect to the variableE is given in Ref.@22#. It differs from
the extrema conditions~24! and~25!. Accordingly, the solu-
tions of the system~24!, ~25! do not correspond, in genera
to extrema in the variableE. More specifically, solutionsB,
C and D, corresponding to local maxima ofPab , maxPab
,1, in the variablesf8 and f9, do not provide local
maxima in the variableE. Only solutionA provides the ab-
solute maxima of the neutrino transition probabilities of
terest,Pab51, in any variable. SolutionA is realized for
nm(ne)→ne(nm;t), ne→ns andn̄m→ n̄s transitions of neutri-
nos born in the central region of the Earth, as Table I de
onstrates.

IV. SPECIAL CASE OF A THREE-LAYER MEDIUM

Similar analysis can be performed for the transitions
neutrinos traversing three layers of constant density
chemical composition when the first and the third layers h
the same density, chemical composition and width wh
differ, however, from those of the second layer. This cor
sponds to the physically important case of solar and at
spheric neutrinos crossing the Earth core on the way to
tectors located near or on the Earth surface, the first and t
layers being the Earth mantle, and the Earth core playing
role of the second layer.

We will use the same notations for the parameters of
first ~third! and the second layers as in Sec. II, and w
assume that Eq.~21! holds. The evolution matrix in the cas
of interest is given byU5U8U9U8. Accordingly, the pa-
rameters ofU, Eq. ~10!, can be expressed in terms of th
parameters of the first~third! and the second layers as fo
lows ~see, e.g.,@23#!:

cosf5cos~2f8!cosf92cos~2um9 22um8 !sin~2f8!sinf9,

n sinf5n8@sin~2f8!cosf9

2~n8•n9!„12cos~2f8!…sinf9#1n9 sinf9. ~49!

An expression for the probabilityPab is given in @4#. The
necessary conditions for a maximum of the probabilityPab ,
obtained by varying the phasesf8 andf9, read

maxPab :

H sin~2um8 !F~2um9 22um8 ,p/2;f9,2f81p/2!50,

F~2um9 22um8 ,2um8 ;f91p/2,2f8!50,

~50!
07300
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while the requirements for anabsolutemaximum have the
form

maxPab

51: H cosf[F~2um9 22um8 ,p/2;f9,2f81p/2!50,

n3 sinf[F~2um9 22um8 ,2um8 1p/2;f9,2f8!50,

~51!

where the functionF(Y,Z;w,c) is defined by Eq.~26!. Us-
ing the expression forF(Y,Z;w,c) we get the conditions
~51! in explicit form:

maxPab51: H 2 cos~f8!cosF2cosf950,

sin~f9!cos~2um9 !

12 sin~f8!cos~2um8 !cosF50,
~52!

where cosF is given by Eq.~22!.
The absolutemaxima ofPab ,

case A: maxPab51, ~53!

are provided by the solutions of Eq.~51! @or Eq.~52!#, which
can be found explicitly:

solution A: 5 tanf856A 2cos 2um9

cos~2um9 24um8 !
,

tanf956
cos 2um8

A2cos~2um9 !cos~2um9 24um8 !

~54!

where the signs are correlated.
The probabilityPab (Pāb̄) exhibits a system of maxima

which is similar to that in the two layer case. Under t
conditions ~8!, ~21! and if Vab8 .0 @i.e., for the nm(ne)

FIG. 3. The regions of the three different solutionsA, C andD
@Eqs.~54!, ~63! and~64!# for the maxima of the transition probabil
ity Pem5Pme in a three-layer medium. The three different laye
correspond to the mantle-core-mantle of the Earth.
3-9



ity

M. V. CHIZHOV AND S. T. PETCOV PHYSICAL REVIEW D63 073003
→ne(nm;t), ne→ns and n̄m→ n̄s transitions in the Earth#, so-
lutions ~54! are realized in regionA ~Figs. 3–5!,

region A: H cos~2um9 !<0,

cos~2um9 24um8 !>0.
~55!

On the line belonging to regionA,

FIG. 4. The same as in Fig. 3 for the transition probabilityPe2

in the case ofne2nm(t) mixing.
07300
region B: cos 2um8 50, ~56!

we have

case B: maxPab5sin22um8 51, ~57!

provided

FIG. 5. The same as in Fig. 3 for the transition probabil

Pm̄ s̄[P( n̄m→ n̄s).
solution B: H cos 2f850, or 2f85
p

2
~2k811!, k850,1, . . . ,

sinf950, or 2f952pk9, k950,1, . . . .

~58!
Besides theseabsolutemaxima, there exist two regions,

region C: cos~2um9 !>0, ~59!

and

region D: cos~2um9 24um8 !<0, ~60!

with maxima
case C: maxPab5sin22um9 , ~61!

and

case D: maxPab5sin2~2um9 24um8 !, ~62!

which correspond to the solutions
solution C: H sinf850, or 2f852pk8, k850,1, . . . ,

cosf950, or 2f95p~2k911!, k950,1, . . . ,
~63!

and

solution D: H cosf850, or 2f85p~2k811!, k850,1, . . . ,

cosf950, or 2f95p~2k911!, k950,1, . . . ,
~64!
3-10
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respectively. In contrast to the two-layer case, the regionB is
just a line, belonging actually to the region A, and on it on
absolute maxima can be realized due to the MSW effec
the first ~third! layer ~the mantle in the case of the Earth!.
The caseC corresponds to the MSW effect in the seco
layer, while the casesA and D correspond to the new
resonance-like effect of constructive interference betw
transition amplitudes in the first~and third! and the second
layers. Due to this effect the transition probability can rea
its maximal value,Pab51, if the oscillation parameter
sin2(2u) andDm2/E belong to the regionA, Eq. ~55!.

The absoluteminima of the probabilityPab are deter-
mined by the equation

min Pab50: F~2um9 22um8 ,2um8 ;f9,2f8!50, ~65!

while for F(2um9 22um8 ,2um8 ;f9,2f8)Þ0, the necessary
conditions for the minima are given by Eq.~50!.

We get the same system of maxima also in then2→ne
transition probability, P(n2→ne)[Pe2 , n2 being the
heavier of the two mass eigenstate neutrinos in vacu
which can be used to account for the the Earth matter eff
in the transitions of solar neutrinos traversing the Earth. T
probability Pe2 is given in the case ofne2nm(t) mixing by
the Ue2 element,Pe25uUe2u2, of the evolution matrix
07300
in

n

h

,
ts
e

U([S Ue1 Ue2

Um1 Um2
D 5S Uee Uem

Ume Umm
D S cosu sinu

2sinu cosu D
[UO~u!, ~66!

whereU5U8U9U8. If ne-ns mixing takes place, the index
m appearing in the above equation has to be replaced bs.
The matrixU( can be written in the general form~10!:

U(5U8U9U8O5cosf(2 i ~sn(!sinf(. ~67!

It is not difficult to express the parameters of the evoluti
matrix ~67!, f( and n, in terms of the parametersf8, n8,
f9, n9 andu. The transition probabilityPe2 can be written
in the form

Pe25@F~2um9 22um8 ,2um8 2u;f9,2f8!#2

1sin2u@F~2um9 22um8 ,p/2;f9,2f81p/2!#2.

~68!

Using Eqs.~68! and~26! we get the necessary conditions f
the extremaof Pe2,
maxPab ,minPab : H sin~2um8 !F~2um9 22um8 ,p/2;f9,2f81p/2!50,

F~2um9 22um8 ,2um8 2u;f91p/2,2f8!50,
~69!

while from Eqs. ~15! and ~16!, utilizing Eqs. ~49! and ~67!, one obtains the requirements forabsoluteextrema of the
probability Pe2:

maxPe251: H cosf([F~2um9 22um8 ,p/2;f9,2f81p/2!50,

n3
(sinf([F~2um9 22um8 ,2um8 2u1p/2;f9,2f8!50,

~70!

min Pe250: H n1
(sinf([F~2um9 22um8 ,p/2;f9,2f81p/2!50,

n2
(sinf([F~2um9 22um8 ,2um8 2u;f9,2f8!50.

~71!

Conditions~70!, for instance, have the following explicit form:

maxPe251: H 2 cos~f8!cosF2cosf950,

sin~f9!cos~2um9 2u!12 sin~f8!cos~2um8 2u!cosF50.
~72!

These all are the same type of equations as Eq.~52! and we can easily find their solutions.
The absolute maxima ofPe2,

case A(: maxPe251, ~73!

are reached for

solution A(: 5 tanf856A 2cos~2um9 2u!

cos~2um9 24um8 1u!
,

tanf956
cos~2um8 2u!

A2cos~2um9 2u!cos~2um9 24um8 1u!,

~74!
3-11
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where the signs are correlated, in the regionA( ~Fig. 4!,

region A(: H cos~2um9 2u!<0,

cos~2um9 24um8 1u!>0.
~75!

There are the line

region B(: cos~2um8 2u!50, ~76!

belonging toA, and two bordering regions,

region C(: cos~2um9 2u!>0, ~77!

and

region D(: cos~2um9 24um8 1u!<0, ~78!

where the solutionsB, Eq. ~58!; C, Eq. ~63!; andD, Eq. ~64!,
are realized. These solutions correspond to the follow
maxima ofPe2:

case B(: maxPe25sin2~2um8 2u!51, ~79!

case C(: maxPe25sin2~2um9 2u!, ~80!

and

case D(: maxPe25sin2~2um9 24um8 1u!. ~81!

Solutions D( and D @Eqs. ~60!, ~62!, ~64!, ~78!, ~81!#
correspond to the NOLR discussed6 in @4#.
07300
g

For theabsoluteminima of Pe2 we get the following so-
lutions:

min Pe2

50: 5 tanf856A sin~2um9 2u!

sin~2um9 24um8 1u!
,

tanf956
sin~2um8 2u!

Asin~2um9 2u!sin~2um9 24um8 1u!,

~82!

where again the signs are correlated.

V. TRANSITIONS OF NEUTRINOS TRAVERSING THE
EARTH CORE

In the case of transitions in the Earth of~solar and atmo-
spheric! neutrinos which pass through the Earth mantle,
core and the mantle again, the two lengthsX8 andX9 are not
independent due to the spherical symmetry of the Earth
both the Earth radius and the Earth core radius are fixed.
can choose as independent variables, for example, cosh, h
being the Nadir angle, andy[Dm2/E. The corresponding
necessary conditions for the maxima of the probabilityPab
read
dPab

d cosh
50:

2R%

X9
S DE9R%cosh

dF

df9
22f8

dF

d~2f8!
D 50, ~83!

dPab

dy
50: X8

y22Vab8 cos~2u!

4DE8

dF

d~2f8!
1

X9

2

y22Vab9 cos~2u!

4DE9

dF

df9

1
Vab8

DE82
sin~2u!sinf8@cos~4um8 22um9 !sinf8 sinf92cos~2um8 !cosf8 cosf9#

2
Vab9

DE92

sin~2u!

2
sinf9@cos~4um8 22um9 !sin2f81cos~2um9 !cos2f8#50, ~84!
s

n-
ns
e

hat
where F[F(2um9 22um8 ,2um8 ;f9,2f8) is given by
Eq. ~26!, dF/df95F(2um9 22um8 ,2um8 ;f91p/2,2f8) and
dF/d(2f8)5sin 2um8F(2um9 22um8 ,p/2;f9,2f81p/2). It is
clear, that, in general, the maxima ofPab in the variablesf8

6SolutionsB andC @Eqs.~58! and~63!# were considered briefly in
@4# as well.
and f9 do not correspond to maxima in the variables coh
and Dm2/E @compare Eqs.~50! with Eqs. ~83!, ~84!#. It is
not difficult to check, however, that solutionsA, Eq. ~54!, for
the absolutemaxima, corresponding to a total neutrino co
version, Pab51, are solutions of the system of equatio
~83!, ~84! as well. They give the absolute maxima of th
neutrino transition probabilityPab in any variable. Equation
~54! gives also the complete set of such solutions. Note t
solution A coincides on the curves cos(2um8 )50, cos(2u m9 )
50 and cos(2u 9 24u8 )50 with B, C and D, respectively.
m m
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TABLE II. The values ofDm2/E<2031027 eV2/MeV and of sin22u, at which the absolute maxima o
Pem5Pme , corresponding to a total neutrino conversion,Pem51 @solution A, Eq. ~54!#, take place for
neutrinos crossing the Earth along trajectories passing through the Earth core:h50°; 13°; 23°; 30°. The
values of 2f8, 2f9 ~in units of p), sin22um8 , sin22u m9 and sin2(2u m9 24um8 ) at the absolute maxima are als
given.

P(ne→nm(t))5P(nm→ne)

h°
Dm2

E F1027
eV2

MeVG sin22u 2f8/p 2f9/p sin22um8 sin22u m9 sin2(2u m9 24um8 )

0. 7.201 .034 .923 .949 .111 .614 1.000
0. 4.821 .154 .509 2.334 .749 .208 .296
0. 11.256 .547 2.174 4.693 .795 .996 .285
0. 3.407 .568 .65 3.612 .846 .160 .881
0. 18.113 .803 3.933 9.129 .923 1.000 .710
0. 11.292 .841 2.425 6.167 .987 .891 .716
0. 19.307 .903 4.314 10.382 .979 .987 .845
0. 4.587 .948 1.167 4.705 .792 .285 .996
0. 19.862 .994 4.628 11.738 .992 .900 .981
0. 11.373 .994 2.702 7.577 .954 .708 .981

13. 7.024 .039 .931 .950 .131 .553 1.000
13. 4.537 .169 .496 2.258 .845 .179 .133
13. 10.071 .379 1.887 3.180 .645 .999 .068
13. 10.954 .626 2.272 4.503 .869 .973 .383
13. 3.267 .654 .732 3.456 .777 .153 .966
13. 6.736 .802 1.477 4.059 .997 .580 .688
13. 15.802 .874 3.653 7.680 .977 .972 .791
13. 18.249 .843 4.205 8.603 .949 .997 .762
13. 10.741 .927 2.529 5.936 .998 .797 .859
13. 18.770 .979 4.542 9.914 .999 .922 .954
23. 6.460 .051 .910 .922 .195 .387 1.000
23. 3.812 .224 .499 2.008 1.000 .125 .111
23. 10.101 .449 2.194 2.675 .726 .991 .134
23. 15.419 .744 3.875 5.236 .899 .999 .612
23. 3.417 .848 1.031 2.948 .711 .177 1.000
23. 9.655 .875 2.495 4.011 1.000 .786 .772
23. 16.565 .897 4.368 6.275 .984 .969 .828
23. 20.010 .979 5.470 8.061 .999 .935 .955
30. 5.376 .065 .765 .738 .352 .180 .982
30. 9.038 .199 2.062 .920 .418 1.000 .030
30. 2.908 .437 .742 1.427 .735 .095 .969
30. 14.060 .707 4.159 2.702 .885 .998 .548
30. 8.290 .825 2.491 2.021 1.000 .723 .691
30. 19.839 .913 6.326 4.357 .982 .986 .860
30. 17.123 .952 5.528 3.941 .999 .936 .909
30. 13.989 .997 4.694 3.597 .969 .785 .984
30. 8.909 1.000 3.139 2.741 .882 .551 .999
-
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However, solutionsC andD, Eqs.~63! and~64!, for thelocal
maxima with max (Pab),1 no longer correspond to ex
trema in the variables cosh andDm2/E. New solutions for
the local maxima ofPab , which do not coincide with the
solutions associated with phases equal to multiples ofp, are
possible. The same conclusions are valid for the soluti
A(, C( andD(, Eqs.~74!, ~63! and~64! @giving Eqs.~80!,
~81!#, for the absolute and local maxima of the probabil
Pe2. Our numerical studies confirm these conclusions.
07300
s

The solutionsA, Eq.~54! @A(, Eq.~74!#, providing a total
neutrino conversion,Pab51 (Pe251), exist for the Earth
density profile and for all neutrino transitions of intere
n2→ne , nm→ne , ne→nm(t) , ne→ns and n̄m→ n̄s , and at
small, intermediate and large mixing angles. They are re
ized for very different sets of values of the phases 2f8 and
2f9, which are not necessarily multiples ofp. In Tables
II–IV we give a rather complete list of these solutions for t
transitions n2→ne , nm→ne , ne→nm(t) , ne→ns and n̄m
3-13
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TABLE III. The same as in Table II for the probabilitiesPes and Pm̄ s̄ and for Dm2/E<10
31027 eV2/MeV.

P(ne→ns)

h°
Dm2

E F1027
eV2

MeVG sin22u 2f8/p 2f9/p sin22um8 sin22um9 sin2(2um9 24um8 )

0. 3.202 .101 .409 .626 .334 .834 .473
0. 2.715 .784 .565 1.843 .981 .538 .797
0. 9.334 .863 2.064 4.876 .956 1.000 .830
0. 6.997 .920 1.564 3.867 .997 .952 .892
0. 4.101 .999 1.013 2.976 .887 .599 1.000

13. 3.144 .110 .420 .599 .370 .799 .444
13. 2.660 .833 .606 1.751 .957 .505 .873
13. 7.456 .859 1.714 3.560 .971 .990 .816
13. 9.450 .893 2.213 4.581 .973 .998 .865
13. 4.324 .998 1.111 2.789 .903 .630 1.000
23. 2.965 .139 .441 .523 .480 .691 .346
23. 8.045 .817 2.072 2.861 .940 1.000 .768
23. 2.605 .931 .739 1.482 .883 .445 .980
23. 5.160 .958 1.403 2.206 .989 .812 .946
23. 9.433 .987 2.593 3.810 .997 .937 .981
30. 2.611 .196 .454 .372 .710 .503 .117
30. 6.358 .720 1.878 1.232 .903 .999 .628
30. 7.854 .978 2.573 1.850 .997 .919 .968
30. 2.835 .985 1.020 .964 .834 .444 1.000
30. 9.994 .996 3.317 2.371 .990 .923 .993

P( n̄m→ n̄s)
0. 4.098 .070 .574 .719 .192 .713 .887
0. 2.771 .593 .497 2.011 1.000 .356 .329
0. 9.686 .782 2.096 4.817 .905 1.000 .641
0. 6.748 .926 1.511 3.976 1.000 .843 .820
0. 3.428 .999 .886 3.205 .811 .361 .999

13. 4.000 .077 .582 .701 .218 .662 .881
13. 2.635 .656 .524 1.926 .992 .323 .497
13. 7.750 .768 1.730 3.511 .920 .983 .581
13. 9.698 .834 2.231 4.554 .941 .994 .711
23. 3.700 .101 .587 .642 .306 .520 .842
23. 8.415 .715 2.107 2.800 .869 1.000 .525
23. 2.382 .825 .632 1.667 .895 .261 .865
23. 9.327 .983 2.558 3.879 .997 .880 .942
23. 4.528 .992 1.299 2.436 .919 .531 .969
30. 3.114 .150 .548 .488 .530 .317 .625
30. 6.798 .551 1.913 1.152 .762 1.000 .260
30. 7.795 .970 2.544 1.907 .997 .845 .911
30. 2.450 .981 .927 1.127 .751 .242 1.000
30. 9.742 1.000 3.274 2.463 .969 .815 .992
V

ce

in

tri
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mal

pa-
→n̄s of the Earth-core-crossing neutrinos, while Tables
and VI illustrate the behavior of the probabilitiesPme and
Pe2 in the region of these solutions at small sin22u ~see fur-
ther!. The maximal neutrino conversion solutionsA( andA,
Eqs.~74! and~54!, are responsible for the strong resonan
like enhancement of then2→ne , nm→ne , ne→nm(t) , ne
→ns , etc. transitions in the Earth of the Earth-core cross
solar and atmospheric neutrinos, discussed in@4–7#. In @4#
this enhancement was interpreted to be due to the neu
07300
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oscillation length resonance solutionsD, Eq. ~64!, for the
neutrinos passing through the Earth core. At small mix
angles the values of the parameters at which the maxi
neutrino conversion takes place for then2→ne>nm→ne and
ne→nm transitions are rather close to the values of the
rameters for which the NOLR givingPab51 occurs~Tables
II and IV!, while for the n2→ne transitions caused byne

2ns mixing and thene→ns and n̄m→ n̄s transitions these
values are very different@4,5# ~Tables III and IV!. In both
3-14
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TABLE IV. The same as in Table II for the probabilityPe2 @solutionA(, Eq. ~74!# in the cases ofne

2nm(t) andne2ns mixing, and forDm2/E<1031027 eV2/MeV.

P(n2→ne) (ne2nm(t) mixing!

h°
Dm2

E F1027
eV2

MeVG sin22u 2f8/p 2f9/p sin22um8 sin22u m9 sin2(2u m9 24um8 1u)

0. 7.275 .038 .944 .971 .122 .671 1.000
0. 4.684 .168 .498 2.423 .809 .199 .370
0. 2.724 .574 .602 3.755 .637 .096 .854

13. 7.100 .044 .953 .974 .145 .611 1.000
13. 4.370 .183 .480 2.345 .902 .167 .178
13. 2.434 .671 .680 3.599 .513 .081 .953
13. 8.025 .943 1.937 5.111 .967 .611 .314
23. 6.507 .060 .931 .951 .223 .434 1.000
23. 3.558 .235 .480 2.088 .983 .106 .110
23. 7.915 .751 1.902 3.160 .992 .730 .099
23. 5.939 .956 1.705 3.545 .885 .416 .428
23. 1.920 .941 .945 3.103 .296 .056 1.000
30. 5.314 .077 .761 .767 .408 .192 .984
30. 7.800 .385 1.847 1.196 .752 .853 .040
30. 2.425 .437 .730 1.486 .528 .061 .972
30. 7.183 .489 1.765 1.334 .886 .738 .002

P(n2→ne) (ne2ns mixing!

0. 3.086 .122 .391 .692 .410 .765 .581
0. 1.646 .973 .488 2.026 .599 .203 .823

13. 3.017 .134 .400 .666 .457 .724 .542
13. 1.493 1.000 .531 1.934 .472 .156 .904
23. 2.802 .173 .415 .589 .601 .605 .405
30. 2.373 .251 .421 .425 .873 .407 .087
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cases of transitions, however, only the maximal neutr
conversion mechanism is operative for the Earth-co
crossing neutrinos.

Let us consider the case ofn2→ne , nm→ne (ne→nm)
transitions at sin22u&0.10 in somewhat greater detail. As
follows from Table II, for, e.g.,h513° we havePe251 at
sin22u50.044 and Dm2/E57.131027 eV2/MeV, which
corresponds to 2f850.95p and 2f950.97p. At the indi-
cated point one finds also that sin2(2um9 24um8 1u)51, i.e., the
NOLR solutionD represents a very good approximation
solutionA. Further, for any fixed sin22u,0.044, Pe2 has an
absolute maximum in the variableDm2/E, which satisfies
maxPe2,1 ~see Fig. 7 and, e.g., Fig. 1 in@4#, Fig. 4~b! in
@5#!. When sin22u increases from, say 1023 to 0.044, these
absolute maxima form a continuous curve—a ‘‘ridge,’’ wi
respect to the variables sin22u and Dm2/E, which passes
through the total neutrino conversion point maxPe251. It
was suggested in@4# on the basis of several test cases stud
that the values ofPe2 forming the ‘‘ridge’’ are given with a
relatively good precision, by the NOLR, i.e., by Eq.~3! @or
Eq. ~81!#. These values have been calculated numeric
and compared in Table VI with the one predicted by Eq.~3!.
We see from Table VI that for sin22u59.031023, Eq. ~3!
reproduces the value of maxPe2 of interest with an error of
32%. Forh523° and sin22u51022 the same error is 18%
The error increases with the decreasing of sin22u and at
07300
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sin22u55.031023, for h513°; 23° reaches 43%; 23%. Re
sults of a similar analysis for the probabilityPem5Pme are
collected in Table V. As it follows from Table V, forh
50°; 23° the NOLR, Eq.~64!, describes the values o
maxPme on the corresponding ‘‘ridge’’~see Fig. 6 and Figs
5~a!–5~c! in @5#! with an error which is 24%; 14% a
sin22u50.01 and increases to 42%; 19% at sin22u54
31023. More generally, Tables V and VI show that for fixe
sin22u5(102321022) and fixedh, the NOLR describes the
absolute maxima ofPe2 and Pme in the variableDm2/E,
maxPe2(me),1, with an error which varies between 14%
and 60%.

In some cases the total neutrino conversion solutionA
andA° of interest occur for values of the parameters wh
are close to those for the solutionsB, Eq. ~58!, or C, Eq. ~63!
~Tables II–IV!. In all such cases the corresponding absol
maxima of the neutrino transition probabilities lie in the r
gions of the solutionsA andA°, Eqs.~55! and ~75!.

As Tables II–IV and Figs. 6–9 indicate, for the Eart
core-crossing neutrinos, the new enhancement mecha
produces at sin22u&0.10 one relatively broad~in sin22u,
Dm2/E andh) resonance-like interference peak of total ne
trino conversion in each of the probabilitiesPe2 , P(nm

→ne), P(ne→ns) and P( n̄m→ n̄s). The total conversion
peaks of the different probabilities are located in the inter
3-15
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TABLE V. Values ofPem5Pme along the ‘‘ridge’’ of local maxima in the variablesDm2/E ~in units of
1027 eV2/MeV) and sin22u<0.05 for fixedh, when sin22u decreases from the value at which the absol
maximum of Pem51 ~i.e., total neutrino conversion! takes place. The results correspond to Earth-co
crossing neutrinos:h50°; 13°; 23°. The values of sin22um8 , sin22u m9 , sin2(2u m9 24um8 ) and 2f8, 2f9 ~in
units of p), at the local maxima are also given.

h° sin22u Dm2

E

Pme sin22um8 sin22u m9 sin2(2u m9 24um8 ) 2f8/p 2f9/p

0. .034 7.201 1.000 .111 .614 1.000 .923 .949
0. .024 7.194 .951 .082 .549 .976 .915 .855
0. .020 7.191 .890 .069 .509 .941 .912 .810
0. .015 7.187 .760 .051 .439 .854 .907 .746
0. .010 7.183 .562 .033 .339 .695 .902 .677
0. .008 7.182 .500 .028 .307 .637 .901 .658
0. .007 7.181 .432 .023 .271 .570 .900 .639
0. .005 7.180 .359 .019 .231 .491 .898 .620
0. .004 7.179 .279 .014 .185 .398 .897 .599
0. .003 7.178 .193 .009 .132 .289 .896 .579
0. .001 7.177 .100 .005 .071 .158 .895 .557

13. .039 7.024 1.000 .131 .553 1.000 .931 .950
13. .030 7.018 .967 .102 .498 .982 .923 .878
13. .025 7.015 .916 .087 .460 .950 .918 .837
13. .020 7.012 .836 .071 .415 .895 .914 .795
13. .014 7.008 .675 .050 .336 .768 .908 .735
13. .009 7.005 .504 .034 .256 .613 .904 .686
13. .006 7.003 .362 .023 .189 .466 .901 .652
13. .005 7.002 .282 .017 .150 .374 .900 .634
13. .003 7.001 .195 .011 .106 .268 .898 .616
13. .002 7.000 .101 .006 .056 .145 .897 .597
23. .051 6.460 1.000 .195 .387 1.000 .910 .922
23. .041 6.455 .976 .160 .343 .985 .900 .876
23. .031 6.450 .891 .123 .288 .919 .889 .828
23. .024 6.447 .800 .100 .248 .843 .883 .798
23. .020 6.445 .720 .084 .217 .772 .878 .778
23. .016 6.443 .621 .068 .184 .680 .874 .756
23. .010 6.440 .435 .043 .125 .494 .867 .724
23. .008 6.439 .361 .035 .103 .416 .865 .712
23. .006 6.438 .281 .026 .080 .329 .863 .701
23. .004 6.437 .194 .017 .055 .231 .860 .689
23. .002 6.436 .101 .009 .029 .122 .858 .678
e
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0.03&sin22u&0.10. They all take place for values of th
resonance densityNres5Dm2 cos 2u/(2EA2GF), which dif-
fer from the number densities in the core and in the ma
Vab8 /(A2GF) and Vab9 /(A2GF), and lie between the latte
two @4#: Vab8 ,A2GFNres,Vab9 . For all the neutrino transi-
tions considered, the corresponding interference peak is
ficiently wide in all variables, which makes the transitio
observable in the region of the enhancement:7 the relative
width of the peak in the neutrino energy isDE/Emax
>(0.3–0.5) and practically does not vary with sin22u ~see
also @5,7#!, while in sin22u it is ;(2.0–2.3); the absolute
width in h for the peaks located ath&25° is ;(25–30)°.

7Let us note that the peak is not symmetric in any of the variab
07300
le

uf-

The points on the ‘‘ridges’’ leading to these peaks at, s
sin22u&0.03 represent for fixedh and sin22u the dominating
maxima in the variableDm2/E of the probabilities of inter-
est, with maxPa,b,1 ~see Figs. 6–9 and, e.g., Figs. 1 and
in @4# and Figs. 4b, 5a - 5c, 10a - 10b, 15a - 15c in@5#!.

As Tables II–IV and Figs. 6–9 show, the absolu
maxima of total neutrino conversion, solutionA, are present
in the probabilitiesPe2 , P(nm→ne), P(ne→ns) and P( n̄m

→ n̄s), at large values of sin22u>(0.50–1.0) as well. They
are also present in certain transitions at sin22u
>(0.15–0.50). Although these resonance-like interfere
maxima are, in general, narrower than at small mixing ang
~see Figs. 6–9!, they are sufficiently wide and can have o
servable effects both at sin22u>(0.5021.0) and sin22u
>(0.1520.50). For certain specific trajectories the valuess.
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TABLE VI. The same as in Table V for the probabilityPe2 (ne2nm(t) mixing!.

h° sin22u Dm2

E

Pe2 sin22um8 sin22u m9 sin2(2u m9 24um8 1u) 2f8/p 2f9/p

13. .044 7.100 1.000 .145 .611 1.000 .953 .97
13. .030 7.092 .934 .102 .536 .965 .941 .85
13. .025 7.089 .864 .084 .494 .923 .936 .81
13. .019 7.086 .762 .067 .441 .855 .931 .76
13. .011 7.081 .503 .037 .311 .640 .923 .66
13. .009 7.080 .435 .031 .275 .574 .922 .64
13. .007 7.079 .361 .025 .235 .495 .920 .62
13. .005 7.078 .281 .019 .188 .403 .919 .60
13. .004 7.077 .195 .013 .135 .292 .917 .58
13 .002 7.076 .101 .006 .073 .160 .915 .56
23. .060 6.507 1.000 .223 .434 1.000 .931 .95
23. .024 6.492 .724 .097 .256 .782 .894 .78
23. .012 6.487 .439 .050 .152 .509 .882 .71
23. .010 6.486 .365 .040 .126 .431 .879 .70
23. .007 6.485 .284 .030 .098 .343 .877 .69
23. .005 6.484 .197 .020 .068 .242 .874 .67
23. .002 6.483 .102 .010 .036 .129 .872 .66
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the phases 2f8 and 2f9 at the points of total conversion ar
close to odd multiples ofp and the NOLR solutionD repro-
duces approximately the results corresponding to the e
solution A. This takes place~i! for Pme at h523° and
sin22u50.848 ~Table II!, ~ii ! for Pe2 (ne2nm mixing! at h
523° and sin22u50.941 ~Table IV!, ~iii ! for Pes at h50°
and sin22u50.999 and ath530° and sin22u50.985 ~Table
III !, ~iv! for P( n̄m→ n̄s) at h530° and sin22u50.981~Table
III !. This approximate equality of the two solutions is u
stable with respect to the change of the parameters. Insp
ing the Tables II–IV one finds that for Nadir angles differe
from those indicated in~i!–~iv!, the total neutrino conversion
~solution A) takes place for values of the parameters
which the NOLR does not provide at all, or provides a po
description of the enhancement of interest. Note also tha
sin22u;1 one can have sin2(2u m9 24um8 )>1 at the points of
total neutrino conversion, solutionA, even for 2f8 and 2f9
which differ quite substantially from being odd multiples
p ~as are the cases, e.g., of maxPme51 at h50° and
sin22u50.994, as well as of maxPes51 at sin22u50.931
and of maxPm̄ s̄51 at sin22u50.992, forh523°). In these
cases the analytic expression forPab does not coincide with
sin2(2um9 24um8 ).

A. Transitions of atmospheric neutrinos

nm→ne , ne→nm(t) . These can be, e.g., sub-domina
transitions of the atmosphericnm , driven@4# by the values of
Dm2 suggested by the Super-Kamiokande atmospheric n
trino data@15#,

Dm2>~10232831023! eV2, ~85!

and by a relatively small mixing~see also@5–7#!. Such tran-
sitions should exist if three-flavor-neutrino~or four-
07300
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neutrino! mixing takes place in vacuum, which is a ve
natural possibility in view of the present experimental e
dences for oscillations of the flavor neutrinos. For the Ear
center-crossing neutrinos there are two solutions of the t
A, providing a total neutrino conversion,Pme5Pem51, at
small mixing angles~Table II!: at sin22u50.034; 0.15 and
Dm2/E57.2; 4.831027 eV2/MeV. The first is reproduced
approximately by the NOLR solutionD while the second is a
new type A solution. The above implies that forDm2

51023 eV2, the total neutrino conversion occurs atE
51.4; 2.1 GeV, while if Dm25531023 eV2, it takes
place atE57.0; 10.5 GeV. Thus, if the value ofDm2 lies
in the region~85!, the new effect of total neutrino conversio
occurs for values of the energyE of the atmosphericne and
nm which contribute either to the sub-GeV or to the mul
GeV samples ofe-like and m-like events in the Super
Kamiokande experiment. The implications are analogous
the one discussed first in@4# and in@5–7# in connection with
the NOLR interpretation of the enhancement ofPme(Pem).
The new effect can produce an excess of e-like events in
region21<cosuz&20.8, uz being the Zenith angle, in the
multi-GeV ~or a smaller one—in the sub-GeV! sample of
atmospheric neutrino events, and should be responsible f
least part of the strong Zenith angle dependence, exhib
by them-like multi-GeV ~sub-GeV! Super-Kamiokande data

The total neutrino conversion can take place at sev
values ofDm2/E at large mixing angles~Table II!, sin22u
*0.8. This can have implications, in particular, for the inte
pretation of the Super-Kamiokande data on the sub-G
e-like events@26,27#.

n̄m→ n̄s . A total neutrino conversion due to the solutio
A, Eq. ~54!, takes place atDm2/E<1026 eV2/MeV both at
small and large mixing angles. For the Earth-center-cross
neutrinos the absolute maxima,Pm̄ s̄51, are realized at
3-17
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~Table III! sin22u50.07; 0.59; 0.78; 0.93; 0.999 fo
Dm2/E54.1; 2.8; 9.7; 6.7; 3.431027 eV2/MeV. For
the statistically preferred value ofDm2>431023 eV2 @15#,
this corresponds toE59.8; 14.3; 4.12; 6.0; 11.8 GeV
which is in the range of the multi-GeVm-like events, studied
by the Super-Kamiokande experiment. The total neutr
conversion maxima are present at allh&30°, but at values
of sin22u andDm2/E, which vary withh. This variation~and
the corresponding variation of 2f8 and 2f9) is quite signifi-
cant at large sin22u.

We would like to add the following remark in connectio
with the enhancement of the transitions discussed. In
article @30# it was noticed that in the case of muon~anti-!
neutrinos crossing the Earth along the specific traject
characterized by a Nadir angleh>28.4°, and for sin22u>1
and Dm2/E>(122)31024 eV2/GeV, the n̄m→ n̄s transi-
tion probability is enhanced.8 The authors interpreted the en
hancement as being due to the conditions 2f85p and 2f9
5p, which they claimed to be approximately satisfied and
producedominating local maximain the relevant transition
probability P( n̄m→ n̄s). Actually, for the values of the pa
rameters of the examples chosen in@30# to illustrate this
conclusion ~Fig. 2 in their article! one has 2f8>(0.6
20.9)p and 2f9>(1.221.5)p. The indicated enhancemen

8The discussion in the indicated article, being rather qualitativ
done for thenm→ns transitions as the authors presume that cosu
;0 and that the matter term dominates over the energy-depen
term in the corresponding system of evolution equations.

FIG. 6. The probabilityPem5Pme for the Earth-center-crossin
~atmospheric! neutrinos (h50°), as afunction of sin22u ~horizontal
axis! andDm2/E@1027 eV2/MeV# ~vertical axis!. The grey scales
correspond to different values ofPem : 0.0–0.10 is represented b
black, etc., while the white represents values in the interval 0.9–
The points of total neutrino conversion~in the white regions!, Pem

51, correspond to solutionA, Eq. ~54!, for the Earth-core-crossing
neutrinos.
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is due to the existence of anearby total neutrino conversion
point which for h>28.4° is located at sin22u>0.94 and
Dm2/E>2.431024 eV2/GeV and at which 2f8>0.9p and
2f9>1.1p. This point lies in the region of solutionA, but
very close to the border line with solutionD: the fact that the
condition cos(2u m9 24um8 )>0 is also fulfilled is crucial for

havingP( n̄m→ n̄s)51. As we have already noticed, for eac
given h&30° there are several total neutrino conversi
points at large values of sin22u, at which the phases 2f8 and
2f9 are not necessarily equal top or to odd multiples ofp
~see Table III!. Thus, the explanation of the enhanceme
offered in @30# is at best qualitative.

ne→ns . The atmosphericne can undergo small mixing
angle ne→ns transitions withDm2 from the interval~85!.
For the Earth-core-crossing neutrinos the total neutrino c
version~solution A) takes place at small mixing atDm2/E
>331027 eV2/MeV ~Table III!, or for E>(3226) GeV if
Dm2 is given by Eq.~85!. Such transitions would lead to
reduction of the rate of the multi-GeV e-like events at21
<cosuz&20.8 in the Super-Kamiokande detector.

B. Transitions of solar neutrinos

In the case of the transitions of the Earth-core-cross
solar neutrinos the relevant probability isPe2. The transi-
tions can be generated byne2nm(t) or by ne2ns mixing.
The interference maxima ofPe2, corresponding to solution
A( @Eq. ~74!#, Pe251, can take place only in the interva
Dm2/E>(1.928.2)31027 eV2/MeV ~Fig. 4! and Dm2/E
>(0.923.5)31027 eV2/MeV, respectively.

In the case ofne2nm(t) mixing, the absolute maximum
Pe251 occurs both at small and large mixing angles~Table
IV !. At small mixing angles it takes place at sin22u50.038;

is

ent

0.

FIG. 7. The same as in Fig. 6 for the probabilityPe2 in the case
of ne2nm(t) mixing, and for ~solar! neutrinos crossing the Eart
~core! along the trajectory withh513°. The points of total neutrino
conversion~in the white regions!, Pe251, correspond to solutionA,
Eq. ~74!.
3-18
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0.044; 0.060; 0.077 forh50°; 13°;23°;30°, respectively
These values of sin22u lie outside the region of the MSW
SMA solution. The change ofPe2 in the variables sin22u and
Dm2/E along the ‘‘ridge’’ of local maxima leading to the
‘‘peak’’ Pe251 at fixedh is illustrated in Table VI~see also
Figs. 1, 2 in@4# and Fig. 4~b! in @5#!. At sin22u5731023,
for instance, we have at the ‘‘ridge’’Pe250.36; 0.28 for
h513°; 23°. These local maxima dominate inPe2: the lo-
cal maxima associated with the MSW effect in the co
~mantle! are by the factor;(2.524.0) @;(327)# smaller
@4#. For the values ofDm2>(429)31026 eV2 of the

FIG. 8. The same as in Fig. 6 for the probabilityPm̄ s̄ and for
neutrinos crossing the Earth~core! along the trajectory withh
523°. The points of total neutrino conversion~in the white re-
gions!, Pm̄ s̄51, correspond to solutionA, Eq. ~54!.

FIG. 9. The same as in Fig. 6 for the probabilityPes and for
neutrinos crossing the Earth~core! along the trajectory withh
50°. The points of total neutrino conversion~in the white regions!,
Pes51, corresponding to solutionA Eq. ~54!.
07300
MSW SMA solution region, the dominating local maxim
take place at values of the solar neutrino energy from
interval E>(5.6–13.8) MeV @4#, to which the Super-
Kamiokande, SNO and ICARUS experiments are sensiti

At large mixing angles, sin22u*0.5, we havePe251 at
values of sin22u which fall in the region of the large mixing
angle ~LMA ! solution of the solar neutrino problem~Table
IV !. For the LMA solution values ofDm2>(1210)
31025 eV2 the absolute maximaPe251 occur at E
*12.5 MeV ~see also@5#! and typically at even larger val
ues of the neutrino energy. Nevertheless, their presence
an influence on the transitions even at smallerE and can
enhance them somewhat~Fig. 7; see also@10#!.

The solarne can undergo SMA MSW transitions intons

for Dm2>(3.028.0)31026 eV2 ~see, e.g.,@25,14#!. Taking
into account the interval of values ofDm2/E for which we
can have total neutrino conversion, one finds that solutio
can be realized only forE*9 MeV.

The implications of the new enhancement effect for t
interpretation of the data of the solar neutrino experime
have been discussed in@4# and in much greater detail in
@10–13#. Let us just mention here that due to this enhan
ment it would be possible to probe at least part of theDm2

2sin22u region of the SMA MSWne→nm(t) transition so-
lution of the solar neutrino problem by performing selecti
D-N effect measurements @10,12,13#. The Super-
Kamiokande Collaboration is already exploiting successfu
these results@14#.

Recently the Super-Kamiokande Collaboration has p
lished for the first time data on the event rate produced o
by solar neutrinos which cross the Earth core on the way
the detector@28#: in contrast to their previous night bin N
data, the newCore data are not ‘‘contaminated’’ by contri
butions from neutrinos which cross the Earth mantle but
not cross the Earth core. Because of the new enhancem
effect, the Super-KamiokandeCoredata and the correspond
ing value of theCoreD-N asymmetry are particularly usefu
in performing effective tests the MSW SMAne→nm(t) so-
lution, as was suggested in@10# and the results of a simpli
fied analysis show@13#. More specifically, at 2 s.d. a larg
subregion of the MSW SMAne→nm(t) solution region is
incompatible with the D-N effect data~including theCore
one!, while at 3 s.d. the data on theCore D-N asymmetry
alone excludes a non-negligible subregion of the indicat
solution region~see Fig. 1~c! in @13#!. The results obtained in
@13# indicate also that the data on theCore and Night D-N
asymmetries can be used to perform rather effective test
the MSW LMA ne→nm(t) solution as well.

The consequences of the new enhancement effect for
interpretation of the solar neutrino data are less significan
the case of the MSWne→ns solution of the solar neutrino
problem @11#. Nevertheless, using the Super-Kamiokan
data on theCore D-N asymmetry@28# one can probe and
constrain also the MSWne→ns ‘‘conservative’’ solution re-
gion @13#.

Similarly, the future data on theCore and Night D-N
asymmetries in, e.g., the charged current event rate in
SNO detector@29# can be used to perform equally effectiv
3-19
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tests of the MSW solutions of the solar neutrino proble
@12#.

VI. CONCLUSIONS

We have investigated the extrema of probabilities of
two-neutrino transitionsnm(ne)→ne(nm;t), n2→ne , ne

→ns , etc. in a medium of nonperiodic density distributio
consisting of~i! two layers of different constant densitie
and~ii ! three layers of constant density with the first and
third layers having identical densities and widths which d
fer from those of the second layer. The first case would c
respond, e.g., to neutrinos produced in the central regio
the Earth and traversing both the Earth core and mantle
the way to the Earth surface. The second corresponds to,
the Earth-core-crossing solar and atmospheric neutr
which pass through the Earth mantle, the core and the ma
again on the way to the detectors. For both media consid
we have found that in addition to the local maxima cor
sponding to the MSW effect and the NOLR~neutrino oscil-
lation length resonance!, there exist absolute maxima caus
by a new effect of enhancement and corresponding to a
neutrino conversion,Pab51. The conditions for existenc
and the complete set of the absolute maxima were deri
These conditions differ from the conditions of enhancem
of the probability of transitions of neutrinos propagating in
medium with periodically varying density, discussed in@20#.
The absolute maxima associated with the conditions of t
neutrino conversion are absolute maxima correspondin
Pab51 in any independent variable characterizing the n
trino transitions: the neutrino energy, the width of one of t
layers, etc. It was shown that the new effect of total neutr
conversion takes place, in particular, in the transitio
nm(ne)→ne(nm;t), n2→ne , ne→ns and n̄m→ n̄s in the
Earth of the Earth-core-crossing solar and atmospheric n
trinos. The strong resonance-like enhancement of these
sitions discussed in@4,5# is due to the indicated effect. Thi
enhancement was associated in@4# with the NOLR and we
show that in certain cases, like then2→ne>nm→ne and
ne→nm(t) transitions at small mixing angles, the NOLR d
scribes approximately the enhancement. However, in a n
ber of cases the NOLR interpretation of the enhancem
fails completely. A ‘‘catalog’’ of the most relevant absolu
maxima corresponding to a total neutrino conversion, w
given for the transitions indicated above. We have sho
that the NOLR and the newly found enhancement effect
caused by a maximal constructive interference between
amplitudes of the neutrino transitions in the different dens
layers. Thus, the maxima they produce in the neutrino tr
sition probabilities are of interference nature.

Our analyses were done under the simplest assumptio
existence of two-neutrino mixing~with nonzero-mass neutri
nos! in vacuum:ne2nm(t) or ne2ns , or elsenm2ns . How-
ever, in many cases of practical interest the probabilities
the relevant three-~or four-! neutrino mixing transitions in
the Earth reduce effectively to two-neutrino transition pro
abilities for which our results are valid. Thus, our resu
have a wider application than just in the case of two-neutr
mixing.
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We have discussed also briefly the phenomenological
plications of the effect of total neutrino conversion in th
transitions of the solar and atmospheric neutrinos travers
the Earth core. The effect leads to a strong resonance
enhancement of then2→ne transitions of solar neutrinos i
the solar neutrino problem is due to MSW small mixin
anglene→nm transitions in the Sun. The same effect shou
be operative also in thenm→ne (ne→nm(t)) transitions of
the atmospheric neutrinos crossing the Earth core if the

mospheric nm and n̄m indeed take part in large mixing

vacuum nm↔nt , n̄m↔ n̄t oscillations with Dm2;(128)
31023) eV2, as is strongly suggested by the Supe
Kamiokande atmospheric neutrino data, and if all three
vor neutrinos are mixed in vacuum. The existence of thr
flavor-neutrino mixing in vacuum is a very natur
possibility in view of the present experimental evidences
oscillations of the flavor neutrinos. In both cases the effec
total neutrino conversion produces a strong enhancemen
the corresponding transition probabilities, making the tran
tions observable even at rather small mixing angles~see also
@4,5#!. Actually, the effect may have already manifested
self producing at least part of the strong Zenith angle dep
dence in the Super-Kamiokande multi-GeVm-like data

@4–7#. The effect should also be present in then̄m↔ n̄s tran-

sitions of the atmospheric multi-GeVn̄m’s both at small,
intermediate and large mixing angles, if the atmospheric n
trinos undergo such transitions.

As the results obtained in Refs.@4,10,5–7,12# and in the
present study indicate, it is not excluded that some of
current or future high statistics solar and/or atmospheric n
trino experiments will be able to observe directly th
resonance-like enhancement of the neutrino transitions
to the effect of total neutrino conversion. Solar neutrino e
periments located at lower geographical latitudes than
existing ones or those under construction~see the article by
J.M. Gelbet al. quoted in@2#! would be better suited for this
purpose. An atmospheric neutrino detector capable of rec
structing with relatively good precision, e.g., the energy a
the direction of the momentum of the incident neutrino
each neutrino-induced event, would allow to study in de
the new effect of total neutrino conversion in the oscillatio
of the atmospheric neutrinos crossing the Earth.

Note added in proof. After the present article was ac
cepted for publication our attention was brought to the int
esting work by Gonzalez-Garcia, Pen˜a-Garay, and Smirnov
@31#, in which, in particular, the enhancement of then2
→ne transition probability,Pe2, when the solar neutrinos
cross the Earth core on the way to the detector is also
cussed. The enhancement the authors show in Fig. 2~b! and
discuss in Sec. III.B in relation with their Eq.~46! at tan2u
56.131024, Dm25531026 eV2, E510 MeV for a solar
neutrino trajectory withh>30°, iscaused by the ‘‘nearby’’
point of total n2→ne conversion, Pe251, located at
h530°, sin22u57.731022, and Dm2/E55.331027

eV2/MeV ~see Table IV, the discussion in Sec. 5.2, a
Table VI in the present article!. Similarly, the enhancemen
considered in connecton with Eqs.~54! and ~55! and
3-20
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illustrated in Fig. 7~a! in the indicated article, at tan2u
50.668, Dm251027 eV2, E5(8 – 12) MeV and for h
523°, is due toanother totaln2→ne conversion point
(Pe251), located ath523°, sin22u50.94, andDm2/E
51.931027 eV2/MeV ~see Table IV!. The explanation of
these cases of enhancement ofPe2, given by the authors in
@31#, is at best qualitative. In particular, the conditionX3

5sinf8cosf9cos2u8m1cosf8sinf 9cos2u m9 50, Eq. ~46! in
@31#, does not ensure the existence even of a local maxim
of Pe2 in the case of interest, as we have noticed@32#. The
regions of enhancement of the probabilityPe2 are deter-
mined by the solutions~74! of the conditions~72! of total
a

,
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n,

8

l
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k

ni-
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00
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n2→ne conversion,Pe251, as is discussed by us in Sec.
and is illustrated by Table VI and Fig. 7 of this article.
rather complete list of these solutions in the case of inte
of solar neutrinos crossing the Earth core on the way to
detector is given in Table IV .
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