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Enhancing mechanisms of neutrino transitions in a medium of nonperiodic constant-density layers
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The enhancement of the transitiong(ve) — ve(v,.,), vo— ve, vﬂ—Js, ve— Vg, etc. of neutrinos passing
through a medium of nonperiodic density distribution, consisting)afivo layers of different constant densi-
ties (e.g., Earth core and manfeor (ii) three layers of constant density with the first and the third layers
having identical densities and widths which differ from those of the second (aygr mantle-core-mantle in
the Earth, is studied. We find that, in addition to the known local maxima associated with the MSW effect and
the neutrino oscillation length resonan@®OLR), the relevant two-neutrino transition probabilities have new
resonance-like absolute maxima. The latter correspond to a new efféatabheutrino conversion and are
absolute maxima in any independent variable: the neutrino energy, the layers widths, etc. We find the complete
set of such maxima. We prove that the NOLR and the new absolute maxima are caused by a maximal
constructive interference between the amplitudes of the neutrino transitions in the different density layers. We
show that the strong resonance-like enhancement of the transitions in the Earth of the Earth-core-crossing solar
and atmospheric neutrinos is due to the effect of total neutrino conversion.
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I. INTRODUCTION [P(ve—v,(5)], caused by this enhancing mechanism, are
absolute maxima and dominate iRe, and P(v,— v,)

The Earth enhancement of the two-neutrino oscillations of P(ve—v,(,)]: the values of the probabilities at these
the solar and atmospheric neutrinos has been discussed ratimesaxima in the simplest case of two-neutrino mixing are con-
extensively in the pasfsee, e.g., Refd1-3]). The subject siderably larger—by a factor of (2.5—-4.0)[ ~(3.0-7.0),
continues to be of considerable interest today. This interest ighan the values dP, andP(v,— ve) =P(ve—v,(,) atthe
to a large extent stimulated by the high statistics solar antbcal maxima associated with the MSW effect taking place in
atmospheric neutrino experiments which are operatinghe Earth coremantlg. The effect of the enhancement is
(Super-Kamioknade, SNGor are presently under construc- equally dramatic at large mixing angles. The enhancement is
tion (BOREXINO, ICARUS, eto. as well as by the existing present and dominates also in thg— v, transitions in the
strong experimental evidences for oscillations of the solacase ofv,— v mixing and in thev,— v and v, — vy tran-
and atmospheric neutrinos. sitions at small mixing angle}—7]. Even at small mixing

It was pointed out recently ifi4] that thev,—wv,, v,  angles the enhancement is relatively wide5,7 in the Na-
—ve (ve— ,(») Oscillations of solar and atmospheric neu- dir anglé h and in the neutrino energy and leads to important
trinos in the Earth, caused by neutrino mixing in vacuum, observable effects. It also exhibits rather strong energy de-
can be strongly amplified by a new type of resonance-lik?endence.
mechanism which differs from the Mikheyev-Smirnov- The indicated resonance-like enhancement of the prob-
Wolfenstein(MSW) one and takes place when the neutrinos@bility Pe> has important implications for the tests of the
traverse the Earth core on the way to the detetger also W ve—v,(,) andve— vs transition solutions of the sozlar
[5-7]). As numerical calculations have shoj#,8,5 (see neutrino problem(4,6,10,11,8,12,13 For values ofAm
also, e.g.[9]), at small mixing angles (sf26=<0.05), the from the small mixing angléSMA) MSW solution region

maxima in the neutrino enerds of the corresponding tran- 2nd the geographical latitudes at which the Super-
sition  probabilities, P(v,—ve)=Pe, and P(v,— ve) Kamiokande, SNO and ICARUS detectors are located, the

enhancement takes place in the— v, case for values of
the 8B neutrino energy lying in the intervat(5—12)
MeV to which these detectors are sensitive. Accordingly, at
1small mixing angles the enhancement of interest is predicted
[10,12 to produce a much bigger, by a factor of up-t®b
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The v,— v, transition probability accounts, as is well known, for
the Earth effect in the solar neutrino survival probability in the case
of the MSW two-neutrinove— v, and ve— v, transition solu- 2The Nadir angle determines uniquely the neutrino trajectory
tions of the solar neutrino problena; being a sterile neutrino. through the Earth.
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(~8), day-night, or D-N, asymmetry in the Super- abilitiesPg,, P(v,—ve) P(ve—v,(,), €tc. by the mecha-
Kamiokande(SNO) sample of solar neutrinécharged cur- nism of interest can be studied analyticgl] owing to the
rend events, whose night fraction is due to the core-crossingesults of a detailed numerical analygi$] (see als¢3,17])
neutrinos (Core D-N asymmetry, in comparison with the ~which showed that for the calculation of the probabilities of
asymmetry determined by using thehole night event interest the two-layer model of the Earth density distribution
sample(Night asymmetry. As a consequence, it can be pos- Provides a very goodin many cases, excellgnapproxima-
sible to test a substantial part of the MSM—v,,,, SMA tion to th(_a more complicated density distributions predicted
solution region in the\m?— sir?2¢ plane(see, e.g.[14]) by by the existing m_odels of the Earfth8,19. In the two-layer
performing core D-N  asymmetry measurements model, the neutrinos crossing the_ Earth mantle and _the core
[10,8,12,13 The Super-Kamiokande Collaboration has al-traverse gfectwely_two layers with constant but different
ready successfully applied this approach to the analysis diensities,pman and p., and chemical composition or elec-
their solar neutrino datfl4]; the limit the collaboration has tron fraction numbersyg " andYg. The neutrino transitions
obtained on the D-N asymmetry utilizing only the measuredof interest result from two-neutrino oscillations taking place
event rate in the night N5 bin, approximately 80% of which (i) first in the mantle over a distane€ with a mixing angle
is due to the Earth-core-crossing solar neutrinos, permitted té;, and oscillation length_,,4,, (i) then in the core over a
exclude a small part of the MSW SMA solution region. In distanceX” with mixing angleé,# 6;, and oscillation length
contrast, the published Super-Kamiokande upper limit on the .#L ..., and(iii) again in the mantle over a distankg
Night D-N asymmetry[ 14] does not allow to probe the SMA  with #/ andL,,,. Utilizing the above prescription, analytic
solution region: the predicted asymmetry is too snfiséle,  expressions for the probabilities of neutrino transitions in the
e.g.,[10]. Earth Pey, P(v,—ve)=P(ve—v,(,), etc. were derived
The same strong enhancement mechanism can and shoyfld were used to study their extrefdd. Assuming that the
be operative alsp4] in the v, —ve (ve—v,(») small Mix-  neutrino oscillation parametersm?>0 and cos2>0 are
ing angle transitions of the atmospheric neutrinos crossingxed and treating the neutrino path$ andX” as indepen-
the Earth core if the atmospheri¢, and v, indeed take part dent variables, it was found if4] that in addition to the
in large mixing vacuunv ,(v,)«< v.(v,), oscillations with ~maxima corresponding to the MSW effect in the Earth
Am?~(1073-8x1073%) eV? as is strongly suggested by mantle or in the Earth core, there exists a new maximum in
the Super-Kamiokande dafa5], and if all three flavor neu- Pe2 @andP(v,— ve). The latter takes place when the relative
trinos are mixed in vacuum. The new resonance-like enphases the states of the two energy-eigenstate neutrinos ac-
hancement can take place practically for all neutrino trajecquire after the neutrinos have crossed the mamtlg, X’
tories through the corge.g., for the trajectories witth ~ =27X'/Lya,, and the coreAE"X"=27X"/L;, obey the
=(0°—23°)]. It can produce an excess of e-like events at constraints
—1=<cos6,<—0.8, 0, being the Zenith angle, in the Super-

Kamiokande multi-GeV atmospheric neutrino data and can AE'X'=m(2k+1), AE"X'=m(2k'+1),
be responsible for at least part of the strong Zenith angle (1)
dependence of the Super-Kamiokande multi-GeV and sub- k.k'=0,1,2 ...,

GeV u-like data[4,7].
Some of the earlier articles in which the oscillations of theand if the inequality4,6]
solar and atmospheric neutrinos traversing the Earth have
been studiedsee, e.g.[1-3,8) contain plots of the prob- cog 26! — 46!+ 6)<0, )
abilities P, and/orP(v,— ve) or P(ve— v, ) on which

one can clearly recognize now the dominating maximum dug g - : . o
to the enhanc)(/amentg effect of interest Howgver this maxi(-?S satisfied. Conditior(2) is valid for the probabilityPe.
mum was invariably incorrectly interpréted to be’due to theWhen equaliies(1) hold, Eg. (2) ensures thaPe, has a
MSW effect in the Earth corésee, e.g.[1-3]) before the maximum. At the maximunbe; takes the fornj4]
appearance di]. max_ - . ,

In view of the important role the mechanism of enhance- e = SIP(207, = 40,1 0). G
ment of the neutrino transitions in the Earth under discussion N
can play in the interpretation of the results of the experi-The analogs of Eqgs(1)-(3) for the probability P(v
ments with solar and atmospheric neutrinos and in obtaining= Ve(u;») €an ,be obtalnsc[4] by formally 564“'”9 0=0
information about possible small mixing angkg (»,) and th|le keeplng_ﬁma_&o ?nd arﬁgﬁo n Eqs'(il)(;(j;- The terrr:j
ve (ve) Oscillations, it would be desirable to have an unam- neutrino oscillation length resonance( ) was use

biguous understanding of the underlying physics of the

mechanism. If4] it was interpreted as an effect of construc-

tive interference between the various probability amplitudes *The densitiespyan. Should be considered as mean densities

(notably of the neutrino transitions in the Earth mantle and inalong the neutrino trajectories.

the Earth corg entering into the sum representing the prob- “The conditions for the corresponding maximum Rifve— v)

ability amplitude of the transition in the Earth. and P(v,—v) coincide in form with those for P(v,,
The exact conditions for the enhancement of the prob-—v,,.,).
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in [4] to denote the resonance-type enhancemenP of and atmospheric neutrinos. These conditions differ from the
P(v,—ve) [P(ve— v, ()], etc. associated with the condi- conditions of enhancement of the probability of transitions of
tions (1) and(2). neutrinos propagating in a medium with periodically varying
The non-MSW mechanism of strong enhancement of thelensity, discussed iM20]. We show that the strong
probabilitiesP,, P(v,—ve) [P(ve—v,(»)], etc. for the resonance-like enhancement of these transitions is due to the
Earth core crossing neutrinos, was identified4hwith the  effect of total neutrino conversion. At small mixing angles
neutrino oscillation length resonance. This interpretation wagnd in the case of the transitions— v, andv,— v,, for
based on the observation that for the several fixed test valuésstance, the values of the parametergirand Am?/E at
of sinf26=<0.02 and Nadir anglé considered if4], condi-  which the total neutrino conversion takes place for neutrinos
tions (1) were approximately satisfied at the correspondingraversing the Earth core along a given trajectory are rather
non-MSW absolute maxima d?, and P(v,—v,) in the  close to the values of the parameters for which the NOLR
variableE/Am? and the numerically calculated valuesRy, giving P,,=1 or P(v,—v¢)=1 occurs, and the two en-
andP(v,— v,) at these maxima were reproduced by B8).  hancement mechanisms practically coincide. For smaller
with a relatively good precision. Doubts about the correct-sir’26 the NOLR reproduces approximatefiyy some cases,
ness of such an interpretation remained sifigdor the pa-  roughly) the enhancement: for fixetd and sif26=(10"3
rameters of the Eartfl8] (core radius, mantle width, ejc. —102), for instance, it reproduces the values B{v,
used in the calculations, the set of conditidhsand(2), as  —v,) andP(v,— v¢) at the absolute maxima in thiem?/E
was shown if4], cannot be exactly satisfied at small mixing variable with an error of-(15—-60)% (see furthex. In the
angles, andii) although the phas&E'X" was close tor at  case of thev,— ve= v — 1o, ve— vs and the?M—JS tran-
the relevant maxima dPe, andP(v,— ve) in the test cases  sitions at small mixing angles, the total neutrino conversion
studied, the values of the phaad"X" differed quite sub- occurs for values of the parameters for which the NOLR is
stantially from those required by E(l). Moreover, the same ot realized. In all transitions, however, only the total neu-
(_or s_imilaﬂ enhancement_ mec_hanism was found to b? OP€r&tino conversion mechanism is operative. This mechanism is
tive in the »,— v, transitions in the case of.—vs MIXiNG  regponsible also for the strong enhancement of the above

and in theve— v transitions, at small mixing anglégt]l.  yansitions at large mixing angles as well as of the- v,
However, as was noticed [d], the conditiong1) and(2) are transitions due ta,— v, mixing and of thev,— v, and the

not even approximately fulfilled for the,— v.=v,—v.,and — — . .
PP y o Ve=Vs™+ Ve v,— v transitions at small and large mixing angles.

ve— Vg transitions at small mixing angles; similar conclu-
We demonstrate that the NOLR and the newly found

sions were reached for th_e”_;s transitions{S]. esonance-like enhancement effect are caused by a maximal
The indicated results stimulated the systematic study of y

the extrema of the probabillieR,;, P(r,—vg), P(v, oneiuctive interference between the amplitudes of the neu-
—vg), etc. of the neutrino transitions in the Earth and more fino transitions In tne difierent densily fayers. Thus, the 1o-

generally, in a medium of non-periodic constant density Iay-CaI and absolute maxima they produce in the neutrino tran-

ers, which is presented here. We consider transitions of negition probabilities are of interference nature. Therefore we
trinos in a medium consisting df) two layers of different qonﬁrm the physical mterpretgpon c.)f the strong resonance-
constant densities, an@) three layers of constant density like enhancement of the transitions in the Earth of the Earth-

with the first and the third layers having identical densitiestCr€-Crossing solar and atmospherlq heutrinos, givelin

and widths which differ from those of the second layer. Neu- M9St of the_rgsults of our analysis are _|Ilustrated by_ the
trinos pass through such systems of layers on the way to th%hys!cally realistic examples of the transitions of neutrinos
neutrino detectors, e.g., when thé@y are produced in the passing through th.e. Earth. These example; and the results
central region of the Earth and traverse both the Earth corffgarding the transitions of Earth-core-crossing solar and at-
and mantle(ii) travel first in vacuum and then in the Earth mospheric neutrinos are derived using the Stacey_ quel
mantle, (jii ) cross the Earth mantle, the core and the mantid’om 1977[18] as a reference Earth model. The density dis-

again. We derive and analyze the complete set of extrema (qut]on in the Stacey _model IS spherically symmetric and in
addition to the two major density structures, the core and the

the two-neutrino transition probabilities in both cases of a antle. there are a certain number of subsiruct lis or
medium with two and three constant density layers, assun- ’ : (Bhe
y ey ayer9. The core has a radiuR,=3485.7 km, the Earth

ing that [4] Am?/E and sirf26 fixed and treating th ; ;
ing that[4] Am and st are xed and treating tne mantle depth is approximatelR,,,=2885.3 km, and the

widths of the layersX’' and X”, as independent variables. . -
For both media considered we find that in addition to theE@rth radius in the Stacey model i, =6371 km. There-

local maxima associated with the MSW effect and theforfa'. when the Nadir angla is less than 33.17°, neutrinos
NOLR, there exist absolute maxima caused by a strong efIriving at the detector pass_through three layers: the mantle,
fect of enhancement and corresponding to a total neutrind® core and the mantle again. The mean values of the matter
conversion. We find the complete set of such absolut&€nsities of the core and of the mantle read, respectively:
maxima. The latter are absolute maxima in any possible inpc=11.5 g/cni and pya,=4.5 glcni. The density distribu-
dependent variables: the neutrino energy, the widths of ontion in the 1977 Stacey model practically coincides with that
of the layers, etc. The conditions for existence of the newn the more recent PREM modgl9]. For Y we have used
maxima are derived and it is shown that they are satisfied, ithe standard valuegl8,19,2] (see also[10]) Yg'®"=0.49
particular, for the transitions of the Earth-core-crossing solaandY¢=0.467.
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A brief description of the results of the present study ising the Earth we will be interested either in the former or in

given in Ref.[22]. the latter set of transitions, depending on whether j.
holds orAm? cos()<0. The case ofsolap v,— v, transi-
Il. PRELIMINARY REMARKS tions in a three-layer mediurithe Earth will be considered

separately.

_ We will consider the simple case of mixing of two weak-  The evolution of the neutrino system is given by the uni-
eigenstate neutrinos, andvg, a#B=e,u,7.S, vsbeinga  tary matrix (see, e.g.[23,24))
sterile neutrino, in vacuum. The mixing matrix relating the
states of the neutrinos, ; and of the neutrinog, , having U=exp(—iMt)=cos¢p—i(on)sing, (10
definite massem, , in vacuum is chosen in the form

where
v, cosf sinf)\ (v,
v | —sing cose vy’ @ b= EAEt (11)
2
where 6 is the vacuum mixing angle. In the case of relativ-
istic and stable neutrinos; ,, the evolution equation for and
neutrino propagation in constant-density medium reads )
n=[sin(26,,),0,—cog26,,) ] (12

is a real unit vector. The probabilities of the,—v; (vg
—v,) transition, P,z 5. = |Aap(sa)|? and of thev, (vp)
survival, P g5 = |Aaa(sp)|®, are determined by the ele-
Here 0., is the mixing angle in matter, ments of the evolution matrixJ, which coincide with the
four different probability amplitudes,,;=Ug,, etc.:

_d(va)_AE(—COS{ZQm) Sin(20m))(va>_ (Va
'atlv,) T2\ sin26,) cog26,) M

Vg Vg - Vg '
5

1
COSZ@m):E((AmZ/ZE)COE{ZG)—Vaﬁ), (6) PaB:|U,8a|2:(nlsin¢)2+(n25in¢)2:Pﬁa (13)

E being the neutrino energ\E is the difference between and

the energies of the two energy-eigenstate neutrinos in matter, ) o,
Poa=|Uadl>=CcoSd+ (n3sing)?=1-P,z=Pgp.
2 (14
+sirt(26), (7)

AE- Am?
- 2E

2EV,4
cog260)— _ i »

Am? We are interested in the extrema of the transition prob-
s 2 s _ . ability P,z when neutrinos propagate through a medium
Am?=mj;—mi, andV . is the difference between the effec- with (nonperiodic sequence Jofayers of different constant
tive potentials ofv, and v, in the medium. We shall always density and chemical composition. In this case the evolution

assume in what follows that matrix, as is well known, represents a product of the evolu-
) tion matrices for the different layers and can always be writ-
cog26)>0, Am=>0. @ tenin the same form as in EGLO). It follows from Eqs.(13)

nd(14) that the conditions for anbsolutemaximum of the

In the case of neutrino propagation in an electrically neutraﬁansition probability P, ,~ 1, read

unpolarized cold medium, like the Earth, one has

1 cos¢p=0,
Veu=\2GeNe, Vo= V2Ge| Ne= 5N ) MaxPas=1: | sing=0, 19
9) hi " -
V .= — J2GN./2 while the conditions for ambsoluteminimum of Pz, have
us =~ V2GeN2, the form
whereN, and N,, are the electron and the neutron number o
densities in the medium, respectively. The antineutrino states ) e n,sin¢=0,
= =0 ’ ) minP ,z=0: . (16)
v, and v, satisfy the same equatioKs) with V,,; replaced n,sing=0.

by Vag=—V,p in Egs.(6) and (7). For the EarthN.=N, ) _ ) )
and in addition toV,,>0 we haveV,s>0 andV,>0. If When_qeutrlnos propagate in a constant-density medium
Eq. (8) holds, the neutrino mixing can be enhanced by theéh€ transition probability

Earth matter only in the cases of,(ve) —ve(v,.,) (v2 1
—ve), Ve—vs and v,— v transitions, while for, e.g., Paﬁ=§(1—cos2¢>)sin2(2¢9m)=[sin<i>sin(26m)]2
cos(0)>0 and Am?<0 this will be true for thev,(ve) 17)
—Ve(Vyr) (V2—ve), ve—vs and v, — v transitions. Our

general results will be formulated for the generic weak-can be non-negligible even in the case of small vacuum mix-
eigenstate neutrino transitions,— v4; for neutrinos cross- ing angle# if the neutrino mixing in matter is maximaf,
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=m/4. This is the well-known MSW effect which takes Using, e.g., Eqs(13) and(22) it is not difficult to derive the
place when the resonance condition transition probabilityP ;=P g, in this case:

cog26,,)=0 (18 1 1
P,s==[1—cos2p']sirP26/ + =[1—cos 2p"]sirt26/,
is satisfied. In order to get total neutrino conversién,; F2 o2 "
=1, the additional requirement

+ %[1—005 2p'[1—cos 2¢"]

cos¢p=0 (19
has to be satisfied. For a fixed time of propagatipor a X [SinP(26},— 26y,) — sinP26;,— si’2 6y,
distanceX=t traveled by the neutrino, there always exists a
. X 1 _ _ _
solution of the system of equationd5). The absolute + =sin2¢’ sin 24" sin 26/, sin 26" . (23)
minima P,;=0 correspond, as it follows from E@16), to 2 m "

the curves
. Because ofl invariance and unitarity, the probabilit23) is
sin¢=0. (200 symmetric with respect to the interchange of the parameters

, . ) of the two layers, i.e., does not depend on the order in which
In the next sections we discuss the case of neutrino propape neutrinos traverse them.

gation through a number of nonpe_riodic constant_—der_lsity lay-  For fixed sif(26) and Am?/E and given density and
ers. A new phenomenon of maximal constructive interfer-chemical composition in the two layers, the unit vectots
ence_between the probability amplltgdes of the transitions inyn 4 are also fixed for each layer. The phagsand ¢",
the dln‘ferent layers takes place in thl§ case, Ieadlrjg to a subunich depend on the widths of the layets andX”, can be
stantial enhancement of the transition probab|I|ty.' EVenindependent variables of the system if the two widtisand
when the OSC'”af‘t'On parameters have valu_e_s very dlfferenk,, can be varied independently. This is an interesting case
_fror_n_those required by the rgsonance_c_onmn(ﬁ& fqr_ the with a clear physical meaning and we are going to investi-
|nd|V|dgaI layers, the .neutrlno fransition probab|l|ty can gate it in the present and the next sections. In this way the
reach its absolute maximurR,,;=1, due to this effect. NOLR resonance in the,— ve, v,(ve)— ve(v,.,) and v,
— vg transitions was discoverdd]. Let us note that in the

lll. MEDIUM WITH TWO CONSTANT-DENSITY LAYERS case of the EarthX’ and X" cannot be treated as indepen-

Suppose neutrinos, or v, have crossed a medium con- dent variables as long as the Earth radius and the Earth core

sisting of two layers having constant but different densityradiu_s are fixed. Neutrino _transiti_ons in t.he Earth will be
and chemical composition. These could be the Earth corgonsidered at the end of this section and in Sec. V1.

and mantle(for neutrinos born in the Earth central regipn ~ varying the phases)’ and ¢" we can investigate the
the vacuum and the Earth mantle, etc. Let us denote theumber and the structure of the extrema of the transition

effective potential differences and the lengths of the paths o@mb"’t‘b”ity P.p- These are determined by the system of two
equations

the neutrinogantineutrinogin the two layers by ;B (V;Tﬁ),

Vig (V’0'73) andX’, X", respectively. We shall assume with- dp

out loss of generality that W;{'B =sin 20,,F(26,,—267,,200:2¢' ,2¢")=0, (24)
0$|V05(01_B)|<|Vaﬁ(a_ﬁ)|' (21

dpP
aB . " "o ’ [ ” ry —
The transitions ofv, and v, crossing the two layers will be d¢” = Sin 200F (20—~ 260m,265:24",2¢") =0, (25)

determined by the two sets of two parameters—the mixing
angle in matter(6) or the unit vector(12), and the phase \ynere
difference (11) with t=X’ or X", which characterize the

transitions in each of the layer§;, orn’ and¢’, andd;, or F(Y,Z;¢,4)=sinY cosZ sine-+ sinZ[ sin gcosy cosY
n” and ¢”. Since the evolution matrix of the system is given _
by U=U"U’, U’ andU” being the evolution matrices in the +cosg siny], (26)

first and in the second layers, the parameterslo® andn
[Eqg.(10)], can be expressed in termsf, n” and¢”, n” as  and by two known supplementary conditions on the values of

follows (see, e.g.[23]): the second derivatives &, at the points where Eq$24)
) , e and(25) hold.
cos®=cos¢’ cosg”—(n"-n")sine’ sing We are interested first of all in trebsolutemaxima of the
=c0s¢’ cos¢”—cog26,,—26;)sing’ sing”, heutrino conversion,
(22 : _
nsin®=n’sin¢’ cos¢”+n" cos¢’ sing” case Al maxP,z=1. (27)
—[n’"Xn"]sing’ sing". They are determined by Eggl4), (15) and (22)
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maxP ,z=1: {
It is not difficult to check that condition&4) and (25) are

satisfied if relationg28) hold. The solutions of E¢28) can
be readily found:

—cog26;,
tan(ﬁ’ = i ! /" ’ 1
cog26,,)coq26,— 26,
solution A: 4267
—-co
tang’ == \/ ; IR
cog26,,)coq26,,— 26y,

(29

where the signs are correlated. Obviously, the soluti@ds
do not exist for any pairs of values of the parameter§2i)
and Am?/E. Under the assumption®), (21) and foer’IB

cos¢p’' =0, or 2¢'=m(2k' +1),
sing”=0, or 2¢"=2xk",

solution B:

PHYSICAL REVIEW D63 073003

cosd=cos¢’ cos¢”—cog26;,—26;,)sing’ sing”"=0,
nysin®=—[cog26,,)sin¢’ cos¢”+cog26;,,)cos¢’ sing”]=0.

(28)

=0 [e.g., for thev,(ve)—ve(v,.,), ve—vs and ;MHIS
transitions of the Earth-crossing neutrioghey can take
place only in the region limited by the three conditidfiSig.
1)

cos 26},=0,

cos 20;.<0,
cog26,,—26,,)=0.

region A: (30

The first boundary, cos®,=0, corresponds to @tal neu-
trino conversionn the first layer From Eq.(29) we get the
correct result for the relevant conditions on the phdseg
Egs.(19) and(20)],

k'=0,1,...,

k"=0,1, ..., S

guaranteeing thaii) neutrino conversion takes place in the provided the oscillation parameters %2¥) and Am?/E be-
first layer, and(ii) no neutrino conversion occurs in the sec-long to the regiorB,

ond layer, so that when co#g=0 we have maximal transi-
tion probability, P, ;=1. It is easy to show by direct calcu-
lations using Eqs(23)—(25) that the phase condition81)
correspond to the local maxima

region B: cos 29, <0. (33

It proves useful to interpret this result in terms of prob-
ability amplitudes. If neutrinog, have crossed the two lay-
ers, the amplitude of the,— v transition represents a sum

(32
of two terms:

case B:

maxP ,z=Ssinf26;,,

i Aaﬁ:UBa:U,;;aUc’m‘FUI/;ﬁU,ﬁaa (34
. where
| U’ ,=cos¢’ +icog26,)sing’,
A U= —isin(26p)sing”,
. Ug,=—isin(26;)sing’,
| U'sp=cos¢” —i cog26y)sin¢". (35
0 1 1 1 1

wan " In the general case the transition probability

FIG. 1. The regions of the four different solutioAsB, C andD
[Egs. (29), (31), (37) and (45)] for the maxima of the transition  °These conditions can also be derived from the two supplementary
probability P.,=P,. in a two-layer medium. The two different inequalities ensuring that the solutiof®9) of Eqg. (24) and (25
layers correspond to the core and the mantle of the EagH.9. indeed correspond to maxima Bf,z .
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Pap=|Upal?|U 12+ U4l 2 U g, |2 The phase requirement31) reduce the expression in Eq.
(36) to only one term,Paﬂ=|U’ﬁa|2, with no contribution
+2Re(Ug,U,,)*UggUg,) (36)  from the interference term becausdd,=0. Thus, the

maxima in regiorB (33) can be ascribed to neutrino transi-
tions taking place in the first layer only. The absolute
is a sum of two products of the probabilities of neutrino maxima, maxP =1, correspond for sfzo<1 to the MSW
oscillations in the different layers and of the interferenceeffect in the first layer.
term. The latter can play a crucial role in the resonance-like The second boundary co#{d=0 in Eq.(30) corresponds
enhancement of the neutrino transitions. to atotal neutrino conversion in the second layer,

uti sing’=0, or 2¢'=27nk’, k'=0,1,...,
solution €} s 4"=0, or 26"=m(2k'+1), K'=01, ... . S

This case is cpmpletely analogou_s to the preV|ous_Iy consid- Im(U};aU’ ) Re 73 u’.)
ered caseB, with the two layers interchanged. Using Egs. = >0. (42
(23)—(25) we get solutiorC which realizes théocal maxima Im(U'geUp,) Re(UjzgUp,)
The second equation in E(L5) [or Eq.(28)] ensures that
caseC: max P,z=sinf26y,, (38  the two vectors are collinear, while the constrai@®) guar-
antee that they point in the same direction. Actually, the
in the region equation in Eq(42) coincides with the second equation in

Eq. (15) for the resonance conditiail8)

region C: cos26;=0. (39
1 1 ’ 4
cog26,,)= m[cos(ze )Sing’ cos¢
+cog260")cos¢’ sing”]=0, (43

The case of equality in Eq39) can be associated with the
MSW effect taking place in the second layer.

We get a very different mechanism of enhancement of the
neutrino transition probability ,; in the intermediate region

with the additional constraintgl0), corresponding to the in-
termediate region where the new type of enhancement takes
place. The transition probability of intere€23) can obvi-
ously be represented in the two layer case under discussion
located between the regiols(33) andC (39). The maxima  also in the form(17),

of P,z in this region are caused by a maximal contribution

of the interference term in Eq36) for P,;. Indeed, using

Eq. (34) one can write the probabilit? ,z in the form PaﬁzsinZ(zgm)sinzd,, (44)

cos 20/,>0,

. (40
cos 26,,<0,

Pus=lz1t 72,|?, (41)  where the first and the second multipliers are defined by Eq.
(43) and the first equation in E¢22). To get a total neutrino
where  z;=[Re(U},U,,),Im(Up,U.,)] and 2z,  conversionP,;=1, not only Eq.(43) has to hold, but also
=[ReU}sUp,),Im(U%zUL,)] are two vectors in the com- condition(19).must be sati;fied. Th!s is pos_sible in regién
plex plane. In the case of the probabilRy, ; the interference  (30), but not in the whole intermediate regi¢40).

is maximal and constructive, as it follows from E@1), Indeed, the boundary cog{(2—26,)=0 in Eq. (30) cor-
whenz; andz, are collinear and point in the same direction, responds to a maximum d?,, associated with the phase
i.e., when constraints

| cos¢’' =0, or 2¢'=w(2k'+1), k'=0,1,...,
ion D: 4
solution cos¢"=0, or 2¢"=m(2k"+1), K'=01,.... 49
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2 ' ' ' ' : even if the MSW resonance does not take place in any of the
5 two layers. As we have seen, this is possible in region
i excluding the two boundaries co#(d=0 and cos(2;)=0,
corresponding to the MSW effect. Therefore, in order to
have a large transition probability,;=1, a periodic den-
sity profile is not required even when the MSW resonance is
not realized in any of the two layers. These conclusions re-
main valid, as we shall see, for transitions of neutrinos tra-
versing three layers of constant density, e.g., for the transi-
tions of the solar and atmospheric neutrinos crossing the
Earth core on the way to the detectors. It should be empha-
sized that solutionA, Eq. (29), providing the absolute
maxima ofP 4, can be and was derived directly from Eqgs.
(15 and (22) without utilizing the standard extrema equa-
. P " o8 os 3 tions (24), (25), i.e., its derivation does not depend on the
sin® (26) chosen set of variablesf P,;, which are varied to obtain
FIG. 2. The same as in Fig. 1 for the case vacuum-Earth mantlethe eXtrema Conditiong. Obviously, it can also be obtained
for a given set of variablesrom Eg. (23) and the corre-
8ponding extrema conditions of the type of E@®), (25).
The absoluteminima of P,z in the case under discussion
are located on the intersections of the curves

16 - HE

The above conditions are necessary for a maximal neutrin
conversion in each layésee Eqs(19) and(35)]. As can be
shown exploiting Eqs(23)—(25), they lead to local maxima

caseD: maxP,z=sir(26),—26;), (46) minP,g
if the oscillation parameters belong to the finite regidn _a sing’=0, or 2¢'=2mk’, k'=01,...,
_ sing”=0, or 2¢"=27k", K'=0,1,... .
region D: cog26;,—26,)<0. (47

(48)
Our results show a very interesting feature of the neutrino
transitions in a medium consisting of two constant-density Our results apply to the case when the first layer is
layers. One can have total neutrino conversién,s=1, vacuumV'’' =0 (Fig. 2), because there is no principal differ-

TABLE I. The values ofAM?/E<20x 10 7 eV?/MeV and of sif26, at which the absolute maxima of
Peu=PLe, PesandP g, corresponding to a total neutrino conversiéf,;= 1 [solutionsA, Eq.(29)], take
place for neutrinos traveling from the center of the Earth to the Earth surface. The valués,a2@” (in
units of 7), sirf24,,, sirf2¢,, and sif(26,—26,,) at the absolute maxima are also given.

P(V#—> Ve) = P(Ve_> V/L(T))

AmP[ o eV? sinf26 2¢' | 2¢" sirf24,, sirf26;, Siré(26).—26/,)
?[10 MeV
6.611 138 867 .888 434 .603 .999
5.825 651 1.094 1.866 .999 501 521
11.736 .649 2.356 2.679 872 .985 221
18.970 .828 4.153 4.853 .935 1.000 .072
13.589 .938 3.063 3.933 1.000 .885 117
P(ve—vs)
3.355 .359 531 .608 774 .862 .590
6.073 .883 1.333 1.652 .993 .943 .103
10.181 .904 2.281 2.723 .975 .999 .037
13.663 .984 3.155 3.844 1.000 .983 .019
17.809 .962 4.089 4.912 .989 1.000 .012
P(v,— vy
4.006 275 625 684 612 745 .870
5.966 .850 1.287 1.679 .989 .848 234
10.441 .849 2.303 2.709 .945 .996 .086
13.589 981 3.133 3.864 1.000 .959 .045
18.002 .936 4.106 4.896 974 1.000 .027
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ence between the neutrino oscillations in constant-density 2
medium and in vacuum. If we assume the nonzero density 18
layer to be the Earth mantle, maximal neutrino conversion
(solution A) can take place provided neutrinos travel a dis-
tance of~ fewx 10° km in vacuum. 1
The above results are valid also, e.g., for neutrinos born in

the central region of the Earth. Such neutrinos cross two , .
layers—the Earth core and mantle, on the way to the Earth,qee, 1
surface. If the dimensions of the region of neutrino produc- 8
tion are small compared to the Earth core radius, the neutrinc
path lengthsX’ andX” are fixed. The extrema condition with

respect to the variablg is given in Ref[22]. It differs from 4

the extrema condition®4) and(25). Accordingly, the solu-

tions of the systeni24), (25) do not correspond, in general, il D i
to extrema in the variabl&. More specifically, solution8, o ” " o y )
C andD, corresponding to local maxima &f,;, maxP gz ’ U osnle) '

<1, in the variables¢’ and ¢”, do not provide local
maxima in the variablé&. Only solutionA provides the ab-
solute maxima of the neutrino transition probabilities of in-
terest,P,z=1, in any variable. Solutior is realized for

V(v = ve(v,,.,), ve— vs andv,— v transitions of neutri-
nos born in the central region of the Earth, as Table | demwhile the requirements for aabsolutemaximum have the

FIG. 3. The regions of the three different solutiohsC andD
[Egs.(54), (63) and(64)] for the maxima of the transition probabil-
ity P, =P,e in a three-layer medium. The three different layers
correspond to the mantle-core-mantle of the Earth.

onstrates. form
IV. SPECIAL CASE OF A THREE-LAYER MEDIUM maxP g
Similar analysis can be performed for the transitions of | cosp=F(261,— 26y, m/2;¢",2¢" + 7/2) =0,

neutrinos traversing three layers of constant density and =~ 1 nysing=F(26,,—26;,20,,+ wl2;¢",2¢') =0,
chemical composition when the first and the third layers have moooomem
the same density, chemical composition and width which (51)

differ, however, from thos_e of the second layer. This COIe, oo the functiorE (Y, Z: ¢, ) is defined by Eq(26). Us-
sponds to the physically important case of solar and atmol-ng the expression foF (Y,Z:.1) we get the conditions
spheric neutrinos crossing the Earth core on the way to de; 1) in explicit form: T

tectors located near or on the Earth surface, the first and thirgilS P '

layers being the Earth mantle, and the Earth core playing the 2 cog ¢')cosb — cosd” =0,
role of the second layer. _ .
We will use the same notations for the parameters of the maxP,z=1: { Sin(¢")cos26,
first (third) and the second layers as in Sec. Il, and will +2 sin(¢')cog26,,)cosd =0,
assume that Eq21) holds. The evolution matrix in the case (52

of interest is given byU=U'U"U’. Accordingly, the pa-

rameters ofU, Eq. (10), can be expressed in terms of the where cosb is given by Eq.(22).

parameters of the firdthird) and the second layers as fol- ~ The absolutemaxima ofP .z,

lows (see, e.g.[23]):
case A: maxP,z=1, (53

COS$=C042¢")C0S$" ~ COL 20— 20p)SIN2")sIN ", are provided by the solutions of EG1) [or Eq.(52)], which

can be found explicitly:

nsing=n’[sin(2¢’)cose”

—(n"-n")(1—cog2¢"'))sing”"]+n"sing”. (49 [ —cos2d),
tang’' == _—
cog26,,—486,,)

An expression for the probabilit® .z is given in[4]. The solution A: (54)
necessary conditions for a maximum of the probabHty;, ' cos 20},
obtained by varying the phases and ¢”, read tang” =+

\J—cog26/,)cod 26!, — 46!
maxP,z:
sin(26))F(26r.—26,,,m2;¢",2¢' +w/2)=0,  where the signs are correlated.
"ol ol . an o The probabilityP 5 (P,z) exhibits a system of maxima
F(200=20m,20m: 4"+ m12,2¢") =0, which is similar to that in the two layer case. Under the
(50) conditions (8), (21) and if V;B>0 [i.e., for the v,(ve)
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20 T T T T
18 - 1
16 - 1
14 C h
12 - 1
w0151 [ I
s .
61p ! E
A
4 / 4
k
2 b D
0 1 1 1 1 0 1 1 1 1
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
sin?(26) sin?(26)
FIG. 4. The same as in Fig. 3 for the transition probabiRty FIG. 5. The same as in Fig. 3 for the transition probability
in the case ofve— v, mixing. Po= p(?ﬂ_,;s)_
—v(v,,..), ve— vs and v,— v, transitions in the Earfh so- region B:  cos 26/,=0, (56)
lutions (54) are realized in regiod (Figs. 3—3,
we have
_ cog26,)<0,
region A: cog26;,—46,,)=0. ®9 caseB: maxP,z=sin26, =1, (57)
On the line belonging to regioA, provided
2'=0, of 2¢'= —(2k'+1), k'=0,1
cos2¢'=0, or == , =01,...,
solution B: 2 (58)
sing”=0, or 2¢"=2=wk", k"=0,1,....
|
Besides thesabsolutemaxima, there exist two regions, caseC: maxPaﬁ=sin220’r;, (61
region C: cog26,)=0, (59
and
and
. D: P.s=Sif(26/— 46, 2
region D: cog26),—46,)<0, (60) case MaxP o5 =SiT(26m =46, (62)
with maxima which correspond to the solutions
|
ution C sing’=0, or 2¢'=27wk’, k'=0,1,..., 63
solution C:
cos¢”"=0, or 2¢"=m(2k"+1), k"=0,1,..., ®3
and
| cos¢p’' =0, or 2¢'=mw(2k'+1), k'=0,1,..., 6
solution D: 4
cos¢”=0, or 2¢"=mw(2k"+1), k"=0,1,..., 64
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respectively. In contrast to the two-layer case, the regia o [Yer Ue Uee Ue,|[ cosé sing
just a line, belonging actually to the region A, and onitonly U“= U u.l=lu U _sing cosé
absolute maxima can be realized due to the MSW effect in plo Mp2 ne  Tpu

the first (third) layer (the mantle in the case of the Earth =U0(h), (66)
The caseC corresponds to the MSW effect in the second
e st oo e ronos mmErEU=U"U"U'. 1 s, mixing takes plce, te index
. . . ) . o appearing in the above equation has to be replaces by
transition amplitudes in the firgand third and the second 90 . . i
. o . The matrixU™ can be written in the general for(i0):
layers. Due to this effect the transition probability can reach

its maximal value,P,;=1, if the oscillation parameters

O_11'11”"i1’'o — O _; O\ i ©
sirf(26) and Am?/E belong to the regiom, Eq. (55). U”=U'U"U'O=cos¢"—i(on”)sing~.  (67)
The absoluteminima of the probabilityP,,; are deter-
mined by the equation It is not difficult to express the parameters of the evolution

_ , L matrix (67), ¢© andn, in terms of the parametexs’, n’,
minP,g=0: F(267,—260,20,;¢",2¢")=0, (65 4" n” and 6. The transition probabilityP., can be written

. in the form
while for F(26;,—26,,,26,.;¢",2¢')#0, the necessary

conditions for the minima are given by EGO). B " yoa P,
We get the same system of maxima also in the- v, Pe2=[F (200~ 205,200~ 0:4".2¢")]

trans_ition probability, P(sz Ve)=Pgy, v beir_1g the +SIO[F(200,— 20! ml2;¢",2¢" +m/2) ]2

heavier of the two mass eigenstate neutrinos in vacuum,

which can be used to account for the the Earth matter effects (68)

in the transitions of solar neutrinos traversing the Earth. The

probability P, is given in the case of— v, mixing by  Using Eqs(68) and(26) we get the necessary conditions for

the U, element,Ps,=|U,,|?, of the evolution matrix the extremaof P,

sin(26,)F(26,,—26,,,7/2;¢",2¢' + w/2)=0,
maxP,z, MNP ,4: Y o Y , (69
F(20,,—26,,20),— 60;,¢"+ w2,2¢")=0,

while from Egs.(15) and (16), utilizing Egs. (49) and (67), one obtains the requirements fabsoluteextrema of the
probability Pg,:

cosp®=F (200~ 26],,7/2;¢",2¢' + w/2)=0,
maXPezzl: O © " ! ’ " ’ (70)
nssing~=F(26,,—20,,20,,— 0+ wl2;¢",2¢")=0,
nysing®=F (26!~ 26, 7/2,¢" 2¢' + w/2)=0,
min Pez=02 o o ” ’ ’ l (71)
nysing®=F(26,,—26,.,26/,— 6;¢",2¢")=0.
Conditions(70), for instance, have the following explicit form:
2 cog ¢')cosd —cosep”=0,
These all are the same type of equations as(&2). and we can easily find their solutions.
The absolute maxima d®,,
case A®: maxP.,=1, (73
are reached for
—cog26r—6)
tang’' == )
cog26 . —46/ +6
solution A®: 420 = 46m*0) (74)
cog26;,— 0)
tang” ==

~J—cog26,— 6)cos 26!, — 46/ .+ 6),
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where the signs are correlated, in the reghdh (Fig. 4),

cog26,,— 6)<0,

region A®: Cos 26! — 46 + 6)=0. (79
There are the line
region B®:  cog26,,— 6)=0, (76)
belonging toA, and two bordering regions,
region C®:  cog26/,—6)=0, (77)
and
region D:  cog26),— 46, + 6)<0, (79

where the solutionB, Eq. (58); C, Eq.(63); andD, Eq.(64),

are realized. These solutions correspond to the following

maxima of Pg,:

case BY: maxPg,=sir?(26,,—0)=1, (79
case CY:  maxPg,=sir?(26),— 6), (80)

and
case D9 maxPg,=sir’(26/,—46/,+6). (81

SolutionsD® and D [Egs. (60), (62), (64), (78), (81)]
correspond to the NOLR discus$ed [4].

PHYSICAL REVIEW D63 073003

For theabsoluteminima of P, we get the following so-
lutions:

min P,
sin(26/,— 6)
tang’' == - - ; )
sin26,—46,+6)
=0: .

sin(26,,— 6)

tang” =+

\sin(260,— 0)sin(26],— 46/, + 6),

(82

where again the signs are correlated.

V. TRANSITIONS OF NEUTRINOS TRAVERSING THE
EARTH CORE

In the case of transitions in the Earth @blar and atmo-
spherig neutrinos which pass through the Earth mantle, the
core and the mantle again, the two lengisand X" are not
independent due to the spherical symmetry of the Earth, if
both the Earth radius and the Earth core radius are fixed. We
can choose as independent variables, for examplé), dos
being the Nadir angle, ang=Am?/E. The corresponding
necessary conditions for the maxima of the probabHty;
read

dPa,B 2R, AE'R h drF 2 drF 0 83
dCOSh_ n GBCOSI " - ('b d(2¢/) e ( )
QPoy_ Y= 2VigCOS26) dF  X'y—2Vi,co826) dF
dy 4AE’ d2¢’) 2 4AE" de”
Vag . o
+ AE,25|n(20)3|n ¢'[cog46],—26])sing’ sing”—cog26;,)cos¢’ cosed”]
V", sin(26
- AEfZ %sin¢”[cos{40r’n—26@sin2¢’ +cog26;)cog ¢’ 1=0, (84)
|
where F=F(267,—26,26/,;¢"2¢") is given by and¢” do not correspond to maxima in the variables ltos

Eq. (26), dF/d¢”"=F(26,,—26,,26;,;¢"+ mwl2,2¢") and
dF/d(2¢")=sin 26, F (26— 26, 72;¢",2¢" + wl2). 1t is
clear, that, in general, the maxima®f,; in the variablesp’

6SolutionsB andC [Egs.(58) and(63)] were considered briefly in
[4] as well.

and Am?/E [compare Eqs(50) with Egs. (83), (84)]. It is

not difficult to check, however, that solutioAs Eq. (54), for

the absolutemaxima, corresponding to a total neutrino con-
version,P,;=1, are solutions of the system of equations
(83), (84) as well. They give the absolute maxima of the
neutrino transition probability?,,; in any variable. Equation
(54) gives also the complete set of such solutions. Note that
solution A coincides on the curves co#{g=0, cos(d;)

=0 and cos(2,,—46,)=0 with B, C and D, respectively.
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TABLE Il. The values ofAM%E<20x 10"’ eV¥/MeV and of sirf26, at which the absolute maxima of
Pe.=P e, corresponding to a total neutrino conversidh,, =1 [solution A, Eq. (54)], take place for
neutrinos crossing the Earth along trajectories passing through the Eartthedd&; 13°; 23°; 30°. The
values of 2b’, 2¢" (in units of ), sirf26,, sirf267, and sif(26,,—46,) at the absolute maxima are also

given.
P(ve— V/.L(f)) =P( V= Ve)
he AL‘Z[m? eV’ } sif20  2¢'lm  2¢"Iw  sinP,  siP267,  sinP(2607,—46))
E MeV
0. 7.201 .034 923 .949 111 .614 1.000
0. 4.821 154 .509 2.334 .749 .208 .296
0. 11.256 547 2.174 4.693 .795 .996 .285
0. 3.407 .568 .65 3.612 .846 .160 .881
0. 18.113 .803 3.933 9.129 923 1.000 .710
0. 11.292 .841 2.425 6.167 .987 .891 716
0. 19.307 .903 4.314 10.382 979 .987 .845
0. 4,587 .948 1.167 4.705 792 .285 .996
0. 19.862 .994 4.628 11.738 .992 .900 .981
0. 11.373 .994 2.702 7.577 .954 .708 981
13 7.024 .039 931 .950 131 .553 1.000
13 4537 .169 496 2.258 .845 179 .133
13. 10.071 .379 1.887 3.180 .645 .999 .068
13. 10.954 .626 2.272 4.503 .869 973 .383
13. 3.267 .654 732 3.456 a77 153 .966
13. 6.736 .802 1.477 4.059 .997 .580 .688
13. 15.802 .874 3.653 7.680 977 972 791
13. 18.249 .843 4.205 8.603 .949 997 762
13. 10.741 927 2.529 5.936 .998 797 .859
13. 18.770 979 4,542 9.914 .999 922 .954
23. 6.460 .051 910 .922 .195 .387 1.000
23. 3.812 224 499 2.008 1.000 125 111
23. 10.101 449 2.194 2.675 726 991 134
23. 15.419 744 3.875 5.236 .899 .999 612
23. 3.417 .848 1.031 2.948 711 A77 1.000
23. 9.655 .875 2.495 4.011 1.000 .786 72
23. 16.565 .897 4.368 6.275 .984 .969 .828
23. 20.010 979 5.470 8.061 .999 .935 .955
30. 5.376 .065 .765 .738 .352 .180 .982
30. 9.038 .199 2.062 .920 418 1.000 .030
30. 2.908 437 742 1.427 .735 .095 .969
30. 14.060 707 4,159 2.702 .885 .998 .548
30. 8.290 .825 2.491 2.021 1.000 723 .691
30. 19.839 913 6.326 4.357 .982 .986 .860
30. 17.123 .952 5.528 3.941 .999 .936 .909
30. 13.989 997 4.694 3.597 .969 .785 .984
30. 8.909 1.000 3.139 2.741 .882 551 .999
However, solution€ andD, Eqgs.(63) and(64), for thelocal The solutionsA, Eq.(54) [A®, Eq.(74)], providing a total

maxima with maxP,z) <1 no longer correspond to ex- neutrino conversionP,z=1 (Pe;=1), exist for the Earth
trema in the variables cdsand Am%/E. New solutions for density profile and for all neutrino transitions of interest,
the local maxima ofP,z, which do not coincide with the vy~ wve, v,—ve, Ve—v,(, ve—vs andv,— v, and at
solutions associated with phases equal to multiples,ohre  small, intermediate and large mixing angles. They are real-
possible. The same conclusions are valid for the solutiongzed for very different sets of values of the phases Zand
A® C® andD®, Eqgs.(74), (63) and(64) [giving Egs.(80),  2¢", which are not necessarily multiples af. In Tables
(81)], for the absolute and local maxima of the probability -1V we give a rather complete list of these solutions for the
Pe>. Our numerical studies confirm these conclusions. transitions vo,— ve, v

u—Ver Ve Vyu(r), Ve—Vs and v,
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TABLE lll. The same as in Table Il for the probabiliteB.s and P, and for AM?/E<10
X107 eVZ/MeV.

P(ve— vy)
he AﬂTlo” V| sie 20w 2400w sif26,  sir26l,  sinf(26/,—46,)
E MeV
0. 3.202 101 409 626 334 834 473
0. 2715 784 565  1.843 981 538 797
0. 9.334 863 2064 4876 956  1.000 830
0. 6.997 920 1564  3.867 997 952 892
0. 4.101 999 1013 2976 887 599 1.000
13. 3.144 110 420 599 370 799 444
13. 2.660 833 606  1.751 957 505 873
13. 7.456 859 1714  3.560 971 1990 816
13. 9.450 893 2213 4581 973 998 865
13. 4.324 998 1111  2.789 903 630 1.000
23. 2.965 139 441 523 480 691 346
23. 8.045 817 2072  2.861 940  1.000 768
23. 2.605 931 739 1.482 883 445 980
23. 5.160 958 1403  2.206 989 812 946
23. 9.433 987 2593  3.810 997 937 981
30. 2.611 196 454 372 710 503 117
30. 6.358 720 1878 1232 1903 1999 628
30. 7.854 978 2573 1.850 997 919 968
30. 2.835 985  1.020 964 834 444 1.000
30. 9.994 996 3317 2371 1990 923 993
P(v,— vy
0. 4.098 070 574 719 192 713 887
0. 2771 593 497 2011 1.000 356 329
0. 9.686 782 2096 4817 905  1.000 641
0. 6.748 926 1511  3.976  1.000 843 820
0. 3.428 999 886  3.205 811 361 999
13. 4.000 077 582 701 218 662 881
13. 2.635 656 524 1.926 992 323 497
13. 7.750 768 1730 3511 920 983 581
13. 9.698 834 2231 4554 941 994 711
23. 3.700 101 587 642 306 520 842
23. 8.415 715 2107 2.800 869  1.000 525
23. 2.382 825 632 1.667 895 261 865
23. 9.327 983 2558  3.879 997 880 942
23. 4528 992 1299  2.436 919 531 969
30. 3.114 150 548 488 530 317 625
30. 6.798 551 1913 1152 762 1.000 260
30. 7.795 970 2544 1.907 997 845 911
30. 2.450 981 927 1127 751 242 1.000
30. 9.742 1.000 3274  2.463 969 815 992

— g of the Earth-core-crossing neutrinos, while Tables Voscillation length resonance solutiods Eq. (64), for the
and VI illustrate the behavior of the probabiliti,, and ~ neutrinos passing through the Earth core. At small mixing
P, in the region of these solutions at small%d6 (see fur- angles the values of the parameters at which the maximal
then. The maximal neutrino conversion solutioAS andA, ~ Nheutrino conversion takes place for the— ve=v,— v, and
Eqgs.(74) and(54), are responsible for the strong resonance-¥e— ¥,, transitions are rather close to the values of the pa-
like enhancement of they— ve, v,—ve, Ve— Vu(y, Ve rameters for wh|ch the NOLR glvmaagf 1 occurs(Tables

— v, etc. transitions in the Earth of the Earth-core crossing! and 1V), while for the v,— v, transitions caused by,
solar and atmospheric neutrinos, discussef4in7]. In [4]  — v mixing and thev,— vs and v,— v, transitions these
this enhancement was interpreted to be due to the neutrincalues are very differen4,5] (Tables Il and V. In both
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TABLE IV. The same as in Table Il for the probabilif§, [solution A®, Eq. (74)] in the cases of,

—v,(» and ve— v mixing, and forAm#E<10x 10"’ eV?/MeV.
P(vo—ve) (Ve v,z MIXiNg)

he A”‘Tl -7 VT sirt20  2¢'Im  2¢"Iw  sirf26),  sirf20"  sird(20),—46..+6)

0. 7.275 .038 .944 971 122 671 1.000

0. 4.684 .168 .498 2.423 .809 .199 .370

0. 2.724 574 .602 3.755 .637 .096 .854
13. 7.100 .044 .953 974 .145 611 1.000
13. 4.370 .183 .480 2.345 .902 167 178
13. 2.434 671 .680 3.599 513 .081 .953
13. 8.025 .943 1.937 5111 .967 611 314
23. 6.507 .060 931 951 .223 434 1.000
23. 3.558 .235 .480 2.088 .983 .106 110
23. 7.915 751 1.902 3.160 .992 .730 .099
23. 5.939 .956 1.705 3.545 .885 416 428
23. 1.920 941 .945 3.103 .296 .056 1.000
30. 5.314 .077 761 767 .408 192 .984
30. 7.800 .385 1.847 1.196 752 .853 .040
30. 2.425 437 .730 1.486 .528 .061 972
30. 7.183 489 1.765 1.334 .886 .738 .002

P(vo—ve) (ve— vg mMixing)

0. 3.086 122 391 .692 410 .765 581

0. 1.646 973 .488 2.026 .599 .203 .823
13. 3.017 134 .400 .666 457 724 542
13. 1.493 1.000 531 1.934 A72 .156 .904
23. 2.802 173 415 .589 .601 .605 405
30. 2.373 251 421 425 .873 407 .087

cases of transitions, however, only the maximal neutringsinZ29=5.0x 103, for h=13°; 23° reaches 43%; 23%. Re-
conversion mechanism is operative for the Earth-coresyits of a similar analysis for the probabilif, =P . are

crossing neutrinos.

Let us consider the case ob—ve, v,—ve (ve—7,)
transitions at sif29<0.10 in somewhat greater detail. As it
follows from Table II, for, e.g.h=13° we haveP,,=1 at
sif26=0.044 and Am?/E=7.1x10" " eV4MeV, which
corresponds to @' =0.957 and 2¢"=0.977. At the indi-
cated point one finds also that @4, —46,,+6)=1, i.e., the

NOLR solutionD represents a very good approximation to

solutionA. Further, for any fixed sf26<0.044, P, has an
absolute maximum in the variablem?/E, which satisfies
maxP.<1 (see Fig. 7 and, e.g., Fig. 1 [@], Fig. 4b) in

[5]). When sif26 increases from, say 16 to 0.044, these
absolute maxima form a continuous curve—a “ridge,
respect to the variables $B9 and Am?/E, which passes
through the total neutrino conversion point nigg=1. It

collected in Table V. As it follows from Table V, foh
=0°; 23° the NOLR, Eq.(64), describes the values of
maxP . on the corresponding “ridge(see Fig. 6 and Figs.
5(@)-5(c) in [5]) with an error which is 24%; 14% at
siP20=0.01 and increases to 42%; 19% at %84
%10 3. More generally, Tables V and VI show that for fixed
sirf260=(10"3—10"?) and fixedh, the NOLR describes the
absolute maxima oP, and P . in the variableAm?/E,
maxPey (e <1, with an error which varies between 14%
and 60%.

In some cases the total neutrino conversion solutidns

» with @ndA® of interest occur for values of the parameters which

are close to those for the solutioBsEq. (58), or C, Eq.(63)
(Tables 11-1\). In all such cases the corresponding absolute

that the values oP, forming the “ridge” are given with a
relatively good precision, by the NOLR, i.e., by E®&) [or

gions of the solution&\ andA°, Egs.(55) and(75).
As Tables II-1V and Figs. 6-9 indicate, for the Earth-

Eq. (81)]. These values have been calculated numericallgore-crossing neutrinos, the new enhancement mechanism

and compared in Table VI with the one predicted by £).
We see from Table VI that for stB6=9.0x 10 3, Eq. (3)
reproduces the value of m&x, of interest with an error of
32%. Forh=23° and siR2=10 2 the same error is 18%.
The error increases with the decreasing of’Zfhand at

produces at sf26<0.10 one relatively broadin sirf26,
Am?/E andh) resonance-like interference peak of total neu-
trino conversion in each of the probabilitie®.,, P(v,
—ve), P(ve—vs) and P(v,—wvs). The total conversion
peaks of the different probabilities are located in the interval
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TABLE V. Values of P, =P, along the “ridge” of local maxima in the variablesm?/E (in units of
107 eV?/MeV) and sirf26=<0.05 for fixedh, when sif26 decreases from the value at which the absolute
maximum of P,,=1 (i.e., total neutrino conversigriakes place. The results correspond to Earth-core-
crossing neutrinosh=0°; 13°; 23°. The values of si@6],, sirf26/,, sirf(26},—46,) and 2p', 2¢" (in
units of 7r), at the local maxima are also given.

he Sirf26 AP PLe sirf2g,,  sirf26),  sirf(205,—46,)  2¢'Im  2¢"Iw
E
0. .034 7.201  1.000 111 614 1.000 .923 .949
0. 024 7.194 951 .082 549 .976 915 .855
0. .020 7.191 .890 .069 509 941 912 .810
0. .015 7.187 .760 .051 439 .854 .907 746
0. .010 7.183 562 .033 .339 .695 .902 877
0. .008 7.182 .500 .028 .307 .637 .901 .658
0. .007 7.181 432 .023 271 570 .900 639
0. .005 7.180 .359 .019 231 491 .898 620
0. .004 7.179 279 014 185 .398 .897 .599
0. .003 7.178 .193 .009 132 .289 .896 579
0. .001 7.177 .100 .005 071 .158 .895 557
13. .039 7.024  1.000 131 553 1.000 931 .950
13. .030 7.018 .967 102 498 .982 .923 878
13. .025 7.015 916 .087 460 .950 918 .837
13. .020 7.012 .836 071 415 .895 .914 795
13. 014 7.008 675 .050 .336 .768 .908 735
13. .009 7.005 .504 .034 .256 .613 .904 .686
13. .006 7.003 .362 .023 .189 466 .901 652
13. .005 7.002 .282 017 150 374 .900 634
13. .003 7.001 .195 011 .106 .268 .898 616
13. .002 7.000 101 .006 .056 .145 .897 597
23. .051 6.460  1.000 195 .387 1.000 910 922
23. 041 6.455 976 160 .343 .985 .900 876
23. .031 6.450 .891 123 .288 919 .889 .828
23. .024 6.447 .800 .100 248 .843 .883 798
23. .020 6.445 .720 .084 217 772 .878 778
23. 016 6.443 621 .068 184 .680 874 756
23. .010 6.440 435 .043 125 494 .867 724
23. .008 6.439 .361 .035 .103 416 .865 712
23. .006 6.438 281 .026 .080 .329 .863 701
23. .004 6.437 194 017 .055 231 .860 .689
23. .002 6.436 101 .009 .029 122 .858 678

0.03<sir’26=<0.10. They all take place for values of the The points on the “ridges” leading to these peaks at, say,

resonance densitMres:AmZ cos ?H/(ZE\/EGF), which dif- sif26=<0.03 represent for fixed and sirf26 the dominating

fer from the number densities in the core and in the mantlénaxima in the variablAm?/E of the probabilities of inter-

V,,5/(\2Gg) and V7,5/(V2GE), and lie between the latter est, with maxP, ;<1 (see Figs. 6-9 and, e.g., Figs. 1 and 2

two [4]: V/,,<2GeN"™S<V/, ;. For all the neutrino transi- in [4] and Figs. 4b, 5a - 5¢, 10a - 10b, 15a - 15¢5f).

tions considered, the corresponding interference peak is suf- As Tables II-IV and Figs. 6-9 show, the absolute

ficiently wide in all variables, which makes the transitions maxima of total neutrino conversion, solutiéy are present

observable in the region of the enhancenfetite relative in the probabilitiesPe,, P(v,— ve), P(ve—vs) and P(?,L

width of the peak in the neutrino energy BE/Enac .3 at large values of sf@¢=(0.50—1.0) as well. They

=(0.3-0.5) and practically does not vary with 4h (see  are  also present in certain transitions at 2ath

also [5,7]), while in sirf26 it is ~(2.0-2.3); the absolute ~ 15-0.50). Although these resonance-like interference

width in h for the peaks located dt<25° is ~(25-30)°.  maxima are, in general, narrower than at small mixing angles
(see Figs. 69 they are sufficiently wide and can have ob-
servable effects both at €B¥=(0.50-1.0) and siA26

"Let us note that the peak is not symmetric in any of the variables=(0.15—0.50). For certain specific trajectories the values of

073003-16



ENHANCING MECHANISMS OF NEUTRINO. ..

TABLE VI. The same as in Table V fo
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r the probabiliB, (ve—v,(, mixing).

he sirf26 AP Py sire26,,  sif200,  sird200—46,,+6)  2¢'[m  2¢"Iw
E

13. .044 7.100  1.000 145 611 1.000 .953 974
13. .030 7.092 934 102 536 .965 941 .859
13. .025 7.089 .864 .084 494 .923 .936 811
13. .019 7.086 762 .067 441 .855 931 761
13. 011 7.081 503 .037 311 .640 923 .669
13. .009 7.080 435 .031 275 574 922 .649
13. .007 7.079 .361 .025 235 495 .920 .628
13. .005 7.078 281 .019 .188 403 919 .607
13. .004 7.077 .195 .013 135 292 917 .585
13 .002 7.076 101 .006 .073 .160 915 .563
23. .060 6.507  1.000 223 434 1.000 931 951
23. .024 6.492 724 .097 .256 .782 .894 782
23. 012 6.487 439 .050 152 509 .882 718
23. .010 6.486 .365 .040 126 431 879 704
23. .007 6.485 .284 .030 .098 .343 877 .690
23. .005 6.484 197 .020 .068 2242 874 676
23. .002 6.483 102 .010 .036 129 872 .662

the phases @' and 2¢” at the points of total conversion are
close to odd multiples ofr and the NOLR solutio repro-

neutring mixing takes place in vacuum, which is a very
natural possibility in view of the present experimental evi-

duces approximately the results corresponding to the exackences for oscillations of the flavor neutrinos. For the Earth-

solution A. This takes place(i) for P, at h=23° and
sinf26=0.848 (Table I}, (ii) for Pg, (ve— v, mixing) ath
=23° and siA26=0.941 (Table V), (iii) for P at h=0°
and sif26=0.999 and ah=30° and sif26=0.985 (Table
I, (iv) for P(v,— vs) ath=30° and sif26=0.981(Table
[lI). This approximate equality of the two solutions is un-

center-crossing neutrinos there are two solutions of the type
A, providing a total neutrino conversiol,,c=P¢,=1, at
small mixing anglegTable I)): at sirf26=0.034; 0.15 and
AM?/E=7.2; 4.8<10° 7 eV?MeV. The first is reproduced
approximately by the NOLR solutioD while the second is a
new type A solution. The above implies that foAm?

stable with respect to the change of the parameters. Inspect-10-3 e\?2, the total neutrino conversion occurs &t
ing the Tables 1I-IV one finds that for Nadir angles different=1 4: 2.1 Gev, while if Am?=5x10"3 eV? it takes

from those indicated ii)—(iv), the total neutrino conversion

place atE=7.0; 10.5 GeV. Thus, if the value dfm? lies

(solution A) takes place for values of the parameters afi the region(85), the new effect of total neutrino conversion

which the NOLR does not provide at all, or provides a poor

description of the enhancement of interest. Note also that
sirf26~1 one can have s, —46,)=1 at the points of
total neutrino conversion, solutiol, even for 25" and 24"
which differ quite substantially from being odd multiples of
7 (as are the cases, e.g., of =1 at h=0° and
Sirf26=0.994, as well as of maR.=1 at sirf26=0.931
and of maxP =1 at Sirf26=0.992, forh=23°). In these
cases the analytic expression g, does not coincide with
Sire(26),—46.,).

A. Transitions of atmospheric neutrinos

V= Ve, Ve V(-
transitions of the atmospherig, , driven[4] by the values of
Am? suggested by the Super-Kamiokande atmospheric ne
trino data[15],

Am?=(103-8x10%) eV?, (85)

and by a relatively small mixin¢see alsq5—7]). Such tran-
sitions should exist if three-flavor-neutringor four-

These can be, e.g., sub-dominant

gccurs for values of the enerdyof the atmospherie, and

a,;# which contribute either to the sub-GeV or to the multi-

GeV samples ofe-like and u-like events in the Super-
Kamiokande experiment. The implications are analogous to
the one discussed first [#] and in[5—7] in connection with
the NOLR interpretation of the enhancementRyfe(Pe,)-
The new effect can produce an excess of e-like events in the
region —1=<cos6,=<—0.8, 6, being the Zenith angle, in the
multi-GeV (or a smaller one—in the sub-Ge\éample of
atmospheric neutrino events, and should be responsible for at
least part of the strong Zenith angle dependence, exhibited
by the u-like multi-GeV (sub-GeVf Super-Kamiokande data.

The total neutrino conversion can take place at several
values of Am?/E at large mixing angle¢Table Il), sirf26
u2_0.8. This can have implications, in particular, for the inter-
pretation of the Super-Kamiokande data on the sub-GeV
e-like events[26,27.

v,—vs. A total neutrino conversion due to the solution
A, Eq. (54), takes place aAm?/E<10 ® eV?MeV both at
small and large mixing angles. For the Earth-center-crossing
neutrinos the absolute maxim& 1, are realized at

ms—
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FIG. 7. The same as in Fig. 6 for the probabilRy, in the case
of ve— v, mixing, and for(solay neutrinos crossing the Earth
(core along the trajectory witth=13°. The points of total neutrino
conversion(in the white regions P.,= 1, correspond to solutioA,

EO- (74,

FIG. 6. The probability?,,, =P, for the Earth-center-crossing
(atmospherigneutrinos bi=0°), as d@unction of sirf26 (horizontal
axis) and Am?/E[10 7 eV¥MeV] (vertical axi3. The grey scales
correspond to different values &%, : 0.0-0.10 is represented by
black, etc., while the white represents values in the interval 0.9—1
The points of total neutrino conversigm the white regiong P,
=1, correspond to solutioA, Eq.(54), for the Earth-core-crossing is due to the existence ofreearby total neutrino conversion
neutrinos. point which for h=28.4° is located at sf2¢=0.94 and

AM?/E=2.4x10"* eV?GeV and at which 3’=0.97 and
(Table 1ll) sinf26=0.07; 0.59; 0.78; 0.93; 0.999 for 2¢"=1.1s. This point lies in the region of solutioA, but
Am%/E=4.1; 2.8; 9.7, 6.7, 34107 eV¥MeV. For very close to the border line with solutid@t the fact that the
the statistically preferred value afm?=4x10"3 eV2[15],  condition cos(2],—46,)=0 is also fulfilled is crucial for

this corresponds t&E=9.8; 14.3; 4.12; 6.0; 11.8 GeV, hayvingP(v,— rs)=1. As we have already noticed, for each

which is in the range of the multi-Ge)-like events, studied gjven h=<30° there are several total neutrino conversion

by the Super-Kamiokande experiment. The total neutrinCpoints at large values of §9, at which the phases® and

conversion maxima are present at lat 30°, but at values 2¢" are not necessarily equal to or to odd multiples ofr

of si2g andAm?/E, which vary withh. This variation(@and  (see Table Il Thus, the explanation of the enhancement

the corresponding variation off2 and 2¢") is quite signifi-  offered in[30] is at best qualitative.

cant at large sit26. ve— vs. The atmospheria, can undergo small mixing
We would like to add the following remark in connection angle v,— v transitions withAm? from the interval(85).

with the enhancement of the transitions discussed. In thegr the Earth-core-crossing neutrinos the total neutrino con-

article [30] it was noticed that in the case of mudanti-)  yersion(solutionA) takes place at small mixing @m?/ E

neutrinos crossing the Earth along the specific trajectorn=3%10-7 eV¥MeV (Table Ill), or for E=(3—26) GeV if

characterized by a Nadir angte=28.4°, and for sif26=1  Am? is given by Eq.(85). Such transitions would lead to a

and Am?/E=(1-2)x10* eV4GeV, thev,— s transi-  reduction of the rate of the multi-GeV e-like events-al

tion probability is enhanceliThe authors interpreted the en- <cosg,<—0.8 in the Super-Kamiokande detector.

hancement as being due to the conditiors 2 = and 2¢"

=, which they claimed to be approximately satisfied and to

producedominating local maximan the relevant transition B. Transitions of solar neutrinos

probability P(v,—vs). Actually, for the values of the pa-  |n the case of the transitions of the Earth-core-crossing
rameters of the examples chosen[B0] to illustrate this  solar neutrinos the relevant probability i,. The transi-
conclusion (Fig. 2 in their artlclée_ one has 2'=(0.6 tions can be generated by— V(s OF by ve— v mixing.
—0.9)m and 2¢"=(1.2-1.5)7. The indicated enhancement The interference maxima d?,,, corresponding to solution
A® [Eq. (74)], Po,=1, can take place only in the intervals
AmM?/E=(1.9-8.2)x10 7 eV?MeV (Fig. 4 and Am*/E
®The discussion in the indicated article, being rather qualitative is=(0.9—3.5)X 107 eV’/MeV, respectively.
done for thev,,— v, transitions as the authors presume that dbs2  In the case ofve— v, mixing, the absolute maximum
~0 and that the matter term dominates over the energy-dependeRte;=1 occurs both at small and large mixing ang{€able
term in the corresponding system of evolution equations. IV). At small mixing angles it takes place at €4=0.038;
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FIG. 8. The same as in Fig. 6 for the probabilRys and for
neutrinos crossing the Eartftore along the trajectory withh
=23°. The points of total neutrino conversigm the white re-

08 1

gions, P,s=1, correspond to solutioA, Eq. (54).

0.044; 0.060; 0.077 foh=0°; 13°;23°;30°, respectively.
These values of sffid lie outside the region of the MSW
SMA solution. The change d?., in the variables s#26 and
Am?/E along the “ridge” of local maxima leading to the
“peak” P.,=1 at fixedhis illustrated in Table Visee also
Figs. 1, 2 in[4] and Fig. 4b) in [5]). At sif26=7x10"3,
for instance, we have at the “ridgeP,,=0.36; 0.28 for
h=13°; 23°. These local maxima dominatemy,: the lo-

PHYSICAL REVIEW D63 073003

MSW SMA solution region, the dominating local maxima
take place at values of the solar neutrino energy from the
interval E=(5.6-13.8) MeV [4], to which the Super-
Kamiokande, SNO and ICARUS experiments are sensitive.

At large mixing angles, sfi26=0.5, we haveP.,=1 at
values of siR2¢ which fall in the region of the large mixing
angle (LMA) solution of the solar neutrino proble(iable
IV). For the LMA solution values ofAm?=(1-10)
X10 % eV? the absolute maximaP.,=1 occur atE
=12.5 MeV (see alsd5]) and typically at even larger val-
ues of the neutrino energy. Nevertheless, their presence has
an influence on the transitions even at smaleand can
enhance them somewh@ig. 7; see als§10]).

The solarv, can undergo SMA MSW transitions inte,
for Am?=(3.0—-8.0)x10 ¢ eV? (see, e.g[25,14). Taking
into account the interval of values &fm?/E for which we
can have total neutrino conversion, one finds that solution A
can be realized only foE=9 MeV.

The implications of the new enhancement effect for the
interpretation of the data of the solar neutrino experiments
have been discussed [d] and in much greater detail in
[10-13. Let us just mention here that due to this enhance-
ment it would be possible to probe at least part of Ava?
—sirf26 region of the SMA MSWy,— v, (n transition so-
lution of the solar neutrino problem by performing selective
D-N effect measurements[10,12,13. The Super-
Kamiokande Collaboration is already exploiting successfully
these result$14].

Recently the Super-Kamiokande Collaboration has pub-
lished for the first time data on the event rate produced only
by solar neutrinos which cross the Earth core on the way to

cal maxima associated with the MSW effect in the corethe detectof28]: in contrast to their previous night bin N5

(mantle are by the factor(2.5—-4.0) [~(3—7)] smaller
[4]. For the values ofAm?=(4—9)x10°% eV? of the

204
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FIG. 9. The same as in Fig. 6 for the probabilRys and for
neutrinos crossing the Eartftore along the trajectory withh
=0°. The points of total neutrino conversi@n the white regions

P.s=1, corresponding to solutioA Eq. (54).

08 1

data, the newCore data are not “contaminated” by contri-
butions from neutrinos which cross the Earth mantle but do
not cross the Earth core. Because of the new enhancement
effect, the Super-Kamiokandgore data and the correspond-
ing value of theCore D-N asymmetry are particularly useful

in performing effective tests the MSW SMA,— v,y SO-
lution, as was suggested [it0] and the results of a simpli-
fied analysis showW13]. More specifically, at 2 s.d. a large
subregion of the MSW SMAv.— v, solution region is
incompatible with the D-N effect daté@ncluding theCore
one), while at 3 s.d. the data on theéore D-N asymmetry
alone excludes a non-negligible subregion of the indicated
solution region(see Fig. 1c) in [13]). The results obtained in
[13] indicate also that the data on t@®re and Night D-N
asymmetries can be used to perform rather effective tests of
the MSW LMA v,— v, solution as well.

The consequences of the new enhancement effect for the
interpretation of the solar neutrino data are less significant in
the case of the MSW.— v solution of the solar neutrino
problem [11]. Nevertheless, using the Super-Kamiokande
data on theCore D-N asymmetry[28] one can probe and
constrain also the MSW,.— v “conservative” solution re-
gion[13].

Similarly, the future data on th€ore and Night D-N
asymmetries in, e.g., the charged current event rate in the
SNO detectof29] can be used to perform equally effective
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tests of the MSW solutions of the solar neutrino problem We have discussed also briefly the phenomenological im-
[12]. plications of the effect of total neutrino conversion in the
transitions of the solar and atmospheric neutrinos traversing
VI. CONCLUSIONS the Earth core. The effect leads to a strong resonance-like
i i - enhancement of the,— v, transitions of solar neutrinos if
We haye mvesuggted the extrema of probabilities of the[he solar neutrino problem is due to MSW small mixing
two-neutrino tran5|t_|on51/#(ve)eye( 7_/,”), V2= Ve, Ve angleve— v, transitions in the Sun. The same effect should
—vs, etc. in a medium of nonperiodic density distribution, operative also in the,— v, (ve— v,,) transitions of

cons?:'sting of(i) two layers of differe.nt cgnstant_densities, the atmospheric neutrinos crossing the Earth core if the at-
and(ii) three layers of constant density with the first and the ~ indeed take part in large mixing

third layers having identical densities and widths which dif-MoSPhericv, and v, in
fer from those of the second layer. The first case would corvacuum v« v, v,< v, oscillations with Am*~(1-8)
respond, e.g., to neutrinos produced in the central region 0k 10 %) eV?, as is strongly suggested by the Super-
the Earth and traversing both the Earth core and mantle okamiokande atmospheric neutrino data, and if all three fla-
the way to the Earth surface. The second corresponds to, e.gQr neutrinos are mixed in vacuum. The existence of three-
the Earth-core-crossing solar and atmospheric neutrinoavor-neutrino mixing in vacuum is a very natural
which pass through the Earth mantle, the core and the mantlsossibility in view of the present experimental evidences for
again on the way to the detectors. For both media consideregkcillations of the flavor neutrinos. In both cases the effect of
we have found that in addition to the local maxima corre-total neutrino conversion produces a strong enhancement of
sponding to the MSW effect and the NOLReutrino oscil-  the corresponding transition probabilities, making the transi-
lation length resonangethere exist absolute maxima causedtjgns observable even at rather small mixing angée® also

by a new effect of enhancement and corresponding to a tot?h,5])_ Actually, the effect may have already manifested it-

neutrino conversionP,z=1. The conditions for existence gef producing at least part of the strong Zenith angle depen-
and the complete set of the absolute maxima were derivedy, o in the Super-Kamiokande multi-Gep-like data
These conditions differ from the conditions of enhancemen

of the probability of transitions of neutrinos propagating in aE4_7]' The effect should also be present in the— v, tran-
medium with periodically varying density, discussed20].  sitions of the atmospheric multi-GeV¥,’s both at small,
The absolute maxima associated with the conditions of totahtermediate and large mixing angles, if the atmospheric neu-
neutrino conversion are absolute maxima corresponding ttinos undergo such transitions.
P.s=1 in any independent variable characterizing the neu- As the results obtained in Ref®t,10,5-7,12and in the
trino transitions: the neutrino energy, the width of one of thepresent study indicate, it is not excluded that some of the
layers, etc. It was shown that the new effect of total neutrinacurrent or future high statistics solar and/or atmospheric neu-
conversion takes place, in particular, in the transitionsrino experiments will be able to observe directly the
v, (ve) = ve(V,:,), Va—ve, ve—vs and v,—vs in the resonance-like enhancement of the neutrino transitions due
Earth of the Earth-core-crossing solar and atmospheric nete the effect of total neutrino conversion. Solar neutrino ex-
trinos. The strong resonance-like enhancement of these traperiments located at lower geographical latitudes than the
sitions discussed if¥4,5] is due to the indicated effect. This existing ones or those under constructigee the article by
enhancement was associated 4d with the NOLR and we J.M. Gelbet al. quoted in[2]) would be better suited for this
show that in certain cases, like thg—ve=v,—v, and  purpose. An atmospheric neutrino detector capable of recon-
ve— V,(; transitions at small mixing angles, the NOLR de- structing with relatively good precision, e.g., the energy and
scribes approximately the enhancement. However, in a nunthe direction of the momentum of the incident neutrino in
ber of cases the NOLR interpretation of the enhancemergach neutrino-induced event, would allow to study in detail
fails completely. A “catalog” of the most relevant absolute the new effect of total neutrino conversion in the oscillations
maxima corresponding to a total neutrino conversion, wa®f the atmospheric neutrinos crossing the Earth.
given for the transitions indicated above. We have shown Note added in proofAfter the present article was ac-
that the NOLR and the newly found enhancement effect areepted for publication our attention was brought to the inter-
caused by a maximal constructive interference between thesting work by Gonzalez-Garcia, Rearay, and Smirnov
amplitudes of the neutrino transitions in the different density{31], in which, in particular, the enhancement of the
layers. Thus, the maxima they produce in the neutrino tran— v, transition probability,P.,, when the solar neutrinos
sition probabilities are of interference nature. cross the Earth core on the way to the detector is also dis-
Our analyses were done under the simplest assumption efissed. The enhancement the authors show in fig.ahd
existence of two-neutrino mixingwith nonzero-mass neutri- discuss in Sec. lll.B in relation with their E¢46) at tarfo
NOS iN Vacuum:ve—v,,(,) Of ve— v, OF elser,—vs. How-  =6.1x10"% An?=5x10"° eV?, E=10 MeV for a solar
ever, in many cases of practical interest the probabilities ofieutrino trajectory witth=30°, iscaused by the “nearby”
the relevant threefor four-) neutrino mixing transitions in point of total v,— v, conversion, P,=1, located at
the Earth reduce effectively to two-neutrino transition prob-h=30°, sirf2=7.7x10"2, and Am?E=5.3x10""
abilities for which our results are valid. Thus, our resultseV?/MeV (see Table 1V, the discussion in Sec. 5.2, and
have a wider application than just in the case of two-neutrindl'able VI in the present article Similarly, the enhancement
mixing. considered in connecton with Eq$54) and (55 and
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illustrated in Fig. Ta) in the indicated article, at t&4  v>— v, conversionPg,=1, as is discussed by us in Sec. V
=0.668, An?=10"" eV?, E=(8-12) MeV and for h and is illustrated by Table VI and Fig. 7 of this article. A
=23°, is due toanother totalv,— v, conversion point rather complete list of these solutions in the case of interest
(Pep;=1), located ath=23°, sirf26=0.94, and Am*/E of solar neutrinos crossing the Earth core on the way to the

=1.9x10"7 eV?/MeV (see Table IV. The explanation of detector is given in Table IV .
these cases of enhancementRgp, given by the authors in
[31], is at best qualitative. In particular, the conditioh
=sing’cosp’cosY’ ,+cosp’sing"cosH, =0, Eq. (46) in
[31], does not ensure the existence even of a local maximum This work was supported in part by the Italian MURST
of Py, in the case of interesis we have noticef32]. The  under the program “Fisica Teorica delle Interazioni Fonda-
regions of enhancement of the probabili®, are deter- mentali” and by Grant PH-510 from the Bulgarian Science
mined by the solution$74) of the conditions(72) of total ~ Foundation.
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